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Abstract: The signal blockage and multipath effects of the Global Navigation Satellite System (GNSS)
caused by urban canyon scenarios have brought great technical challenges to the positioning and
navigation of autonomous vehicles. In this paper, an improved factor graph optimization algorithm
enhanced by a resilient noise model is proposed. The measurement noise is resilient and adjusted
based on an approximate Gaussian distribution-based estimation. In estimating and adjusting the
noise parameters of the measurement model, the error covariance matrix of the multi-sensor fusion
positioning system is dynamically optimized to improve the system accuracy. Firstly, according to
the approximate Gaussian statistical property of the GNSS/odometer velocity residual sequence,
the measured data are divided into an approximate Gaussian fitting region and an approximate
Gaussian convergence region. Secondly, the interval is divided according to the measured data, and
the corresponding variational Bayesian network and Gaussian mixture model are used to estimate
the innovation online. Further, the noise covariance matrix of the adaptive factor graph-based model
is dynamically optimized using the estimated noise parameters. Finally, based on low-cost inertial
navigation equipment, GNSS, odometer, and vision, the algorithm is implemented and verified using
a simulation platform and real-vehicle road test. The experimental results show that in a complex
urban road environment, compared with the traditional factor graph fusion localization algorithm,
the maximum improvement in accuracy of the proposed algorithm can reach 65.63%, 39.52%, and
42.95% for heading, position, and velocity, respectively.

Keywords: resilient navigation; autonomous vehicles; multi-sensor fusion; approximate Gaussian
estimation

1. Introduction

Accurate, reliable, and continuous navigation and localization are the important foun-
dation and prerequisite for the safe operation of autonomous vehicles [1]. Localization
can be further divided into absolute localization, relative localization, and simultaneous
localization and mapping (SLAM) [2,3]. The Real-Time Kinematic-based Global Naviga-
tion Satellite System (RTK-GNSS) is the most widely applied localization technology for
autonomous driving, but it is susceptible to interference in urban road environments [4,5].
The fusion of multi-sensor data can achieve complementary advantages and collaborative
superiority to a certain extent, which is the core technology solution used to improve
the perception capability of autonomous vehicles [6]. The inertial navigation system
(INS)/GNSS/odometer fusion localization is the most commonly used navigation and
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localization technology for autonomous vehicles in urban road environments [7]. The
INSs installed on autonomous vehicles are mostly based on lost-cost inertial measurement
units (IMU). However, in GNSS-denied or challenging environments, the IMU/odometer
standalone navigation system struggles to maintain long-term accuracy due to error accu-
mulation [8,9]. Owing to the good autonomy of visual navigation, the visual/map attitude
matrix measurement information can decouple the IMU/odometer measurement infor-
mation, improving the system observability [10]. Additionally, visual feature matching is
also an effective method used to improve the accuracy of IMU/odometer localization [11].
Based on the complementary characteristics between inertial navigation, odometry, satellite
navigation, and vision, the multi-sensor data fusion module estimates and compensates
navigation errors online through model state estimation, which can effectively improve the
performance of the navigation system.

The complex urban road environment often has a significant impact on satellite navi-
gation, for example, when differential data are unavailable due to communication abnor-
malities, the working state will be downgraded from RTK to single-point positioning (SPP);
the signal obstruction and multipath effects caused by challenging environments (CEs)
such as dense tree canopies, tall buildings, and overpasses will further increase or even
interrupt the error. The frequent switching of satellite navigation working states caused by
the dynamic changes in the urban environment will bring significant measurement model
noise parameter errors, thereby significantly reducing the system accuracy. The nonlinear
motion of carriers in congested environments poses a severe challenge to the performances
of inertial devices. Laser radar and vision systems are also highly susceptible to the influ-
ence of the physical characteristics of the urban environment, typically manifested as model
mismatches characterized by faults and biases. The mutual propagation and coupling of
multi-sensor errors have exacerbated the complexity of the problem, making it difficult to
meet the requirements of future autonomous vehicles for positioning accuracy, integrity,
and continuity [12]. To address the challenges faced by the multi-sensor fusion localization
systems of autonomous vehicles, scholars from various countries have made substantial
research progress in recent years, which can be mainly divided into two directions [13,14]:
(1) innovative distributed multi-source heterogeneous sensor fusion architectures, such as
the fusion of GNSS, INS, odometry, and vision, to improve the performance of the inte-
grated navigation system; and (2) research on optimized data fusion algorithms, such as
improved Kalman filter series and factor graph (FG) optimization, to continuously enhance
the performance of the fusion localization system.

In multi-sensor fusion localization systems of autonomous vehicles, the GNSS not only
provides the only absolute positioning observation, but the high-precision RTK positioning
data also plays a crucial role. However, in complex urban road environments, issues
such as increased GNSS errors and signal interruptions inevitably degrade the accuracy of
the fusion localization system. In improving the performance of the multi-sensor fusion
localization system, the adaptive optimization of the GNSS measurement noise model has
always been an important research direction. On road sections where multiple satellite
navigation working modes alternate, the noise parameters based on empirical values will
introduce non-negligible errors to the measurement model. The measurement data noise
model error is one of the main factors limiting the improvement of the multi-sensor fusion
localization accuracy.

Based on the resilient Positioning, Navigation and Timing (PNT) theory, it is nec-
essary to perform the online accurate estimation and resilient adjustment of the noise
model [15]. In order to overcome the problem of the decreased accuracy of integrated
navigation systems caused by noise model parameter errors in complex urban road envi-
ronments, this paper proposes an adaptive factor graph (AFG) data fusion optimization
model enhanced by a resilient noise model. The noise is resilient and adjusted based
on the approximate Gaussian estimation algorithm to effectively improve the accuracy
of the IMU/GNSS/vision/odometer fusion localization system. First, the distribution
characteristics of the GNSS measurement noise model were analyzed. Then, an algorithm
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for estimating the noise parameters based on the GNSS/odometer ground speed residual
sequence was studied. Finally, an adaptive factor graph model enhanced by the resilient
noise model was utilized to implement and test the system. The main contributions can be
summarized as follows:

(1) In using the velocity data output from the odometer as the reference, the approximate
Gaussian distribution characteristics of the GNSS/Odometer ground speed residual
sequence are analyzed.

(2) Based on the variational Bayesian network and Gaussian mixture model (GMM), an
approximate Gaussian estimation algorithm for the measurement data noise model is
studied, and a resilient noise model is proposed.

(3) Based on the resilient noise model, the factor graph-based IMU/GNSS/odometer/vision
fusion navigation system is implemented, and the superiority of the algorithm is
verified through theoretical analyses and road tests.

The rest of this paper is organized as follows. In Section 2, related research work is intro-
duced. In Section 3, the proposed resilient noise model based on approximate Gaussian estima-
tion is presented in detail. In Section 4, the factor graph-based IMU/GNSS/odometer/vision
integrated navigation method enhanced by the resilient noise model is studied and pre-
sented. As discussed in Section 5, the superiority of the proposed algorithm was verified
through simulation platform and road tests. Finally, the contributions of this study are
discussed and summarized in the Conclusion.

2. Related Work and Problem Statement

Accurate and assured positioning results are crucial for safety-critical applications such
as autonomous driving. However, in complex urban road environments, a single sensor
struggles to achieve accurate and reliable environmental perception, and multi-source
data fusion is an important research direction in the field of autonomous driving [16].
Meanwhile, the multiple localization sensors integrated in autonomous vehicles have
distributed installation, asynchronous, and delayed characteristics, and the factor graph
data fusion algorithm has obvious advantages. The related work is introduced in the
following subsections from the aspects of factor graph data fusion algorithms and noise
model optimization.

2.1. Multi-Source Fusion Localization Based on Factor Graph

The continuous improvement and optimization of the Kalman filter have improved
the filter’s performance in terms of nonlinearity, adaptability, robustness, and fault tol-
erance [17,18]. However, the inherent defects limit the further improvement of their
performance. The factor graph optimization algorithm based on the sum–product algo-
rithm proposed by Kschischang [19] has many advantages, such as plug-and-play and
global optimization, which can effectively solve the shortcomings of the Kalman filtering
algorithm. Different from the Kalman-based filters, the factor graph optimization algorithm
is based on the current data and historical data, and it achieves global optimization through
the construction of a batch optimization cost function.

Zeng [20] studied an improved multi-sensor data fusion algorithm based on the factor
graph, which fully utilizes the sensor data with different update rates, including inertial
navigation, Global Positioning System (GPS), geomagnetic, vision, and sonar data, to
achieve a globally optimal estimation. The effectiveness of this algorithm was verified
through a comparison with that of the extended Kalman filter (EKF), and it was also
tested on a small unmanned aerial vehicle platform. Furthermore, Wen [21] researched
the tightly coupled GNSS/SINS integration based on the factor graph and fisheye camera
and conducted a detailed comparison of the filtering effects of the EKF and factor graph in
both loosely coupled and tightly coupled cases. The impact of the sliding window size on
the factor graph filtering performance was also analyzed [22]. In the field of autonomous
driving, Zhao [23] designed a sliding window smoothing estimator based on the factor
graph architecture and applied it to the tightly coupled Differential GPS (DGPS)/inertial
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measurement unit (IMU) system on the Google self-driving car platform. Road tests in
urban environments showed that this algorithm has significant advantages over the EKF,
due to its global optimization, re-linearization, and multiple iterations. Gao [24] utilized the
factor graph model to design a multi-source fusion localization algorithm, which effectively
reduced the errors caused by the asynchrony and time delay of the sensors in the vehicle-
mounted INS/GNSS/odometer system. Li [25] analyzed the advantages of the graph
optimization algorithm over the EKF and proposed a robust graph optimization scheme
for inertial/satellite tight integration, using the GNSS reliability state variable to optimize
the GNSS pseudorange residual weight, thereby improving the system accuracy in urban
road environments.

2.2. Adaptive Optimization of Measurement Noise Model

In complex urban road environments, autonomous vehicles face dynamic changes
in navigation and positioning environments. Fixed noise parameters based on empiri-
cal values in multi-sensor fusion positioning systems inevitably introduce model errors.
Conducting research on dynamic noise parameter estimation for multi-sensor data fusion
models is an effective method for improving the positioning accuracy. Sarkka [26] first
proposed the application of the variational Bayesian method to optimize measurement
noise model parameters. In using fixed-point iterations, the noise variance distribution
is statistically analyzed, improving the accuracy of the adaptive Kalman filtering. Li [27]
achieved the adaptive optimization of the unscented Kalman filter (UKF) by performing a
variational Bayesian approximate estimation of the model noise, improving the system’s
robustness. To enhance the robustness of the Strap-down Inertial Navigation System
(SINS)/GPS combined navigation system in complex environments, Hu [28] used the
T-distribution to simulate the noise matrix, suppressing the heavy-tailed characteristics of
noise caused by outliers. The variational Bayesian network was then used to iteratively
estimate the state variables.

Optimally estimating measurement noise parameters based on innovation is an ef-
fective way to improve the performance of multi-sensor fusion localization systems. To
enhance the positioning accuracy of autonomous driving systems in urban roads, Liu [29]
proposed an online estimation method for measurement noise parameters using estimated
values and measurements. The noise covariance matrix is updated and adaptively opti-
mized through a decay factor, which more accurately reflects the noise characteristics and
achieves the effect of suppressing white noise, effectively improving the accuracy of the
INS/GPS fusion localization system. Addressing the issue of the reduced filter accuracy
caused by uncertain statistical characteristics of the measurement noise, Yue [30] proposed
a weighted adaptive square root cubature Kalman filter (CKF). The moving window theory
is used to perform a maximum likelihood estimation (MLE) on the covariance matrix of
innovation, based on which the measurement noise matrix is dynamically adjusted. This
effectively improves the adaptive ability and navigation performance of the GPS/INS
combined navigation system in environments with uncertain measurement noise statistics.
Xu [31] performed a maximum a posteriori estimation of the covariance matrix of the
factor graph data fusion model based on the estimated state values and observations and
iteratively updated it through dynamic weighting, effectively improving the robustness
of the multi-sensor fusion localization algorithm. By analyzing the raw observations of
a GNSS and accelerometers, Jing [32] constructed an adaptive measurement noise model
using the a posteriori coordinate covariance of an RTK-GNSS and optimized and improved
the GNSS/odometer data fusion model. The batch covariance estimation (BCE) framework
iteratively updates the measurement error uncertainty model by fitting the Gaussian mix-
ture model to the measurement residuals, thereby achieving a robust state estimation of the
robot platform. Watson [33] proposed the BCE-AD method by expanding the data space to
achieve a more accurate description of measurement uncertainty models.

In summary, the aforementioned research on multi-sensor fusion localization has
extensively explored optimization techniques for factor graph fusion algorithms from the
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perspectives of sensor schemes, data fusion architectures, and robustness. However, there
are relatively few studies on the online adaptive optimization of covariance matrices. On
the other hand, certain algorithms, such as variational Bayesian and maximum a posteriori
algorithms, have been used to estimate system measurement information online, achieving
the adaptive optimization of noise models. However, due to the lack of high-precision
data with strong autonomy, the decoupling of noise model errors and measurement errors
is difficult, and the accuracy needs to be further improved. Based on the advantages of
odometry in terms of ground speed autonomy and accuracy, this paper proposes a noise
parameter approximate Gaussian estimation method using the GNSS/odometer ground
speed residual sequence as measurement information. After analyzing the distribution
characteristics, the proposed method realizes an online resilient adjustment of the factor
graph covariance matrix.

3. Approximate Gaussian Estimation of Measurement Noise Parameters Based
on Innovation

To address the issue of system accuracy degradation caused by measurement noise
model errors, a resilient noise model based on approximate Gaussian estimation is proposed
in this section.

3.1. Approximate Gaussian Distribution Analysis of GNSS/Odometry Velocity Residual Sequences

As mentioned above, the GNSS is the most widely used positioning sensor for au-
tonomous vehicles. However, it is also the most susceptible to interference in urban road
environments, which can negatively impact the performances of combined navigation
systems. Therefore, measurement noise model optimization primarily focuses on the online
estimation of the impact of road environment changes on GNSS data. Odometry is an
important autonomous sensor for relatively good accuracy in its output ground speed
data. In using the ground speed output of the odometer as a reference, the estimation of
the GNSS/odometer ground speed residual sequence can further improve the estimation
accuracy of the measurement noise model. The expression for the velocity measurement
output by the odometer in the vehicle coordinate system is shown in Equation (1):

ṽm
OD = Cb

m(1 + δK)vOD + nOD (1)

where ṽm
OD represents the measured value of odometer; Cb

m represents the rotation matrix
from the odometer body coordinate system to the vehicle body coordinate system; δK repre-
sents the scale factor error; vOD represents the theoretical output value of the odometer; and
nOD represents the Gaussian noise. In Equation (1), Cb

m can be neglected due to mechanical
mounting and high-precision offline calibration; δK can also be ignored after estimation
and correction using RTK-GNSS road sections. Therefore, ṽm

OD can be approximated as the
sum of vOD and nOD. The mean and variance of the noise nOD are primarily affected by
road factors such as bumps and slipping.

In considering that the odometer is typically mounted centrally on the non-steering
wheel axle and that the GNSS antenna is centrally mounted on the roof, the lever arm effect
between the two can be neglected. In using the odometer velocity as the GNSS velocity
measurement estimate, the GNSS/odometry velocity residual sequence can be expressed
as shown in Equation (2):

Z̃k/k−1 = Z̃ − Ẑk/k−1 = δṼGNSS

=
√
(vE + δvE)

2 + (vN + δvN)
2 −

√
(vE)

2 + (vN)
2 − nOD

= 2vEδvE+2vN δvN+(δvE)
2+(δvN)2

√
(vE+δvE)

2+(vN+δvN)2+
√

(vE)
2+(vN)2 − nOD

(2)

where δṼGNSS represents the GNSS velocity residual sequence; vE represents the east
velocity of the GNSS; and vN represents the north velocity of the GNSS. From Equation (2),
it can be seen that the measurement noise of the velocity residual sequence does not follow
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a Gaussian distribution. When the vehicle is stationary, the true velocity value is 0, and

the measurement noise becomes
√
(δvE)

2 + (δvN)
2 − nOD, which follows the difference

between the Rayleigh distribution (
√
(δvE)

2 + (δvN)
2) and the Gaussian distribution (nOD).

When v ≫ δv, Equation (2) can be approximated as the sum of three Gaussian distributions.
These two cases are shown in Equation (3): δṼGNSS =

√
(δvE)

2 + (δvN)
2 − nOD; v = 0

δṼGNSS ≈ vEδvE√
(vE)

2+(vN)2 +
vN δvN√

(vE)
2+(vN)2 − nOD; v ≫ δv

(3)

When the vehicle speed is between these two cases, Equation (2) can be represented as
a mixed distribution, as shown in Equation (4):

δṼGNSS ≈ vEδvE√
(vE)

2 + (vN)
2
+

vNδvN√
(vE)

2 + (vN)
2
+

(δvE)
2 + (δvN)

2

2
√
(vE)

2 + (vN)
2
− nOD (4)

Figure 1 provides a concise illustration of the evolution process of the aforementioned
residual sequence distribution characteristics. In Figure 1, δ represents the root mean
square error (RMSE) of the east and north velocity measurements. As the velocity gradually
increases from 0, the probability density function (PDF) of the measurement noise evolves
from the Rayleigh distribution shown in PDF1 to the approximate Gaussian distribution
shown in PDF5. In the three sets of data, PDF1, PDF2, and PDF3, the RMSE was set
to 0.3 m/s, and the distribution characteristics gradually evolved toward the Gaussian
distribution as the velocity increased. At the same time, in the two sets of data, PDF3 and
PDF4, the velocity value was 3.754 m/s, and when the RMSE was reduced from 0.3 m/s to
0.03 m/s, the distribution characteristics became closer to the Gaussian distribution. This
shows that as the error-to-true value ratio decreases, the measurement noise error model
will gradually evolve from a Rayleigh distribution to an approximate Gaussian distribution.
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In our previous research [34], using a simulation platform, we conducted a detailed
analysis of the changes in the velocity and variance function relationship curves during
the uniform acceleration of a vehicle from [0 m/s, 0 m/s] to [6 m/s, 3 m/s] for nine sets of
GNSS velocity RMSE values. The results are shown in Figure 2.
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Figure 3. Multi-sensor fusion localization algorithm based on GMM noise parameter estimation. 

Figure 2. The noise variance curve and the segmentation of the approximate Gaussian fitting region
(AGFR) and approximate Gaussian convergence region (AGCR).

Based on the vehicle speed and innovation data distribution characteristics in Figure 2,
a convergence function y = ft(x) is fitted, and the data regions satisfying the relationship,
y ≥ ft(x) and y < ft(x), are divided into the AGFR and the AGCR, respectively. In the
AGFR, the nonlinearity of the speed and variance relationship function is relatively strong,
and a neural network is suitable for fitting and solving. In the AGCR, the information
sequence has converged, and it can be estimated according to the Gaussian distribution. In
conventional autonomous driving scenarios, the data sequence distribution characteristics
are basically consistent, and the mean and variance parameters can be estimated using the
MLE method based on the given sufficient measurement dataset. However, in complex
urban road positioning environments, RTK, GNSS single-point positioning, and GNSS
challenging environment navigation states appear alternately, and the sample set formed by
the information sequence within the time window may contain multiple Gaussian mixture
distributions. In challenging environments, GNSS measurement data can bring significant
errors to the state estimation model. Using a GMM to solve multiple sub-distributions of
data within the window and eliminate outliers can further optimize the adaptive factor
graph model. Based on the above analysis, the main calculation process of the multi-sensor
fusion positioning system based on the approximate Gaussian noise model estimation is
shown in Figure 3.
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3.2. The Design of Resilient Noise Model Based on the Approximate Gaussian Estimation Algorithm

The distribution characteristics of the innovation sequence dynamically change be-
tween the Rayleigh distribution and approximate Gaussian distribution according to the
driving speed and road environment changes of autonomous vehicles. The functional
relationships between speed, innovation, and GNSS measurement noise parameters are di-
vided into the AGFR and AGCR, and they are solved using a variational Bayesian network
and GMM, respectively. The two algorithms are described in detail as follows.

3.2.1. Variational Bayesian Network Estimation of Noise Parameters Based on Innovation

Each nonlinear function curve in the AGFR corresponds to a specific speed measure-
ment root mean square error, which essentially reflects the relationship between the change
in ground speed variance with the increase in speed under different speed measurement
root mean square error conditions. Therefore, the output result corresponding to each data
group is not only related to the current value but also has a relationship with the previous
and subsequent data. Based on the obvious advantages of the Gate Recurrent Unit (GRU)
framework–deep neural network in sequence data processing, this network was selected
for the measurement noise parameter estimation.

The variational Bayesian GRU (VBGRU) network combines the characteristics of
variational Bayesian Inference (VBI) and the GRU network, introducing uncertainty weights
into the model training process, representing model parameters with random variables of
normal distribution, which greatly improves the adaptability and generalization ability of
the model. Different from the traditional GRU network, the VBGRU uses random variables
of a specific probability density distribution to fit nonlinear functions. At the same time, it
can calculate its uncertainty while outputting the predicted value, which is a maximum a
posteriori estimation method.

As the multi-sensor fusion positioning system is carried out on the autonomous
driving edge computing platform, the real-time calculation performance of the algorithm is
particularly important. Therefore, the VBGRU network adopts a lightweight three-layer
Long Short-Term Memory (LSTM) architecture design, with the number of neurons being
48, 48, and 24, respectively; the decoder adopts a two-layer LSTM architecture, with the
number of neurons being 24 and 24, respectively. Reference [33] conducted an experimental
verification of the network through a simulation platform, and its accuracy could meet the
measurement noise estimation requirements of urban roads.

3.2.2. Noise Parameter Estimation Based on Innovation and Gaussian Mixture Model

The essence of the GMM is to decompose a probability density function that conforms
to the characteristics of a Gaussian distribution into multiple Gaussian functions. Its random
variables can be either one-dimensional or multi-dimensional, which can be specifically
expressed as shown in Equation (5):

f (x) =
M

∑
k=1

λkGk(x|uk, Σk ) (5)

In the equation, λkGk(x|uk, Σk ) represents the multi-dimensional Gaussian function,
λk is the normalization coefficient, and it represents the weight of the Gaussian function.
According to the GNSS/odometer innovation sequence probability density function, the
Gaussian mixture maximum likelihood function can be obtained, and the logarithm is
taken on both sides to obtain Equation (6):

Log(θ|x ) =
N

∑
j=1

Log
M

∑
I=1

λi pi(x|θi ) (6)

In the above equation, pi(x|θi ) is the probability density function of the Gaussian
distribution. In using the expectation–maximization (EM) algorithm, the Gaussian distribu-
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tion combination containing multiple hidden variables is iteratively solved. Firstly, based
on the Jensen inequality, the expectation of the hidden variable is calculated as shown in
Equation (7), and the lower bound B(θ) of the likelihood function is further obtained, as
shown in Equation (8).

Log(θ|x ) =
N
∑

j=1
Log

M
∑

i=1
λi pi

(
xj|θi

)
=

N
∑

j=1
Log

(
M
∑

i=1
qi(x)

λi pi(xj |θi )
qi(x)

)
≥

N
∑

j=1

M
∑

i=1
qi(x)Log

λi pi(xj |θi )
qi(x)

(7)

B(θ) =
N

∑
j=1

M

∑
i=1

qi
(
xj
)[

Log
(
λi pi

(
xj|θi

))
− Log

(
qi
(
xj
))]

(8)

Then, in adjusting the model parameters θi to maximize the lower bound of the
likelihood function as shown in Equation (8), Equation (9) can be obtained. In taking the
partial derivative of θ and setting it to 0, the updated parameters θi+1 can be obtained.

θ̂ = argmax
N

∑
j=1

M

∑
i=1

qi
(
xj
)[

Log
(
λi pi

(
xj|θi

))
− Log

(
qi
(
xj
))]

(9)

Determine whether the convergence condition ∥θi+1 − θi∥ ≤ ε is satisfied. If not,
repeat the above expectation and maximization calculation processes until the convergence
condition is satisfied and the Gaussian distribution statistics corresponding to different
innovation sequences can be obtained. The key steps of the above method are briefly
outlined in Algorithm 1.

Algorithm 1: GNSS measurement noise parameter estimation algorithm based on GMM

Input (Velocity residual sequence X, number of Gaussian distributions k, convergence threshold ε)

Output (Parameters for each Gaussian distribution: mean µk, covariance σk, and weight
coefficient λk)
Initialize:
Initialize the parameters for each Gaussian distribution: θi(mean µk, covariance σk, and weight
coefficient λk).
Iterative Update Steps:
while not reached the maximum number of iterations or not converged:

E-step (Expectation step):
For each data point xi:

Calculate the responsibility of each Gaussian distribution qi(x):
qi(x) = λi pi(x|θi)/ ∑k

i=1 λi pi(x|θi)
M-step (Maximization step):

For each Gaussian distribution k:
Update the mean µ̂i:

µi =
N
∑

j=1
qi
(

xj
)

xj/ ∑N
j=1 qi

(
xj
)

Update the weight coefficient λi:
λi =

1
N ∑N

j=1 qi
(

xj
)

Update the covariance σ2
i :

σ2
i = ∑N

j=1 qi
(

xj
)(

xj − µi
)T(xj − µi

)
/ ∑N

j=1 qi
(

xj
)

Check for convergence:
If the change in parameters is less than the threshold ε, stop iterating.
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4. IMU/GNSS/Odometer/Vision Fusion Positioning Scheme Based on the Adaptive
Factor Graph Optimization Model

As the resilient noise model based on the approximate Gaussian estimation was
described in the above section, the factor graph-based IMU/GNSS/odometer/vision inte-
gration navigation method enhanced by the proposed resilient noise model is introduced
in this section.

4.1. Adaptive Factor Graph Data Fusion Architecture Design

In the multi-sensor data fusion model, the observation is the output data of the
subsystem, and the error model of each sensor is defined as the factor node function. The
optimal estimation equation of the factor graph can be expressed as in Equation (10):

X̂ = argmax
k

∏
i=1

fi(Xi) (10)

where fi(Xi) is the cost function composed of the errors of each sensor subsystem; Xi is
the state variable; i is the number of the factor node; k is the total number of factor nodes
within the time window; and X̂ is the maximum posterior estimation of the state variable.
The optimal estimation method of the factor graph obtains the global optimal estimation of
the state variable X by solving the minimum value of the total cost function. The factor
nodes of the sensor subsystems all correspond to independent probability functions, which
can be expressed as the proportional relationship shown in Equation (11):

p(Xk|Zk ) ∝
k

∏
i=1

p(Zi|Xi )p(Xi|Xi−1 ) ∝
k

∏
i=1

fi(Xi) (11)

In Equation (11), p(Xk|Zk ) is the maximum posterior probability density of the state
variable Xk given the observation Zk. Assuming that the noise model R of the sensor
subsystem follows the Gaussian distribution, the corresponding error function can be
obtained by substituting the multidimensional Gaussian probability density function, as
shown in Equation (12):

p(Zm|Xm
i ) ∝ fi(Xm

i ) = exp
(
−1

2
∥h

(
Xm

i
)
− zm∥2

R
)

(12)

In Equation (12), m is the time of the model update. The cost function can be rewritten
as Equation (13):

l(err) = exp
(
−1

2
∥err∥2

Σ
)

(13)

In Equation (13), Σ is the covariance matrix for measuring noise, and err is the residual
function between the predicted and measured values of the model. The optimal estimation
method of the factor graph can be expressed as in Equation (14):

X̂ = argmax
k

∏
i=1

fi(Xi) = argmax
(
∑ l(err)

)
= argmin

(
∑ ∥erri∥2

Σi

)
(14)

Based on the above theoretical derivation, the multi-sensor fusion positioning system
architecture based on adaptive factor graph is shown in Figure 4.

As shown in Figure 4, the INS factor connects the state variable nodes of the previous
and next adjacent moments, while the GNSS, vision/map, and odometry factors only relate
to the state variable at the current moment. The specific factor node functions of each
sensor subsystem are as follows.
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4.2. INS Factor

The INS is a core subsystem in the autonomous navigation system, connecting the
state variable factors of the previous and next moments. Its output frequency is higher than
those of other sensors, which can be used for state update estimation and state propagation
asunnd prediction through the sum algorithm. By pre-integrating the inertial device
measurement data

{
f̃ b, ω̃b

}
within the time interval [tk, tk+1], the real-time performance of

the algorithm can be effectively improved. The cost function of the INS factor is shown in
Equation (15):

f IMU(xk) = l
(

x̃k+1 − h
(
xk, zIMU

k
))

= exp
(
−1

2
∥x̃k+1 − h

(
xk, zIMU

k
)
∥2

Q

)
(15)

In Equation (15), the cost function l(∗) represents the INS factor, which is proportional
to the random distribution function of the difference between the observed value and the
estimated value of the state variable.

4.3. GNSS Factor

The GNSS factor is mainly related to the state variable at the current moment. The cost
function can be obtained through the current observation value and the estimated value, as
shown in Equation (16):

f GNSS(xk) = l
(
zGNSS

k − hGNSS(xk)
)
= exp

(
−1

2
∥zGNSS

k − hGNSS(xk
)
∥2

R_G
)

(16)

In the GNSS factor shown in Equation (16), hGNSS(xk) represents the GNSS estimated
value in the cost function, which can be either the position and velocity estimated value or
the pseudorange and pseudorange rate estimated value. In order to improve the algorithm
efficiency and system stability, a loosely coupled model is adopted, and the position and
velocity parameters of satellite navigation are used as observation measurements.

4.4. Odometry Factor

The scale factor error is the main error in the output measurement value of the odome-
ter. When the GNSS operates in RTK mode, after accurately estimating and compensating
this error with high-precision measurement values, the error can be modeled as a constant
error. In assuming that the odometer measurement error satisfies the Gaussian distribution,
the factor can be expressed as shown in Equation (17):

f OD(xk) = l
(

zOD
k − hOD(xk)

)
= exp

(
−1

2
∥zOD

k − hOD(xk)∥2
R_O

)
(17)

In Equation (17), zOD
k of the cost function is the odometer measurement output value,

and hOD(·) represents the odometer output value estimated based on the current vehicle
motion state value, which mainly includes attitude misalignment error, installation error,
and scale factor error.
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4.5. Vision/Map Factor

In the previous research results [10], a vision/map attitude matrix construction algo-
rithm was proposed, of which the main error sources are positioning error, map data error,
and lane line recognition error. The measurement equation is shown in Equation (20):

zV/map
k = hV/map(xk) + nV/map (18)

In Equation (18), hV/map is the relationship expression between the attitude angle,
heading angle, and road attitude matrix in the state vector, and nV/map is the measurement
noise. The expression of the vision/map factor is shown in Equation (19):

f V/map(xk) = l
(

zV/map
k − hV/map(xk)

)
= exp

(
−1

2
∥zV/map

k − hV/map(xk)∥2
R_V

)
(19)

In summary, the IMU/GNSS/odometer/vision factor graph data fusion model can be
expressed as shown in Equation (20):

X̂ = argmin
{

∑ ∥x̃k+1 − h
(
xk, zIMU

k
)
∥2

Q_I + ∑ ∥zOD
k − hOD(xk)∥2

R_O

+∑ ∥zGNSS
k − hGNSS(xk)∥2

R_G + ∑ ∥zV/map
k − hV/map(xk)∥2

R_V

} (20)

The optimal estimation problem of the factor graph is essentially to find the minimum
Mahalanobis distance ∥x − u∥2

Σ between the observed value and the predicted value.

5. Experimental Verifications

The performance of the proposed navigation method was verified in this study. Firstly,
based on the simulation platform, the accuracy of the approximate Gaussian estimation
method was verified. Furthermore, through real-vehicle road tests, the superiority of the
adaptive factor graph fusion positioning system based on resilient noise model was verified
in typical scenarios.

5.1. Simulation Verification of Resilient Noise Model Based on Approximate Gaussian Estimation

In a complex urban road environment, the measurement information collected by
the factor graph model within the sliding window may contain multiple GNSS working
states. The GMM method is a probability model that can be used to represent multiple
sub-distributions of the population distribution and is suitable for the estimation of the
noise parameters mentioned above. Since it is difficult to obtain the true values of actual
road acquisition data, the accuracies of the above two algorithms can be compared more
clearly through the data simulation. Based on the simulation platform, a GNSS/odometer
information sequence with a total length of 3000 was generated, and the expectations, root
mean square errors (RMSE), and weights of two types of positioning status data were set to
simulate the information sequence of mixed road sections in three positioning states: RTK
+ SSP, RTK + CE, and SSP + CE. The details are shown in the following table.

The GNSS velocity error can generally be considered a zero-mean Gaussian distribu-
tion. At the same time, after the RTK state GNSS/odometer fusion correction, the odometer
scale factor error can be ignored. Therefore, the expected values of the above three residual
sequences were set to 0 m/s. According to the empirical value, the initial parameters of
the GMM were set, and the above three sets of binary Gaussian distribution data were esti-
mated, respectively. Then, each set of data estimated two sets of corresponding expectations,
RMSEs, and their weights, as shown in Figures 5–7.
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Figures 5–7 show the performance of the GMM algorithm in estimating the GNSS
measurement noise in the three typical urban complex road environments, as indicated
in Table 1. Figure 5a shows the estimation effect of the GMM on the weights of the RTK
and SPP measurement data, which gradually converge after 180 iterations. Figure 5b
uses curves of three colors to, respectively, display the PDFs of the RTK, SPP, and the
hybrid data. The measurement errors of both the RTK and SPP conform to a zero-mean
Gaussian distribution. When mixed according to their respective weights, their statistical
properties remain as a zero-mean distribution. Figures 6 and 7, respectively, display the
estimation of the statistical properties of the two types of hybrid GNSS state measurement
data, RTK + CE and SPP + CE, using the GMM algorithm. In using the MLE method, the
above three groups of data were estimated, respectively, and each group of data could
obtain a set of corresponding expectation and root mean square error parameters. Table 2
shows the MLE algorithm estimation values, GMM algorithm estimation values, and error
comparison analysis results of the above three groups of parameters.



Remote Sens. 2024, 16, 2176 14 of 21

Remote Sens. 2024, 16, x FOR PEER REVIEW 13 of 21 
 

 

  
(a) (b) 

Figure 5. Estimation results of the GMM algorithm for the residual sequence in the RTK/SPP mixed 
scenario. (a) The weight estimation error of the measurement noise sequence; (b) the probability 
density function for measuring noise sequences. 

  
(a) (b) 

Figure 6. Estimation results of the GMM algorithm for the residual sequence in the RTK/CE mixed 
scenario. (a) The weight estimation error of the measurement noise sequence; (b) the probability 
density function for measuring noise sequences. 

  
(a) (b) 

Figure 7. Estimation results of the GMM algorithm for the residual sequence in the SPP/CE mixed
scenario. (a) The weight estimation error of the measurement noise sequence; (b) the probability
density function for measuring noise sequences.

Table 1. Simulation parameter table for innovation sequence.

Mixed Positioning State RTK SPP RTK CE SPP CE

Parameter
Mean 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
RMSE 0.0500 0.2000 0.0600 0.6000 0.3000 0.8000
weight 0.4000 0.6000 0.4667 0.5333 0.3333 0.6667

Table 2. Estimation and comparison of MLE and GMM algorithms.

Positioning State
MLE Estimated Value GMM Estimated Value Estimation Error/Truth Value Ratio

Mean RMSE Mean RMSE Weight MLE GMM Improvement

RTK
SPP

0.0055 0.1560
−0.0018 0.0539 0.4153 - 7.80% -
−0.0039 0.1993 0.5847 22% 0.35% 21.65% ↑

RTK
CE

−0.0044 0.4418
−0.0041 0.0631 0.4625 - 5.17% -
0.0024 0.0590 0.5375 26.37% 0.17% 26.2% ↑

SPP
CE

−0.0012 0.6665
0.0108 0.2838 0.3354 - 5.40% -
−0.0023 0.7879 0.6746 16.60% 1.51% 15.09% ↑

As shown in the table, the MLE algorithm estimates the new information sequences of
the RTK + SPP, RTK + CE, and SPP + CE mixed navigation modes as a whole, respectively.
Therefore, each group of data only corresponds to a set of expectations and RMSEs. Under
the “estimation error/true value ratio”, one group of MLE data is represented as “-”.
The expectations of the mixed new information sequences were all 0 m/s, so both the
MLE and GMM algorithms can achieve accurate expectation estimations. The RMSE
parameters of the residual sequences are quite different, and the estimation accuracy of
the GMM is significantly higher than that of the MLE, with a maximum improvement of
26.2%. This is mainly because of the MLE estimating two different sequences as the same
probability distribution will introduce significant errors that cannot be ignored. Compared
to RTK + SPP (21.65%) and SPP + CE (15.09%), in RTK + CE mode, the difference in
system accuracy between the two GNSS operating states is the greatest. Therefore, the
improvement in the estimation accuracy of the GMM is also more significant.

5.2. Real-World Road Test

The test was conducted in Xiqing District, Tianjin, China. The test equipment is shown
in Table 3.
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Table 3. Test equipment and parameter list.

Device Manufacturer/Model Main Parameters Interface

Reference equipment SPATIOTEMPORAL/TJYJ/15-S1 Gyroscope, 0.01◦/h; Attitude, 0.03◦;
Heading, 0.05◦ RS422

GNSS SPATIOTEM-PORAL/SKJW-09 RTK, 2 cm + 1 ppm (CEP); Speed, 0.05 m/s;
Attitude, 0.2◦ RS422

INS SPATIOTEM-PORAL/SKJW-09 Gyroscope, 30◦/h; Accelerometer, 1 mg RS422

Wheel speed encoder Kubler/Sendix7058 Maximum speed, 600 r/min; Resolution
16 bit, 1~65,535 CAN

Stereovision Smarter Eye/SE1
Depth of detection, 2~60 m; Baseline, 12 cm;
Picture frame rate, 25 fps; HFOV, 40◦; Pitch

angle, 70~90◦
CAN

Domain controller Aixun Hongda/6388H-ZS 4 generation I7 Celeron processor; 16 G of
memory; 512 G solid-state drive multi-interface

The reference device (TJYJ/15-S1) in Table 3 is a high-precision fiber-optic iner-
tial/satellite system, which provided high-precision reference information for the test.
In order to obtain accurate reference information and environmental errors and to compare
the algorithm improvement effect more clearly, the test simulated a GNSS single-point
positioning and satellite navigation challenging environment (Gaussian noise simulating
positioning errors) through software in a specific road section. The specific test method
was as follows:

(1) In the whole test section, the reference device collects the fusion positioning data
in RTK working mode, which is used as the theoretical reference value;

(2) In the RTK positioning section, the traditional factor graph model and the proposed
model are used to solve the data of each sensor subsystem synchronously;

(3) In the GNSS single-point positioning section, GNSS data are collected in non-
differential mode, and the data are fused with other sensor subsystems using two model
algorithms;

(4) In the GNSS challenging environment section, Gaussian noise is added to the
collected GNSS data to simulate the satellite data of a complex urban road environment
with multiple interference factors superimposed.

The test route and urban road environment simulation are shown in Figure 8, starting
and ending at 27 Xingguang Road, Xiqing District (⋆ in the figure).

As shown in Figure 8a, the test vehicle traveled southward to Fujin Road, passing
Wanhuai Road, Outer Ring West Road, Zhongbei Avenue, Chunhua Road, Fujin Road, and
Xingguang Road along the way. The total route length was 12.508 km, and the driving
time was 28 min and 57 s. Figure 8b illustrates the driving directions of the test vehicle, the
RTK road section, the single-point positioning road section, and the CE road section setting
scheme. The test route and test vehicle are shown in Figure 9. The reference equipment and
test equipment were fixed using hexahedral tooling and aluminum tooling, respectively,
and rigidly connected to each other.

The vehicle’s speed profile during the test is shown in Figure 10. The maximum
vehicle speed was 18.5422 m/s (corresponding to 66.75 km/h) at 699 s, with the maximum
eastward speed reaching 18.5417 m/s. At 1426 s, the maximum northward speed reached
18.1506 m/s (corresponding to 65.35 km/h). The test vehicle performed various maneuvers
during the test, including acceleration, deceleration, stopping, high/low-speed driving,
left turns, right turns, and U-turns. The average driving speed was 25.94 km/h.
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environment simulation scheme.
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To validate the performance of the proposed adaptive factor graph with a resilient
noise model algorithm, we conducted a comparative analysis with a traditional factor
graph approach. Figure 11 presents the speed errors obtained for all test sections.
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Figure 11 shows the speed errors obtained for both the AFG and FG algorithms. It
can be observed that both algorithms exhibit comparable accuracies under RTK conditions.
However, when transitioning to single-point positioning, the AFG algorithm demonstrates
the ability to improve in accuracy to a limited extent through the online estimation and
correction of the noise model. In challenging satellite navigation environments, the tradi-
tional FG algorithm fails to effectively identify external interference, resulting in significant
fluctuations in speed error. In contrast, the AFG algorithm not only recognizes the im-
pact of external factors on the system but also accurately estimates them. In adjusting
the noise covariance matrix parameters, the influence of environmental factors can be
substantially reduced.

Furthermore, the errors in position, attitude angles, and heading angle obtained by
both algorithms exhibit consistency with the speed errors, as shown in Figures 12–14.
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As shown in Figure 12, the trends of the east and north positioning errors are essentially
the same as the velocity error shown in Figure 11. The AGF algorithm has significantly
improved the system accuracy through performing an approximate Gaussian estimation of
the GNSS measurement noise parameters for the three CE road segments. Figures 13 and 14,
respectively, present the attitude and heading errors, from which it can be observed that
the improvement in heading error is more significant. This is mainly because autonomous
vehicles driving on urban roads have relatively small changes in attitude angles, and the
errors are not fully stimulated. To facilitate a more comprehensive analysis of the AFG
algorithm’s improvement, the RMSEs from Figures 11–14 are statistically summarized in
Table 4. Additionally, Table 5 presents the calculated accuracy improvement achieved by
the AFG algorithm.

As evidenced in Tables 4 and 5, the AFG algorithm significantly enhances the accuracy
of multi-source integration positioning systems in urban complex road environments com-
pared to the traditional FG algorithm. Notably, in challenging road sections, the heading
error is improved by up to 65.63%. This improvement primarily stems from the ability
of the AFG algorithm to effectively suppress error divergence through model optimiza-
tion. In contrast, the FG algorithm’s heading error estimation accuracy is significantly
reduced during the low-speed phase of Zhongbei Avenue (CE-1) due to the rapid increase
in speed error. Furthermore, in the CE discussed in Section 3, the AGE-FG algorithm
achieves accuracy improvements of 27.80%, 32.34%, 39.52%, and 42.95% for speed and
position errors. This is mainly attributed to the larger errors introduced in this section,
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which amplifies the effectiveness of the AFG algorithm’s error estimation improvement.
Additionally, the higher speed in the CE discussed in Section 3 reduces the proportion of
the speed error in the true value, enhancing the accuracy of the track angle. Consequently,
the AFG algorithm’s improvement in heading error estimation accuracy is less pronounced.

Table 4. Comparison of navigation accuracy between FG and proposed AFG algorithm.

Parameter
RTK SPP CE-1 CE-2 CE-3

FG AFG FG AFG FG AFG FG AFG FG AFG
δθ (◦) 0.2282 0.2165 0.4204 0.3551 0.7531 0.3574 0.5446 0.4632 0.8366 0.5264
δγ (◦) 0.2259 0.2189 0.4151 0.3285 0.6069 0.5327 0.5845 0.6272 0.9315 0.6569
δφ (◦) 0.2179 0.2078 0.9642 0.9853 5.1604 1.7736 3.8125 1.0995 1.5066 1.4190

δvE (m/s) 0.0178 0.0173 0.0720 0.0688 0.2059 0.1637 0.1713 0.1561 0.2819 0.1790
δvN (m/s) 0.0171 0.0169 0.0733 0.0689 0.2253 0.1611 0.1686 0.1397 0.3111 0.2105

δpE (m) 0.0178 0.0173 0.2119 0.1978 0.6721 0.5002 0.4745 0.3507 0.7150 0.4324
δpN (m) 0.0307 0.0286 0.2857 0.2442 0.8778 0.5849 0.6959 0.4384 1.4027 0.8003

Table 5. Statistical summary of accuracy improvement achieved by AFG algorithm compared to FG.

Parameter RTK SPP CE-1 CE-2 CE-3

δθ (◦) 5.13% 8.40% 47.23% 16.78% 37.08%
δγ (◦) 3.10% 13.97% 23.76% 13.22% 29.48%
δφ (◦) 4.64% 2.19% 65.63% 60.91% 19.08%

δvE (m/s) 2.81% 4.44% 20.50% 14.71% 27.80%
δvN (m/s) 1.17% 6.00% 28.50% 17.14% 32.34%

δpE (m) 2.81% 6.65% 25.58% 26.09% 39.52%
δpN (m) 6.84% 14.53% 33.37% 37.00% 42.95%

6. Conclusions

To address the issues of insufficient continuity and poor accuracy in multi-sensor fusion
positioning caused by the GNSS’s vulnerability in urban canyon environments, this paper
proposes a resilient factor graph-based fusion positioning algorithm enhanced by the approx-
imate Gaussian estimation of noise models. Firstly, leveraging the autonomy and accuracy
advantages of odometry data, GNSS/odometry ground speed residual sequences are used
as measurement values for noise parameter estimation, and their approximate Gaussian dis-
tribution characteristics are analyzed. Furthermore, based on variational Bayesian networks
and Gaussian mixture models, the resilient noise model based on approximate Gaussian es-
timation is proposed. Finally, the resilient factor graph-based IMU/GNSS/vision/odometer
integrated navigation system was tested and verified through simulation platforms and
real-vehicle road tests. The results demonstrate the effectiveness and superiority of the
algorithm, with heading, speed, and position accuracy improvements of up to 65.63%,
32.34%, and 42.95%, respectively, in GNSS-challenging environments.

Although the above research achieved good results, there are still some limitations
that can be improved upon in the future work. From the perspective of optimizing the
factor graph multi-sensor data fusion model, dynamically optimizing the sliding window,
the online adjustment of feedback correction coefficients, and autonomous sensor fusion
are all promising research directions. Firstly, by predicting the positioning state of urban
roads based on prior maps and real-time positioning data, the factor graph sliding window
size can be resilient and adjusted to improve the system’s positioning accuracy; secondly,
the online calculation of the system observability and dynamic optimization of feedback
correction coefficients for state estimation values based on this calculation can enhance
the system’s fault tolerance and robustness; additionally, combining multi-sensor fusion
global positioning with LiDAR local positioning can significantly improve the integrity
and safety of autonomous vehicle driving. The use of artificial intelligence technology for
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the auxiliary optimization of multi-sensor autonomous fusion navigation systems is also
an important research direction. Firstly, in using a visual foundation model to intelligently
recognize the road environment, GNSS measurement noise estimations can be obtained,
and then the online adaptive optimization of the data fusion model can be achieved;
secondly, based on deep learning neural networks and prior maps, the optimal estimation
of the observability of the data fusion model can greatly improve the robustness and fault
tolerance of the system.
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