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Highlights

What are the main findings?

e A robust fixed-cost framework was developed using rotated-frame fixed-order quadra-
ture to approximate the intersection area of arbitrarily rotated ellipses.

e In the BAMFORESTS tree-crown delineation case study, ellipse-proxy overlap pre-
served peak F1, modestly shifted NMS behavior toward lower thresholds, and
achieved runtime comparable to AABB- and OBB-based overlap.

What are the implications of the main findings?

e  The proposed framework provides a more accurate and faster alternative to polygonal
ellipse clipping within the tested resolution range.

e The proposed framework enables efficient use of elliptical object support during
duplicate suppression, candidate filtering, and other repeated overlap-based post-
processing steps.

Abstract

The intersection area between two arbitrarily rotated ellipses is a recurring geometric
primitive in imaging, computer vision, and robotics. In the general case, its evaluation
is often associated with intersection-point recovery, topology-dependent case handling,
adaptive refinement, or dense boundary approximation. This study presents a fixed-cost
computational framework for ellipse—ellipse intersection based on a rotated-frame slice
formulation. A coordinate-frame rotation expresses one ellipse in axis-aligned form while

) Check for updates representing the second as a general conic. This yields a hybrid formulation that reduces

the intersection area to a one-dimensional overlap integral of vertical slice height over the
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a low-error regime earlier than polygonal approximation while remaining substantially
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faster across the tested range. The formulation is further examined through a tree-crown
delineation case study on the BAMFORESTS dataset, a benchmark forest dataset of very-
high-resolution UAV imagery. In this case study, ellipse proxies derived from axis-aligned
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the same peak F1 score of 0.785 while modestly shifting NMS behavior toward lower
thresholds and producing slightly broader near-peak intervals.

Keywords: ellipse—ellipse intersection; ellipse overlap; fixed-order quadrature; non-maximum
suppression; tree-crown delineation; object delineation; BAMFORESTS

1. Introduction

Elliptical representations arise in imaging and computer vision problems in which
object support, spatial extent, shape, or uncertainty regions must be described in a compact
parametric form. In microscopy, medical image analysis, and related delineation tasks,
overlapping structures are often approximated by ellipses for segmentation, counting, and
footprint estimation, while in industrial vision and ellipse-aware object detection, ellipses
are used to model smooth anisotropic objects under clutter, occlusion, or low signal-to-
noise conditions [1-5]. Beyond imaging, elliptical overlap also appears in geographic and
engineering applications [6,7]. In such settings, the intersection area between two ellipses
becomes a recurring geometric primitive for footprint comparison, instance association,
delineation-oriented consolidation, and geometry-aware post-processing. Although the
problem appears elementary at first glance, determining the intersection area of two ellipses
in closed form remains difficult in the general case. The boundary of the common region is
defined by the interaction of two quadratic curves, and solving for the intersection points
leads to a quartic equation whose real roots, when they exist, may produce several distinct
geometric regimes with up to four intersection points [8,9].

The ellipse-ellipse intersection problem has been addressed through several method-
ological classes, each reflecting a different compromise between geometric exactness, nu-
merical robustness, and computational cost. Exact and semi-analytical formulations recover
the intersection points explicitly and reconstruct the intersection area from conic arcs and
auxiliary polygonal components, often through Gauss—Green-based area constructions
that preserve the continuous boundary geometry [10,11]. Their rigor, however, depends
on stable root recovery and correct topology classification, both of which may become
numerically sensitive near tangency and other nearly degenerate configurations under
finite-precision arithmetic. Polygonal and polyarc approximations replace each ellipse
by a sampled boundary representation, determine the overlap by clipping procedures
such as those of Sutherland—Hodgman [12], Weiler-Atherton [13], Vatti [14], or Greiner—
Hormann [15], and evaluate the resulting area using the shoelace formula [16]. Although
straightforward to implement, these approximations converge only gradually with bound-
ary refinement, with smooth-boundary accuracy typically improving on the order of N2
with the number of segments [17]. Numerical integration approaches instead reduce the
problem to a one-dimensional overlap integral over the shared horizontal domain and
evaluate the associated overlap-height function using adaptive Simpson or related Newton—
Cotes-type procedures [18-21]. These methods avoid explicit boundary tessellation and
may provide high accuracy for well-behaved configurations, but their numerical behavior
can still deteriorate for highly eccentric ellipses, grazing contact, or arrangements that
induce steep endpoint variation in the integrand [22,23]. Algebraic—geometric formulations
operate directly on the implicit conic equations, eliminate one variable to obtain a quartic
polynomial, and reconstruct the intersection area from algebraic segments or level-set
expressions [24-27]. While mathematically rigorous, they inherit the numerical fragility
of higher-degree polynomial root solving near degeneracy. Other approximations trade
geometric fidelity for implementation simplicity or hardware efficiency. Monte Carlo esti-

https://doi.org/10.3390/1s18132096


https://doi.org/10.3390/rs18132096

Remote Sens. 2026, 18, 2096

3 0f 36

mators [28-31] are conceptually simple and readily parallelized, but their slow convergence
and high variance limit their suitability for precision-oriented applications. Raster-based
methods approximate each ellipse on a binary grid and estimate overlap from intersecting
pixels or sub-pixel corrections, but their accuracy remains strongly resolution-dependent
and degrades rapidly on coarse lattices [32-34]. Morphological and convolution-based
representations likewise operate on discretized indicator functions, for example, through
elliptical structuring elements, and may benefit from Fast Fourier Transform (FFT)-based
acceleration; however, when applied to ellipse overlap, they remain fundamentally discrete
and therefore sacrifice direct analytical correspondence with the underlying conic geome-
try [34-36]. Transformation-based methods map one or both ellipses into more convenient
canonical domains, such as a unit circle or other normalized form, to simplify subsequent
analysis or improve conditioning, although such reductions are typically most effective
only under specific symmetry assumptions or restricted parameter regimes [22,37].

Despite the breadth of the existing literature, most formulations for the overlap of ar-
bitrarily rotated ellipses achieve generality through explicit intersection recovery, topology-
dependent case distinction, adaptive refinement, polygonal clipping, or repeated algebraic
elimination. However, the main requirement is different in many computer-vision appli-
cations: the overlap must be evaluated through a numerically stable procedure whose
computational cost remains bounded and predictable from one ellipse pair to the next, even
if this entails a slight loss of precision. This distinction becomes particularly important when
overlap evaluation is embedded within repetitive, iterative, or threshold-based workflows,
such as robotics, feature extraction, and object detection. In such workflows, configuration-
dependent runtime caused by adaptive integration, case branching, or repeated root solving
may become operationally undesirable. Accordingly, this study introduces a computa-
tional framework for approximating the intersection area between two ellipses using a
rotated-frame fixed-order quadrature formulation, as detailed in Section 2. The formula-
tion rotates the coordinate frame to obtain direct slice bounds for one ellipse, represents
the second ellipse as a conic, and evaluates the resulting overlap-height integral using
a predetermined number of quadrature nodes. The numerical behavior of the proposed
framework is examined in Section 3 using a synthetic benchmark of 100,000 ellipse pairs
against a polygonal approximation. Its practical use in repeated imaging post-processing
is then evaluated in Section 4 through a tree-crown delineation case study on the BAM-
FORESTS dataset, a benchmark forest dataset of very-high-resolution UAV imagery [38].
In this case study, ellipse proxies derived from axis-aligned bounding box (AABB) and
oriented bounding box (OBB) detector outputs are used for overlap computation during
non-maximum suppression (NMS). Section 5 discusses the numerical behavior, runtime
characteristics, post-processing implications, limitations, and possible extensions of the
proposed computational framework. Finally, Section 6 concludes the study.

2. Computational Framework: Rotated-Frame Fixed-Order Quadrature

The proposed computational framework, illustrated in Figure 1, estimates the intersec-
tion area of two arbitrarily rotated ellipses by reducing the problem to a one-dimensional
overlap integral. This integral is then approximated using a fixed-order quadrature rule.
The formulation begins with the geometric definition of a reference ellipse and a candidate
ellipse in the global Cartesian frame, from which the two-dimensional intersection-area
computation is first reduced to an overlap-height representation over a finite horizontal
interval, as described in Section 2.1. The coordinate system is then rotated so that the
reference ellipse becomes axis-aligned in the transformed frame, while the candidate ellipse
remains rotated, as detailed in Section 2.2. This rotated representation allows the vertical
slice bounds of both ellipses to be obtained analytically and yields a hybrid formulation
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in which the intersection area is expressed as a one-dimensional overlap integral over the
admissible horizontal interval, as developed in Section 2.3. The resulting integral is then
approximated using a direct fixed-order rule in Section 2.4. The boundary behavior of the
corresponding overlap-height function and its implications for numerical conditioning near
grazing configurations are then examined in Section 2.5. To improve numerical condition-
ing near such configurations, Section 2.6 introduces a sine-mapped variable substitution
to redistribute the quadrature nodes toward the interval boundaries, where the integrand
varies most rapidly. Moreover, pseudocode of the proposed framework is provided in
Appendix A, including the optional sine-mapping configuration.

(") Ellipse [Jinput () step Output
Reference Ellipse (Ey)
E Reduction of the
Intersection Problem to a Rotation of the Integration
< One-Dimensional Height Domain
Candidate Ellipse (E¢) Function
[] )

Intersection Area < <

Fixed-Order Quadrature
Approximation of the

Overlap Integral . .
Hybrid Representation in

| Affine-Mapped | the Rotated Frame

| Sine-Mapped |

Figure 1. Workflow of the proposed rotated-frame fixed-order quadrature framework. The ellipse
pair is reduced to a vertical overlap-height formulation and expressed in a reference-aligned frame,
where the reference ellipse is axis-aligned and the candidate ellipse is represented as a conic. The
resulting integral is evaluated using fixed-order quadrature, with optional sine mapping.

2.1. Reduction of the Intersection Problem to a One-Dimensional Height Function

Let the reference ellipse E, (X, yr, ar, br, 6,) and the candidate ellipse E.(xc, Yc, ac, be, 6c)
be defined by their centers (x;, y;), semi-axes (4;, b;), and orientations 6;, where i € {r,c},
as illustrated in Figure 2a. In the global Cartesian frame, each ellipse satisfies the rotated
implicit equation

((x — xj)cos 6; + (v — y;)sin 6;)? L ((x—x)sin6; + (y — yi)cos 0,)°
2 b.2 -
1

L Q)

a;

The intersection area is expressed as the integral of the vertical overlap height over
the horizontal interval in which the two ellipses may overlap. Let 1/; max(x) and ; min (X)
denote, respectively, the upper and lower vertical slice boundaries of ellipse E; at abscissa
x, whenever such a slice exists. The instantaneous overlap height is then defined as

h(x) = max(0, min(Yr,max(x), Yemax(x)) — max(Yy,min(X), Ye,min(X)))- 2)

Accordingly, the intersection area is written as

A= /L () dx, 3)
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20

(Xr, Yr)

10

where [L, R] denotes the horizontal interval of potential overlap. For an arbitrarily rotated
ellipse, the half-width of its horizontal projection is

hyi = \/ a2c0s20; + b?sin’0;, 4)

and the corresponding projection interval is [x; — hy ;, x; + h, ;]. Therefore, the horizontal
interval of potential overlap between E, and E, is

[L, R] = [max(xy — hyr, Xc — hye), min(x, + hyy, Xc + Ny )] )

The reduction of the two-dimensional intersection-area computation to a one-
dimensional overlap integral over the horizontal interval [L, R] is illustrated in Figure 2b.

If L > R, the ellipses are horizontally disjoint, and the intersection area is zero.
Equation (3) therefore reduces the two-dimensional intersection-area computation to the
evaluation of a one-dimensional overlap-height function over [L, R]. However, in the global
frame, the explicit vertical slice bounds of both ellipses remain coupled to their orientations.
To simplify their evaluation, the domain is rotated so that the reference ellipse becomes
axis-aligned.

20
> E > Er
<> Ec > Ec
15 =
/
/o R N
2 2 I htx) o
" ABc © 10
(Xe, yo) > \
c Ye \ \
5 N\
0 L R
15 20 25 30 (1] 5 10 15 20 25 30
X-axis X-axis
(@ (b)

Figure 2. Example problem in the global frame. (a) Illustration of two arbitrarily rotated ellipses.
(b) Ilustration of the intersection area of two arbitrarily rotated ellipses, showing the one-dimensional
integral representation over the horizontal domain [L, R].

2.2. Rotation of the Integration Domain

To decouple the vertical slice bounds of the reference ellipse from its orientation,
the integration domain is rotated by —6, so that the reference ellipse is aligned with
the coordinate axes. Denoting the rotated-frame coordinates as (£, #7), the transformed
coordinates are obtained from

[;: _ R(—6,) [ﬂ R() = [cos¢ _Sinﬂ' ©)

sing  cos¢
Under this transformation, the centers of the two ellipses become

| . Xr Xe —p(_ Xc
-nenfe] [{] o]
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10

y-axis
(=)

and the candidate ellipse assumes the relative orientation
AG - QC - 9;/. (8)

The reference ellipse is therefore transformed into E, (¢, 9r, ar, by, 0), while the candi-
date ellipse becomes EC(J?C, Je, ac, be, AB), as illustrated in Figure 3a.
Since rigid rotation preserves area, the intersection area may be written equivalently as

A= /L e ds, )

where [L, R] denotes the horizontal interval of potential overlap in the rotated frame and
hi(%) denotes the overlap-height function defined there, as shown in Figure 3b. In this frame,
the reference ellipse becomes axis-aligned, while the candidate ellipse remains rotated.
This yields a hybrid representation in which the two ellipses are described in compatible

analytical forms.

10

y-axis
(=)

| i
P

10 15 20 25 30 _100 5 10 15 20 25 30
X-axis X-axis

(a) (b)

Figure 3. Example problem in the rotated frame. (a) Ellipse pair after coordinate-frame rotation
by —8,, where the reference ellipse is axis-aligned and the candidate ellipse retains the relative
orientation Af. (b) Corresponding one-dimensional representation of the intersection area over the
rotated-frame horizontal domain [£, R].

2.3. Hybrid Representation in the Rotated Frame
Because E, is axis-aligned in the rotated frame, it satisfies the standard implicit equation

(2 —%)°

a7

N A N2
I Cht [N (10)

Therefore, its horizontal projection is given by [£, — a,, £ + a,], and for any £ within
this interval, its upper and lower boundaries are

o a0\ 2
]?r,max(f) = ]27 + br 1-—- <x xr) ’ (11)

. o2
Dy min(£) = §r — by 1(" "f). (12)
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The candidate ellipse E., on the other hand, is represented as a general quadratic conic
in the rotated frame,
A2+ B2+ C? + DR+ EJ+F =0, (13)

where the quadratic coefficients are obtained from the candidate ellipse geometry in the

rotated frame. Let
cos2(AB)  sin(A0)

= 14
q11 a% bg 7 ( )
. 2 2
sin“(Af)  cos=(AP)
p— l
922 po 2 (15)
. 1 1
q12 = cos(A0)sin(A0) | — — - |. (16)
aC bC
Then the conic coefficients are written as
A=qu, B=2q C=gqn, D=-2(qut+q9120c), a7
E = —2(qia%c +q220c), F = qut?+2q1289c + qo29? — 1.
The horizontal half-width of E, in the rotated frame is
fiie = \/agcosz(AG) + b2sin®(A0), (18)

and its horizontal projection is [, — fzx,c, Xc + flec]. The horizontal interval of potential
overlap in the rotated frame is therefore given by

[LR] = {max (J?r —a,, % — flx,c), min (J?r +ay, %+ fzx,c)] ) (19)

If L > R, the ellipses are horizontally disjoint in the rotated frame, and the intersection
area is zero.
Forany # € [L, R], fixing £ in Equation (13) yields a quadratic equation in 7,

Ci?+ (B + E)j + (A% + D# +F) =0, (20)
whose discriminant is
A(R) = (BJ? Y E)?—4C (Aﬁz D2+ F). 1)

If A(X) < 0, the candidate ellipse contributes no real vertical slice at that abscissa.
If A(%) = 0, the slice degenerates to a single point and contributes zero overlap height.
Otherwise, its slice bounds are

yAc,max(f) = _(BJ? ha }3;)(:‘1' A(f) 7 (22)
R o —(BJ? + E) — A(J?)
yc,min(x) - 2C . (23)

The overlap-height function in the rotated frame is then defined as
h (%) = max(0, min(Gr,max (%), Je,max (£)) — max(Gymin(2), Je,min(£)))- (24)

Using the slice bounds in Equations (11), (12), (22) and (23), the overlap-height function
in the rotated frame is fully specified by Equation (24). Consequently, the rotated-frame
overlap integral introduced in Equation (9) becomes explicitly defined. At this stage, the
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two-dimensional intersection-area computation has been reduced to the integration of
a slice-based overlap-height function over a finite interval, where the reference ellipse
contributes axis-aligned square-root boundaries and the candidate ellipse contributes conic
slice boundaries obtained from a quadratic equation.

2.4. Fixed-Order Quadrature Approximation of the Overlap Integral

Equation (9) reduces the intersection-area computation to the numerical evaluation
of a one-dimensional overlap integral over the finite interval [L, R], where a fixed-order
quadrature rule may be applied directly to approximate this area. In the present problem,
however, the overlap-height function /1(£) may change sharply near the interval endpoints,
particularly in grazing or near-tangential configurations. These steep local gradients arise
because the reference ellipse boundaries contain square-root terms and the candidate ellipse
boundaries are governed by the discriminant of the conic slice equation. As a result, fixed
quadrature nodes defined directly on [L, R] may under-sample the endpoint regions in
which the strongest variation occurs.

Representative fixed-order quadrature rules of the canonical interval [-1, 1] include
the Gauss-Legendre (GL) quadrature rule, the Clenshaw—Curtis (CC) quadrature rule, the
composite Simpson (CS) rule, and the composite midpoint (CM) rule. Their node placement
and weighting differ, and these differences influence how effectively the affinely mapped
approximation samples the endpoint regions of the physical interval [L, R]. Moreover, the
same transformed integral may also be evaluated by higher-precision adaptive procedures,
such as adaptive Simpson integration, but such methods fall outside the scope of the
present fixed-order study. Figure 4a shows an example of uniformly distributed nodes
within the interval [L, R].

10 10

w Gm——
— E;
5 5 Rule Area Approx.
@ | @
8 0 “ 8 0
> >
-5 <> E ' -5 :

E'\c ! S -

- Rule Nodes R ~ " ot

-10 L R -10 L R

(1] 5 10 15 20 25 30 (1] 5 10 15 20 25 30
X-axis X-axis

(a) (b)

Figure 4. Example problem with direct fixed-order quadrature. (a) Illustration of the intersection
area of two arbitrarily rotated ellipses after coordinate-frame rotation by —6,, showing the quadra-
ture nodes over the horizontal domain [L, R]. (b) Illustration of the corresponding fixed-order
approximation of the overlap-height function over the horizontal domain [£, R].

Let {(cjj, wj) }]N:1 denote the nodes and weights of a chosen N-point fixed-order

quadrature rule on the canonical interval [—1, 1]. Using the standard affine transformation

L+R R-L
I A S ] (25)
2 2
with Jacobian
dt R-1L
e Sl 2
E= 2 (26)
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Equation (9) becomes

1. /L+R R-L\R-L
A= . 7
-1 h( 2 T2 C) 2 4 @7)
Applying the chosen fixed-order quadrature rule to Equation (27) gives the direct
approximation
R-LN . (L+R R-IL

For a given quadrature order N, Equation (28) approximates the intersection area using
a fixed number of function evaluations, where each evaluation is represented by a vertical
slice within the intersection region, as shown in Figure 4b. However, because the node
distribution is determined directly by the chosen quadrature rule on the affinely mapped
interval, the endpoint regions may still receive insufficient sampling in configurations
where the overlap-height function varies most rapidly.

2.5. Smoothness and Boundary Behavior of the Overlap-Height Function

After coordinate-frame rotation by —#,, the reference ellipse E, is axis-aligned in (%, )
and admits analytic slice bounds for ¥ € (&, — a, &, + a,), as given by Equations (11) and (12).
In the same rotated frame, the candidate ellipse E, is represented by the conic A%* + B +
Ci? + D& + Eiy + F = 0, as given in Equation (13). For fixed %, the slice bounds of E. follow
from a quadratic equation in {f with discriminant A(%) = (B% + E)* — 4C(A%* + Dx + F) , as
defined in Equation (21), and are given, when A(%) > 0, by Equations (22) and (23). Therefore,
the overlap-height function /1(%), defined as the common vertical height between [§/, min (%),
Prmax(X)] and [Jcmin (%), Jemax(%)], is piecewise analytic on any open sub-interval where
(i) % € (& —ar, & +ay), (i) A(X) > 0, and (iii) the active upper and lower envelopes remain
unchanged. Consequently, /i(%) is C* on each such sub-interval, whereas non-analytic be-
havior is confined to isolated envelope-switching abscissas and to slice-activation endpoints
where either the reference-ellipse square root vanishes or the conic discriminant satisfies
A(&) = 0. These endpoint singularities govern the local variation of the integrand near the
interval boundaries, although their direct sampling depends on the chosen quadrature rule.

In near-tangent configurations, steep gradients arise from both boundary mechanisms.
For E,, the derivative magnitude diverges as |£ — ;| — a,, such that

%yr,max(x) = - . > (29)
A ()
d . . b (% — %
%}/r,min(x) = r( r) ’ (30)

causing large local variation in /1(£) near the effective overlap endpoints. In addition, for
E., differentiating Equations (22) and (23) yields

d o —B+ EAR)/2¢/A(%)
ﬁyc,max(x) - 2C ’ (31)
d . —B— ZA%)/2/A(%
% c,min(x) = d ;C) ( )1 (32)
where p
A(%) = 2(B% + E)B — 4C(2A% + D). (33)

dz
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Hence,

dxyc max (X )‘ and dxycmm( )’ typically grow like O( ( )~ 1/2) as A(%) — 0t
This introduces discriminant-driven endpoint steepness even when E, is locally well-
conditioned and represents a primary source of numerical sensitivity in the rotated conic-
slice formulation.

2.6. Sine-Mapped Rotated-Frame Fixed-Order Quadrature

To improve numerical Conditioning near grazing conﬁgurations, an optional sine-
based variable substitution is introduced to redistribute the quadrature nodes toward the
boundaries of the overlap interval. The transformation is defined as

A7i+ﬁ R—L [t
t=— + zsm(z), te[-1,1], (34)

which maps the canonical interval [—1, 1] to the physical interval [L, R]. The associated

Jacobian is
dt  m(R-1L) it
E = 4COS<2>, t e [—1, 1] (35)

Substituting Equations (34) and (35) into Equation (9) yields the transformed integral

- / <L+R Rstin<7;f)>”(12_L)ws<2>dt (36)

This transformation preserves the fixed-order character of the numerical approxima-
tion while modifying the node distribution so that more evaluation points are placed near
the interval endpoints. The transformation can therefore improve numerical conditioning
in cases where the overlap-height function exhibits strong boundary variation. The effect
of the sine mapping on uniformly distributed nodes is illustrated in Figure 5a.

10 10
5 5
2 a
8 0 8 0
($, \ ‘;ﬁ \
-5 <> E S , -5 <> E
— éc N S - éc )
- Sine-mapped Rule Nodes P Sine-mapped Rule Area Approx.i
~1% 5 10 15 20 25 30 10 5 10 15 20 25 30
X-axis X-axis

(@) (b)

Figure 5. Example problem with sine-mapped fixed-order quadrature. (a) Illustration of the inter-
section area of two arbitrarily rotated ellipses after coordinate-frame rotation by —6,, showing the
sine-mapped quadrature nodes over the horizontal domain [£,, R]. (b) Illustration of the corresponding
sine-mapped approximation of the overlap-height function over the horizontal domain [L, R].
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Let { (¢, wj) }11 denote the nodes and weights of a chosen N-point fixed-order quadra-
ture rule on [—1, 1]. Applying that rule to Equation (36) gives the sine-mapped fixed-order
approximation

A N

~ N(R—ﬁ) N /L+ R—L . [t Tt
Ag = , ’
Q 1 ];h< 7t szn( 5 )) w]cos( 5 ) (37)

The sine term maps each canonical node ¢; from [—1, 1] to the physical interval (L, R],

while the cosine term arises from the Jacobian of the transformation and compensates for the
local stretching and compression introduced by the mapping. For a given quadrature order
N, Equation (37) therefore evaluates the intersection area using a fixed number of function
evaluations, while concentrating sampling effort near the interval boundaries where the
overlap-height function varies more rapidly. The resulting sine-mapped approximation of
the overlap-height function is illustrated in Figure 5b.

3. Numerical Evaluation of the Proposed Overlap Formulation

The numerical evaluation is conducted on a synthetic benchmark of 100,000 rotated
ellipse pairs generated using the implementation developed by Hughes and Chraibi [11,39].
A dense polygonal approximation with 20,480 boundary vertices per ellipse is used as
the numerical reference. Figures 6 and 7 summarize the results over resolutions from 8
to 1024, corresponding to quadrature nodes and polygonal vertices, where the polygonal
approximation is compared against the fixed-order quadrature variants in the affine domain
and under sine mapping, respectively. In each figure, panel (a) reports the mean absolute
relative error, panel (b) reports the standard deviation of the absolute relative error, panel
(c) reports the p95 of the absolute relative error, and panel (d) reports the total runtime
across the full benchmark. All experiments were executed on an Intel Core i7-14650HX
CPU (Intel Corporation, Santa Clara, CA, USA) with 16 GB RAM, and no GPU acceleration
was used during this evaluation. Polygonal approximations were computed using uniform
angular sampling, and intersection areas were obtained using a vectorized polygon-clipping
implementation provided by Python 3’s Shapely 2.1.2 package. The proposed formulation
variants were evaluated in Python 3 using the Numba 0.61.2 package to precompile the
corresponding kernels and reduce Python-level overhead.

Figure 6a shows that all evaluated methods exhibit a monotonic reduction in error
as the numerical resolution increases in the direct affine domain, i.e., for the proposed
formulation without sine mapping. The polygonal approximation exhibits the expected
steady decay in error, decreasing from 18.419% at 8 vertices to 0.00197% at 1024 vertices. The
affine quadrature variants follow the same monotonic trend, but with substantially lower
error over the same resolution range. At the lowest tested order, 8, affine GL and affine CC
already reduce the mean absolute relative error to 0.336% and 0.481%, respectively, while
affine CS and affine CM remain less accurate at 1.836% and 1.377%. As the order increases,
the separation between the quadrature rules becomes clearer. From order 32 onward, affine
GL and affine CC remain the strongest affine variants, and their curves nearly overlap,
while affine CS and affine CM converge more slowly. At 1024 nodes, affine GL and affine CC
reach 2.18 x 107°% and 2.26 x 10~°% mean absolute relative error, respectively, whereas
affine CS and affine CM remain at 1.13 x 1073% and 8.51 x 10~ 4%.

Figure 6b,c show the same global contraction in dispersion and upper-tail error. The
polygonal approximation reduces the standard deviation from 15.93% at 8 vertices to
0.0333% at 1024 vertices, and the p95 from 49.37% to 0.00340%. The affine quadrature
variants again contract more rapidly. At low orders, affine CS and affine CM show the
smallest dispersion, with standard deviations of 2.79% and 2.27% at 8 nodes, respectively,
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whereas affine GL and affine CC provide the tighter upper tail, with p95 values of 0.583%
and 0.819%, respectively. As the order increases, GL and CC remain the strongest affine
variants in the tail statistics. At 1024 nodes, affine GL and affine CC reduce the standard
deviation t0 4.76 x 10~%% and 6.32 x 10~*% and the p95 to 4.11 x 10 5% and 4.16 x 105%,
whereas affine CS and affine CM remain at 9.11 x 107*% and 5.75 x 10~*% in standard
deviation and 1.63 x 1073% and 1.20 x 10~3% in p95. Thus, in the affine setting, the
decrease in mean error is accompanied by a comparable contraction in dispersion and
upper-tail error.

The runtime behavior in Figure 6d follows a different pattern. The polygonal approxi-
mation starts from a relatively high baseline cost and increases gradually, from 6.62 s at
8 vertices to 22.21 s at 1024 vertices. In contrast, all affine quadrature variants begin with
substantially lower runtimes, ranging between 0.0182 s and 0.0191 s at order 8, and then
increase almost proportionally with order. Across the full tested range, the quadrature
methods are simultaneously more accurate and faster than the polygonal approximation.
For example, at 128, affine GL achieves 0.00141% mean absolute relative error in 0.123 s,
whereas the polygonal baseline at the same nominal resolution remains at 0.117% and
requires 8.88 s. Even at the highest tested order, the affine quadrature variants remain
substantially less expensive than the polygonal approximation. By 1024 nodes, affine GL
and affine CC require 0.559 s and 0.567 s, respectively, while the polygonal approximation
requires 22.21 s. Thus, in the affine domain, the quadrature variants dominate the polygonal
approximation throughout the tested range, providing both lower error and lower runtime.
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Figure 6. Synthetic benchmark results in the affine domain for the polygonal approximation and
fixed-order quadrature variants over resolutions 8-1024 across 100,000 randomly generated ellipse
pairs, showing (a) mean absolute relative error, (b) standard deviation of the absolute relative error,
(c) p95 of the absolute relative error, and (d) total runtime.
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Figure 7a shows the corresponding results after applying sine mapping to the quadra-
ture rules. The overall convergence pattern remains monotonic for all methods, but the
relative ordering among the quadrature variants changes. At low orders, sine mapping
clearly benefits the more uniformly distributed rules. The strongest example is the com-
posite midpoint rule, whose mean absolute relative error decreases from 1.377% in the
affine domain to 0.326% under sine mapping at 8 nodes, and from 0.474% to 0.0837% at
16 nodes. A similar effect is observed for composite Simpson, whose mean absolute relative
error decreases from 1.836% to 0.485% at 8 nodes and from 0.637% to 0.133% at 16 nodes.
As a result, the best low-order sine-mapped variants are no longer GL and CC, but CM
and CS. At 8 nodes, sine-mapped CM gives the lowest mean error among all sine-mapped
rules at 0.326%, followed by sine-mapped CS at 0.485%. This behavior persists into the
moderate-order range. At 32 nodes, sine-mapped CM reaches 0.0207%, which is essentially
identical to affine GL at the same nominal order, and at 64 nodes it reaches 0.00483%,
again matching the strongest affine results. By 128 nodes, all sine-mapped variants have
entered a low-error regime, with CM at 0.00144%, CS at 0.00204%, GL at 0.00278%, and CC
at 0.00285%.
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Figure 7. Synthetic benchmark results in the sine-mapped domain for the polygonal approximation
and fixed-order quadrature variants over resolutions 8-1024 across 100,000 randomly generated
ellipse pairs, showing (a) mean absolute relative error, (b) standard deviation of the absolute relative
error, (c) p95 of the absolute relative error, and (d) total runtime.

Figure 7b,c show that the same shift is clearest in the upper-tail statistics, while the
standard deviation follows the same global decline with a less uniform low-order ranking.
At 8 nodes, sine-mapped CM gives the lowest p95 among all sine-mapped rules at 0.654%,
followed by sine-mapped CS at 1.04%, whereas sine GL and sine CC remain at 1.11% and
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1.63%. This ordering persists into the moderate-order range. At 64 nodes, sine-mapped
CM reaches a p95 of 9.61 x 1073%, compared with 1.55 x 1072% for CS, 1.75 x 1072%
for GL, and 1.85 x 10~2% for CC. The standard deviation also contracts monotonically,
but the ranking is more mixed at low and moderate orders. By 1024, sine-mapped CS and
sine-mapped CM provide the smallest dispersion, at 4.89 x 10~4% and 5.17 x 10~*%, while
sine GL and sine CC remain at 1.03 x 1073% and 8.73 x 10~%%. Thus, under sine mapping,
the strongest gains appear most clearly in the upper tail, where CM and CS dominate at
low and moderate orders, while the standard-deviation curves converge more gradually
toward the same ranking.

The runtime curves in Figure 7d remain close to those in the affine case. At 8 nodes,
the sine-mapped quadrature variants require between 0.0184 s and 0.0194 s and remain far
below the polygonal baseline of 6.62 s. Their cost then increases steadily with resolution,
reaching approximately 0.576 s for sine GL, 0.594 s for sine CC, 0.588 s for sine CS, and
0.567 s for sine CM at 1024 nodes. Therefore, the principal effect of sine mapping in
the tested range is observed in the error curves rather than in runtime. In particular,
sine mapping leaves the runtime order essentially unchanged while shifting the accuracy
ranking among the quadrature rules, with the largest gains occurring for CS and CM at
low and intermediate orders.

Taken together, Figures 6 and 7 show that the fixed-order quadrature variants reach
low-error regimes earlier than the polygonal approximation while maintaining substantially
lower runtime across the tested range. The main difference between the affine and sine-
mapped formulations lies in the ranking of the quadrature rules: GL and CC are strongest
in the affine domain, whereas CS and especially CM become more competitive under sine
mapping at low and moderate orders. Across both formulations, the reduction in mean
error is accompanied by corresponding reductions in dispersion and upper-tail error.

Stress Analysis Under High-Eccentricity and Low-Overlap Configurations

To further evaluate the numerical behavior of the fixed-order formulation under diffi-
cult geometric configurations, two stress subsets were extracted from the 100,000-pair ellipse
benchmark. The first subset targets high-eccentricity configurations. For each ellipse pair,
the maximum aspect ratio p was computed across the two ellipses, and cases satisfying
p > 3 with positive reference intersection area were retained. This threshold corresponds
to a minimum classical ellipse eccentricity of approximately 0.943 and therefore represents
clearly elongated ellipse geometries [40]. The resulting high-eccentricity subset contains
1032 ellipse pairs. The second subset targets low-overlap, grazing-like configurations. For
each pair, the reference IoU was computed using the high-resolution polygonal reference
intersection area, and cases satisfying 0 < IoU < 0.01 were retained. This subset contains
4120 ellipse pairs and represents cases where the common intersection region is small but
nonzero. The polygonal approximation and the fixed-order quadrature variants were evalu-
ated over the same resolution range used in the main benchmark, from 8 to 1024 vertices or
quadrature nodes. Figure 8 reports the high-eccentricity results, while Figure 9 reports the
low-overlap results.

Figure 8a shows that the mean absolute relative error decreases with increasing order
for the high-eccentricity subset. The polygonal approximation follows the same decay
pattern observed in the full benchmark, decreasing from 20.74% at 8 vertices to 0.00312%
at 1024 vertices. The affine quadrature variants remain substantially more accurate over
the tested range. The affine GL configuration decreases from 0.500% at N = 8 to 0.026%
at N = 32,0.007% at N = 64, and 5.53 x 107%% at N = 256. Figure 8b shows the same
contraction in upper-tail error. For affine GL, the p95 absolute relative error decreases from
1.756% at N = 8 t0 0.127% at N = 32, 0.026% at N = 64, and 0.002% at N = 256. These
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results indicate that high eccentricity alone does not lead to an uncontrolled increase in
approximation error.

Figure 8c,d show the corresponding behavior under sine mapping for the high-
eccentricity subset. The sine-mapped quadrature variants also decrease consistently with
increasing order, although the low-order ranking differs from the affine case. Atlow orders,
sine-mapped GL and CC exhibit larger mean and p95 errors than their affine counterparts,
while CS and CM remain more competitive. As the order increases, the differences between
the mappings become small, and the sine-mapped variants also reach low-error regimes.
Therefore, the high-eccentricity subset follows the same general pattern observed in the
full benchmark: increasing the quadrature order reduces both average and upper-tail error.
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Figure 8. Stress analysis under high-eccentricity configurations (p > 3), showing (a) mean absolute
relative error under affine mapping, (b) p95 absolute relative error under affine mapping, (c) mean
absolute relative error under sine mapping, and (d) p95 absolute relative error under sine mapping.

Figure 9a shows that the low-overlap subset is more demanding at low numerical
orders. This is expected because the intersection region is narrow in these configurations.
The polygonal approximation decreases from 59.33% at 8 vertices to 0.0210% at 1024 vertices.
The affine quadrature variants again converge more rapidly. For affine GL, the mean
absolute relative error decreases from 4.121% at N = 8 to 0.290% at N = 32, 0.064% at
N = 64, and 0.005% at N = 256. Figure 9b shows a similar reduction in the upper tail, with
the affine GL p95 error decreasing from 12.915% at N = 8 to 0.847% at N = 32, 0.218%
at N = 64, and 0.015% at N = 256. Thus, low-overlap configurations mainly affect the
low-order approximation regime, while moderate and high orders remain stable.

Figure 9¢,d show the sine-mapped results for the low-overlap subset. The same
decreasing trend is observed as the order increases, but the low-order errors are generally
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higher than in the affine case for several quadrature rules. This behavior indicates that the
sine mapping does not uniformly improve the most grazing-like configurations at very low
order. However, the errors contract rapidly as the order increases, and the sine-mapped
variants also enter a low-error regime at moderate and high orders. Overall, the stress
analysis shows that both high-eccentricity and low-overlap cases follow the same main
numerical trend as the full benchmark. The largest deviations occur in low-overlap cases at
low order, but the error decreases systematically as the quadrature order increases. Since
the proposed formulation evaluates a fixed number of quadrature nodes, the relevant
issue is approximation error under difficult geometries rather than non-convergence in an

iterative sense.
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Figure 9. Stress analysis under low-overlap, grazing-like configurations (0 < IoU < 0.01), showing
(a) mean absolute relative error under affine mapping, (b) p95 absolute relative error under affine
mapping, (c) mean absolute relative error under sine mapping, and (d) p95 absolute relative error
under sine mapping.

4. Case Study of Object Delineation: Post-Processing of Tree-Crown
Delineation Using Non-Maximum Suppression

Object delineation in imaging concerns the recovery of object support, not only object
presence. In instance-level vision tasks, this requires distinguishing individual objects while
preserving their spatial extent and boundaries. The quality of the final delineation therefore
depends on three coupled choices: the detector output geometry, the model used to compare
competing candidates, and the suppression rule used to consolidate duplicate predictions.
Their interaction becomes critical in crowded scenes, where adjacent objects may partially
overlap or exhibit weak local boundary contrast, and where small changes in support can
alter which candidates are retained as distinct instances [41—44]. In aerial forest imagery,
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tree-crown delineation is used to move from canopy-level observation to individual-tree
interpretation, enabling crown counting, crown-size estimation, spacing analysis, and the
derivation of structural attributes relevant to forest inventory and ecological assessment [45].
The problem is geometric as well as classificatory. Each crown must be represented by
a support model that remains compact enough for efficient prediction and comparison,
while still preserving the dominant visible crown body and separating neighboring trees.
This is not straightforward in practice, since tree crowns rarely appear as isolated, sharply
bounded objects. Their visible extent varies with species, age, competition, stand structure,
illumination, viewing geometry, and image resolution, and in dense canopies neighboring
crowns may overlap, merge visually, or remain only weakly separated [46,47].

The geometric primitive used for crown support directly affects post-processing.
AABBs are simple, compact, and compatible with standard object detectors, but their sup-
port is governed by rectangular enclosure and therefore includes corner and background
regions that do not belong to the main crown body. OBBs reduce part of this excess support
by incorporating orientation, yet they remain rectilinear. Polygonal and instance-mask
representations capture shape more faithfully, but at higher annotation and computational
cost [48,49]. In tree-crown imagery, many objects occupy an intermediate regime: the visible
support is compact, smooth, and anisotropic, but not well characterized by corners. For
such objects, an elliptical representation may provide a compact geometry that preserves
center, dominant extent, anisotropy, and orientation without introducing corner-driven
support. For many crowns, especially in nadir or near-nadir imagery, this may provide a
closer approximation of the dominant crown body than either an AABB or an OBB [50,51].
Figure 10 shows an example of crown representation using OBBs and oriented ellipses, illus-
trating how the elliptical representation reduces corner-driven support that may otherwise
contribute to overlap clutter between neighboring predictions.

OBB Representation
O Elliptical Representation

Figure 10. Example comparison of oriented bounding box (OBB) and elliptical representations for
tree-crown objects. Blue outlines indicate OBB support, while red outlines indicate the corresponding
elliptical representation. Source: BAMFORESTS dataset [38].
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Candidate suppression is a central post-processing step in object-detection pipelines,
where multiple predictions may be generated around the same object and lower-scoring
candidates must be filtered before final detections are reported. This step is commonly
performed using non-maximum suppression (NMS), in which lower-scoring candidates are
removed or attenuated based on their overlap with higher-scoring candidates. The most
common variants include hard (greedy) suppression, which discards candidates above a
chosen overlap threshold, and softer score-decay formulations, which reduce candidate
confidence as overlap increases [41-43].

In sparse scenes, the suppression geometry may have limited practical effect, since
predictions are already well separated. In dense canopies, however, neighboring crowns can
lie close together and overlap partially, so the geometric model used for overlap comparison
may influence which predictions are treated as redundant and which are preserved as
distinct trees [52-55]. When support is represented by a coarse rectangular enclosure,
suppression decisions may be influenced partly by background agreement rather than
agreement over the dominant crown body. A smoother and more compact geometry can
therefore lead to different suppression behavior in crowded scenes.

Although ellipse-based crown representations and ellipse-fitting strategies have been
considered previously [56,57], the recent tree-crown delineation literature remains domi-
nated by box-based and segmentation-based representations [38,58,59]. This limited use
is consistent with current workflow practice, in which standard benchmarks, annotation
formats, and post-processing routines are primarily defined for boxes, masks, or oriented
boxes rather than ellipses [42,43,60].

The case study does not evaluate ellipses as a learned prediction geometry. The predic-
tions, confidence scores, and native support representations are produced by the AABB or
OBB detector, and the ellipse proxy is introduced only after inference as the geometry used
to compute pairwise overlap during NMS. The analysis therefore focuses on a narrower
question: whether the proposed fixed-cost ellipse-overlap formulation allows a compact
ellipse proxy to be used efficiently in tree-crown post-processing, and whether replac-
ing native rectangular overlap with ellipse-proxy overlap changes suppression behavior,
threshold response, or the resulting precision—recall balance.

4.1. Experimental Setup and Detector Training

The case study is conducted on the Bamberg benchmark forest dataset of individual
tree crowns in very-high-resolution UAV images (BAMFORESTS) [38]. The official BAM-
FORESTS split consists of 57.14% training data, 15.24% validation data, 14.29% Test-Set-1
data, and 13.33% Test-Set-2 data. Model fitting is performed on the complete training split,
model selection on the complete validation split, and all reported results are evaluated
on the union of the two test subsets. BAMFORESTS contains 27,160 unique individually
delineated tree crowns over 105 ha across four areas of interest around Bamberg, covering
coniferous, mixed, deciduous, and city-park environments. The dataset provides instance-
level crown AABBs and polygons, fixed data splits, and COCO-format releases at both
1024 x 1024 and 2048 x 2048; however, only the 1024 x 1024 release is used in this study.
Its imagery combines high spatial detail with frequent local crown interaction, irregular
crown extent, and substantial variation in canopy structure.

Two compact detector variants are trained, corresponding to the two native output
geometries examined: YOLO26n for AABB detection (YOLO-AABB) and YOLO26n-obb for
OBB detection (YOLO-OBB). Both models are trained under the same 1024 x 1024 BAM-
FORESTS pipeline, with output geometry and the corresponding annotation format being
the intended differences between them. In both cases, pretrained nano-scale checkpoints
are used for initialization, training is run for 150 epochs, the input size is fixed to 1024,
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the random seed is set to 18, and patience is set equal to the maximum epoch count. The
remaining training configuration is kept unchanged across the two variants, including
automatic batch sizing, device allocation on a single GPU, and zero worker processes. All
experiments were executed on the same machine specified in Section 3, except that CUDA
was enabled during training and inference.

YOLO26n and YOLO26n-obb were used because YOLO26 provides an NMS-free
default inference path, which allowed the external NMS variants evaluated in this study
to be applied without interference from an internal detector-side NMS step [61]. The
nano-scale models were selected to keep the AABB and OBB experiments lightweight and
comparable under the same BAMFORESTS training configuration and the hardware used
to conduct the study.

Because BAMFORESTS does not provide native OBB annotations, the OBB labels
used for YOLO-OBB training were derived from the instance-level crown polygons using
the cv2.minAreaRect() function from the Python 3’s OpenCV (cv2) 4.11.0 package, which
computes the minimume-area rotated rectangle enclosing a 2D point set; when the corner
coordinates were required explicitly, they were obtained using cv2.boxPoints().

As shown in Figure 11a, the reported F1 scores of the two models remain close across
the examined confidence range. The best observed native result is obtained by YOLO-OBB,
which reaches F1 = 0.73 at confidence 0.32, whereas YOLO-AABB reaches F1 = 0.70 at
confidence 0.30. In both cases, the strongest native performance is concentrated in the low-
to-moderate confidence range. The same pattern is reflected in the precision-recall behavior
shown in Figure 11b. YOLO-OBB remains slightly stronger across most of the frontier, but

the separation between the two detector families is limited. This is also consistent with the
native detection metrics, where YOLO-OBB achieves m AP@0.5 = 0.76 compared with 0.72
for YOLO-AABB.

.0 0.0
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Confidence Recall

(@) (b)

Figure 11. Native detector screening on BAMFORESTS at 1024 x 1024: (a) F1-score as a function of
confidence under each detector’s native overlap formulation; (b) precision-recall curves for YOLO-
AABB and YOLO-OBB. YOLO-OBB achieves the highest native peak performance, while YOLO-
AABB remains close across the examined operating range.

4.2. Response of Hard NMS to Native and Ellipse-Proxy Overlap

The retained predictions are post-processed under two overlap geometries: their
native detector geometry, either AABB or OBB, and an ellipse proxy derived directly from
that geometry. For YOLO-AABB, each predicted box is converted to an axis-aligned ellipse
using the same box center, with semi-axis lengths equal to half the predicted box width
and height. For YOLO-OBB, each predicted oriented box is converted to an oriented ellipse
using the same center and orientation, with semi-axis lengths equal to half the oriented
box side lengths. No boundary fitting or image-based ellipse estimation is performed;
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the ellipse is a deterministic post-processing proxy derived from the detector output. The
detector predictions, confidence scores, and evaluation geometry remain unchanged. Only
the geometry used for pairwise overlap computation during greedy NMS is replaced.

Figure 12 and Table 1 summarize the Fl-score response to the NMS threshold for the
AABB detector family, whereas Figure 13 and Table 2 present the corresponding results
for the OBB detector family. In both cases, native and ellipse-proxy suppression follow the
same global pattern. At small thresholds, suppression is strong and F1 remains limited. As
the threshold increases, F1 rises rapidly and then transitions into a broad high-value region.
This transition is more pronounced at low confidence, whereas at higher confidence the
curves flatten and the influence of the NMS threshold becomes weaker.

—— AABBNMS  —— Ellipse NMS
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Figure 12. Fl-score response of greedy NMS for YOLO-AABB using native AABB overlap and

ellipse-proxy overlap derived from the AABB geometry. Each panel shows the complete sweep over
the NMS threshold at a fixed confidence value.

Table 1. Per-confidence summary for YOLO-AABB under hard NMS using native AABB overlap and
ellipse-proxy overlap derived from the AABB geometry, showing the best achieved score and the
associated NMS threshold.

Cong NS Overlap Best Score
Geometry NMS Thr. Precision Recall F1 Score
AABB 0.17 0.721 0.838 0.775
0.05 Ellipse 0.12 0.723 0.838 0.776
AABB 0.20 0.773 0.795 0.784
010 Ellipse 0.16 0.772 0.796 0.784
AABB 0.31 0.801 0.770 0.785
015 Ellipse 0.26 0.800 0.770 0.785
AABB 0.43 0.824 0.733 0.776
020 Ellipse 0.31 0.828 0.729 0.775
AABB 0.48 0.846 0.694 0.763
025 Ellipse 0.43 0.846 0.694 0.763
AABB 0.48 0.868 0.654 0.746
030 Ellipse 0.31 0.872 0.652 0.746
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Table 1. Cont.

NMS Overlap Best Score
Conf . .
Geometry NMS Thr. Precision Recall F1 Score
AABB 0.91 0.878 0.62 0.727
0.35
Ellipse 0.85 0.879 0.619 0.727
0.40 AABB 0.82 0.909 0.573 0.703
' Ellipse 0.80 0.909 0.573 0.703
AABB 0.82 0.920 0.532 0.674
0.45
Ellipse 0.85 0.920 0.532 0.674
AABB 0.97 0.929 0.491 0.642
0.50
Ellipse 0.97 0.929 0.491 0.642
—— OBB NMS —— Ellipse NMS
0.80 Conf = 0.05 0.80 Conf = 0.10 0.80 Conf = 0.15 0.80 Conf = 0.20 0.80 Conf = 0.25
0.67 0.67 0.67 0.67 0.67
0.53 0.53 0.53 0.53 0.53
o
6 0.40 0.40 0.40 0.40 0.40
S 0.00 0.33 0.67 1.00 0.00 0.33 0.67 1.00 0.00 0.33 0.67 1.00 0.00 0.33 0.67 1.00 0.00 0.33 0.67 1.00
T o.80 Conf=0.30 .., Conf=035 .., Conf=0.40 .., Conf=045 ., Conf=0.50
0.67 0.67 0.67 0.67 0.67
0.53 0.53 0.53 0.53 0.53

0.40 0.40 0.40 0.40 0.40
0.00 0.33 0.67 1.00 0.00 0.33 0.67 1.00 0.00 0.33 0.67 1.00 0.00 0.33 0.67 1.00 0.00 0.33 0.67 1.00
NMS Threshold

Figure 13. Fl-score response of greedy NMS for YOLO-OBB using native OBB overlap and ellipse-
proxy overlap derived from the OBB geometry. Each panel shows the complete sweep over the NMS
threshold at a fixed confidence value.

Table 2. Per-confidence summary for YOLO-OBB under greedy NMS using native OBB overlap
and ellipse-proxy overlap derived from the OBB geometry, showing the best achieved score and its
associated NMS threshold.

Conf NMS Overlap Best Score
Geometry NMS Thr. Precision Recall F1 Score
OBB 0.14 0.692 0.852 0.764
005 Ellipse 0.08 0.703 0.841 0.766
OBB 0.21 0.735 0.833 0.781
010 Ellipse 0.17 0.736 0.833 0.782
OBB 0.26 0.767 0.798 0.782
015 Ellipse 0.18 0.772 0.793 0.782
OBB 0.26 0.798 0.765 0.781
020 Ellipse 0.23 0.798 0.765 0.781
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Table 2. Cont.
Conf NIE;/IS Overlap : ?est Score
eometry NMS Thr. Precision Recall F1 Score
OBB 0.26 0.826 0.729 0.775
025 Ellipse 0.25 0.825 0.73 0.775
OBB 0.35 0.842 0.696 0.762
030 Ellipse 0.30 0.843 0.696 0.762
OBB 0.76 0.855 0.669 0.750
035 Ellipse 0.65 0.857 0.668 0.750
OBB 0.80 0.879 0.637 0.739
0.40 Ellipse 0.79 0.879 0.637 0.739
OBB 0.80 0.898 0.596 0.717
045 Ellipse 0.79 0.897 0.596 0.716
OBB 0.96 0.908 0.557 0.690
050 Ellipse 0.96 0.908 0.557 0.690

For YOLO-AABB, the highest F1 values remain essentially unchanged under the
two overlap formulations, while the threshold at which they are attained generally shifts
downward under the ellipse proxy, as shown in Figure 12 and Table 1. This behavior is
most visible at low and moderate confidence values, where ellipse-proxy overlap reaches
comparable best F1 scores at lower NMS thresholds than native AABB overlap. The effect is
therefore not a strong displacement of the peak response, but a modest threshold-response
shift: the high-F1 regime is reached earlier and remains near its maximum over a slightly
broader interval.

The same pattern appears under YOLO-OBB, although the threshold shift is slightly
clearer at low and moderate confidence values, as reported in Figure 13 and Table 2. Across
these settings, ellipse-proxy overlap generally reduces the NMS threshold associated with
the best or near-best F1 score, while the maximum F1 itself remains effectively unchanged.
Asin the AABB case, the principal difference lies in the location and breadth of the favorable
threshold region rather than in a major change in the maximum F1.

From approximately 0.35 confidence onward, the distinction between native and
ellipse-proxy suppression becomes small in both detector families. The curves flatten
substantially, and the best F1 values either coincide or differ only marginally. In this range,
the delineation outcome is influenced more strongly by confidence filtering than by the
precise geometry used for pairwise suppression. Across the examined range, ellipse-proxy
NMS preserves the same overall response pattern as native NMS while shifting the onset
of the favorable suppression regime toward lower thresholds. In most confidence panels,
this shift is accompanied by a slight broadening of the near-peak operating interval.

4.3. Runtime Cost of Ellipse-Overlap Evaluation During NMS

The practical cost of replacing native overlap with ellipse-proxy overlap is summarized
in Tables 3 and 4. The comparison is conducted against the corresponding native detector
overlap and against a polygonal ellipse approximation. The proposed formulation is evalu-
ated using affine-mapped GL quadrature with 32 nodes. This configuration was selected
from the numerical benchmark because affine GL provided a favorable accuracy—runtime
balance: the error had already entered a low-error regime, while the runtime remained
close to the minimum-cost settings. Higher quadrature orders further reduced the error,
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but with a proportional increase in runtime that was unnecessary for the NMS case study.
Sine mapping was not used in the case-study runtime evaluation because the affine GL
variant already provided the strongest practical configuration among the tested low-order
quadrature variants. The polygonal baseline is evaluated using polygonal clipping with
256 vertices because this setting produced a mean absolute relative error comparable to the
selected 32-node affine GL.

Table 3. Per-confidence runtime summaries for YOLO-AABB based on GL quadrature with 32 nodes
and polygonal clipping with 256 vertices.

Confidence Ofclelrille)l;el\lj:t/[l?o d Orders/Vertices Runtime (s) Rlll\lr:tiir::: Ezt];(;;o
GL Quadrature 32 0.094 1.75
005 Polygonal 256 20.374 379.00
GL Quadrature 32 0.044 1.78
010 Polygonal 256 9.159 374.93
GL Quadrature 32 0.028 1.78
015 Polygonal 256 5.654 363.72
GL Quadrature 32 0.020 1.75
020 Polygonal 256 4.105 361.80
GL Quadrature 32 0.016 1.78
025 Polygonal 256 3.163 351.88
GL Quadrature 32 0.012 1.78
030 Polygonal 256 2.597 370.84
GL Quadrature 32 0.010 1.77
035 Polygonal 256 2.161 369.88
GL Quadrature 32 0.008 1.79
040 Polygonal 256 1.748 369.22
GL Quadrature 32 0.007 1.77
045 Polygonal 256 1.502 360.00
GL Quadrature 32 0.006 1.75
050 Polygonal 256 1.311 365.80

All methods were evaluated using early-exit checks before full overlap evaluation. Na-
tive AABB overlap was computed using the closed-form intersection and union of two axis-
aligned rectangles. Native OBB overlap was computed using a rectangle-specific oriented-box
intersection routine: candidate boxes were represented by their center, side lengths, and
orientation; pairs were converted to four-corner quadrilaterals; the intersection polygon was
obtained by convex clipping; and the intersection area was computed using the shoelace for-
mula [16]. The proposed ellipse-overlap routine used the fixed-order quadrature formulation
described in Section 2. AABB overlap, OBB overlap, and the proposed quadrature-based
ellipse overlap were implemented using Python 3’s Numba 0.61.2 package to precompile the
corresponding kernels and reduce Python-level overhead. The polygonal ellipse approxi-
mation was evaluated using Python 3’s Shapely 2.1.2 package. The reported timings isolate
overlap evaluation and exclude detector inference, geometry extraction, pair-list construction,
and NMS selection.

Relative to native AABB overlap, the proposed ellipse formulation introduces only
a modest runtime increase. As shown in Table 3, the GL quadrature runtime decreases
from 0.094 s at confidence 0.05 to 0.006 s at confidence 0.50, while the runtime ratio to
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native AABB remains tightly concentrated between 1.75 and 1.79. Thus, under the AABB
detector family, ellipse-proxy overlap remains within a narrow band of approximately
1.8 times the native post-processing cost over the full confidence range. By contrast, the
polygonal alternative is several orders of magnitude more expensive in the same setting.
Its runtime decreases from 20.374 s at confidence 0.05 to 1.311 s at confidence 0.50, but its
ratio to native AABB remains between 351.88 and 379.00. The polygonal approximation is
therefore consistently slower than the proposed formulation by a large margin.

Table 4. Per-confidence runtime summaries for YOLO-OBB based on GL quadrature with 32 nodes
and polygonal clipping with 256 vertices.

Confidence Of‘lelrilzi)el\lj:t/llfo d Orders/Vertices Runtime (s) Ruﬁgg:,ilg]tgig to
GL Quadrature 32 0.091 0.74
005 Polygonal 256 18.892 153.51
GL Quadrature 32 0.048 0.74
010 Polygonal 256 9.780 150.40
GL Quadrature 32 0.034 0.74
015 Polygonal 256 7.095 153.30
GL Quadrature 32 0.026 0.74
020 Polygonal 256 5.500 155.46
GL Quadrature 32 0.021 0.73
025 Polygonal 256 4.359 153.79
GL Quadrature 32 0.018 0.74
030 Polygonal 256 3.615 151.96
GL Quadrature 32 0.015 0.75
035 Polygonal 256 3.145 156.22
GL Quadrature 32 0.014 0.75
040 Polygonal 256 2.774 153.11
GL Quadrature 32 0.012 0.74
045 Polygonal 256 2476 153.85
GL Quadrature 32 0.011 0.75
020 Polygonal 256 2.164 153.08

A similar conclusion holds when the ellipse proxy is compared against native OBB
overlap. As shown in Table 4, the GL quadrature runtime decreases from 0.091 s at con-
fidence 0.05 to 0.011 s at confidence 0.50, while the runtime ratio to native OBB remains
between 0.73 and 0.75. In the present implementation setting, the proposed ellipse for-
mulation is slightly faster than the native OBB baseline over the examined range. The
advantage is modest in absolute terms but consistent across all listed confidence values.
This behavior reflects the fact that native OBB overlap itself requires nontrivial geometric
handling, so the fixed-order ellipse formulation does not incur the same relative penalty
observed against the simpler AABB baseline. The polygonal approximation again remains
far more expensive, with runtimes between 18.892 s and 2.164 s and ratios to native OBB
between 150.40 and 156.22. Even under OBB, polygonal ellipse clipping remains more than
two orders of magnitude slower than the proposed formulation.

Taken together, these results show that the computational burden of ellipse-aware
post-processing depends strongly on the method used to evaluate ellipse overlap. With
the proposed fixed-order quadrature formulation, the cost remains close to native post-
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processing: modestly above native AABB and slightly below native OBB in the present
implementation setting. By contrast, polygonal clipping remains substantially more ex-
pensive than the native baselines. These results support the proposed quadrature-based
overlap formulation as a practical alternative for delineation-oriented post-processing, since
it preserves the intended geometric comparison while avoiding the high cost associated
with polygonal approximation. Additionally, these runtime ratios should be interpreted
as implementation-specific, since native AABB overlap, native OBB overlap, and ellipse-
overlap evaluation depend on the chosen geometric kernels and pre-rejection strategy.

4.4. Annotation-Level Area Fidelity of Box and Ellipse Representations

To quantify the area difference introduced by replacing polygonal crown annotations
with box- and ellipse-based proxy representations, an annotation-level area comparison
was performed using the original BAMFORESTS polygon annotations as the reference.
The analysis was conducted on all annotated crowns in the two test sets and was inde-
pendent of detector predictions. For each crown, the polygon area was compared with
the corresponding AABB area, OBB area, AABB-derived ellipse area, and OBB-derived
ellipse area.

Four area-based metrics were used. The global area ratio compares the total area of a
given representation across all crowns with the total polygon area; therefore, values above
1 indicate aggregate area overestimation. The median area ratio reports the median crown-
level ratio between the representation area and the polygon area. The mean absolute relative
area error measures the average crown-level absolute percentage difference between the
representation area and the polygon area. The p95 absolute relative area error reports the
95th percentile of this absolute crown-level error and indicates the upper-tail behavior of
the area difference. These metrics quantify area fidelity only and should not be interpreted
as boundary-overlap or full shape-similarity measures.

The results are summarized in Table 5. Both rectangular representations overestimated
the polygon area substantially, with total area increases of 46.6% for AABBs and 40.5% for
OBBs. The ellipse-based representations reduced this area difference. The AABB-derived
ellipse had a total area 15.2% larger than the polygon total, while the OBB-derived ellipse
had the closest agreement, with a total area 10.3% larger than the polygon annotations.
At the instance level, the mean absolute relative area error decreased from 55.9% for
AABBs and 45.9% for OBBs to 23.5% for AABB-derived ellipses and 15.9% for OBB-derived
ellipses. These results show that the elliptical proxy representation does not reproduce the
irregular polygonal crown boundary, but it reduces the area bias associated with rectangular
representations in the BAMFORESTS annotations.

Table 5. Annotation-level area comparison of AABB-, OBB-, and ellipse-based representations relative
to the BAMFORESTS polygon annotations.

Representation Global.Area Median. Area Me?n Absolute p9§ Absolute
Ratio Ratio Relative Area Error  Relative Area Error
AABB 1.466 1.474 55.9% 107.2%
OBB 1.405 1.407 45.9% 91.2%
AABB-derived ellipse 1.152 1.158 23.5% 62.7%
OBB-derived ellipse 1.103 1.105 15.9% 50.2%

5. Discussion

This section discusses the findings in Sections 3 and 4 with respect to numerical
behavior, fixed-cost approximation, rotated-frame geometry, and post-processing perfor-
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mance in tree-crown delineation. Section 5.1 discusses the benchmark behavior and the
accuracy—runtime trade-off of the proposed formulation. Section 5.2 interprets the role of
the rotated-frame hybrid representation, while Section 5.3 examines the numerical accuracy
of fixed-order quadrature. Sections 5.4 and 5.5 address the effect of ellipse-proxy overlap on
NMS behavior and its geometric implications for tree-crown delineation. Section 5.6 relates
the proposed formulation to existing overlap and post-processing methods. Section 5.7
relates the study to recent work that utilized BAMFORESTS. Section 5.8 outlines the main
limitations and considerations of the present study. Finally, Section 5.9 discusses directions
for future research.

5.1. Numerical Behavior of the Proposed Rotated Ellipse-Overlap Formulation

The benchmark results indicate that the proposed rotated-frame formulation provides
a stable fixed-order approximation with a predictable accuracy—runtime trade-off, as error
decreases with quadrature order while runtime increases in a controlled manner. This
behavior is consistent with the structure of the method, since each ellipse pair is evaluated
with a prescribed number of quadrature nodes, giving O(N) complexity with respect
to the selected order N. The formulation therefore reaches a low-error regime earlier
than the dense polygonal approximation without introducing configuration-dependent
evaluation cost.

The main effect of sine mapping is to distribute the available evaluations more ef-
fectively, particularly in cases where the overlap-height function varies rapidly near the
effective endpoints. Because the quadrature-node evaluations are independent once the
rotated-frame coefficients have been precomputed, the formulation is also amenable to
parallel execution under suitable implementation settings. Accordingly, although the
arithmetic work remains O(N), the node-level independence provides a practical basis for
batched or parallel evaluation.

Sine mapping was not used as an automatically triggered adaptive step in this study.
It was evaluated as an optional fixed-cost node-redistribution strategy. Its use is most
relevant when the selected quadrature rule does not already place sufficient nodes near the
integration interval endpoints, because near-grazing configurations often produce rapid
changes in the overlap-height function close to the interval boundaries. Conversely, when
the quadrature rule already has strong endpoint coverage, sine mapping is not expected to
provide a clear advantage.

This behavior is consistent with the numerical results. Sine mapping improved the
performance of CM and CS at low and moderate quadrature orders, where the original
node distributions are comparatively less concentrated near the interval boundaries. In
contrast, it did not improve GL and CC, and in some cases slightly worsened their accuracy.
This is expected because GL and CC already provide endpoint-sensitive node distributions,
and applying sine mapping on top of these rules can over-concentrate nodes near the
boundaries and reduce sampling in the interior of the interval, which may explain the
reduced or negative benefit observed for GL and CC.

5.2. Role of the Rotated-Frame Hybrid Representation

The importance of the rotated-frame hybrid representation lies in separating geometric
preservation from numerical simplification. After coordinate-frame rotation by —6,, the
reference ellipse is expressed in axis-aligned form, while the candidate ellipse remains a
general rotated conic. This preserves the intersection area but changes the computational
form of the problem, allowing the area to be evaluated through direct slice-based quadra-
ture rather than explicit conic—conic intersection recovery and topology-dependent case
handling. The benefit of the resulting hybrid representation is therefore analytical and

https://doi.org/10.3390/1s18132096


https://doi.org/10.3390/rs18132096

Remote Sens. 2026, 18, 2096

27 of 36

computational: it keeps the geometry unchanged while simplifying the integration bounds,
reducing algebraic complexity, and supporting a uniform fixed-cost numerical procedure.

5.3. Numerical Accuracy of Fixed-Order Quadrature

The accuracy of the proposed formulation depends on how effectively the fixed-
order quadrature rule samples the rotated-frame overlap-height function /(%) over the
horizontal interval of potential overlap [L, R]. On any open sub-interval where (i) the
square-root terms of the reference ellipse remain real, (ii) the conic discriminant satisfies
A(%®) > 0, and (iii) the active upper and lower envelopes do not switch, the slice bounds are
analytic functions of £, and /i(%) is therefore analytic on that sub-interval. In such regions,
fixed-order quadrature rules may exhibit rapid convergence with respect to the node
count N, although the rate depends on the chosen quadrature family and on the effective
smoothness of the transformed integrand. In the rotated conic-slice setting, the effective
smoothness deteriorates near interval endpoints where either the reference-ellipse square
root approaches zero or the candidate slice becomes marginal, that is, A(R) — 0%t . In these
regions, derivatives of the slice bounds become large, which reduces the effectiveness of
direct fixed-order sampling and increases the sensitivity of the numerical approximation
to node placement. This behavior is especially relevant in grazing or near-tangential
configurations, where much of the variation in the overlap-height function is concentrated
close to the effective boundaries of the integration interval.

The sine-mapping step targets these regimes directly by redistributing nodes toward
the effective endpoint regions, where the overlap-height function varies most rapidly. The
resulting formulation therefore preserves the fixed-order character of the approximation
and can improve numerical behavior in configurations where the direct affinely mapped
rule may under-resolve boundary variation.

5.4. Effect of Ellipse-Proxy Overlap on NMS Behavior

The case study shows that ellipse-proxy overlap mainly changes the threshold re-
sponse of greedy NMS rather than the detector’s peak precision—recall capacity. In both
AABB- and OBB-based outputs, the same global suppression pattern remains: low thresh-
olds suppress many candidates, intermediate thresholds produce the strongest F1 values,
and higher thresholds eventually flatten the response. The ellipse proxy modestly shifts the
onset of the favorable operating region toward lower NMS thresholds and, in most tested
confidence values, slightly broadens the near-peak interval. This indicates that the ellipse
proxy changes how duplicate candidates are filtered, while leaving the underlying detector
outputs and confidence scores unchanged. At higher confidence values, fewer candidates
remain available for suppression, so the effect of the overlap geometry becomes smaller.

5.5. Geometric Implications for Tree-Crown Delineation Post-Processing

For tree crowns, the main advantage of the elliptical representation is that it provides
a compact and orientation-aware support model without introducing rectangular corners.
Crown footprints in aerial imagery are often smooth, locally compact, and anisotropic, but
not naturally rectilinear. In such cases, rectangular overlap may reflect enclosure geometry
more than the visible crown body. An elliptical representation can reduce this mismatch by
preserving center, dominant extent, and orientation while avoiding corner-driven support.
This matters during suppression, where pairwise overlap is used as evidence of duplication.
A smoother support model may better reflect the shared visible crown region between
adjacent candidates, especially when crowns overlap partially or are elongated by viewing
conditions. This does not mean that the ellipse is the true crown geometry. Rather, it acts as
a more shape-consistent representation than a rectangle while remaining far simpler than
polygonal or mask-based representations. Its value in this study is therefore practical: it
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offers a more suitable geometric basis for repeated overlap decisions without requiring
dense shape reconstruction.

5.6. Relation to Existing Overlap and Post-Processing Formulations

The proposed framework is not intended to replace exact or general ellipse-intersection
methods. Methods based on explicit intersection recovery, adaptive refinement, or topology-
aware geometric reconstruction remain appropriate when the main objective is maximal
geometric fidelity for individual pairs. This differs from the objective considered here.
The present formulation is instead positioned as a practical overlap primitive for repeated
decision-making. Its main advantage is that it handles arbitrary relative orientation while
maintaining bounded evaluation cost and limited implementation dependence. This
makes it suitable for workflows in which overlap is queried repeatedly within suppression,
filtering, or consolidation stages.

The same distinction applies in relation to common post-processing formulations.
Rectangular overlap is often preferred because it is simple and fast, while polygonal or
mask-based overlap is more shape-faithful but more expensive. The proposed frame-
work occupies an intermediate position: it preserves a compact parametric geometry
with smoother support than boxes, while remaining computationally lighter than dense
boundary or mask-based comparison.

5.7. Relation to Studies That Utilized BAMIFORESTS

Several recent UAV-forestry studies have used BAMFORESTS as a benchmark or
external test set for model-level tasks, including tree-crown delineation and inventory
estimation, contour-based instance segmentation, foundation-model adaptation, semi-
supervised domain adaptation, and standing-dead-tree detection generalizability [62-65].
These studies primarily evaluate how tree or crown candidates are detected, segmented,
classified, or transferred across domains. The present study differs in scope: it does
not modify the detector architecture or propose a new segmentation model, but uses
BAMFORESTS detector outputs to examine how the pairwise overlap representation used
during NMS affects post-processing behavior. Therefore, the comparison is not intended as
a direct detector-level benchmark; instead, it positions the proposed ellipse-based overlap
formulation as a post-processing component that can complement existing BAMFORESTS-
based detection and segmentation workflows.

5.8. Limitations and Considerations

The numerical benchmark evaluates the approximation against a dense polygonal
reference rather than an exact closed-form solution for the general rotated case. This
reference is suitable for practical comparison because of its high boundary resolution,
but the reported errors are relative to a numerical baseline and should not be interpreted
as exact errors with respect to the true intersection area. In addition, the benchmark is
based on synthetically generated ellipse pairs, which allows controlled evaluation over a
large number of configurations but does not exhaust all possible geometric degeneracies,
particularly extreme near-tangency, high eccentricity, or very small overlap regimes. These
cases are partly addressed through the analysis of endpoint behavior and sine-mapped
quadrature, but they remain important configurations for further numerical stress testing.

The imaging case study is also intentionally post-processing-oriented. The ellipse
proxy is not trained as a native prediction geometry; instead, it is constructed from AABB
or OBB detector outputs after inference and used only for overlap computation during
NMS. Consequently, the results should not be interpreted as evidence that ellipse-native
detectors would necessarily improve tree-crown prediction. They show instead that, when
predictions and confidence scores are already produced by native box-based detectors,
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ellipse-proxy overlap can be introduced as an alternative comparison geometry at practical
computational cost. The observed changes in threshold response and precision-recall
balance therefore arise from the suppression stage rather than from a change in detector
training or prediction geometry.

The F1-score curves in the BAMFORESTS case study are point estimates obtained
from one trained model per detector configuration using the fixed dataset split and a fixed
random seed. Repeated training runs would be required to quantify the contribution
of detector-training stochasticity to the observed threshold shifts. Therefore, the case-
study results should be interpreted as post-processing behavior under the trained detector
instances rather than as a statistical estimate of detector-family performance.

The BAMFORESTS evaluation provides a real-world imaging example under dense
crown interaction, but it remains a single-dataset case study. Crown morphology, canopy
closure, acquisition geometry, spatial resolution, and annotation practice may influence
whether ellipse-proxy overlap produces the same behavior in other forest environments.
Broader validation across additional datasets and imaging conditions would therefore
be needed before drawing general conclusions about tree-crown delineation workflows.
Similarly, the present experiments focus on hard greedy NMS. Other suppression strategies,
including score-decay, adaptive thresholding, and geometry-aware matching rules, may
interact differently with ellipse-based overlap and should be examined separately.

5.9. Directions for Future Research

The proposed rotated-frame formulation is not restricted to fixed-order quadrature.
Once the ellipse—ellipse intersection-area computation is reduced to the one-dimensional
overlap integral in Equation (9), the same overlap-height function can also be integrated
using adaptive or higher-accuracy numerical schemes. In this sense, the main contribution
of the formulation lies in the geometric reduction itself, while the area evaluation rule
may be replaced according to the required accuracy. This creates a natural direction for
future research, in which the present formulation may be extended toward higher-accuracy
evaluation while preserving the same rotated-frame geometry and slice-based overlap
function. One example is adaptive Simpson integration, in which only the numerical
area approximation changes, while the underlying overlap-height formulation remains
unchanged. Such extensions may be useful when local error control is prioritized over
bounded evaluation cost.

From the imaging perspective, future studies could evaluate ellipse-aware overlap
beyond ellipse-proxy NMS. One direction is to train or adapt detectors that predict ellipse
parameters directly, allowing the overlap formulation to operate on native ellipse outputs
rather than on ellipse proxies derived from boxes. Another direction is to examine the
same overlap primitive in related post-processing tasks, such as duplicate filtering, instance
association, temporal matching, or multi-stage candidate refinement. These extensions
would help clarify whether the main benefit of the proposed formulation lies primarily in
NMS threshold behavior, broader geometry-aware post-processing, or applications where
repeated ellipse-overlap queries are required at a larger scale.

Explainable Al is also a relevant direction because the case study uses YOLO-based
detector outputs before NMS. Although this study focuses on overlap computation rather
than detector interpretation, explainability tools could help distinguish detector-side uncer-
tainty from post-processing effects, especially in dense crown regions where duplicated
candidates, missed detections, and boundary ambiguity occur. Future work could therefore
combine ellipse-aware NMS with explainable detector diagnostics to better identify when
geometry-aware overlap provides the greatest benefit.
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6. Conclusions

This study presented a computational framework for approximating the intersection
area of two arbitrarily rotated ellipses using a rotated-frame fixed-order quadrature formu-
lation. The main contribution of the study is the formulation of ellipse—ellipse intersection
as a bounded-cost one-dimensional overlap problem, rather than as a topology-dependent
geometric reconstruction problem. By applying a coordinate-frame rotation, the reference
ellipse is expressed in axis-aligned form while the candidate ellipse is represented as a
general conic. This hybrid representation preserves the original ellipse geometry while
reducing the two-dimensional intersection-area computation to a one-dimensional integral
of the vertical overlap-height function over the admissible horizontal interval. The area is
then approximated using fixed-order quadrature, with optional sine mapping used when
additional node concentration near the interval boundaries is needed.

The numerical benchmark on 100,000 rotated ellipse pairs showed two main find-
ings. First, the proposed quadrature-based framework reached low-error regimes earlier
than polygonal approximation, indicating that accurate overlap estimates can be obtained
without reconstructing dense polygonal boundaries. Second, the formulation required
substantially lower runtime, supporting its use in repeated overlap evaluation settings
where bounded and predictable computational cost is important. Among the tested quadra-
ture variants, Gauss-Legendre (GL) and Clenshaw—Curtis (CC) performed strongest in
the affine domain, whereas sine mapping improved composite midpoint (CM) and com-
posite Simpson (CS) quadrature at low and moderate orders. These results show that the
accuracy—runtime behavior can be controlled through quadrature choice, quadrature order,
and node mapping.

The BAMFORESTS [38] case study showed that the proposed overlap formulation
can be used in object-detection post-processing without changing the native detector
outputs. Across AABB and OBB detectors, using ellipse-proxy overlap during NMS
preserved peak F1 while modestly shifting favorable operating regions toward lower NMS
thresholds and slightly broadening the near-peak interval. This indicates that the main
application-level effect is not a large increase in maximum F1, but a change in the threshold
behavior and stability of suppression. Runtime results further showed that the fixed-order
formulation remained close to native post-processing cost and substantially less expensive
than polygonal ellipse clipping. Nonetheless, these findings should be interpreted in
relation to the numerical-reference baseline, the single-dataset case study, and the statistical
uncertainty of the case study results.

Overall, the proposed framework provides a practical bounded-cost overlap approx-
imation for the ellipse—ellipse intersection problem. It is not intended to replace exact
topology formulations when maximal pairwise geometric fidelity is required. Rather, it
provides an alternative where cheap overlap evaluation, predictable runtime, and sufficient
numerical accuracy are the primary requirements.
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The following abbreviations are used in this manuscript:

AABB Axis-Aligned Bounding Box
BAMFORESTS  Bamberg Benchmark Forest Dataset
CcC Clenshaw—Curtis

CM Composite Midpoint

COCO Common Objects in Context
CPU Central Processing Unit

cs Composite Simpson

FFT Fast Fourier Transform

GB Gigabyte

GL Gauss-Legendre

GPU Graphics Processing Unit
NMS Non-Maximum Suppression
OBB Oriented Bounding Box
RAM Random Access Memory
YOLO You Only Look Once
Appendix A

Algorithm A1 describes the pseudocode of the proposed rotated-frame fixed-order
quadrature framework for estimating the intersection area between a reference ellipse and
a candidate ellipse. The procedure follows directly from Sections 2.1-2.6 and summarizes
the computational sequence used to rotate the coordinate frame, construct the candidate
ellipse as a conic in the rotated frame, define the horizontal interval of potential overlap,
map the quadrature nodes, and evaluate the overlap-height contribution at each node.

Algorithm A1: Fixed-order quadrature for approximating ellipse—ellipse intersection
area.

Input:
Reference ellipse E; = (x,y,,ar, by, 6;)
Candidate ellipse Ec = (¢, y,,ac, be, 0¢)
Quadrature order N
Base quadrature nodes {t;},i=1,...,N
Base quadrature weights {w;},i=1,...,N
Mapping type M € {affine, sine}
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Algorithm A1: Cont.

Output:

Approximate intersection area using rotated-frame fixed-cost quadrature Ag

Procedure:

1.

10.

Precompute the rotation terms of the reference ellipse:
Teos = c0S(—6y)

I'sin = sin(—0r)

Rotate the ellipse centers into the reference-aligned frame:
Xt = TeosXr — TsinYy

¥r = TsinXr + TcosY,

Xe = TeosXe — Tsiny.

Yo = TsinXe + TcosYe

Precompute the relative orientation:

AB =06.—6;

deos = cos(AB)

dgin = sin(A9)

Precompute the inverse squared semi-axes of the candidate ellipse:
inv, =1/ a2

invbg =1/b?

Compute the quadratic-form terms:

Qi = dgosinvag + dginiang

A2 = dgininvag + d%osinvbg

qQi2 = dcosdsin (inva% - invb%)

Compute the conic coefficients of the candidate ellipse in the rotated frame:

coefpy = qyq
coefg = 2q,
coefc = q,,

coefp = —2(qy1%e + dyo¥.)

coefg = —2(qyp%e + ¥

coefp = qq1%¢ + 2G5 + qpfe — 1

Compute the horizontal interval of potential overlap:

1,:IX,C =V agdgos + bgdgm
[, = max ()?r — ar, X¢ — ﬁx,c)
R = min (ir + ar, Xc + ﬁx,c)
Check for horizontal separation:
Ifi. >R

return 0
Precompute the interval midpoint and half-length:
fmia = (L+R)/2
fhai = (R—1)/2
Initialize the area accumulator:
Ag=0
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Algorithm A1: Cont.

11. Iterate over the quadrature nodes and evaluate the overlap-height contribution:

Fori=1toN:
111 Compute the mapped quadrature factors:
If M = affine:
&=t
wi = Wj
If M = sine:

E,i = Sin(T[ti/Z)
w; = wi(m/2)cos(mt; /2)
11.2  Map the quadrature node into the physical interval:
Xi = Xmid T half&i
11.3  Evaluate the reference ellipse slice:
Ti=1—((% —%)/ar)’
Ift; <0:
hi =0
go to Step 11.6
Sri = br\/TT
}A]r,min = }A’r — Srji
}A]r,max = yr + Sr,i
11.4  Evaluate the candidate ellipse slice:
[3; = coefpX; + coefg
v = c:oefAf(i2 + coefpX; + coefr
A = (512 — 4coefcy;
If Ai <0:
hj=0
go to Step 11.6
Sci = VA
}Alc,min = <_[‘)’i - SC,i) /(Zcoefc)
}A’c,max = (_ Bi + SC,i) / (2c0efc)
11.5 Compute the overlap height:
h; = max (0/ min (}A’r,max' ?C,max) — max (?r,min/ yc,min) )
116 Accumulate the weighted contribution:
AQ = AQ + wihi
12. Scale by the interval half-length:
AQ = haifAQ
13. Return Ag
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