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Highlights
What are the main findings?

e  This study develops a laser altimetry point-measurement method specifically for
small-satellite imagery and constructs a combined geometric positioning model that
integrates virtual control points, laser altimetry points, and image-matching tie
points. Experimental results confirm that this approach consistently and substan-
tially improves vertical positioning accuracy across all evaluated image-combination
scenarios.

What is the implication of the main finding?

e  This method can facilitate the application of laser altimetry data for geometric posi-
tioning across multi-satellite, multi-sensor, and multi-resolution small-satellite im-

agery.
Abstract

For small-satellite imagery, traditional image points derived from the direct back-projec-
tion of laser altimetry points onto the imagery often exhibit deviations of tens of pixels or
more, owing to the relatively limited attitude and orbit determination accuracy of small-
satellite platforms. Moreover, the diversity of imaging sensors, variations in image reso-
lution, and inherently weak image geometric configurations further complicate the accu-
rate acquisition of image-space coordinates for laser altimetry points. To facilitate the ap-
plication of laser altimetry data for geometric positioning across multi-satellite, multi-sen-
sor, and multi-resolution small-satellite imagery, this study proposes a measurement
method for laser altimetry points tailored to small-satellite images and establishes a com-
bined geometric positioning model that integrates virtual control points, laser altimetry
points, and image-matching tie points. The framework comprises four key procedural
components: (1) an image-point-measurement strategy for laser altimetry points; (2) the
construction of a laser altimetry data-assisted geometric positioning model for small-sat-
ellite imagery; (3) the solution of the geometric positioning model using a total least
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squares approach based on the partial-EIV (errors-in-variables) models; and (4) a compre-
hensive accuracy assessment conducted under multiple image-combination scenarios, in-
cluding single-satellite single-stereo, single-satellite multi-stereo, dual-satellite single-ste-
reo, and multi-satellite multi-stereo imagery configurations. Experimental validation is
carried out using Jilin-1 small-satellite panchromatic images (KF01A, GF02A, and GF02B)
acquired over the Henan region of China. The experimental results demonstrate that, with
the laser altimetry point-measurement method and the combined geometric positioning
model, the vertical positioning accuracy is substantially improved across all tested image-
combination scenarios. These findings further confirm the capability in enhancing the ver-
tical geometric positioning performance of stereoscopic small-satellite imagery character-
ized by multi-satellite platforms, multi-sensors, and multi-resolutions over terrain condi-
tions similar to those tested.

Keywords: geometric positioning; small-satellite imagery; laser altimetry data; vertical
positioning accuracy

1. Introduction

Geometric positioning accuracy denotes the degree of precision attained in aligning
image points with their corresponding ground coordinates during the geometric correc-
tion of satellite imagery, a prerequisite for the accurate representation of the geographical
information [1-3]. High-precision geometric positioning is of critical importance to the
utility and quality of satellite imagery, as it underpins the reliability and validity of the
imagery across a broad spectrum of applications, ranging from scientific research to com-
mercial services, while furnishing users with accurate spatial references [4,5]. In defense
contexts, for instance, superior geometric accuracy significantly facilitates mission plan-
ning and execution, thereby enhancing the likelihood of operational success.

Over the past decades, improvements in spatial resolution have enabled the extrac-
tion of increasingly fine ground details from satellite imagery, enhanced side-swinging
capabilities have shortened the fixed-point revisit intervals of satellites, and the growing
number of operational sensors has rendered remote sensing data ever more accessible.
Presently, high-resolution satellites are equipped with diverse observation capabilities,
encompassing panchromatic, multi-spectral, infrared, synthetic aperture radar (SAR),
video, night-lighting, etc. This constitutes an efficient, diversified, and rapid integrated
space-ground data acquisition system, characterized by multi-source (multi-platform,
multi-sensors, and multi-view) and high-resolution (spatial, temporal, spectral, and radi-
ation) capabilities [6-9]. Simultaneously, there has been a marked increase in the demand
for high-precision geometric positioning of satellite images in numerous application areas,
particularly in national defense-related projects. Consequently, the systematic integration
of multi-source geospatial datasets for the purpose of achieving high-precision geometric
positioning of satellite images persists as a significant research issue within the domain of
high-resolution Earth satellite observation systems.

In general, achieving high-precision geometric positioning accuracy becomes more
challenging when attitude and orbit parameters are subject to uncertainty, or when
ground control points (GCPs) are insufficient. To mitigate this issue, recent studies have
increasingly turned to the utilization of multi-source auxiliary data for geometric posi-
tioning. For instance, numerous studies [10-15] have leveraged distinct digital elevation
models (DEMs) as elevation constraints in bundle adjustment models to enhance geomet-
ric positioning accuracy. Likewise, digital terrain models (DTMs) have also been inte-
grated into bundle adjustment models in various research efforts (e.g., Guerin [16];
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Alisisto et al. [17]) to improve the geometric positioning accuracy. As a crucial and auton-
omous mapping resource, laser altimetry data have been widely used in the realm of aer-
ospace photogrammetry due to their proficiency in highly precise elevation measure-
ments, as referenced in [18-20].

However, most existing studies have focused on the surveying and mapping of large
platform satellites utilizing either a three-line array or a two-line array configuration.
There exists a paucity of research for the laser altimetry data-assisted positioning of small
platform satellite imagery. In comparison to the larger platform satellites employing
three-line or two-line array surveying and mapping techniques, small satellites exhibit a
significantly reduced volume, swifter response, and cost-effective nature. Nonetheless,
owing to their relatively lower attitude-orbit accuracy, their geometric performance tends
to be unstable and generally inferior. Consequently, when it comes to non-mapping ap-
plications of small-satellite images, due to the small size and light weight of the satellite,
the accuracy of its initial position and attitude is relatively poor. Image points obtained by
directly back-projecting laser altimetry data into small-satellite images can have tens or
more pixel deviations, and the diversity and resolution of the sensors and the weak geo-
metric relationships between the images add to the complexity of obtaining the coordi-
nates of the image points. Therefore, with more and more small platform satellites with
short operational cycles, compact size, rapid response capabilities, cost-effectiveness, and
the ability to form multi-satellite networks, it is necessary to design a method to determine
the image point coordinates of laser altimetry points and construct combined geometric
positioning models for the laser altimetry data-assisted geometric positioning of multi-
satellite, multi-sensor, and multi-resolution scenarios of small-satellite images.

Therefore, aiming to exploit laser altimetry data for assisted geometric positioning of
multi-satellite, multi-sensor, and multi-resolution small-satellite images, this study pro-
poses a measurement method for laser altimetry points tailored to small-satellite images
and establishes a combined geometric positioning model that integrates virtual control
points, laser altimetry points, and image-matching tie points. The framework comprises
four key procedural components: (1) an image-point-measurement strategy for laser al-
timetry points; (2) the construction of a laser altimetry data-assisted geometric positioning
model for small-satellite imagery; (3) the solution of the geometric positioning model us-
ing a total least squares approach based on the partial-EIV (errors-in-variables) models to
circumvent the inherent limitations of traditional Markov models; and (4) a comprehen-
sive accuracy assessment conducted under multiple image-combination scenarios, includ-
ing single-satellite single-stereo, single-satellite multi-stereo, dual-satellite single-stereo,
and multi-satellite multi-stereo imagery configurations. Experimental validation is car-
ried out using Jilin-1 small-satellite panchromatic images (KF01A, GF02A, and GF02B)
acquired over the Henan region of China. The experimental results demonstrate that, with
the laser altimetry point-measurement method and the combined geometric positioning
model, the vertical positioning accuracy is substantially improved across all tested image-
combination scenarios. These findings further confirm the strong capability in enhancing
the vertical geometric positioning performance of stereoscopic small-satellite imagery
characterized by multi-satellite platforms, multi-sensors, and multi-resolutions over ter-
rain conditions similar to those tested.

The subsequent sections are organized as follows: related works on laser altimetry
data-assisted geometric positioning are introduced in Section 2. Section 3 provides a de-
tailed explanation of the methodology, including an image-point-measurement method
of laser altimetry points, a laser altimetry data-assisted geometric positioning model con-
struction, calculation of the geometric positioning model, and accuracy analysis. In Sec-
tion 4, the study data are described, the experimental design is given, and the experi-
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mental results are presented. Section 5 provides a detailed discussion, including compre-
hensive comparisons of direct positioning accuracy, laser altimetry data-assisted position-
ing accuracy, and positioning accuracy constrained by actual ground points, which are
demonstrated. Finally, the conclusions and outlook of the paper are summarized in Sec-
tion 6.

2. Related Works

Laser altimetry data, as a crucial and autonomous mapping resource, has undergone
substantial advancement over the past decades and has been widely adopted in aerospace
photogrammetry, owing to its capability for high-precision elevation measurements.

Laser altimetry data-assisted geometric positioning has initially been utilized in
deep-space exploration contexts, particularly for the Moon and Mars, where direct
ground-truth measurements are inherently unattainable. Extensive studies have since in-
vestigated the synergistic integration of laser altimetry data and extraterrestrial optical
imagery pertaining to the Moon and other planetary bodies. For instance, Spiegel et al.
[21] harnessed laser altimetry data as constraints in bundle adjustment models, aiming to
enhance the geometric positioning accuracy of Mars stereo images via the orienteering
slice method. Their analysis delved into the effect of the number of tie points and the in-
terval of orienteering slices on the geometric positioning of these stereo images. Ulti-
mately, they achieved a planar accuracy of approximately 200 m and an elevation accu-
racy of up to 10 m for the digital surface model (DSM) of Mars. Almost simultaneously,
Heipke et al. [22] generated a DSM from the data acquired by the Mars Orbital Altimeter
by utilizing it as a constraint for block bundle adjustment, thereby improving the posi-
tioning accuracy of Mars Express images in the elevation direction. Yoon and Shan [23]
leveraged the range data from the Mars Orbital Laser Altimeter (MOLA) as a constraint
for performing the combined bundle adjustment with the image data obtained by the
Mars Orbiter Camera (MOC), thereby eliminating the inconsistencies between the MOSC
images and the MOA range data. Through the combined bundle adjustment, the attitude
error was compensated, so as to achieve the effective optimization of the attitude-orbit
parameters. Lin and Muller et al. [24] proposed a method for registering laser altimetry
data with Mars optical imagery. Initially, a DSM was created utilizing High-Resolution
Stereo Camera (HRSC) imagery, subsequently registering it with the DSM derived from
laser altimetry data. Afterward, the DSM generated from HRSC stereo imagery served as
a reference for achieving registration with the DSM generated from the High Resolution
Imaging Science Experiment (HiRISE) imagery. In 2010, Wang and Shu et al. [25] fur-
nished a comprehensive depiction of the Chang’e-1 laser altimeter for lunar exploration
purposes. Based on this, Wu et al. [26] used the laser altimetry data acquired by the
Chang/’e-1 to assist the combined bundle adjustment of optical images and achieved a bet-
ter geometric positioning accuracy. Di et al. [27] achieved the accurate registration of the
laser altimetry points and the Chang’e-1 optical images by using the cross-adjustment
method along with sensor model optimization. Di et al. [28] generated laser control points
with higher accuracy through the adjustment of the intersection points of ascending and
descending orbits, and matched the Chang’e-1 stereo images and laser altimetry data
based on the closest-point iteration algorithm to eliminate the inconsistency between the
two types of data through combined bundle adjustment, so that the image registration
errors were reduced from 1.5 pixels to the sub-pixel level, the spatial registration accuracy
in the planar direction was improved from 300 m to 20 m, and the elevation accuracy was
improved to 8 m. Wu et al. [29] harnessed the Chang’e-2 imagery and laser altimetry data
from NASA’s Lunar Reconnaissance Orbiter (LRO) to conduct a comprehensive block
bundle adjustment, leveraging both orbital altitude and local surface constraints. This ap-
proach aimed to enhance the accuracy of the orientation parameters for both the Chang’e-
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2 imagery and laser altimetry data. The adjusted Chang’e-2 images subsequently enabled
the generation of a DEM with a resolution of 20 m, demonstrating significant consistency
with the DEM derived from laser altimetry data.

In contrast to the combined processing of optical images and laser altimetry data for
extraterrestrial bodies such as the Moon and Mars, the utilization of laser altimetry data
in the integrated geometric processing of Earth-observation satellite imagery has emerged
relatively later. Prior to the launches of various satellites, including the Gaofen-7, ZY-3 02,
and ICESat-2, ICESat-1 held the distinction of being the sole Earth observation satellite
that had been successfully launched into orbit, equipped with a laser altimeter, albeit de-
void of an optical camera for imagery capture. The ICESat/GLAS data exhibit remarkably
high elevation accuracy, achieving centimeter-level precision in flat regions [30-33]. This
precision underscores the significant value of ICESat/GLAS data in serving as elevation
constraints during block bundle adjustment procedures. Despite the ICESat/GLAS data
boasting a high level of elevation accuracy, its footprint diameter spans approximately 70
m. Factors such as significant ground roughness, cloud reflection, and waveform satura-
tion can adversely impact this accuracy. As a result, it is imperative to automate the ex-
traction of ICESat/GLAS data that can be used as elevation control points, based on ap-
propriate criteria [19,34,35]. Over the last decade, the field of Earth observation has wit-
nessed noteworthy advancements in the integrated processing of laser altimetry data and
optical satellite imagery. E et al. [36] applied the laser altimetry data to the optical stereo
images of some areas in the Antarctic and generated a topographic map of the South Pole
with a scale of 1:50,000 for some areas. Gonzalez et al. [35] conducted a preliminary anal-
ysis on how to extract effective elevation control points from ICESat/GLAS data. Yu et al.
[37] conducted a comparative analysis to examine the influence of three distinct data com-
bination schemes on the geometric positioning accuracy in both planar and elevation di-
rections. These schemes encompassed the integration of single-line array optical imagery
with LIDAR data, double-line array optical imagery coupled with laser altimetry data,
and a combination of three-line array optical imagery and imagery from small-sized array
cameras. Takaku et al. [38] successfully derived a DEM with good accuracy by the utiliza-
tion of ALOS-1 satellite imagery, encompassing a global scale. Wang et al. [39] theoreti-
cally demonstrated the viability of incorporating laser altimetry data into the bundle ad-
justment model of two-line array optical satellite imagery based on simulated image data.
Following the triumphant launch of the ZY-3 02 satellite and GF-7 satellite, Li and Tang
et al. [40] conducted pivotal experiments to validate the viability of utilizing ICESat/GLAS
data as generalized elevation control points to enhance the geometric positioning accuracy
of ZY-3 satellite images in the elevation directions. The preliminary results indicated that
employing ICESat/GLAS data as generalized elevation control points can significantly im-
prove the uncontrolled elevation accuracy of ZY-3 satellite images, achieving an accuracy
superior to 3 m. Furthermore, Li and Tang et al. [41] used the laser altimetry data obtained
from the ZY-3 02 satellite to assist the stereoscopic geometric positioning of the ZY-3 02
satellite imagery, achieving a significant improvement in the uncontrolled geometric po-
sitioning accuracy in elevation. Cao et al. [42] proposed a refined general theory of satellite
stereo-image geometric model assisted by laser altimeter data. The experiments in Hubei
and Qinghai have shown that the elevation accuracy of the satellite geometric model re-
fined with altimeter data can reach 1.97 m and 3.23 m, respectively. Tang and Liu et al.
[43] proposed a method for combined adjustment of GF-7 stereo images and laser altime-
try data, which employs footprint images and stereo images for registration to extract el-
evation control points. Experimental results indicate that after using laser altimetry data,
the root mean square error (RMSE) of elevation significantly improved from the original
2.15 m to 0.75 m, while the maximum elevation error is less than 1.6 m. Considering the
high planar accuracy of SAR images and the high elevation accuracy of laser altimetry
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data, Zhang et al. [44] proposed an adjustment method of combining the two control
sources, which firstly realizes the acquisition of planar control points based on SAR digital
orthophoto maps by multi-modal matching, then filters the laser altimetry data to obtain
laser altimetry points, and finally carries out the combined bundle adjustment; the exper-
imental results of ZY-3 satellite images demonstrate that the method can achieve an accu-
racy of 7 m in plane and 3 m in elevation without GCPs. Xie et al. have obtained a series
of datasets based on laser altimetry data, e.g., references [45,46].

However, most existing studies have focused on the surveying and mapping of large
platform satellites utilizing either a three-line array or a two-line array configuration.
There exists a paucity of research for the laser altimetry data-assisted positioning of small
platform satellite imagery. Therefore, it is necessary to exploit laser altimetry data for as-
sisted geometric positioning of multi-satellite, multi-sensor, and multi-resolution small-
satellite images.

3. Methodology

Section 3 can be broken down into 4 main important components: an image-point-
measurement method of laser altimetry points, a laser altimetry data-assisted geometric
positioning model construction of multi-satellite, multi-sensor, multi-resolution small
platform satellite images, calculation of the geometric positioning model, and accuracy
analysis.

3.1. An Image-Point-Measurement Method of Laser Altimetry Points

At present, the laser altimetry data acquired by onboard laser altimeters of satellites
such as ZY-3 02, GF-7, and other satellites have not yet been made public or open-source.
ICESat-1/GLAS data and ICESat-2/ATLAS data are two kinds of open-source data. ICE-
Sat-1 has been withdrawn from active service, but the data it collects have high research
value, and unlike ICESat-1/GLAS, ICESat-2/ATLAS data have a smaller spot size and
higher density, and acquire more refined surface information. Taking the ICESat-1/GLAS
data as an example, during the acquisition process, the ICESat-1/GLAS laser altimetry
data are prone to a significant number of gross errors, stemming primarily from factors
like atmospheric conditions. However, under favorable circumstances, such as excellent
atmospheric transmittance, flat terrain, and the absence of vegetation, the satellite laser
altimetry achieves remarkably high accuracy in measuring the elevation of ground foot-
print points [47]. The criteria for excluding significant error values in laser altimetry data
are outlined below: (1) the threshold for eliminating data rows based on attitude quality
label is set at 50 and 100 rows; (2) data rows with reflectance label values below 10%
should be discarded; (3) all data bearing a gain value label exceeding 200 must be excluded
[48]. Following the aforementioned screening procedure, we will acquire high-precision
laser altimetry data, wherein the elevation reference shall be established as the TOPEX/Po-
seidon reference ellipsoid. Additionally, the geodetic height within the TOPEX/Poseidon
ellipsoid shall be transformed to the WGS84 coordinate system. According to literature
[41,49,50], the semi-major axis of the TOPEX/Poseidon ellipsoid differs from that of the
WGS84 ellipsoid by approximately 0.7 m. As reported in reference [50], when converting
coordinates for the same ground point between these two ellipsoidal reference frames, the
corrections in longitude and latitude are negligible; only the elevation adjustment needs
to be considered, and this adjustment can be controlled to within millimeter accuracy us-
ing the empirical formula provided below.

dh =—cos’Bda— sin® Bdb 1)

where B represents the latitude, da and db are the differences in the semi-major and semi-
minor axes between the WGS84 ellipsoid and the TOPEX/Poseidon ellipsoid, respectively,
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and dh is the elevation correction required when converting from the TOPEX/Poseidon
reference frame to the WGS84 frame. After rigorous screening and coordinate system
transformation, the laser altimetry points are primarily situated in regions with flat terrain
and less vegetation coverage, and the elevation values within the footprint are considered
to be consistent.

For large platform satellite images, such as the ZY-3 satellite images, in the absence
of laser footprint imagery, the corresponding image points for the laser altimetry points
proceed as follows: Initially, the three-dimensional coordinates of the central point within
the laser footprint, where the laser elevation point is situated, are back-projected into the
three-line array nadir-looking imagery, thereby determining the corresponding image
point coordinates. Subsequently, these image point coordinates in the nadir-looking im-
agery are matched with the forward-looking and backward-looking images to ascertain
the respective corresponding image points within those images. The primary reason lies
in the fact that the planar nominal accuracy of the GLAS laser footprint approximates 10
m, whereas the ZY-3 satellite image boasts a planar positioning accuracy of roughly 15 m.
Consequently, when laser altimetry data is directly back-projected into the nadir-looking
imagery of the ZY-3 satellite, there are a few pixel deviations of approximately 3 to 4 pixels,
representing a minor discrepancy in planar position that falls within the permissible ac-
curacy threshold. However, when it comes to non-surveying and mapping applications
of small-satellite imagery, owing to the satellite’s small size and light weight, the accuracy
of its initial position and attitude is relatively poor. There will be dozens or more pixel
deviations for the image points obtained by back-projecting laser altimetry data directly
into small-satellite imagery.

Therefore, as shown in Figure 1, we design a method for measuring laser altimetry
point image coordinates tailored to multi-satellite, multi-sensor, and multi-resolution
small-satellite imagery. As follows, (1) the small-satellite imagery are aligned by image
matching and gross errors are eliminated to derive the image point coordinates; (2) for the
obtained image point coordinates as shown by the purple cross markers in Figure 1, a
meticulous manual visual inspection is conducted to fine-tune them, thereby achieving an
image matching precision that extends to the sub-pixel domain, approximately 0.5 pixels;
(3) based on the rational function model parameters, the satellite imagery is forward-in-
tersected to obtain the calculated ground point coordinate, and the ground point coordi-
nates (see the red dot marker in Figure 1) are back-projected to each small-satellite image
to determine the calculated corresponding image point coordinates, as shown by the red
cross markers in Figure 1; (4) utilizing these calculated image point coordinates along with
those image points from step (2), we compute the residuals of the image point coordinates
in row and column directions; (5) subsequently, taking each image as a basic statistical
unit, we calculate the mean residuals of all image point coordinates in row and column
directions; (6) the three-dimensional coordinates of the center of laser footprint (See the
blue dot marker in Figure 1), which correspond to the screened laser altimetry points, are
back-projected to each small-satellite image to derive the coordinates of the back-projec-
tion image points in row and column directions; (7) the mean residuals of the back projec-
tion in row and column directions, calculated in step (5) based on each image as a basic
statistical unit, is used to compensate for the back projection image point coordinates of
the laser altimetry data in row and column directions in step (6), so as to obtain the image
point coordinates of the laser altimetry points in each image.
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Figure 1. Image-point-measurement method of laser altimetry points.

3.2. Laser Altimetry Data Assisted Geometric Positioning Model Construction of Multi-Satellite
Multi-Sensor Multi-Resolution Small Platform Satellite Images

In the laser altimetry data-assisted geometric positioning model, there are three types
of points included: image tie points obtained through image matching, virtual control
points (VCPs) and their corresponding image points, and laser altimetry points and their
corresponding image points.

3.2.1. Error Equation Construction of Image Tie Points Obtained Through Image
Matching

For the image tie points obtained through image matching, the parameters to be de-
termined are the coefficients of the image distortion correction model and the three-di-
mensional coordinates of the ground points. The corresponding error equation can be for-
mulated as follows:

Ae,
ax_’” E)x_,p ax_'l’ 0 0 0 Ae, % ax_,p ox,, AY
{vqu: de, de de, Ae, Jox oy az ||,y _{Ax,p} P
O T VA T N Pt O ol P
oy o o, || A oY oY oz
A, |

where (x,,¥,) represent the image coordinates, (X.,Y,Z) are the corresponding coordi-
nates in object space, (&x,,4,)represent the constant vectors, (V. sV, ») refer to the coor-
dinate point residual vectors, (¢,€¢,,/o,/i,/;) are the affine transformation coefficients in
image space, (Ae),Ae;,Ae,,Afy, A, Af,) refer to the corrected vectors of the affine transfor-
mation coefficients in image space, and £, represents the weight matrix. In the absence of
any a priori information, one can first use the original rational function model parameters
to perform forward intersection for the tie points obtained from image matching, to obtain
the three-dimensional coordinates of ground points. Then, project the obtained three-di-
mensional coordinates of the ground coordinates back to the image space, calculate the
pixel residuals RUV of the tie point coordinates in the image space, and use 1/(RUVximage
resolution) as the weight of this image tie point during the adjustment process.

3.2.2. Error Equation Construction of Virtual Control Points

In the complete absence of measured ground control points, the filtered laser altime-
try points are directly introduced into the adjustment model as elevation constraints for
bundle adjustment to solve the pending adjustment parameter, which will not be able to
converge due to the lack of a planar constraint, resulting in the pathology of the normal
equation. The traditional method introduces parameters to be adjusted into the bundle
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adjustment model by processing them into weighted observations based on a priori infor-
mation to correct the state of the adjustment model. However, due to the differences and
correlations in the physical meaning of various parameters, this method has certain limi-
tations for different image data sources [51]. This paper introduces virtual control points
as weighted observations into the adjustment model. The steps for obtaining virtual con-
trol points from a single image are detailed in reference [52]. The parameters to be solved
are the deviation correction model coefficients in image space, and the corresponding er-
ror equations can be constructed as follows:

Ac,]

ox,, Ox,, ox,, 0 0 0 Ae,

|:va('p:| | de, de e, Ae, _{Axw-p} p
v 0 0 0 Dy W Voo | Ay | | W | 7
S/ Y
L&

where (%,,:).,) represent the corresponding image point coordinates of virtual control

= ®)

y_vep

points, (X,Y,Z)are the corresponding coordinates in object space, (A%.Av,,) represent
the constant vectors, (¥ .,.V, .,) refer to the image point residual vectors,
(ep.€,€y, fo. /1-/3) are the affine transformation coefficients in image space,
(Aey, ey, Aey, Ay, AL Af,) refer to the corrected vectors of the affine transformation coeffi-
cients in image space, and £, represent the weight matrix. The introduction of virtual
control points is primarily intended to mitigate the ill-conditioning of the normal equa-
tions. Under the premise of unknown a priori information, the weights of virtual control
points of different resolution images are not the same. Since the image points of virtual
control points and tie points are mutually independent, the weighting of virtual control
point observations need not account for any correlation between them. According to the
literature [52,53], the weight assigned to a virtual control point can be determined based
on prior information about the geometric positioning accuracy of the image to be adjusted
without using ground controls. For instance, long-term in-orbit tests of the nadir-view
images from the ZY-3 satellite indicate that the root mean square error (RMSE) of their
geometric positioning without ground controls is approximately 15 m, which translates
to about 7.5 pixels in image space. Accordingly, the weight of the virtual control-point
observations can be set to 1/(7.5)%. Therefore, one can first use image matching to obtain
image tie points for forward intersection of single satellite image, use check points to ob-
tain the coordinate RMSEs of forward intersection in ground space, and convert these
RMSEs to image space according to the image resolution, thereby setting the weight of
virtual control points in these stereoscopic images to the reciprocal of the cube of the pixel
residual value in image space. For example, if the coordinate RMSE obtained from the
forward intersection of a single-satellite image is A meters, and the image resolution is B
meters, then the weight of the image observation values of virtual control points is set to
1/(A/B)3.

3.2.3. Error Equation Construction of Laser Altimetry Points

For the laser altimetry points and their filtered image points, the corresponding error
equations can be constructed as follows:

ae,]
&y 9y O, o o ||%] 9 %
|\qu,‘|: de, de, e, Ae, Ll oy {AX}_{AX,,J} P @
v, 0 Y, ayi/p d, || &y dx, 9y, LAY Ay, v
o, d, I, | A Y 9y
LA
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where (¥,,7,) represent the corresponding image point coordinates, (X.Y,Z) are the
corresponding coordinates in object space, (Ax,,,Ay,,) represent the constant vectors,
(Ve -V, ) refer to the image point residual vectors, (€., /o, /1../2) are the affine trans-
formation coefficients in image space, (Aey,Ae;,Ae,,Afy, A, M) refer to the corrected vec-
tors of the affine transformation coefficients in image space, and ©, represents the weight
matrix. Since the elevation accuracy of laser altimetry points is very high and only pro-
vides elevation constraints, the weight of the selected laser altimetry points will be rela-
tively high. The nominal elevation accuracy of ICESAT-1/GLAS data is 0.15 m. Assuming
a ground resolution of M meters for the small-satellite imagery, this corresponds to 0.15/M
pixels in image space, so the weight of the selected laser altimetry points can be set as
1/(0.15/M)>.

By combining the error equations in (1)—(3) above, the matrix form of the geometric
positioning model for multi-satellite, multi-sensor, and multi-resolution small-satellite
imagery assisted by laser altimetry data without introducing a planar constraint is ob-
tained as follows:

V.=At+BX-L P

»

V,=A4At-L,6 P (5)

V=At+BX-L P
Ip Ip Ip Ip b

Further, combine the error equation matrices to derive the form of the error matrix
equation as follows:

V=At+BX-L P (6)

where ! represents the bias correction vector, X refers to the correction vector of the
ground three-dimensional coordinates, P represents the weight matrix, 4 and B are
coefficient matrices, and L is the constant vector.

3.3. Calculation of the Geometric Positioning Model

In Equation (6), the coefficient matrix A contains the random errors of image point
observations, and not all elements in A have random errors; some elements are constant
elements. When predictors contain known/estimatable measurement noise in part of the
coefficient matrix, the partial-EIV model offers many advantages over the conventional
Gaussian—-Markov model estimated by the Ordinary Least-Squares method (OLS) [54-58].
First, partial nature of the partial-EIV model distinguishes erroneous regressors from er-
ror-free controls, applying covariance corrections exclusively to contaminated variables;
second, by explicitly modeling the stochastic error structure in coefficient matrix, the par-
tial EIV model generates far more reliable parameter solution with confidence intervals
compared to OLS, which fix regressors as deterministic; finally, in practical applications
where measurement errors are unavoidable, and replicated data supply reliable error var-
iance estimates, the partial-EIV model can recover the underlying structural linear relation
in coefficient matrix. Therefore, this study introduces the total least squares of the partial-
EIV model for model calculation, which can be described as follows:

V=" ®)(a+Kkdp,, )+ BX — L )

Ap,

where *- represents the correction vector of the image point coordinates in matrix A, /

refers to the unit matrix, X represents the construction matrix, a is the vector after flat-
tening the initial values of matrix A. Equation (7) can be written in the following form:

V=" ®1)a+(t" ®)KAp,, + BX —L= At +(t’ ® [)xdp,, +BX +1° (8)

At=( ®I)(a+mp,,)

The objective equation is constructed using the Lagrange multiplier method [54], as

where

follows:
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min:g=V"0, "V +Ap}, 0, Ap,, +24 (V= (4t +(t" ® KA\, +BX +1°)) )

img

where 4 is a Lagrange multiplier vector with m x 1 order, ¢ and 9. are the co-factor

matrix of the correction vector V and 2P, respectively. The corresponding stochastic
model is as follows:

14 o] .|@ 0
|:tr ®]} ~ N(|:0:|7ao|: 0 Qr,,,m :|) (10)
Then the Lagrange extremum conditions for the objective equation are as follows:
0 .
} a—g:ZVTQV "y2A =0
¢ T -1 T T
7 —2Ap. +24(t ®1)k=0
M, APy O, ( K
o
ﬁ=V—(Aoz+(zf<>91)mpmg+B)(+l°)=o (11)
99 =A"A=0
ot
%9 =0
oX
Api{ng Klr
Apl Tkl
where 4 =44, + pg ’
AP g K

According to the constructed Lagrange extremum conditions, it can be calculated
that

V=-02
Ap,. =0, (' ®DK)' A (12)

Substituting Equation (12) into the third equation of the constructed Lagrange extre-
mum conditions, we obtain the following:

A=Q, +" ®NKY, (' ®DK)')'(-4t-BX -1") (13)

N=[Q, +("®DKQ, (' ®NK)'T"

Assuming , substituting Equation (13) into the last two for-

mulas of the constructed Lagrange extremum conditions, we obtain the following:
AN (~At-BX-1")=0
{B’N" (—At—BX—1")=0 (14)

Therefore, the iterative solution for the parameters to be determined is as follows:
A'N'4, A'N'B|t] |-4 N
|:BTN1A0 BTNIB:||:X:|_|:—BTN_IIO:| (15)
The iterative solution uses the modified elimination method, the initial values of t
and X are solved by least squares, and the initial values of the tie-point coordinates in
ground space and the planar coordinates of laser altimetry points are obtained using di-

rect forward intersection. First, eliminate the tie-point coordinate X, and solve the image
correction parameter t. The solution is as follows:

t=[A"N"'4,-A"N"'B(B"N"'B)"'B'"N"4,]'[A'N'B(B"N"'B)B"N'I° - A/ N'I°] (16)

The end-of-iteration condition is set as the difference between the results of two
neighboring iterations is less than 0.01 pixels.

3.4. Accuracy Analysis

As a key performance indicator for geometric positioning precision, the determina-
tion of accuracy is achieved by leveraging external reference points or GCPs. This method
compares positional data against established reference values to quantify the discrepan-
cies identified through RMSEs. Within this investigation, the outcomes were evaluated
based on 3D high-resolution points achieved with a precision exceeding 5 cm as measured
by GPS. The RMSEs in planar and elevation directions are derived from Equation (17),
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ground point adjustment values (8".L.H") (i=12,n),

\/Z(Bl - BITRUE )2 + Z(E - L’TRUE )2
RMSE,,,,, = =

i=l

17)

RMSE,

Vertical —

This paper focuses on the performance of laser altimetry data for elevation accuracy
enhancement. Additionally, in order to verify the effectiveness of the algorithm through
comprehensive evaluation, this study constructs image combination modalities from 4 as-
pects: single-satellite single-stereo imagery, single-satellite multiple-stereo imagery, dual-
satellite single-stereo imagery, and multiple-satellite multiple-stereo imagery. There are
several different image-combination scenarios in each combination mode, enabling a com-
prehensive geometric positioning analysis of multi-satellite, multi-sensor, and multi-res-
olution small-satellite imagery.

4. Experiments
4.1. Experiment Datasets

The experimental data used in this study are derived from the Chinese Jilin-1 series
of satellites. As a significant source of global aerospace remote sensing information, the
Jilin-1 constellation, constructed by Changguang Satellite Technology Co., Ltd. located in
Changchun, China, is currently the largest sub-meter commercial remote sensing satellite
constellation in the world, capable of providing customers with satellite remote sensing
data featuring high temporal, spatial, and spectral resolutions, fast and wide-area cover-
age, as well as comprehensive application services of space information based on satellite
remote sensing data. The datasets employed in this study are all panchromatic images,
including the Jilin-1 wide-range 01A satellite imagery (tagged as KF01A satellite), the Jilin-
1 high-resolution 02A satellite imagery (tagged as GF02A satellite), and the Jilin-1 high-
resolution 02B satellite imagery (tagged as GF02B satellite). The Jilin-1 GF02A and GF02B
satellites were launched on 13 November 2019 and 7 December 2019, respectively. Both
offer a ground resolution of sub-satellite point of approximately 0.75 m for panchromatic
images and 3 m for multispectral images, with a standard scene size of 21.5 km x 21.5 km,
an orbital altitude of 535 km, and a planar nominal accuracy (CE90, Circular Error at 90%)
of 20 m. The Jilin-1 KFO1A satellite was launched on 15 January 2020, and it achieves a
ground resolution of approximately 0.75 m for panchromatic images and 3 m for multi-
spectral images. Its width is 136 km, with a single-image field of view of 16.1°, capable of
acquiring approximately 1000 km? of sub-meter image data per second. The standard
scene size measures 23 km x 23 km, the satellite operates at an orbital altitude of 481.56
km, and it can achieve the plane accuracy of CE90 20 m.

Figure 2 and Table 1 provide detailed locations and parameters of the experimental
data. As illustrated in Figure 2, the imagery employed in the comparative experiments
covers the Henan region of China and comprises eight scenes acquired at different epochs.
In this figure, black borders indicate the KF01A satellite image, pink borders denote the
GFO02A satellite images, green borders represent the GF02B satellite images, and the se-
lected laser altimetry points are marked as red dots. The overall coverage of the experi-
mental data spans longitudes from 112.9°E to 113.36°E, and latitudes from 34.46°N to
34.83°N. Additionally, a total of 11 distributed ground points, measured by GPS, with an
accuracy better than 5 cm, were used for the comparison experiments and accuracy vali-
dation, as shown by the red crosses in Figure 2.
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Figure 2. The experimental datasets, with checkpoints denoted by red crosses. (a) The KF01A satel-
lite imagery as shown in the black boxes; (b) the GF02A satellite images as shown in the pink boxes;

(c) the GF02B satellite images as shown in the green boxes.

Table 1. The detailed information on the experimental datasets.

. . Satellite Altitude . . Resolu-
Abbreviation Satellite Platform Angle/Degree Image Size/Pixel tion/Meter
KF01A-1 KF01A 78.7153 30,666 31,140  0.75x0.76
GF02A-1 GF02A 70.2285 28,691 x 28,676  0.79 x 0.84
GF02A-2 GF02A 81.6273 28,692 x 28,676  0.76 x 0.77
GF02A-3 GF02A 65.7606 28,692 x 28,676  0.80 x 0.86
GF02A-4 GF02A 88.2947 28,692 x 28,676  0.75 = 0.75
GF02B-1 GF02B 70.467 28,629 x 28,676  0.79 x 0.84
GF02B-2 GF02B 64.0067 28,629 x 28,676  0.79 x 0.84
GF02B-3 GF02B 73.7262 28,630 x 28,676  0.78 x 0.81

4.2. Experimental Design

For small-satellite imagery, the geometric positioning accuracy of stereo image pairs
varies considerably, primarily governed by the relative geometric relationship between
the constituent images. Under favorable geometric conditions—which encompass more
than just the intersection angle—the direct geopositioning accuracy tends to be relatively
high, whereas under unfavorable conditions, it degrades markedly. Therefore, to rigor-
ously evaluate the algorithm’s feasibility and performance, this study constructs multiple
image combination modes from four distinct categories: single-satellite single-stereo im-
agery, single-satellite multiple-stereo imagery, dual-satellite single-stereo imagery, and
multiple-satellite multiple-stereo imagery, which have different geometric relationships.
Within each mode, a variety of distinct image-combination scenarios are implemented.
For each scenario, a comparative analysis is carried out with respect to three positioning
accuracy metrics regarding laser altimetry-assisted geometric positioning, direct geomet-
ric positioning, and positioning constrained by actual ground control points, enabling a
comprehensive geometric positioning analysis of multi-satellite, multi-sensor, and multi-
resolution small-satellite imagery.

For direct geometric positioning, spatial forward intersection is employed, which de-
termines the three-dimensional coordinates of ground points using vendor-provided
RPCs and image-matching tie points. In positioning constrained by actual ground control
points, geometric errors are introduced into the RPCs during their generation from rigor-
ous sensor models (RSMs) [59,60]. To compensate for these errors within the rational func-
tion model (RFM), three commonly used correction models—namely, the translation
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model, the drift model, and the affine model —are employed to enhance positioning accu-
racy [61,62]. Specifically, the translation model is applied when a single ground control
point is available; the drift model is adopted when two control points are used; and the
affine model is utilized when three or more control points are employed.

4.2.1. Comparative Test of Single-Satellite Single-Stereo Imagery Combination Scenarios

For the single-satellite single-stereo combination mode, seven distinct image pair sce-
narios are designed: GF02B-1/GF02B-2, GF02B-2/GF02B-3, GF02A-1/GF02A-3, GF02A-
1/GF02A-4, GF02A-2/GF02A-3, GF02A-2/GF02A-4, and GF02A-3/GF02A-4. Owing to the
compact size and lightweight nature of small satellites, the initial positional and attitudi-
nal accuracy is relatively limited. Consequently, the image points derived from direct
back-projection of laser altimetry data onto small-satellite images are subject to deviations
of tens of pixels or more, rendering conventional adjustment positioning infeasible. Fur-
thermore, given that this study primarily investigates the capability of laser altimetry data
to improve elevation accuracy, a comparative analysis is conducted across the seven sce-
narios, focusing on three accuracy metrics: laser-altimetry-assisted geometric positioning
based on the proposed image-point-measurement method, direct geometric positioning,
and positioning constrained by actual ground control points. We have measured a total
of 11 distributed ground points by GPS, with an accuracy better than 5 cm. In this test, for
both laser-altimetry-assisted geometric positioning and direct geometric positioning, no
actual ground control points are used, and all available measured ground points within
the image coverage are employed as checkpoints. Since the number of laser altimetry
points serving as elevation control exceeds three, the affine model is adopted in image-
space compensation. For positioning constrained by actual ground control points, only a
single control point is used as a horizontal and vertical control point for all image-combi-
nation scenarios, while the remaining measured ground points within the image area
serve as checkpoints. Given that only one control point is utilized for planimetric and
height control, the translation model is applied in image-space adjustment.

4.2.2. Comparative Test of Single-Satellite Multiple-Stereo Imagery Combination
Scenarios

For the vertical geometric positioning accuracy evaluation in the single-satellite mul-
tiple-stereo mode, we design five image-combination scenarios: GF02B-1/GF02B-
2/GF02B-3, GF02A-1/GF02A-2/GF02A-3, GF02A-1/GF02A-3/GF02A-4, GF02A-2/GF02A-
3/GF02A-4, and GF02A-1/GF02A-2/GF02A-3/GF02A-4. In this experiment, neither laser-
altimetry-assisted nor direct geometric positioning uses any ground control points, and
all available surveyed points are reserved as checkpoints. Because more than three laser
altimetry points are employed for elevation control, we apply the affine model in image
space. In contrast, for positioning constrained by actual ground control points, we adopt
only a single control point (providing both horizontal and vertical control) for each sce-
nario, using the remaining points as checkpoints. Consequently, the translation model is
used in image-space compensation.

4.2.3. Comparative Test of Dual-Satellite Single-Stereo Imagery Combination Scenarios

In the dual-satellite single-stereo experiment, we provide fourteen satellite image-
combination scenarios for the vertical geometric positioning accuracy comparison, includ-
ing KF01A-1/GF02B-1, KF01A-1/GF02B-2, KF01A-1/GF02B-3, KF01A-1/GF02A-1, KF01A-
1/GF02A-3, KF01A-1/GF02A-4, GF02B-1/GF02A-2, GF02B-1/GF02A-3, GF02B-1/GF02A-4,
GF02B-2/GF02A-1, GF02B-2/GF02A-4, GF02B-3/GF02A-1, GF02B-3/GF02A-3, and GF02B-
3/GF02A-4. In all image-combination scenarios, no actual ground control points are used
as constraints in either laser altimetry-assisted geometric positioning or direct forward
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intersection; consequently, all available ground control points within each scenario are
reserved as checkpoints for accuracy validation. For laser altimetry-assisted positioning,
the affine model is adopted in image space to correct residual biases. In addition, for po-
sitioning constrained by actual ground control points, one control point is selected as a
horizontal-and-vertical constraint for bundle adjustment, with the translation model ap-
plied for image-space correction, while the remaining surveyed ground points within the
image area are used as checkpoints for accuracy assessment.

4.2.4. Comparative Test of Multiple-Satellite Multiple-Stereo Imagery Combination
Scenarios

In this test, in order to further comprehensively analyze the performance of the im-
age-point-measurement method of laser altimetry points for improving laser-altimetry-
data-assisted positioning accuracy of small-satellite images, we construct multiple-satel-
lite multiple-stereo image combination mode, with thirteen distinct small-satellite image-
combination scenarios, including KF01A-1/GF02B-1/GF02A-1, KF01A-1/GF02B-1/GF02A-
2, KF01A-1/GF02B-1/GF02A-3, KF01A-1/GF02B-1/GF02A-4, KF01A-1/GF02B-2/GF02A-1,
KF01A-1/GF02B-2/GF02A-2, KF01A-1/GF02B-2/GF02A-3, KF01A-1/GF02B-2/GF02A-4,
KF01A-1/GF02B-3/GF02A-1, KF01A-1/GF02B-3/GF02A-2, KF01A-1/GF02B-3/GF02A-3,
KF01A-1/GF02B-3/GF02A-4, and all images. Consistent with the above, for laser altimetry-
assisted geometric positioning, the affine model is applied for image-space bias correction,
and all surveyed ground points within the image area are employed as checkpoints for
accuracy evaluation. The same checkpoint strategy applies to direct geometric position-
ing. For control-point-based geometric positioning, one ground control point is selected
as a horizontal-and-vertical constraint, with bias correction performed using the transla-
tion model in image space, while the remaining surveyed ground points are reserved for
accuracy assessment.

4.3. Experimental Results

4.3.1. Experimental Results of Single-Satellite Single-Stereo Imagery Combination
Scenarios

The detailed results of the direct positioning accuracy, the laser altimetry data-as-
sisted geometric positioning accuracy based on the proposed method of measuring the
corresponding image points of the laser altimetry points, and the positioning accuracy
constrained by actual ground points, using the vendor-provided RPCs, are summarized
in Table 2, and the geometric positioning accuracy for each imagery combination scenario
falls into two directions: planar and vertical. To more objectively highlight the perfor-
mance of the weighted image-point-measurement method of laser altimetry points in im-
proving the laser-altimetry-data-assisted positioning accuracy of small-satellite images in
vertical direction, Figure 3 compared the vertical positioning accuracy of the seven im-
agery combination scenarios, and Figure 4 comparatively analyzes the elevation accuracy
improvement rates of the laser-altimetry-data-assisted geometric positioning based on the
proposed method of measuring the corresponding image points of the laser altimetry
points, and the positioning constrained by actual ground points.
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Table 2. The detailed results of the direct positioning, the laser altimetry data-assisted geometric
positioning based on the proposed method of measuring the corresponding image points of the

laser altimetry points, and the positioning constrained by actual ground points.

Direct Positioning Laser Altimetry Data Assisted Positioning Accuracy Constrained by Ac-
Satellite Image- Accuracy Positioning Accuracy tual Ground Points
combinafion sce- o lanar Height/m Planar Height/m Elevation Accuracy Planar Height/m  Elevation Accuracy
naros /m RMSE ME /m RMSE ME | TProvement o pMSE Mp  |mprovement
Rate/% Rate/%
GF02B-1 + GF02B-2 27.199 8.782 7.994 27.167 3.843 1.363 56.24% 7.127 3.822 0.565 56.48%
GF02B-2 + GF02B-3 16.205 18.977 18.455 17.059 4.502 3.779 76.28% 8.461 7.411 5.300 60.95%
GF02A-1 + GF02A-3 19.949 46.714 46.683 20.475 2.005 1.120 95.71% 6.575 1.809 0.447 96.13%
GF02A-1 + GF02A-4 20.959 45.144 44916 13.679 8.022 6.552 82.23% 6.237 6.378 3.803 85.87%
GF02A-2 + GF02A-3 26.461 34.808 34.656 29.260 5.573 4.553 83.99% 6.099 3.880 1.561 88.85%
GF02A-2 + GF02A-4 20.840 10.918 7.561 20.398 7.887 0.394 27.76% 6.492 8.816 0.104 19.25%
GF02A-3 + GF02A-4 21.590 49.273 49.210 29.506 8.705 8.310 82.33% 5.958 5.580 4.403 88.68%
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Figure 3. The compared results of the vertical positioning accuracy between the direct geometric
positioning and the laser altimetry data-assisted geometric positioning using the proposed method

of measuring the corresponding image points of the laser altimetry points.
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Figure 4. The compared results of the elevation accuracy improvement rates of the laser altimetry
data-assisted geometric positioning based on the proposed method of measuring the corresponding

image points of the laser altimetry points, and the positioning constrained by actual ground points.
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4.3.2. Experimental Results of Single-Satellite Multiple-Stereo Imagery Combination
Scenarios

For five satellite image-combination scenarios, Figure 5 gives the geometric position-
ing error comparative results of the five imagery combination scenarios in the vertical
direction between the direct geometric positioning and the laser altimetry data-assisted
geometric positioning, and the detailed results are illustrated in Table 3.
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Figure 5. The comparison of the results of the vertical positioning accuracy.
Table 3. The detailed results of the direct positioning, the laser altimetry data-assisted geometric

positioning based on the proposed method of measuring the corresponding image points of the

laser altimetry points, and the positioning constrained by actual ground points.

Direct Positioning Ac- Laser Altimetry Data Assisted Positioning Accuracy Constrained by Ac-
Satellite Image- curacy Positioning Accuracy tual Ground Points
Combine?tion Planar Height/m Planar Height/m  Elevation Accuracy Planar Height/m Elevation Accuracy

Scenarios /m RMSE ME /m RMSE ME  |TProvement - Rmsg mp  |mProvement
Rate/% Rate/%

GF02B-1

GF02B-2 20.614 5.278 3.661 20.296 3.961 1.115 24.95% 7736 4921 2.646 6.76%

GF02B-3

GF02A-1

GF02A-2 23.934 44.551 44.489 22226 2.717 1.930 93.90% 6.387 2178 0.704 95.11%

GF02A-3

GF02A-1

GF02A-3 21.479 46.969 46.938 22.253 2.035 1.146 95.66% 6.279 1.818 0.416 96.13%

GF02A-4

GF02A-2

GF02A-3 24.041 38.888 38.523 26.610 6.205 5.505 84.04% 5979 3.463 1.927 91.09%

GF02A-4

GF02A-1

ggg;ié 21.339 43.886 43.805 20.396 2.488 1.271 94.33% 6.212 2.321 0.432 94.71%

GF02A-4
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4.3.3. Experimental Results of Dual-Satellite Single-Stereo Imagery Combination
Scenarios

In the dual-satellite single-stereo experiment, fourteen satellite image-combination
scenarios are provided for the vertical geometric positioning accuracy comparison. Figure
6 presents the comparative results of geometric positioning errors in the vertical direction
for the fourteen imagery combination scenarios, with detailed results depicted in Table 4.

Vertical Positioning Accuracy/m
0 10 20 30 40 50 60 70 80
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Figure 6. The compared results of the vertical positioning accuracy between the direct geometric
positioning and the laser altimetry data-assisted geometric positioning using the proposed method

of measuring the corresponding image points of the laser altimetry points.

Table 4. The detailed results of the direct positioning, the laser altimetry data-assisted geometric
positioning based on the proposed method of measuring the corresponding image points of the

laser altimetry points, and the positioning constrained by actual ground points.

Direct Positioning Laser Altimetry Data Assisted Positioning Accuracy Constrained by Ac-
Satellite Image- Accuracy Positioning Accuracy tual Ground Points
Combina.tion Sce- Planar Height/m Planar Height/m  Elevation Accuracy Planar Height/m  Elevation Accuracy
naros /m RMSE ME /m RMSE ME mProvement . RMsg Mp  mprovement

Rate/% Rate/%
KF01A-1 + GF02B-1 16.468 47.158 46.816 7.282 5.693 1.640 87.93% 7.575 11.053 8.749 76.56%
KF01A-1 + GF02B-2 11.974 24.765 24.471 11.178 5.745 4.299 76.80% 6.815 4.319 1.141 82.56%
KF01A-1 + GF02B-3 13.503 20.571 14.596 13.631 14.673 2.099 28.67% 8.139 15.760 1.666 23.39%
KF01A-1 + GF02A-1 14.062 38.365 38.155 7.771 9.235 8.372 75.93% 6.589 4.278 0.451 88.85%
KF01A-1 + GF02A-3 16.534 61.992 61.815 22.177 6.088 3.809 90.18% 5997 6.163 3.285 90.06%
KF01A-1 + GF02A-4 18.757 78.384 77.887 15.715 11.855 7.944 84.88% 6.176  9.992 3.185 87.25%
GF02B-1 + GF02A-2 12.188 32.117 31.778 13.507 5.251 2.292 83.60% 7.010 5735 2.247 82.14%
GF02B-1 + GF02A-3 16.362 15.875 15.488 16.608 3.559 0.229 77.58% 6418 5.041 3.115 68.25%
GF02B-1 + GF02A-4 21.231 19.621 19.147 22.869 8.545 7.443 56.45% 6.586 4.471 0.689 77.21%
GF02B-2 + GF02A-1 13.239 21.878 21.624 13.725 3.451 0.983 84.23% 6.933 4.111 1.961 81.21%
GF02B-2 + GF02A-4 8154 7.982 47321 8.071 7294 3.459 8.67% 6.490 6.948 0.280 12.95%
GF02B-3 + GF02A-1 16.437 77.370 73.930 14.738 24.332 8.513 68.55% 10.432 23.091 7.699 70.16%
GF02B-3 + GF02A-3 22.264 45.612 45.575 23.619 2207 1.221 95.16% 8.133 3.627 2.841 92.05%
GF02B-3 + GF02A-4 22.689 41.588 41.143 17.177 9.743 7.565 76.57% 6.429 10.231 6.810 75.40%
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4.3.4. Experimental Results of Multiple-Satellite Multiple-Stereo Imagery Combination
Scenarios

Table 5 shows the results for the stereoscopic positioning accuracy of the thirteen
imagery combination scenarios using the direct positioning, the laser altimetry data-as-
sisted positioning, and the positioning constrained by actual ground points, respectively.

Table 5. The detailed results of the direct positioning, the laser altimetry data-assisted geometric
positioning based on the proposed method of measuring the corresponding image points of the

laser altimetry points, and the positioning constrained by actual ground points.

Direct Positioning Laser Altimetry Data Assisted Positioning Accuracy Constrained by
Satellite Image- Accuracy Positioning Accuracy Actual Ground Points

Combina}tion Planar Height/m Planar Height/m  Elevation Accuracy Planar Height/m  Elevation Accuracy

Scenarios /m RMSE ME /m  RMSE ME Improvement /m RMSE ME Improvement
Rate/% Rate/%

KF01A-1

GF02B-1 11.338 18.489 10.759 10.790 9.184 8.1636 50.323% 6.842 6.803 4.648 63.20%

GF02A-1

KF01A-1

GF02B-1 14.639 27573 20.759 15.739 12.414 11.054 54.98% 6.691 8.207 5.745 70.23%

GF02A-2

KF01A-1

GF02B-1 24.518 36.558 35.031 23.824 4.505 2.4149 87.68% 6.183 5.469 3.499 85.04%

GF02A-3

KF01A-1

GF02B-1 17.733 17.735 7.6356 17.323 8.514 7.6268 51.99% 6.232 4.125 0.715 76.74%

GF02A-4

KF01A-1

GF02B-2 12.469 25417 25203 11.531 3.411 0.7564 86.58% 6.771 3.852 1.544 84.84%

GF02A-1

KF01A-1

GF02B-2 15.762 21.846 20.971 16.417 3.997 0.6210 81.70% 6.525 4.361 1.083 80.04%

GF02A-2

KF01A-1

GF02B-2 8.630 45.689 44.332 8.076 5376 1.262 88.23% 6.078 5.528 1.870 87.90%

GF02A-3

KF01A-1

GF02B-2 15914 26.237 25914 17941 4.092 0.542 84.40% 6.406 4.414 1.063 83.18%

GF02A-4

KF01A-1

GF02B-3 14.112 22.588 21.669 10.200 8.274  5.315 63.37% 7.830 7.558 2915 66.54%

GF02A-1

KF01A-1

GF02B-3 12.509 76.049 69.654 9.964 16.057 3.393 78.89% 6.635 16.618 5.603 78.15%

GF02A-2

KF01A-1

GF02B-3 19.559 54.638 54.044 18.912 5.840 3.568 89.31% 6.906 4.965 0.916 90.91%

GF02A-3

KF01A-1

GF02B-3 20.534 45.626 45.250 15.651 9.000 6.733 80.28% 6.416 10.543 7.796 76.89%

GF02A-4

All Images 20.527 33.583 31.260 18.956 4.530 1.675 86.51% 6.262 4.130 0.477 87.70%
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5. Discussion
5.1. Experimental Analysis of Single-Satellite Single-Stereo Imagery Combination Scenarios

As indicated in Table 2, for the single-satellite single-stereo mode of small-satellite
images, there are significant differences in the direct geometric positioning accuracy of the
stereoscopic images, which mainly depend on the relative geometric relationship between
the images that make up the stereoscopic images. Under strong geometric conditions (ge-
ometric conditions refer not only to intersection angles), the direct geometric positioning
accuracy of stereoscopic images is also relatively high. Conversely, under weak geometric
conditions, the direct geometric positioning accuracy of stereoscopic images is relatively
low. For instance, the direct geometric positioning accuracy of the image-combination sce-
nario composed of GF02B-1 and GF02B-2 small-satellite images is approximately 27.199
m in planar direction and about 8.782 m in elevation; For the image-combination scenario
of GF02A-2 and GF02A-4 small-satellite images, the direct geometric positioning accuracy
is 20.840 m in planimetry and about 10.918 m in height direction. As for the combined
scenes of GF02A-1 and GF02A-3 small-satellite images, GF02A-1 and GF02A-4 small-sat-
ellite images, and GF02A-3 and GF02A-4 small-satellite images, their direct geometric po-
sitioning accuracy in elevation reaches 46.714 m, 45.144 m, and 49.273 m, respectively. It
has significant differences from the images captured by three-line or dual-line array map-
ping satellites. As can be seen from Figure 3, among the seven single-satellite single-stereo
image-combination scenarios, compared to the direct geometric positioning accuracy, the
laser altimetry-assisted geometric positioning based on the proposed image-point-meas-
urement method achieved significant improvement in elevation accuracy. For instance, in
the image-combination scenario of GF02B-2 and GF02B-3, the elevation accuracy was im-
proved from 18.977 m of the direct geometric positioning to 4.502 m, with an improvement
rate of 76.28%. In the image-combination scenario of GF02A-2 and GF02A-4, the elevation
accuracy was improved from 10.918 m to 7.887 m, with an improvement rate of 27.76%.
As is observable from Figure 4, within the seven image-combination scenarios, the laser
altimetry-assisted geometric positioning based on the proposed image-point-measure-
ment method achieves an improvement rate of vertical positioning accuracy comparable
to or even slightly better than the positioning constrained by actual ground points. For
example, in the image-combination scenarios of GF02A-1 and GF02A-3, GF02A-1 and
GF02A-4, GF02A-2 and GF02A-3, and GF02A-3 and GF02A-4, both methods achieved an
elevation accuracy improvement rate exceeding 80%, with the highest improvement rates
reaching 95.71% and 96.13%, respectively. In the image-combination scenarios of GF02B-
2 and GF02B-3, and GF02A-2 and GF02A-4, the laser altimetry-assisted geometric posi-
tioning based on the proposed image-point-measurement method achieved a higher ele-
vation positioning accuracy improvement rate compared to the positioning constrained
by actual ground points. For example, in the image-combination scenario of GF02B-2 and
GF02B-3, the improvement rates of the two methods are 76.28% and 60.95%, respectively,
with the former demonstrating a significant advantage.

Therefore, for the single-satellite single-stereo mode of small-satellite imagery, the
proposed laser altimetry point-measurement method, adapted to small-satellite imagery
and the combined geometric positioning model, including virtual control points, laser al-
timetry points, and image-matching tie points, demonstrates a strong capability for en-
hancing elevation accuracy.

5.2. Experimental Analysis of Single-Satellite Multiple-Stereo Imagery Combination Scenarios

As seen from Figure 5, in the experimental region, the laser altimetry-assisted geo-
metric positioning based on the proposed image-point-measurement method achieved
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significant elevation accuracy enhancement performance for all five single-satellite multi-
ple-stereo imagery combination scenarios. For example, the satellite combination scenario
of GF02A-1, GF02A-3, and GF02A-4 achieved the best elevation accuracy improvement
rate, approximately 95.66%, from the elevation accuracy of 46.969 m of direct geometric
positioning to 2.035 m of the laser altimetry data-assisted geometric positioning. The sat-
ellite combination scenario of GF02A-1, GF02A-2, and GF02A-3, and the satellite combi-
nation scenario of GF02A-1, GF02A-2, GF02A-3, and GF02A-4 achieve the elevation accu-
racy improvement rate closer to the satellite combination scenario of GF02A-1, GF02A-3,
and GF02A-4, about 93.90% and 94.33%, respectively. The elevation accuracy of the direct
geometric positioning in the satellite combination scenario of GF02A-1, GF02A-2, and
GF02A-3 is 44.551 m, and the elevation accuracy of the laser altimetry data-assisted geo-
metric positioning is 2.717 m, an improvement of 41.834 m. Similarly, the satellite combi-
nation scenario of GF02A-1, GF02A-2, GF02A-3, and GF02A-4 achieved an elevation ac-
curacy improvement from 43.886 m for the direct geometric positioning to 2.488 m for
laser altimetry data-assisted positioning, an increase of approximately 41.398 m. As
shown in Figure 5 and Table 3, the satellite combination scenario of GF02A-2, GF02A-3,
and GF02A-4 achieved a fourth-place ranking in elevation accuracy improvement rate in
the five satellite image-combination scenarios, about 84.04%, from the elevation accuracy
of 38.888 m of the direct geometric positioning to 6.205 m of the laser altimetry data-as-
sisted geometric positioning. The satellite combination scenario of GF02A-1, GF02A-2,
and GF02A-3 achieved the worst improvement rate in elevation accuracy, but the 24.95%
improvement was still retained. Table 3 also shows that in the five image-combination
scenarios, whether it is direct geometric positioning or laser altimetry data assisted geo-
metric positioning, the positioning accuracy in the planar direction is approximately at
the level of 20 m (e.g., 20.614 m in the planar direction of the direct positioning accuracy
and 20.296 m in the planar direction of the laser-altimetry-data-assisted positioning in the
image-combination scenario of GF02A-1, GF02A-2 and GF02A-3), which is consistent with
the nominal planar accuracy of the Jilin-1 images used in this experimental study. Table 3
also indicates that, in terms of elevation accuracy improvement rate, the geometric posi-
tioning assisted by laser altimetry data, which is based on the proposed image-point-
measurement method, attains an improvement rate of vertical positioning accuracy that
is comparable to, or even superior to, the positioning constrained by actual ground points.
Among these five image-combination scenarios, all other image-combination scenarios
except the image combination scenarios of GF02B-1, GF02B-2, and GF02B-3 improve ele-
vation accuracy exceeding 80% while maintaining comparable performance levels. In the
image-combination scenario of GF02B-1, GF02B-2, and GF02B-3, laser altimetry data-as-
sisted positioning also achieved a higher elevation accuracy improvement rate compared
to the positioning constrained by actual ground points, reaching 24.95%.

Consequently, in the context of the single-satellite multiple-stereo mode of small-sat-
ellite imagery, the proposed laser altimetry-based point-measurement method tailored for
small-satellite imagery and the integrated geometric positioning model, which incorpo-
rates virtual control points, laser altimetry points, and image-matching tie points, proved
effective and exhibits robust capabilities in improving elevation accuracy.

5.3. Experimental Analysis of Dual-Satellite Single-Stereo Imagery Combination Scenarios

As seen from Figure 6 and Table 4, the satellite combination scenario of GF02B-3 and
GF02A-3 achieved the best positioning accuracy in the elevation direction after being as-
sisted by laser altimetry data for geometric positioning, approximately 2.207 m. Com-
pared to the elevation accuracy of 45.612 m achieved through direct geometric positioning,
the accuracy has been improved by approximately 43 m, with an improvement rate of
95.16%. The satellite combination scenarios of GF02B-2 and GF02A-1, GF02B-1 and
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GF02A-3 achieved a height accuracy of 3—4 m of laser altimetry data-assisted positioning,
improving from 21.878 m to 3.451 m and from 15.875 m to 3.559 m, respectively. The sat-
ellite combination scenario of GF02B-3 and GF02A-1 achieved the worst vertical accuracy
of laser altimetry data-assisted geometric positioning, approximately 24.332 m. However,
a significant improvement has still been achieved compared to the elevation accuracy of
direct geometric positioning of about 77 m, with an improvement rate of approximately
68.55%. Furthermore, among the fourteen satellite image-combination scenarios, the one
with the smallest improvement rate is the image-combination scenario of GF02B-2 and
GF02A-4, which is approximately 8.67%, improving from 7.982 m to 7.294 m; yet, there is
also a significant improvement. When comparing the laser altimetry data-assisted posi-
tioning and the positioning constrained by actual ground points, it is evident that both
methods can effectively improve elevation accuracy, with the former performing compa-
rably to or even better than the latter in terms of elevation accuracy enhancement. Under
the image-combination scenarios of KF01A-1 and GF02B-1, KF01A-1 and GF02B-3,
KF01A-1 and GF02A-3, GF02B-1 and GF02A-3, GF02B-2 and GF02A-1, GF02B-3 and
GF02A-3, and GF02B-3 and GF02A-4, laser-altimetry-data-assisted positioning demon-
strates superior performance compared to the positioning constrained by actual ground
points in terms of elevation accuracy improvement rate, achieving 87.93%, 28.67%, 90.18%,
77.58%, 84.23%, 95.16% and 76.57%, respectively. In contrast, the elevation accuracy im-
provement rates of the positioning constrained by actual ground points in these scenarios
are 76.56%, 23.39%, 90.06%, 68.25%, 81.21%, 92.05% and 75.40%, respectively.

In this experimental study, by using the fourteen satellite image-combination scenar-
ios, significant improvement of the vertical geometric positioning accuracy was achieved
for laser altimetry-assisted positioning using the proposed image-point-measurement
method to obtain the corresponding image points of the laser altimetry points. Conse-
quently, for the dual-satellite single-stereo mode of small-satellite imagery, the proposed
laser altimetry point-measurement method adapted for small-satellite imagery and the
integrated geometric positioning model, which incorporates virtual control points, laser
altimetry points, and image-matching tie points, have demonstrated effectiveness in im-
proving elevation accuracy. These approaches exhibit strong potential for enhancing the
accuracy of height measurements in the specific image-combination scenarios.

5.4. Experimental Analysis of Multiple-Satellite Multiple-Stereo Imagery Combination Scenarios

From Table 5, it can be seen that for all thirteen imagery combination scenarios, there
is a great improvement in the vertical stereoscopic positioning accuracy between the laser
altimetry data-assisted positioning and the direct positioning, which also inversely proves
the correctness of the corresponding image points of laser altimetry points, thereby veri-
fying the performance of the proposed method. For example, the elevation accuracy of the
satellite combination scenario of KF01A-1, GF02B-2, and GF02A-1 has been improved to
3.411 m, with an improvement rate of 86.58%; the positioning accuracy in height direction
in the satellite combination scenario of KF01A-1, GF02B-2, and GF02A-4 was improved
from 26.237 m to 4.092 m, with an improvement rate of 84.40%. When performing the
direct geometric positioning and the laser altimetry-assisted geometric positioning on
eight images with different imaging geometries and phases from three satellite platforms,
the elevation accuracy was 33.583 m and 4.530 m, respectively. For all thirteen imagery
combination scenarios, both the laser altimetry data-assisted positioning and the position-
ing constrained by actual ground points demonstrated excellent performance in improv-
ing elevation accuracy, with the laser altimetry data-assisted positioning performing bet-
ter in various image-combination scenarios, which also verifies the effectiveness of the
algorithm proposed in this paper. For instance, in the image-combination scenarios of
KF01A-1, GF02B-1 and GF02A-3, KF01A-1, GF02B-2 and GF02A-1, KF01A-1, GF02B-2 and
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GF02A-2, KF01A-1, GF02B-2 and GF02A-3, KF01A-1, GF02B-2 and GF02A-4, in compari-
son to the positioning constrained by actual ground points, laser altimetry data-assisted
positioning exhibits superior performance in terms of the improvement rate of elevation
accuracy, attaining 87.68%, 86.58%, 81.70%, 88.23%, 84.40%, 78.89% and 80.28%, respec-
tively. Conversely, the elevation accuracy improvement rates of the positioning con-
strained by actual ground points in these scenarios are 85.04%, 84.84%, 80.04%, 87.90%,
83.18%, 78.15% and 76.89%, respectively.

In total, the experimental results indicate that the combined adjustment of small-sat-
ellite images with different imaging geometries and laser altimetry control points can sig-
nificantly improve the elevation positioning accuracy. This verifies the effectiveness of the
proposed corresponding image-point-measurement method of laser altimetry points de-
signed for small-satellite images, and the constructed combined geometric positioning
models that include virtual control points, laser altimetry points, and image-matching tie
points.

6. Conclusions

For small-satellite imagery, the image points obtained by directly back-projecting la-
ser altimetry measurements often exhibit discrepancies of tens of pixels or more, primarily
due to the relatively limited attitude and orbit determination accuracy of small-satellite
platforms. Moreover, the diversity of imaging sensors, variations in image resolution, and
inherently weak image geometric configurations further complicate the accurate acquisi-
tion of image-space coordinates for laser altimetry points. To enable the effective use of
laser altimetry data for geometric positioning in multi-satellite, multi-sensor, and multi-
resolution small-satellite scenarios, this study introduces a measurement method for laser
altimetry points and further constructs a combined geometric positioning model that
fuses virtual control points, laser altimetry points, and image-matching tie points. The
framework consists of four procedural components: (1) an image-point-measurement
strategy for laser altimetry points; (2) the construction of a laser altimetry data-assisted
geometric positioning model for small-satellite imagery; (3) the solution of the geometric
positioning model using a total least squares approach based on the partial-EIV models;
and (4) a comprehensive accuracy assessment conducted under multiple image-combina-
tion scenarios, including single-satellite single-stereo, single-satellite multi-stereo, dual-
satellite single-stereo, and multi-satellite multi-stereo imagery configurations. Experi-
mental validation is conducted using panchromatic images acquired by the Jilin-1 small-
satellite constellation (KF01A, GF02A, and GF02B) over the Henan region of China. The
results demonstrate that the laser altimetry point-measurement method, together with the
combined geometric positioning model, yields substantial improvements in vertical posi-
tioning accuracy across all tested scenarios. These collectively attest to the efficacy of the
proposed approach in enhancing the elevation performance of stereoscopic small-satellite
imagery with heterogeneous platforms, diverse sensors, and variable resolutions over ter-
rain conditions similar to those tested.

Although the current method demonstrates excellent performance on small-satellite
images over terrain conditions similar to those tested, the relative geometric relationship
between the images that make up the stereoscopic images has a notable impact on the
positioning accuracy of small-satellite imagery. In future work, additional validation over
mountainous, forested, and urban areas will be essential to assess the method’s robustness.
Simultaneously, further investigations, such as the influences of this geometric relation-
ship on the performance of the laser-altimetry-based geometric positioning model, and
computational schemes based on Helmert variance-component estimation, are warranted.

https://doi.org/10.3390/rs18132154



Remote Sens. 2026, 18, 2154 24 of 26

Author Contributions: Conceptualization, W.S.; methodology, W.S.; validation, W.S.; formal anal-
ysis, W.S. and D.W.; writing—original draft preparation, W.S.; writing—review and editing, D.W.,
L.W. (Luyao Wang), M.L,, J H,, C.C, YW, ET., and L.W. (Lei Wu); funding acquisition, W.S. All
authors have read and agreed to the published version of the manuscript.

Funding: This work was supported in part by the School Scientific Research Program of National
University of Defense Technology under grant number ZK22-40, the National Natural Science Foun-
dation under grant number 62406334, and the Education and Teaching Research Project of National
University of Defense Technology under grant number U2022023.

Data Availability Statement: The data presented in this study are available on request from the

corresponding author due to privacy or ethics restrictions.

Acknowledgments: The authors would like to thank Changguang Satellite Technology Co., Ltd. for
providing the experimental data, as well as Xiaohua Tong, Shijie Liu, and the Xie Huan team for

providing their support and revision suggestions.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1.  Yu A;Yu H;Ji Y; Tong, W.; Dong, Z. High-Precision Geolocation of SAR Images via Multi-View Fusion Without Ground
Control Points. Remote Sens. 2025, 17, 3775.

2. Song, W, Liu, S.; Tong, X; Niu, C.; Ye, Z,; Jin, Y. Combined geometric positioning and performance analysis of multi-resolution
optical imageries from satellite and aerial platforms based on weighted RFM bundle adjustment. Remote Sens. 2021, 13, 620.

3.  Wang, Y,; Wang, M.; Dong, Z.; Zhu, Y. High-precision geometric positioning for optical remote sensing satellite in dynamic
imaging. Geo-Spat. Inf. Sci. 2025, 28, 1549-1565.

4. Wang, L; Wang, P.; Zhang, Y.; Wang, Y.; Chen, B. Method for Improving Positioning Accuracy of Rotating Scanning Satellite
Images via Multi-Source Satellite Data Fusion. Sensors 2026, 26, 850.

5. Pranjal, P.; Soni, A. Next-Generation Geographical Information Systems: Integrating Artificial Intelligence, Geographic Infor-
mation Systems, and Satellite Imagery for Mapping and Surveying. Glob. Land-Ocean Geospat. Appl. 2025, 9, 216-233.

6. Ye Q. Luo,]J,;Lin, Y. A coarse-to-fine visual geo-localization method for GNSS-denied UAV with oblique-view imagery. ISPRS
J. Photogramm. Remote Sens. 2024, 212, 306-322.

7. Ma, Z,; Chen, Y.; Zhong, X; Xie, H.; Liu, Y.; Wang, Z.; Shi, P. Bundled-Images Based Geo-Positioning Method for Satellite
Images Without Using Ground Control Points. Remote Sens. 2025, 17, 3289.

8. Li, D,; Wang, M.; Jiang, J. China’s high-resolution optical remote sensing satellites and their mapping applications. Geo-Spat.
Inf. Sci. 2021, 24, 85-94.

9. Deng, M.; Xiong, J.; Tan, H.; Wang, W.; Jing, M. Geometric positioning accuracy improvement of Space-Borne SAR based on
ICESAT-2 and DEM data. Measurement 2025, 11, 120054.

10. Teo, T.A.; Chen, L.C,; Liu, C.L;; Tung, Y.C.; Wu, W.Y. DEM-aided block adjustment for satellite images with weak convergence
geometry. IEEE Trans. Geosci. Remote Sens. 2011, 48, 1907-1918.

11. Zhang, Y.J.; Wan, Y.; Huang, X.H.; Ling, X. DEM-assisted RFM block adjustment of pushbroom nadir viewing HRS imagery.
IEEE Trans. Geosci. Remote Sens. 2015, 54, 1025-1034.

12.  Zheng, M.T.; Zhang, Y.J. DEM-aided bundle adjustment with multisource satellite imagery: ZY-3 and GF-1 in large areas. IEEE
Geosci. Adn Remote Sens. Lett. 2016, 13, 482-486.

13. Zhang, H.; Zhang, G.; Jiang, Y.H.; Wang, T.Y. A SRTM-DEM-controlled ortho-rectification method for optical satellite remote
sensing stereo images. Acta Geod. Cartogr. Sin. 2016, 45, 326.

14. Ling, X,; Zhang, Y.J.; Xiong, ].X.; Huang, X.; Chen, Z.P. An image matching algorithm integrating global SRTM and image
segmentation for multi-source satellite imagery. Remote Sens. 2016, 8, 672.

15. Zhou, P.; Tang, XM.; Wang, Z.M.; Cao, N.; Wang, X. SRTM-assisted block adjustment for stereo push-broom imagery. Photo-
gramm. Rec. 2018, 33, 49-65.

16. Guerin, C. Effect of the DTM quality on the bundle block adjustment and orthorectification process without GCP: Example on

a steep area. In Proceedings of the IEEE International Geo-Science. Remote Sensing. Symposium (IGARSS), Fort Worth, TX,
USA, 23-28 July 2017; pp. 1067-1070.

https://doi.org/10.3390/rs18132154



Remote Sens. 2026, 18, 2154 25 of 26

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Alisisto, D.; Gopalakrishnan, R.; Kukkonen, M.; Savolainen, P.; Packalen, P. A method for vertical adjustment of digital aerial
photogrammetry data by using a high-quality digital terrain model. Int. ]. Appl. Earth Obs. Geo-Inf. 2020, 84, 101954.

Wu, B.; Tang, S.J.; Zhu, Q.; Tong, K.Y.; Hu, H; Li, G.Y. Geometric integration of high-resolution satellite imagery and airborne
Li-DAR data for improved geo-positioning accuracy in metropolitan areas. ISPRS |. Photogramm. Remote Sens. 2015, 109, 139—
151.

Li, G.Y.; Tang, X.M.; Gao, X.M.; Wang, H.B.; Wang, Y. ZY-3 Block adjustment supported by GLAS laser altimetry data. Photo-
gramm. Rec. 2016, 31, 88-107.

Zhang, G.; Xu, K; Jia, P.; Hao, X.Y.; Li, D.R. Integrating Stereo Images and Laser Altimeter Data of the ZY3-02 Satellite for
Improved Earth Topographic Modeling. Remote Sens. 2019, 11, 2453-2478.

Spiegel, M. Improvement of interior and exterior orientation of the three line camera HRSC with a simultaneous adjustment.
Int. Arch. Photogramm. Remote Sens. 2007, 36, 161-166.

Heipke, C.; Schmidt, R.; Brand, R.; Oberst, J.; Neukum, G. Performance of automatic tie point extraction using HRSC imagery
of the Mars Express mission. Int. Arch. Photogramm. Remote Sens. 2004, 35, 846-851.

Yoon, J.; Shan, ]J. Combined Adjustment of MOC Stereo Imagery and MOLA Altimetry Data. Photogramm. Eng. Remote Sens.
2005, 71, 1179-1186.

Lin, S.Y.; Muller, ].P.; Mills, J.P.; Miller, P.E. An assessment of surface matching for the automated co-registration of MOLA,
HRSC and HiRISE DTMs. Earth Planet. Sci. Lett. 2010, 294, 520-533.

Wang, J.Y.; Shu, R.; Chen, W.B.; Jia, ].J.; Huang, G.H.; Wang, B.Y.; Hou, X. Laser altimeter on board Chang’e-1 satellite. Sci. Sin.
Phys. Mech. Astron. 2010, 40, 1063-1070.

Wu, B.; Guo, J.; Zhang, Y.S.; King, B.A.; Chen, Y. Integration of ChangE-1 imagery and laser altimeter data for precision lunar
topographic modeling. IEEE Trans. Geosci. Remote Sens. 2011, 49, 4889-4903.

Di, K.; Hu, W,; Liu, Y.; Peng, M. Co-registration of Chang’e-1 stereo images and laser altimeter data with cross over adjustment
and image sensor model refinement. Adv. Space Res. 2012, 50, 1615-1628.

Di, K.C; Wan, W.H.; Liu, Z.Q. New visual odometry method for planetary rover localization. . Remote Sens. 2013, 17, 46-61.
Wu, B,; Hu, H.; Guo, J. Integration of Chang’e-2 imagery and LRO laser altimeter data with a combined block adjustment for
precision lunar topographic modeling. Earth Planet. Sci. Lett. 2014, 6, 1-15.

Zwally, H.J.; Schutz, B.; Abdalati, W.; Abshire, J.; Bentley, C.; Brenner, A.; Thomas, R. ICESat’s laser measurements of polar ice,
atmosphere, ocean, and land. ]. Geodyn. 2002, 34, 405-445.

Fricker, H.A.; Borsa, A.; Minster, B.; Carabajal, C.; Quinn, K,; Bills, B. Assessment of ICESat performance at the salar de Uyuni,
Bolivia. Geophys. Res. Lett. 2005, 32, L21S06.

Magruder, L.A.; Webb, C.E.; Urban, T J.; Silverberg, E.C.; Schutz, B.E. ICESat altimetry data product verification at White Sands
Space Harbor. IEEE Trans. Geosci. Remote Sens. 2007, 45, 147-155.

Kurtz, N.T.; Markus, T.; Cavalieri, D.J.; Krabill, W.; Sonntag, J.G.; Miller, J. Comparison of ICESat data with airborne laser al-
timeter measurements over Arctic sea ice. IEEE Trans. Geosci. Remote Sens. 2008, 46, 1913-1924.

Carabajal, C.C.; Harding, D.J.; Suchdeo, V.P. ICESat lidar and global digital elevation models: Applications to DESDYNI. In
Proceedings of the 2010 IEEE International Geoscience and Remote Sensing Symposium, Honolulu, HI, USA, 25-30 July 2010;
pp. 1907-1910.

Gonzalez, ].H.; Bachmann, M.; Scheiber, R.; Krieger, G. Definition of ICESats election criteria for their use as height references
for TanDEM-X. IEEE Trans. Geosci. Remote Sens. 2014, 48, 2750-2757.

E, D.C; Shen, Q.; Xu, Y. High-precision extraction of topographic information in the Antarctic region based on the fusion of
ASTER stereo data and ICESat/GLAS altimetry data. Sci. Sin. (Terrae) 2009, 3, 351-359.

Yu, J.P.; Sun, S.J.; Mao, J.J. Error propagation in external orientation elements of satellite remote sensing images. Spacecr. Recovery
Remote Sens. 2011, 32, 18-23.

Takaku, J.; Tadono, T.; Tsutsui, K. Algorithm development of high resolution global DSM generation by ALOS prism. In Pro-
ceedings of the 2014 IEEE Geoscience and Remote Sensing Symposium, Quebec City, QC, Canada, 13-18 July 2014; pp. 4784—
4787.

Wang, R.X.; Wang, ].R. Technology of Bundle Adjustment Using Two-Line-Array CCD Satellite Image Combined Laser R
anging Data. . Geomat. Sci. Technol. 2014, 31, 1-4.

Li, G.Y.; Tang, X.M.; Zhang, C.Y.; Gao, X.M.; Chen, J.Y. Multi-criteria constraint algorithm for selecting ICESat/GLAS data as
elevation control points. J. Remote Sens. 2017, 21, 96-104.

https://doi.org/10.3390/rs18132154



Remote Sens. 2026, 18, 2154 26 of 26

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.
56.

57.

58.

59.

60.

61.

62.

Li, G.Y,; Tang, X.M.; Gao, X.; Wang, X.; Fan, W.; Chen, J.; Mo, F. Integration of ZY3-02 Satellite Laser Altimetry Data and Stereo
Images for High-Accuracy Mapping. Photogramm. Eng. Remote Sens. 2018, 84, 569-578.

Cao, N.; Zhou, P.; Wang, X,; Tang, X.M.; Li, G.Y. Refined processing of laser altimeter data-aided satellite geometry model. J.
Remote Sens. 2019, 23, 291-302.

Liu, C,; Cui, X,; Guo, L.; Wu, L.; Tang, X; Liu, S.; Yuan, D.; Wang, X. Satellite laser altimetry data-supported high-accuracy
mapping of GF-7 stereo images. Remote Sens. 2022, 14, 5868.

Zhang, G,; Jiang, B.; Wang, T.; Ye, Y.; Li, X. Combined block adjustment for optical satellite stereo imagery assisted by space-
borne SAR and laser altimetry data. Remote Sens. 2021, 13, 3062.

Li, B.; Xie, H.; Liu, S;; Xi, Y.; Liu, C; Xu, Y.; Ye, Z,; Hong, Z.; Weng, Q.; Sun, Y.; et al. A high-quality global elevation control
point dataset from ICESat-2 altimeter data. Int. |. Digit. Earth 2024, 17, 2361724.

Li, B,; Xie, H.; Liu, S.; Ye, Z,; Hong, Z.; Weng, Q.; Sun, Y.; Xu, Q.; Tong, X. Global digital elevation model (GDEM) product
generation by correcting ASTER GDEM elevation with ICESat-2 altimeter data. Earth Syst. Sci. Data 2025, 17, 205-220.

Li, G.Y.; Tang, X.M. Analysis and validation of ZY-3 02 Satellite Laser Altimetry Data. Acta Geod. Cartogr. Sin. 2017, 46, 1939—
1949.

Xie, H.; Chen, L.; Liu, S.J.; Jin, Y.M.; Liu, J.; Tong, X.H. A Least-Squares Adjusted Grounding Line for the Amery Ice Shelf Using
ICESat and Landsat 8 OLI Data. IEEE ]. Sel. Top. Appl. Earth Obs. Remote Sens. 2016, 9, 5113-5122.

Li, G.Y. Earth Observing Satellite Laser Altimeter Data Processing Method and Engineer Practice; Wuhan University: Wuhan, China,
2017.

Li, J.C; Fan, C.B.,; Zhu, Y.H.; Zhang, S.K. Precision Time Transfer Methods Based on Geodetic Time and Frequency Transfer
Receivers. J. Wuhan Univ. (Inf. Sci. ) 2008, 3, 226-228+248.

Wang, M.; Yang, B.; Li, D.R.; Gong, ].Y.; Pi, Y.D. Technologies and Applications of Block Adjustment Without Control for ZY-3
Images Covering China. J. Wuhan Univ. (Inf. Sci. ) 2017, 42, 427-433.

Yang, B.; Wang, M.; Pi, Y.D. Block-Adjustment without GCPs for Large-Scale Region only Based on the Virtual Control Points.
Acta Geod. Cartogr. Sin. 2017, 46, 874-881.

Wang, M.; Yang, B.; Hu, F.; Zhang, X. On-orbit geometric calibration model and its applications for high-resolution optical
satellite imagery. Remote Sens. 2014, 6, 4391-4408.

Xu, P.; Liu, J.; Shi, C. Total least squares adjustment in partial errors-in-variables models: Algorithm and statistical analysis. J.
Geod. 2012, 86, 661-675.

Shen, Y.; Li, B.; Chen, Y. An iterative solution of weighted total least squares adjustment. ]. Geod. 2011, 85, 229-238.

Zeng, W.; Liu, J.; Yao, Y. On partial errors-in-variables models with inequality constraints of parameters and variables. ]. Geod.
2015, 89, 111-119.

Han, J.; Zhang, S.; Li, Y.; Zhang, X. A general partial errors-invariables model and a corresponding weighted total least-squares
algorithm. Surv. Rev. 2018, 52, 126-133.

Han, J.; Zhang, S.; Li, ]. New first-order approximate precision estimation method for parameters in an errors-in-variables
model. J. Surv. Eng. 2021, 147, 04020023.

Cao, S.; Yuan, X. Refinement of RPCs Based on Systematic Error Compensation for Virtual Grid. Geomat. Inf. Tion Sci. Wuhan
Univ. 2011, 36, 185-190.

Gong, J.; Wang, M.; Yang, B. High-precision Geometric Processing theory and Method of High-resolution Optical Remote Sens-
ing Satellite Imagery without GCP. Acta Geod. Cartogr. Sin. 2017, 46, 1255-1261.

Fraser, C.; Hanley, H. Bias-compensated RPCs for sensor orientation of high-resolution satellite imagery. Photogramm. Eng.
Remote Sens. 2005, 71, 909-915.

Tong, X.H.; Liu, S.J.; Xie, H.; Wang, A.; Chen, P.; Bao, F. Geometric Integration of Aerial and QuickBird Imagery for High
Accuracy Geopositioning and Mapping Application A Case Study in Shanghai. Mar. Geod. 2005, 33, 437—449.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual au-

thor(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/rs18132154



