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Highlights

e  Replacing n = 1000 with the site-specific optimum raised mean R? from 0.70 to 0.84
and cut RMSE by ~22% (=18 cm).

e Across 31 nearshore scenarios at 18 coastal sites, the conventional Stumpf n = 1000
was suboptimal in 26 of them. Adjusting the parameter n to the range n = 1-3 recovers
most of that gain with no calibration.

e Hue angle and chlorophyll-a predict how much tuning n will improve SDB accuracy
in a given scene.

. Small-n tuning extends usable Sentinel-2 SDB to greener, less clear waters, broaden-
ing imagery for beach monitoring.

Abstract

Satellite-Derived Bathymetry (SDB) based on the Stumpf log-ratio method routinely uses
a fixed parameter n = 1000, a convention that has rarely been evaluated systematically.
This study assesses empirically how SDB error varies with n across 31 bathymetric sce-
narios at 18 coastal sites with contrasting morphological and water quality conditions us-
ing Sentinel-2 imagery, ACOLITE atmospheric correction and in situ reference depths in
the —0.5 to -6 m range. For each scenario, an optimal n was retrieved by minimizing RMSE
against the reference bathymetry, and the response of the error to n was characterized.
Two stable regions (a left and a right plateau) are identified in the error-versus-n curve,
with most scenarios (26 of 31) reaching their optimum on the left plateau at small n values.
Replacing n = 1000 with the site-specific optimum, the mean R? increases from 0.70 to 0.84
and reduces RMSE by 21.9% on average (~18 cm). A single generalized value nmedianp) =
2.2, transferable across sites, recovers most of this gain; the unscaled, parameter-free case
n =1 alone already reduces RMSE by 15.9% on average relative to n = 1000 and outper-
forms it in 25 of the 31 cases. The margin of improvement obtainable by tuning n is
strongly correlated (Spearman) with hue angle, chlorophyll-a and Trophic State Index,
while turbidity and Secchi depth show no correlation, consistent with the loss of reliability
of these last two indicators in optically shallow waters. The benefit of using a small n is
greatest in greener, higher-chlorophyll waters, whereas in very clear, blue waters (hue >
160°, Chl-a <2 pg/L) n=1000 remains a defensible choice. These results support replacing
n = 1000 by n = 2-3 as the practical default for Stumpf-based SDB in the studied depth
range and provide a water-quality-based criterion to anticipate the expected benefit of
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parameter tuning. These improvements make it possible to use imagery from less clear
waters for SDB extraction, broadening the range of images suitable for beach monitoring.

Keywords: SDB; optically shallow waters; water optical properties; Sentinel-2; nearshore
morphological characterization; parameter optimization

1. Introduction

Coastal bathymetry, the measurement of water depth in shallow marine environ-
ments, is a fundamental input for the study of coastal morphodynamic processes and hab-
itat mapping, as well as the assessment of coastal vulnerability to sea level rise and storm
events [1]. The nearshore zone is of particular relevance due to its highly dynamic char-
acter: it constitutes the primary pathway of sediment exchange between the beach front
and the inner shelf, and its morphology directly governs short- and long-term shoreline
change [2]. Despite its importance, remote sensing techniques for accurate and temporally
frequent bathymetric mapping are still less mature than those already developed for the
emerged beach, such as shoreline position and foredune morphology (e.g., [3-8]). Tradi-
tional hydrographic survey methods (including single-beam and multibeam echosound-
ers) are costly, logistically demanding, and often constrained by navigational hazards in
very shallow water [9,10]. Airborne LiDAR bathymetry constitutes a substantial advance
in spatial coverage and vertical accuracy over traditional acoustic surveys; nevertheless,
its prohibitive operational cost and demanding logistical requirements render it largely
incompatible with the systematic, basin-scale monitoring that contemporary coastal man-
agement increasingly demands [11].

The use of freely available medium-resolution satellite imagery to characterize the
dynamics of coastal areas has reached a high level of maturity, although almost all of these
efforts have focused on studies of shoreline evolution, whether in applications for re-
gional-scale studies [7,8,12], for local studies of the impacts of major storms [5], or for
human interventions in the coastal system [6]. Satellite-Derived Bathymetry (SDB) has
emerged as a cost-effective and temporally flexible alternative for mapping water depth
in optically shallow coastal waters [13,14]. By exploiting the differential attenuation of so-
lar radiation at various wavelengths as it propagates through the water column and re-
flects from the seabed, multispectral satellite imagery can be used to retrieve bottom depth
over large areas and at high revisit frequency [15]. Since the pioneering works of Lyzenga
[16], SDB techniques have been progressively refined and applied to a growing range of
coastal environments worldwide, benefiting from the increasing availability of medium-
and high-resolution satellite missions such as Landsat, WorldView, PlanetScope, VEN S,
and Sentinel-2 (e.g., [17-21]).

Certainly, obtaining bathymetries derived from satellite imagery does not allow the
level of accuracy that can currently be achieved with more traditional techniques or with
LiDAR. Nevertheless, thanks to the frequency with which optical imagery is available
[22], it is to be expected that they will yield results with sufficient precision to detect the
position and displacement of submerged bars, as well as some of the most significant
changes that may occur in the submerged profile of a beach. In this context, recent frame-
works have successfully demonstrated that long-term satellite observations can track
nearshore bar dynamics and morphodynamic beach states by analyzing wave-breaking
patterns directly from optical imagery [21,23]. At present, however, it is not easy to take
advantage of all the images, or even most of them [24]. Many of them present features
(changes in water color, foam, suspended sediment, high turbidity, etc.) that hinder their
use for deriving depths, representing a significant limitation on one of the main attractions
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associated with the use of these images. For that reason, some authors have proposed not
using a sole image from a specific date as a source of reflectance information, but rather a
composite created from several images recorded over a relatively short period [13,25,26].
Advancing methodologies that expand the number of usable images would therefore be
a significant step forward in making optical imagery more useful for monitoring sub-
merged near-shore morphologies.

SDB methods can broadly be classified into physics-based and empirical approaches.
Focusing on empirical methods, they rely on establishing statistical relationships between
spectral reflectance and known water depth values through regression analysis, offering
operational simplicity and benefiting from site-specific calibration. Among empirical ap-
proaches, the log-linear model suggested by Lyzenga [16] and especially the band ratio
method proposed by Stumpf et al. [15] have become widely adopted reference techniques
due to their robustness (Equation (1)).

In(m- Ry piue)

. In (Tl : Rw greenor red)

Z=a +b (1)

Equation (1): Stumpf Method.

Where Rw is the water reflectance (dimensionless) usually from the RGB bands; a and
b stand for slope and intercept, respectively; n is an arbitrary number, which, for values
between 500 and 1500, was assessed in [15] as presenting a Root Mean Square Error
(RMSE) lower than 40 cm up to depths over 20 m for the study case by Lubin et al. [27] in
a coral sandy area.

The literature usually fixes n at 1000 [13,15], arguing that this value keeps both loga-
rithms positive under all conditions and yields a linear response. Since reflectance theo-
retically takes values in the interval (0, 1), the function In(n - Rv) would be negative for a
small n; setting n = 1000 ensures that n - Rw > 1, so both numerator and denominator are
positive and the ratio is well-defined. However, even when the argument of the logarithm
is smaller than 1 (and both terms therefore become negative), the quotient itself remains
positive, since a negative numerator is divided by a negative denominator.

As an essential parameter, n could be optimized to other positive values, or at least
its behavior should be explored. However, very few related studies have addressed this
issue. Some site-specific studies have analyzed this possibility of improvement (e.g., [28])
or applied different n values such as n=10,000 (e.g., [29]) or n =100 (e.g., [30]). Neverthe-
less, no analysis of n for different oceanographical or morphological conditions is availa-
ble in the literature. Taking this into account, there is a scientific gap in the application of
empirical approaches for deriving SDBs, and it is necessary to shed some light on a possi-
ble optimization of the n parameter depending on local conditions. This optimization
would improve the explicability of the SDB models, as it enhances the ability to explain
and characterize the underlying physical phenomena.

To simplify the determination of the optimal n value, this study focuses exclusively
on Sentinel-2 imagery and the blue-green ratio combination. This choice aligns with the
previous literature [31] as these data offer a 10 m spatial resolution suited to the scale of
the analyzed features, alongside a high temporal frequency that maximizes the probabil-
ity of acquiring useful imagery.

This study aims to optimize the Stumpf model by evaluating how SDB errors vary
with n across 31 bathymetric scenarios under diverse morphological and oceanographic
conditions. From these tests, a generalized ready-to-use n value is proposed, and the local
conditioning factors and their correlation with water conditions are analyzed to better un-
derstand the model’s behavior. Furthermore, the correlation between the improvements
achieved over the conventional n = 1000 value and the local water conditions is analyzed
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to assess SDB extraction across different coastal environments. The wide range of condi-
tions analyzed avoids conclusions drawn solely from local areas.

2. Methodology

The strategy proposed here is to build SDB models at sites representing a large di-
versity of hydrological and physical characteristics. For each site, the optimal n value is
determined, and the causes of variation from the conventional n = 1000 value are identi-
fied. This makes it possible to determine whether there is a universal n value that can be
applied across all sites, or if site-specific conditions require calibrations.

To sum up, the methodology of this work follows three main steps (Figure 1): (1)
image selection and preprocessing, (2) SDB retrieval and optimization of the n parameter,
and (3) the analysis of the relationship between water quality and error results.

1 Image selection and preprocessing \ 2 SDB retrieval and optimization of n parameter 3 Water quality assessment
Se[:gnwé:lgaf 10 Process with Brute force: Test Compare results: Relationship between water quality and
) ACOLITE multiple n values n=1000 error results
images n=1
¢ ¢ n=optimum q
n=average A
n=median

|

Water quality ] [Oplimizaﬁon ofn

Assessment on water quality}

products parmeter

Figure 1. Workflow divided into three phases: (1) image selection and preprocessing, (2) SDB re-

trieval and n parameter optimization, and (3) water quality assessment.

2.1. Test Sites

The selection of the test sites (Figure 2) was determined by: (a) the availability of
recent, accurate bathymetries obtained through field campaigns by official bodies (in most
of the cases for coastal monitoring purposes) and (b) the geographical distribution of the
sites covering a wide range of coastal types, allowing us to evaluate the model’s perfor-
mance under contrasting and highly diverse environmental conditions. In order to do so,
31 scenarios distributed on 18 sites have been analyzed. These sites (Figure 2, Table 1)
encompass both US coasts, the Great Lakes and diverse European coasts (Ireland, north-
ern and eastern Spain). Regarding tidal level, no correction has been made; as the models
trained here are instantaneous to a specific water level, it is not required to apply any
offset correction. For specific details of each study site, the reader is referred to Tables 1
and 2, which include information about the provider of bathymetry as well as further
morphological and water quality information.

Regarding the morphological and hydrodynamic conditions of the test sites, most of
the studied beaches are located on coastal barriers adjacent to lagoons or near river outlets.
For the USA sites, raster bathymetric datasets were downloaded from the Elevation Da-
tasets of the National Oceanic and Atmospheric Administration Digital Coast [32].
Twelvemile Beach, located on the coast of Lake Superior, features a small creek that dis-
charges into this lake, occasionally altering water coloration [33]. The North Carolina sites
are situated around Pamlico Sound but with different characteristics. While Duck and
Nags Head are located on the seaward side of the barrier island, Hatteras Inlet sits directly
exposed to the inlet’s mouth. The tidal ebb from the lagoon induces higher turbidity and
chlorophyll-a concentrations at this site; indeed, it displays the highest chlorophyll levels
in this study (Table 2). Lastly, Diamond Shoals is a shallow sandbank extending over 10
km off Cape Hatteras. This is the only site where a single bathymetric dataset was evalu-
ated under two distinct scenarios using different satellite images but the same reference
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bathymetry. These images, acquired 20 days apart, capture nearly identical morphological
states but contrasting water qualities: the earlier imagery exhibits a prominent blue hue,
whereas the latter is clearly influenced by greener waters outflowing from the lagoon (Ta-
ble 2). Figure 3 illustrates these differences using an RGB composition and also shows
other water quality parameters, such as chlorophyll and hue angle, which better represent
the water quality differences.
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Sites 3-6
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Figure 2. Study sites. The left panel shows the study sites within the USA, with an inset in the upper-
middle panel zooming in on North Carolina. The right panel displays the European sites, with an

inset in the lower-middle panel focusing on the north-western Mediterranean coast.

Table 1. Overview of study site characteristics.

ID Site Region/Country  Coastal Setting Tidal Regime
. Michigan (Lake = Great Lakes shoreline with a small creek discharging Microtidal
1  Twelvemile Beach . . . . .
Superior), USA into the lake, occasionally altering water coloration. (<0.05 m)
Santa Barbara, . . Mesotidal
2 More Mesa Beach California, USA USA Pacific coast. Sandy beach backed by a coastal cliff. (~2.5 m)
North Carolina L
3 Duck Southern (Pamlico Sound), USA Atlantic coast. Seaward side of the barrier island. Microtidal
Shores (~1.3 m)
USA
North Carolina Microtidal
4  Nags Head (Pamlico Sound), USA Atlantic coast. Seaward side of the barrier island.
(~1.3 m)
USA
. North Carolina USA Atlantic coast. Shallow sandbank extending over 10 Microtidal
5 Diamond Shoals  (Cape Hatteras),
km off Cape Hatteras. (~1.3m)
USA
North Carolina ~ USA Atlantic coast. Directly exposed to the inlet’s Microtidal
6  Hatteras Inlet (Pamlico Sound), mouth; tidal ebb from the lagoon increases turbidity and
(~1.3m)
USA chlorophyll-a.
Irish Atlantic coast. Ballytaige Bay: dune system backed
7 K11m011e Quay and Wexford, Ireland by an inland r.narshy area. K¥lmore Quay: partlal.ly sle- Macrotidal
Ballytaige Bay merged moraine forming a linear feature extending into (~3.5 m)
the sea.
8 El Puntal interior Cantabria, Spain Spanish Atlantic coast. 4-km sandy spit at the entrance =~ Macrotidal

and exterior

of Santander Bay, divided into inner and outer sections. (~3.8 m)

Girona (Gulf of

Spanish Mediterranean coast. Adjacent to a wetland sys- Microtidal

9  Sant Pere Pescador

Roses), Spain tem near the mouth of the Fluvia river. (~0.2m)
La Barceloneta and . Spanish Mediterranean coast. Fronts the Barcelona met- Microtidal
10 Barcelona, Spain )
Badalona ropolitan area. (~0.2 m)
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Spanish Mediterranean coast. Comprehends the Llobre- .= .
. . . . . Microtidal
11 Llobregat Barcelona, Spain  gat river delta, fronting a marshy environment with (0.2 m)
. ~0.2m
strong anthropogenic influence.
. . . Microtidal
12 Gava Barcelona, Spain  Beach placed in the southern part of the Llobregat delta. (0.2 m)
~0.2m
Peninsula del . Spanish Mediterranean coast. Ebro delta, near the river Microtidal
13 Tarragona, Spain . .
Fangar mouth; high water clarity. (~0.2 m)
, . . Spanish Mediterranean coast. Ebro Delta, near the river Microtidal
14 L’Eucaliptus Tarragona, Spain . .
mouth; high water clarity. (~0.2m)
15 M Mallorca (Balearic Spanish Mediterranean coast. Clear waters, white sand Microtidal
uro .
Islands), Spain and seagrass meadows. (~0.2 m)
. Mallorca (Balearic Spanish Mediterranean coast. Clear waters, white sand  Microtidal
16 Cala Millor .
Islands), Spain and seagrass meadows. (~0.2m)
s L. . . . Microtidal
17 L’Almarda Valencia, Spain ~ Spanish Mediterranean coast. Coarse gravel beach. (0.2 m)
~0.2m
Spanish Mediterranean coast. Barrier beach protecting Microtidal
< . , . . icrotida
18 El Saler Valencia, Spain the L’ Albufera de Valencia lagoon; influenced by the (0.2 m)
i s . ~0.2m
Ttria river mouth and the lagoon inlets.
Table 2. Summary of studied sites and scenarios, including the pairs of bathymetry data and S2
imagery employed in the analysis, alongside their associated water quality parameters (Chl, hue,
zSD...). Note: Currently, ACOLITE algorithms do not support Secchi disk depth retrieval for Senti-
nel-2C, which may lead to data gaps for scenario 18, image date 24 April 2025.
Sce- Beach Area Date of Provider’s S2 Date of Turbidity Chl-a Hue Angle z SD TSI TS
nario (km?) Bathymetry Bathymetry Grid S2Image (NTU) (ug/L) (°) (m)
Twelvemile From 10 June 2019 to 21 15 June
1 Beach 2.07 August 2019 NOAA 16TES 2019 07+04 70+15 113.0+78 47+06 44 M
More Mesa From 19 June 2015 to 29 14 Novem-
2 Beach 0.35 September 2015 NOAA 11SKU ber 2015 1.7+03 1.1+0.1 1934+39 73+04 31 O-M
Duck South- From 24 August 2018 to 6 August
3 orn Shores 1.58 28 August 2018 NOAA 18SVE 2018 43+05 36+06 1347+71 38+03 42 M
From 24 August 2018 to 6 August
4 Nags Head 1.86 28 August 2018 NOAA 18SVE 2018 40+05 40+0.6 128.1+10.8 3.8+x04 42 M
From 2 October 2018 to 3 October
5 Hatteras Inlet 5.86 15 October 2018 NOAA 18SVE 2018 51+£09 106+3.0 753+5.7 21+04 51 E
Diamond From 24 August 2018 to 6 August
6.1 Shoals 493 28 August 2018 NOAA 18SVE 2018 3.0+0.6 24+05 1602+74 46+05 39 O-M
Diamond From 24 August 2018 to 26 August
6.2 Shoals 493 28 August 2018 NOAA 18SVE 2018 23+04 39+1.1 133.6+13.0 4405 42 M
7.1 Ballytaige Bay 1.91 2017-2018 GSland MII  29UPT 282(1]\;[;}’ 28+05 29+04 150.1+80 48+04 39 O-M
7.2 Kilmore Quay 2.61 2017-2018 GSland MII  29UPT 282(1]\;[;}’ 24+03 12+03 1916+84 6.6+0.5 33 O-M
gy [funtalexte- o, April 2024 IHC sorve  20APHL 13406 3209 15024163 6010 39 OM
rior 2024
o . 20 April
8.2 Puntal interior  0.35 April 2024 IHC 30TVP 2024 1.0+0.6 29+06 155.0+74 63+13 37 O-M
g SamtPerePes ., 2021-2024 ICGC  3I1TEG CAUEUS' 03.03 33405 1557465 6004 38 OM
cador 2022
7 April
10.1 Badalona 1.35 May 2023 AMB 31TDF 2023 2612 38+0.7 141.6+11.0 40+05 42 M
7 April
10.2  Barceloneta 0.29 May 2023 AMB 31TDF 2023 20+£09 32+08 155.7+17.7 49+0.7 40 O-M
111 Llobregat  2.18 2021-2024 ICGC ~ 31TDF ];E;;‘ry 46+06 1503 1819%71 49:04 36 OM
12 April
11.2 Llobregat 2.14 May 2023 AMB 31TDF 2023 23+05 21+04 1672+57 53+04 37 O-M
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12 April
12.1 Gava 1.77 May 2023 AMB 31TDF 202}’3“ 18+04 20+03 1685+47 57+04 36 O-M
t -
122 Gava 1.79 2021-2024 ICGC  31TDF 9bi'ip2§;; 17+14 18+03 1752+68 58+05 35 O-M
13 Peninsuladel oo 2021-2024 ICGC sarcr T 907 48415 12934114 47405 42 M
Fangar 2022
16 Jul
14  L'Bucaliptus  3.08 2021-2024 ICGC  31TCF g g‘;zy 19+0.6 3.6+09 1468+125 50+0.6 40 O-M
15 Muro 0.20 21 March 2023 SOCIB  31TDF 2 ;\g;;Ch 27+07 30+02 141599 38+06 41 M
. 10 April
161 CalaMillor 048 15 March 2017 socB  31TDF P 28213 16503 16922164 4013 38 O-M
. 19 Novem-
162 CalaMillor 036 1 November 2017 SOCB  BITDF |, V"7 45209 16503 169.5:10.4 39207 38 O-M
. 25 October
163 CalaMillor  0.44 23 October 2018 SOCIB  BITDF =% 34209 21504 15762150 4310 39 O-M
. 20 May
164 CalaMillor 038 20 May 2019 SOCIB  BITDF  ° 'Y 34212 19505 16492172 4110 39 O-M
, . 28 August
171 L'Almarda 276 3 November 2020 DGCM  308y] BT 33507 22204 1663273 48204 38 OM
, N 26 Septem-
172 L’Almarda  0.09 28 November2024  CGAT (UPV) 308Y] ~ >F P 20203 18202 1765:34 55203 36 O-M
181  ElSaler 272 23 September 2018 DGCM  30SYJ Ziesfg;i?' 23+14 3.6+08 149.1+142 50+06 40 M
182  ElSaler 2.66 23 August 2023 DGCM  308y] 2 ;};gg“t 24+07 47+11 130.1+105 44+05 42 M
30 March
183  ElSaler 0.06 14 May 2024 CGAT(UPV) 308Y] ~ ~" 37203 22202 1618539 43202 39 OM
24 April
184  ElSaler 0.02 30 June 2025 CGAT(UPV) 308Y] P 17205 31204 69261 — - -

In Europe, the Irish study sites accessed via the INFOMAR viewer [34] are located
along the South Wexford Coast, which experiences an expected macro-tidal range of 3.5
m. Ballytaige Bay features a dune system backed by an inland marshy area. Nearby, Kil-
more Quay presents a distinct coastal morphology due to a partially submerged moraine
that forms a linear feature extending into the sea.

For the Spanish northern coast, El Puntal is a 4 km sandy spit at the entrance of San-
tander Bay formed by the interaction of estuarine and marine dynamics with a tidal range
around 3.8 m. Because of its different water conditions, this site has been divided into the
inner and outer parts of the spit. These data have been obtained by the Environmental
Hydraulics Institute of Cantabria (IHC).

For the Mediterranean Sea, the tide range is around 20 cm. This region includes 10
sites, most of which are sandy beaches, except for I’Almarda beach. Almost all of them
present very clear waters; however, turbid examples also occur, some strongly affected by
chlorophyll-rich inputs from the adjacent coastal lagoons, as occurs at Saler beach. The
reference bathymetry for these sites was obtained from publicly available datasets of the
Institut Cartografic i Geologic de Catalunya [35] and the Barcelona Metropolitan Area
[36], except for the case of sites 17 (I’Almarda) and 18 (El Saler), for which bathymetries
were acquired by the Spanish General Directorate of Coast and Sea or directly by the au-
thors.

https://doi.org/10.3390/rs18152613


https://doi.org/10.3390/rs18152613

Remote Sens. 2026, 18, 2613 8 of 27

RGB - 2018-08-06 RGB - 2018-08-26

6
Chl-a (mg m~3) - 2018-08-06 Chl-a (mg m~3) - 2018-08-26

5 5
4 4
3 - 3
S0
2 ‘% 2
1 1
L 1o L 1o
350
300
250
200
150
100
50 S L so
0 0

Figure 3. Comparison between two near dates with different water conditions in the study site of
Diamond Shoals (red polygon).

2.2. Image Selection and Preprocessing

To pursue the objective of empirically improving the n parameter for multiple sites,
suitable and close-in-time Sentinel-2 images were manually selected for each analyzed
bathymetry (see Table 2). To be considered suitable, satellite scenes must meet strict qual-
ity criteria: they must be completely cloud-free in the study zone (including cirrus) and
free of breaking waves and foam presence in the surf zone. Additionally, images are ex-
cluded if they contain floating obstacles (e.g., macroalgae, boats, and wakes), severe sun
glint or high turbidity driven by sediment transport.

The image product L1C of the Sentinel-2 satellite has been downloaded from the Co-
pernicus Data Space Ecosystem, as shown in Table 2. As SDBs require very accurate re-
flectance signals, the ACOLITE tool v20260421 [37], which has been developed for marine
remote sensing applications, was employed for the correction of the atmospheric effects.
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To ensure the reproducibility of the results, the default configuration was modified
as follows. All intermediate NetCDF products (L1R, L2R and L2W) were set to be deleted
after processing to reduce disk and memory usage, and the output resolution was fixed at
10 m so that every spectral band was resampled to a common pixel size. For atmospheric
correction, dark spectrum fitting (DSF) was configured in tiled mode, and a default resid-
ual glint correction was applied over the 1500-2400 nm wavelength range. The built-in
land mask was disabled, as this process was applied later within the SDB retrieval work-
flow. The L2W parameters extracted from each scene included the full set of water-leaving
reflectance, turbidity, chlorophyll-a, Secchi disk depth and hue angle, which together sup-
port both the SDB computation and the subsequent water quality assessment. Finally, an
RGB composite was exported as a GeoTIFF for visualization purposes.

2.3. SDB Retrieval and Optimization of n Parameter

In this study, several places with different water conditions have been chosen to val-
idate our results. Table 2 shows the list of studied places, their bathymetry, the approxi-
mate studied area, and their corresponding Sentinel-2 image.

As water quality determines the transparency of the water column and, therefore, the
applicability of SDB methods, we retrieved several water quality parameters: water tur-
bidity (also referred to as TUR) and chlorophyll-a concentration (also referred to as
chl_oc3). These parameters have been chosen over other ones due to their key importance
for water quality mapping [38]. To calculate them, we used the built-in option in ACO-
LITE software to obtain the chlorophyll index and the turbidity implemented by Vanhel-
lemont and Ruddick [37], following Nechad et al. [39]. Secondly, the hue angle [40,41] and
the Secchi disk depth implemented by [37] were also retrieved.

The analysis focuses on the nearshore, i.e., the zone of the coast affected by wave
action. The depth of the study areas was restricted to an upper limit of -0.5 m in order to
minimize land-water mixed pixels in the satellite images, as well as to reduce radiometric
disturbances associated with foam in the wave-breaking zone. Regarding the lower limit,
it is defined by the closure depth of each site, which depends on the local wave climate.
Since our primary interest lies in the most dynamic part of the profile, this lower limit was
fixed at -6 m [2,42]. Some sites might have a deeper closure depth, but this threshold is
probably enough to capture the gross of the sediment transport. Also, the errors on SDBs
might be higher than the bathymetric changes. Furthermore, this procedure standardizes
the input datasets, as several reference bathymetries do not extend into deeper waters.

As previously mentioned, the value is usually defined as n=1000, with the argument
that both logarithms will be positive in all conditions and get a linear response from the
data. However, this scaling is a numerical convenience rather than a physical requirement.
For Rvw € (0, 1), In(n* Rw) only changes sign; changing the value of “n” does not alter the
sensitivity of the function In(n- Rv) with respect to Rw, since it only shifts it vertically and
only affects the numerical scale of the values. The derivative d[In(n* Rw)]/d Rw =1/ Rw is
independent of n, so any positive n preserves the same sensitivity of the logarithm to
depth. The limiting case n =1 is therefore included in the analysis as the unscaled, param-
eter-free form of the model: although In(Rw) becomes negative throughout (0, 1), the quo-
tient In(Ruwbive)/In(Rwgreen) remains positive (negative divided by negative) and well-defined
as long as neither logarithm equals zero (i.e., Rv # 1). Since n =1 already works correctly
and does not introduce arbitrary parameters, any choice of n > 1 should demonstrate a
real improvement. Otherwise, the most parsimonious option is to keep n = 1. The choice
of values for n > 1 in Equation (1) may lead to two mathematical instabilities in the quo-
tients of logarithms. First, a number/0 undefined value, and second, a 0/0 indeterminate
form. These instabilities are inherent to the method, and the model will not be able to
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predict in these situations. Nonetheless, it is possible to analyze them and avoid these
voids of prediction capacity.

Both instabilities restrict the explanatory capacity of the model. To understand why
these instabilities appear, it is important to see it geometrically: With the logarithm, the
exponential attenuation of radiation is linearized, and as the value of n changes, the loga-
rithm of the water reflectance shifts towards line Y = 0. When the R« values with In(n- Rw)
=0 are within the range related to our working depth values (from 0.5 to —6 m), instability
occurs, and numerical problems arise. As green and blue bands exhibit different attenua-
tion properties, their linearized representations intersect, introducing mathematical insta-
bilities near this intersection point. The undefined division by zero occurs when the de-
nominator is zero: the anti-logarithm equals 1, and the quotient diverges towards +o. The
same condition arises for the logarithm in the numerator (blue band) and might produce
a 0/0 indetermination, but the most restrictive instability is the division by zero, caused
by the green band (Equation (2)).

In practice, our models do not produce exact divergences: because the radiometric
and bathymetric data carry errors and dispersion, the instability manifests as a marked
increase in scatter and non-linearity. The transition is gradual: first, a few points exert
leverage on the linear regression as the green logarithm bends the point cloud; then, a
fully unpredictable region appears (red zone in the Results, Figure 4); and finally, linearity
is recovered, but with the opposite sign. As Equation (2) shows, the unstable value of n is
the inverse of the green reflectance, and nearby values also yield poor fits because the
quotient is no longer linear. These effects are analyzed in more detail in the Sections 3 and

4.
1

1n(RW green Tl) =0-Ry green-n=1->n=

@)

To characterize these instabilities, two complementary approaches were used: an an-

Ry green

alytical (theoretical) derivation and a numerical (empirical) optimization. From the ana-
lytical standpoint, as has been mentioned, the instability begins and ends with the green
logarithm (since green attenuates at shallower depths, it has a steeper slope when it is
linearized): so the lower bound of the instability interval is the inverse of the maximum
green reflectance, and the upper bound is the inverse of the minimum green reflectance
(Equation (3)).

1 1

Unstable interval: ,— 3)
max RW green MIN RW green

On the other hand, the numerical optimization tests every value of n within a given
range and selects the optimal parameter as the one yielding the lowest RMSE or the high-
est R? (as happens in our study sites). The instability interval has been defined operation-
ally in this study as follows: it begins at the first n value for which R? falls to 0.1 or below
and ends at the last n value for which R? remains below 0.1. The optimum n for each sce-
nario was then identified automatically. Improvements in RMSE and R? are defined by
Equations (4) and (5):

RMSEreference - RMSEto compare

Improvement of RMSE (%) = RMSE
reference

-100 (4)

Zto compare — Rzreference

Improvement R2 (%) = -100 (5)

R Zreference

In the results shown here, the RMSE and R2 values obtained with n = 1000 were con-
sidered the reference values and compared against alternative configurations, including
the site-specific optimum n and the parameter-free case n =1, which serves as the natural
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lower bound and the simplest form of the log-ratio model (see argument above). More
descriptors like median or average were analyzed further in the following paragraphs.

1.4 —— RMSE
Y% Optimum RMSE: 0.405 0.81
1] RMSE (n=1): 0.450
’ RMSE (n=1000): 0.570
0.6 1
1.0
o~
[
0.8 0.41
— RZ
0.61 021 4 Optimum R2: 0.921
R? (n=1): 0.902
I — f iy .
0.4- 0.0{ #* R2(n=1000):0.842
107t 10° 102 103 104 107! 10° 10! 102 103 104
n values (adim.) n values (adim.)

Figure 4. Regression performance (RMSE and R?) across a continuous range of n values at I'Euca-

liptus Beach (E Spain, scenario 14).

The numerical optimization was performed by brute force, testing every value of n
from 0.1 to 10,000 in steps of 0.1; the value yielding the lowest RMSE (or, equivalently, the
highest R?) was taken as the optimum for each scenario. The Stumpf method was applied
using Sentinel-2 Band 3 (green, 560 nm) as the denominator and Band 2 (blue, 490 nm) as
the numerator of the logarithmic ratio. For every tested n, a linear regression was fitted
between the resulting band ratio and the co-registered in situ depths within the defined
depth range (-0.5 m to —6 m), yielding site-specific coefficients a (slope) and b (intercept).
Model performance was assessed through RMSE (in meters) and R?, with the optimal n
defined as that minimizing the RMSE.

To provide practically applicable reference values that do not require site-specific
tuning, several summary statistics of the distribution of optimum n values were com-
puted: the global mean and median, and the mean and median restricted to a subset of
cases (the restriction is described in Section 3, where better performance is reported for
this subset). These reference values were then applied uniformly across all study cases to
assess their generalization against both the site-specific optimum and n = 1000.

2.4. Water Quality Assessment

To categorize the water types of the study sites, Table 2 summarizes the mean (u)
and standard deviation (o) of the chlorophyll, turbidity, hue angle and Secchi disk depth
parameters. These indicators were computed between -4 m and —6 m to minimize near-
shore artifacts such as wave breaking, foam and seabed reflectance.

Because these products/indices were originally developed for offshore (optically
deep) waters, their values in shallow coastal environments may be partially affected and
biased by bottom (seabed reflectance) contributions [43,44]. Consequently, they are used
here as qualitative descriptors rather than absolute measures. It is also important to
acknowledge that it is not possible to measure the water quality offshore to avoid seabed
reflectivity disruption because water quality varies especially from inshore to offshore.

Nonetheless, as an approximate way to classify the studied areas, some of these in-
dicators were combined (chl_oc3 and Secchi disk depth) to get the Trophic State Index,
TSI [45], defined in this case as appears on the North American Lake Management Society
[46]:

TSI(SD) = 60 — 14.41ln (SD) (6)
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TSI(CHL) = 9.81In (CHL) + 30.6 ()
TSI(CHL) + TSI(SD
TSI = ( )2 (5D) )

with CHL being the chlorophyll average and SD being the average Secchi disk depth.
Trophic state is classified according to TSI values as oligotrophic (TSI < 30), oligotrophic—-
mesotrophic (30 < TSI < 40), mesotrophic (40 < TSI < 50), or eutrophic (50 < TSI < 60). Under
this classification, the studied scenarios fall predominantly in the oligotrophic-meso-
trophic range (20 scenarios), followed by mesotrophic (9 scenarios) and a single eutrophic
case (1 scenario).

3. Results

The results presented here follow a three-step approach. Firstly, the original Stumpf
method (Equation (1)) is optimized and analyzed by determining the optimal multiplier
n through a brute-force search. Secondly, the best-fitting n values are generalized by spot-
ting statistical patterns in the results. Finally, the improvements are assessed in relation to
local oceanographic conditions.

3.1. Assessment of n Parameter: Optimum Value and Generalization

A systematic sensitivity analysis of the Stumpf method (Equation (1)) was performed
by testing values of n between 0.1 and 10,000 (0.1 step) for the blue/green band ratio. As
justified by the underlying physical and numerical behavior of the model (see Section 2.3),
n = 1 was integrated into this assessment to serve as the baseline configuration against
which any alternative choices of n > 1 must be evaluated.

A representative example of this analysis is shown in Figure 4, where the behavior of
the model is presented in a particular test site using RMSE and R? as goodness-of-fit met-
rics. In this example, the conventional configuration n = 1000 is marked with a green x-
cross, the baseline value n = 1 with an orange dot, and the optimal value with a red star.
The optimal value is automatically extracted by identifying the minimum (for RMSE) or
maximum (for R?) of the optimization function.

An analysis of the sensitivity plots across the diverse scenarios reveals the consistent
mathematical patterns of the functions. Firstly, the function typically displays two distinct
stable regions: two plateaus (left and right) are detected (green and yellow zones, respec-
tively), separated by a central unstable area (red shaded zone). While the particular values
defining the inflection points of the function may change, its general pattern is repeated
across all sites, making the position of the unstable area scenario-dependent. These two
plateaus contain the optimum values for all the study cases. However, the right plateau
does not always host the absolute optimum. In fact, for 26 of 31 analyzed scenarios, the
left plateau (LP) yields better results than the right one within the tested range of n. On
the other hand, the unstable noisy behavior observed in the central (red) area corresponds
to the numerical instabilities caused by the log-ratio quotient. These instabilities occur
when the antilogarithm composed of the green reflectance multiplied by n approaches
unity, causing the denominator to diverge towards zero, as has been mentioned (Equa-
tions (2) and (3)). In the example at I'Eucaliptus (Figure 4), optimizing this parameter shifts
the model away from this unstable zone, revealing that an optimal n = 7.60 outperforms
the conventional default n = 1000.

We have analyzed the differences between the RMSE considering n=1 and the RMSE
considering a fixed value of n =1000. The Shapiro-Wilk normality test indicates that these
differences do not follow a normal distribution (p-value = 0.0017), and thus we have ap-
plied the Wilcoxon signed-rank test (p-value < 0.001), indicating that the median of said
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differences is different from zero. On the other hand, the Shapiro-Wilk normality test for
the differences between R? (n = 1) and R? (n = 1000) obtains a p-value < 0.001, and the
Wilcoxon signed-rank test a p-value < 0.001, so the R? and RMSE values considering n =1
were statistically different from those obtained using n =1000. This last test also indicates
that R? (n = 1) is greater than R? (n = 1000) (p-value < 0.001) and the RMSE (n = 1) is less
than the conventional configuration RMSE (n = 1000) (p-value < 0.001).

To validate these findings globally, the predicted Satellite-Derived Bathymetries
(SDB) configured with alternative n values were compared against in situ reference data
across the full dataset (using Equations (4) and (5)). The resulting model performance met-
rics and their relative gains over the n = 1000 baseline are summarized in Table 3. The
results of the improvement reached with each n value with respect to n = 1000 show how
calibrating the model to its site-specific optimum increases the average R? from 0.70 + 0.23
to 0.84 £ 0.10, an absolute gain of +0.14 + 0.18. Simultaneously, RMSE decreases by 21.9 +
16.7%, equivalent to a vertical accuracy of 18 + 20 cm, dropping from 0.698 to 0.515 m.
When compared with the baseline, it can be observed that n =1 already outperforms n =
1000, so transitioning towards the optimum n only provides a marginal additional im-
provement: R? increases from 0.82 +0.12 to 0.84 = 0.10 (+0.02 in absolute terms), and RMSE
decreases by just 6.0 + 6.6%, equivalent to 4 + 4 cm. Comparing with the median of n values
that fell on the left plateau (n = 2.2), which represents the best single transferable parame-
ter across all study sites, R? reaches 0.83 + 0.11, only 0.02 below the per-site optimum,
while RMSE decreases by 16.8 +19.3% relative to n = 1000, equivalent to 15 + 20 cm.

Table 3. Average SDB model performance (R? and RMSE) across diverse n values, with percentage

of improvement relative to n = 1000.

n Setting n Value R?(Mean+SD) AR? AR? (%) RMSE (Mean £ SD) (m) ARMSE  ARMSE

(m) (%)

n =1000 1000 0.703 £ 0.232 — — 0.698 +0.254 — —
n=opt optimum 0.845 +0.103 +0.142  +20.2% 0.515+0.135 -0.184 -26.3%
n=1 1 0.822 +0.120 +0.118  +16.8% 0.551 £ 0.147 -0.147 -21.1%
n = mean 1045.2 0.704 £ 0.231 +0.001 +0.1% 0.697 £ 0.253 -0.001 -0.2%
n = median 3.0 0.816 + 0.108 +0.113  +16.0% 0.568 + 0.158 -0.130 -18.7%
n =mean (LP) 2.9 0.818 + 0.107 +0.115  +16.3% 0.564 +0.154 -0.134 -19.2%
n =median (LP) 2.2 0.827 +£0.109 +0.123  +17.5% 0.548 +0.143 -0.151 -21.6%

As outlined in Section 2.3, the instability interval has been characterized through two
complementary approaches (Figure 5): the theoretical interval, analytically derived from
Equation (3) (red bars); and the empirical interval, which is obtained numerically as de-
fined in Section 2.4 (blue bars).

In the scenarios of Twelvemile Beach (scenario 1) and Hatteras Inlet (4), the empirical
interval shows no upper bound within the tested range of n values: R? remains below 0.1
beyond the instability and fails to recover as n increases. These specific environments are
incompatible with the conventional n = 1000 setting, although they can still yield reason-
ably accurate SDB results when configured with other lower values of n.

By definition, the per-site optimum n values (marked with a red star in Figure 5) lie
outside the instability interval. The red star represents these optimum n values; for some
scenarios, it lies outside the plot range (truncated at n = 500 for visualization purposes).
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Figure 5. Theoretical (red) vs. empirical (blue) instabilities across all studied scenarios, identified by
site and S2 image date. The red star marks the optimum n value (truncated at n = 500 for visualiza-
tion). The small blue arrow indicates that the instability goes beyond n = 500.
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As the usage of the optimum n value for each scenario is not feasible, as it might be
unknown for new oceanographic conditions or sites, the generalization potential of these
parameters was evaluated. To address this limitation, optimum n values were generalized
using the results obtained across all analyzed scenarios. To do this, median and average
optimal n values have been calculated for all study scenarios as representative descriptor
parameters. Furthermore, as the optimum n value is usually on the left plateau of the
function, the median and average values have also been calculated for all the scenarios in
which the optimal n value is on the LP. All descriptors have been tested on all study sce-
narios (Tables 3 and 4). The best result is achieved with the median of n values that fell on
the left plateau, with an average R? value of 0.827 + 0.109 and RMSE of 0.548 + 0.143 m.
The LP median offers similar results to the LP average.

Considering the full set of scenarios (Figure 6), an ideal error distribution was defined
(n = n optimal), representing the target behavior to which the results obtained from the
proposed generalizations (i.e., employing n = 1, n = 1000, and n = median for the LP)
should converge. The distribution of RMSE results using the conventional n =1000 (green)
exhibits a wider spread of RMSE values, indicating clearly sub-optimal performance. By
contrast, n=1 and the median of the left plateau yield the nearest distributions to the ideal

results.
— n = 1000
2.5 1 = N="Ngpt
n=1
—— n = median (LP)
2.0
>
= 1.5 1
w
c
o]
(a]
1.0 1
0.5
0.0 / ‘ . . . . : .
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
RMSE (m)

Figure 6. Histogram errors (expressed as RMSE, in m) when employing diverse generalization ap-

proaches for defining n value across all scenarios.

To analyze these improvements in each scenario, Figure 7 compares the RMSE ob-
tained using the conventional n = 1000 (reference case) against the RMSE obtained using
n =nopt, N =1, and n =median LP. The green region represents an improvement relative to
the reference (ideal) result, the 1:1 line corresponds to an equal result, and the red area
refers to a worsening of the results. The first subplot of Figure 7 compares the results ob-
tained when using the n = optimum value, so no scenario showed a deterioration of the
results. The second and third subplots show the comparisons for n=1 and n=median LP,
respectively. Both approaches yield very similar results, with about 25 to 26 showing im-
provements or unchanged performance compared to only 5 to 6 that got worse results.
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Figure 7. Comparison between RMSE results obtained from the conventional n = 1000 vs. n optimal, n = 1, and n = median (LP). Green region below line 1:1

represents an improvement, while red region above the line reflects a deterioration in performance.

Table 4. Results for all studied scenarios. The median and mean LP values used were n=2.2 and n=2.9, respectively. Green cells represent improvements (positive

values) compared to n = 1000, while red cells represent deterioration in performance (negative values).

) s2 N nmed navg  RMSE RMSE RMSE RMSE RMSE RMSE RMSE % imp. % imp. %o imp.
Scenario Beach Date opt (LP) (LP) n = 1000 n=opt n=1 n=med n=avg n=medLP n=avgLP opt n=1 med LP
vs. 1000 vs. 1000 vs. 1000

1 Twelvemile Beach  15June2019 54 2.2 31 1.38 0.46 0.66 0.51 1.38 0.56 0.52

2 More Mesa Beach 14 November 2015 0.1 22 3.1 0.50 0.49 0.50 0.51 0.50 0.50 0.51 +1.2% +0.3% ~0.7%
3 Ducgfg’r‘itshem 6 August2018 1.8 22 3.1 0.55 0.39 0.40 0.41 0.55 0.39 0.40 +28.8% +28.2% +28.6%
4 Nags Head 6 August2018 37 22 31 1.02 0.61 0.66 0.61 1.01 0.63 0.61 +40.3% +34.8% +38.4%
5 Hatteras Inlet 3 October 2018 3.3 22 31 0.87 0.60 0.68 0.61 0.87 0.63 0.61 +30.6% +21.5% +27.2%
6.1 Diamond Shoals 6 August2018 2.0 22 31 0.52 0.44 0.44 0.46 0.52 0.44 0.46 +15.7% +14.6% +15.6%
6.2 Diamond Shoals 26 August2018 3.4 22 31 0.72 0.49 0.56 0.49 0.72 0.52 0.50 +32.1% +23.2% +28.4%
7 Ballytaige Bay 28 May 2018 7.6 2.2 3.1 0.69 045 0.53 0.49 0.69 0.50 0.49 +34.9% +23.9% +27.2%

7 Kilmore Quay 28 May 2018 21487 22 31 0.80 0.80 0.82 0.84 0.80 0.83 0.84 +0.0% —3.4% -4.7%
8 Puntal exterior 20 April2024 83 22 3.1 1.11 0.72 0.81 0.76 1.10 0.78 0.77 +35.2% +26.6% +29.3%
8 Puntal interior 20 April 2024 22 22 31 0.92 0.81 0.81 0.81 0.92 0.81 0.81 +12.0% +11.8% +12.0%
9 Sant Pere Pescador 30 August2022 1.6 2.2 3.1 0.46 0.36 0.36 0.36 0.46 0.36 0.36 +22.4% +22.2% +22.2%
10.1 Badalona 7 April 2023 24 2.2 3.1 0.90 0.72 0.74 0.74 0.90 0.72 0.74 +19.8% +17.6% +19.8%
102 Barceloneta 7 April 2023 22 22 31 0.85 0.57 0.59 0.59 0.85 0.57 0.58 +33.0% +30.9% +33.0%
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111 Llobregat 7January 2023 1763 22 31 0.55 0.55 0.59 0.65 0.55 0.62 0.64 +0.3% —7.2% -11.7%
112 Llobregat 12 April 2023 02 22 31 041 0.39 0.39 0.41 0.41 0.40 041 +5.5% +4.8% +2.7%
121 Gava 12 April 2023 08 22 31 0.42 0.35 0.35 0.38 0.42 0.36 0.38 +17.2% +17.1% +14.6%
122 Gava 9 September 2023 10,0000 2.2 31 0.35 0.35 0.37 0.40 0.35 0.38 0.40 +1.3% -3.8% —8.4%

13 Pe“;;‘:;zdel 16 July 2022 7.4 2.2 31 0.84 0.57 0.64 0.60 0.83 0.61 0.60 +32.4% +23.8% +26.6%

14 Eucaliptus 16July202 76 22 31 0.57 0.40 0.45 0.43 0.57 0.44 0.43 +29.0% +21.1% +23.7%

15 Muro 25March2023 1.2 22 31 0.80 0.49 0.49 0.81 0.79 0.52 0.75 +38.1% +38.0% +34.1%
16.1 Cala Millor 10 April 2017 10,0000 2.2 31 0.59 0.57 0.62 0.80 0.58 0.69 0.79 +2.3% —6.3% -
162 Cala Millor 19 November 2017 10,000.0 2.2 31 0.51 0.51 0.56 0.72 0.51 0.63 0.71 +1.2% —9.3%

163 CalaMillor  25October 2018 0.8 22 31 0.91 0.68 0.68 0.78 0.91 0.71 0.77 +25.3% +25.2% +21.6%
164 Cala Millor 20 May 2019 02 22 31 0.65 0.58 0.59 0.70 0.64 0.63 0.69 +10.7% +9.1% +2.6%
17.1 I'Almarda 28 August 2020 3.0 22 31 0.68 0.56 0.58 0.56 0.68 0.57 0.56 +16.6% +14.2% +16.1%
172 I'Almarda 26 September 2024 0.1 22 31 0.29 0.27 0.28 0.31 0.29 0.29 0.31 +7.0% +5.1% +0.3%
18.1 Saler 23 September 2018 4.3 22 3.1 1.07 0.47 0.56 0.48 1.07 0.51 0.48
182 Saler 23 August 2023 3.7 22 31 0.85 0.55 0.60 0.55 0.85 0.57 0.55 +34.9% +29.8% +33.2%
183 Saler 30 March2024 0.1 22 31 0.44 0.40 041 0.48 0.44 0.44 0.47 +8.8% +6.7% +0.6%
184 Saler 24 April 2025 2.1 22 31 0.44 0.35 0.36 0.36 0.44 0.35 0.36 +18.9% +18.4% +18.9%
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3.2. Assessment of Water Quality

To identify relationships between the results and the water quality parameters, an
extensive analysis was carried out. Spearman’s correlation coefficient was used because
the n = optimal results showed clearly non-normal distribution, including outliers, and
were not expected to exhibit strictly linear relationships. Figure 8 shows the Spearman’s
correlation matrix between all the water quality parameters studied (rows) and the RMSE
results obtained with different n values, as well as the corresponding improvements com-
pared to n=1000 results. As first impressions, turbidity and Secchi depth showed no cor-
relation with any of the performance metrics. In contrast, hue angle, chlorophyll-a and the
Trophic State Index (TSI) exhibited the highest correlations, not in the results themselves
but in the improvement relative to n = 1000 instead. This has interesting applications be-
cause, as Figure 8 shows, with previous knowledge of the water quality parameters of-
fered by ACOLITE, an approximate improvement with respect to n = 1000 could be esti-
mated.

The hue angle and Chl-a exhibited a strong but inverse relationship. This behavior
can be explained by the fact that increasing Chl-a concentrations are generally associated
with lower hue angle values, and vice versa. Finally, the TS index, as a combination of the
Chl-a (highly related) and the Secchi disk depth (poorly related), has slightly inferior cor-
relation.

Regarding the collinearity between variables, Table 5 shows some statistically signif-
icant multiple linear regression models for predicting RMSE and R? using a stepwise pro-
cedure to select statistically significant water quality parameters as predictors and a vari-
ance inflation factor (VIF) below 10.

The RMSE model, considering a fixed value of n = 1000, has moderate predictive ca-
pacity (adjusted R? of 39.60%) using TSI and hue angle (°) as predictors. However, the
percentage improvement in RMSE using the optimal n compared to n = 1000 can be pre-
dicted with these same independent variables with a good fit (adjusted R? jumps to
64.86%), indicating that the model is quite robust in predicting where and by how much
the error will be reduced. The negative coefficients of the model indicate that the higher
the TSI (more eutrophic/turbid waters) and the larger the hue angle, the lower the per-
centage improvement achieved with optimization.
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Figure 8. Spearman correlation matrix of results and water quality parameters. The asterisk (*) sym-

bol indicates correlations significantly different from zero with at least a 95% confidence level.
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Whether using n = 1000 or the mean of the optimal n LP values, the variation of R? in
different scenarios can be predicted using Chlorophyll-a (Chl-a) as a predictor with high
explanatory power. The chlorophyll-a concentration alone is able to explain almost 70%
of the variance in the fit of the analyzed system, indicating that the presence of more chlo-
rophyll worsens the fit of the bathymetry estimates with both values of n.

Table 5. Statistics of multivariate linear models for some RMSE and R? results using water quality

parameters as predictors and a stepwise procedure.

Dependent
Variable Formula Coefficient p Value Adj-R2% RMSE MAE VIF
(Units)
Intercept 0.82891 0.0004 -
RMSEn=1
(nll/)IS n=1000 TSI 0.014994 0.0408 39.60% 0.1972 m 0.1656 m  8.49
Hue angle (°) 0.002125 0.0002 8.49
. Intercept 239.956 0.0000 -
SNfE li‘(‘)ggo(‘(f/') TSI ~2.64093 00019  64.86%  10.094%  6.823% 198
pLVvs. °’ Hue angle (°) -0.774202 0.0000 1.98
Intercept 1.02631 0.0000 -
2n= 00 . .
R#n =1000 Chl-a (ug/L) ~0.106764 00000 4% 01288 01035
Intercept 1.02639 0.0000 -
Rzn= LP A47% 12 1031
DTN Chla (ug/L) ~0.106446 00000  ©947% 01283 01031 0

As mentioned earlier, the correlation between Chl-a/hue angle and the improve-
ments of the results by changing the n value is significant. Figure 9 shows a scatter plot
between these variables. Although there is a strong correlation between these variables,
several apparent outliers are present (e.g., Hatteras (5), Saler (18.1) or Cala Millor (16.1
and 16.2)), apparently worsening the results. However, these should not be interpreted as
erroneous observations but as a possible real case. For example, and more particularly,
Hatteras (5) has the highest chlorophyll levels by far among all studied scenarios. None-
theless, as the results show, it has clearly improved with the proposed modifications.

Although we will consider all points as inliers (including those that appear to be out-
liers from a statistical point of view), a RANSAC fit has been applied to obtain an approx-
imate linear model, which is used to make possible recommendations for use in Section 4.
Also, bias and RMSE are shown in the figure. These regressions suggest that clearer (bluer)
waters offer less potential for improvement through n optimization, whereas greener wa-
ters exhibit a greater margin for performance enhancement.
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Figure 9. Scatterplots showing the relationship between the hue angle or chlorophyll and RMSE

improvements for each scenario.

4. Discussion

The first contribution of this work is to challenge the routine use of n = 1000 in the
Stumpf log-ratio method. Across 31 study cases spanning 18 locations with diverse mor-
phological and hydrodynamic characteristics, n = 1000 was suboptimal in 26 of them,
while switching to a site-specific optimum improved R? from 0.70 to 0.84 and reduced
RMSE by 21.9% on average, equivalent to a reduction of depth error of roughly 18 cm.
Although n = 1000 has become a de facto convention since Stumpf et al. [15] introduced it
as a means of scaling the observed reflectances (thereby keeping both logarithms positive
and the quotient stable in most plausible reflectance ranges), its dominance in the litera-
ture appears to rest more on convention than on systematic evaluation.

Only a few studies have explicitly questioned this value. Zhu et al. [28] tested alter-
native n values for Stumpf-based SDB in shallow waters and reported improvements over
the default; their work, however, was confined to a single optically clear environment in
the Paracel Islands (atoll-type, very transparent waters) and used a different platform and
atmospheric correction chain, so the reflectance magnitudes may not directly be compa-
rable with the ones proposed in the present study. Although previous studies differ sub-
stantially from the present work, they reported the same instability behavior explained in
the Section 2. Additionally, Casal et al. [29] adopted n = 10,000 and Eugenio et al. [30] and
Frugier et al. [21] used n = 100 in their respective study areas (Maspalomas (Canary Is-
lands) and Cabrera Island (Balearic Islands), with WorldView-2 and -3, and Duck (North
Carolina) with Venus), illustrating that, in practice, n may be adjusted on a case-by-case
basis without an agreed criterion. The multi-site assessment presented here provides that
criterion: for the —0.5 to -6 m depth range, n values around the left plateau of the optimi-
zation (n = 1-3) outperform n =1000 in the large majority of cases, regardless of the specific
local conditions. Within this range, n =1 deserves particular attention, as it represents the
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unscaled, parameter-free form of the model, as shown in Section 2.3. Setting n =1 removes
a free parameter without losing information: both logarithms remain negative throughout
the (0, 1) interval and their quotient stays positive and well-defined, while the operating
point is placed firmly on the left plateau in the majority of the scenarios. The exception
appears in those whose green reflectance is low enough to push the instability above n =
1 (the five right-plateau cases discussed below). In practice, n = 1 reduces RMSE relative
ton=1000 in 25 of the 31 scenarios and performs similarly to the per-site optimum in most
of them, which makes it the natural default whenever no water quality information is
available to justify a different choice. The magnitude of this gain is substantial: switching
from n = 1000 to n =1 raises R? from 0.70 + 0.23 to 0.82 + 0.12, and reduces RMSE by ap-
proximately 15.9% on average (around 14 cm of depth error), which is the bulk of the
21.9% gain achievable with per-site optimization (theoretical maximum). In other words,
n = 1 alone provides roughly three-quarters of the improvement margin achievable
through full per-scenario optimization with respect to the conventional n = 1000 at no
calibration cost. The generalized nmedianr) = 2.2 is preferable when a small safety margin
away from the n =1 boundary is desired, but the gain over n =1 is modest, and the theo-
retical argument for employing n =1 is the cleanest. Additionally, studying the instability
interval as proposed here could be used for evaluating future scenario applications.

Not all scenarios benefit from a small n. Five of the 31 scenarios yielded an optimum
on the right plateau (nopt > 1000). This is the case for scenarios 7.2 (Kilmore Quay), 11.1
(Llobregat), 12.2 (Gava), and 16.1 and 16.2 (Cala Millor). In these scenarios, n =1 and nme-
dianL?) = 2.2 do not improve over n = 1000, and in some cases, they degrade it noticeably.
As an example, scenario 16.2 (Cala Millor) worsens by 22.2% when the LP-median is ap-
plied, and 11.1 (Llobregat) by 11.7%. Using n = 1 would yield a lower degradation. The
instability interval defines the operational boundary of the small n recommendation and
constitutes precisely the regime in which n = 1000 remains a defensible default. The cases
where nmedianr) underperforms n = 1000 are therefore not failures of the generalization but
expected behavior for scenarios whose optimum lies on the right plateau.

A second contribution of this work is showing that the interval of n values that pro-
duce instabilities in the log-ratio can be characterized both analytically and empirically,
and that the two characterizations agree. The analytical interval is derived directly from
Equation (2), with bounds 1/max(R_green) and 1/min(R_blue), as introduced in Section
2.3 (Equation (3)). The empirical interval is obtained numerically as the region of n where
the regression collapses (R? < 0.1). Figure 5 shows that, across the 31 scenarios, the two
intervals overlap closely and, by construction, the per-site optimum nopt always lies out-
side both. The agreement is not trivial: it confirms that the loss of accuracy at an interme-
diate n is governed by the instability caused by the denominator (a property of the model,
not of the data) and that the position of the interval can be predicted from the scene’s
reflectance distribution alone, without running the full optimization. The analytical-em-
pirical concordance therefore closes the loop between the theoretical derivation of Section
2.3 and the numerical results of Section 3.1 and provides a sensor- and water-aware crite-
rion for delimiting the interval that the operational R? < 0.1 rule approximates.

A third contribution of this work is showing that water quality predicts the margin
of improvement obtainable by tuning n. Hue angle, Chl-a, and TSI all correlate strongly
(Spearman) with the percentage improvement over n = 1000, whereas turbidity and Secchi
depth do not. As mentioned in the Methodology section, the developers of these indices
[39,40] and of ACOLITE [37] warned about the use of these water quality indicators in
regions where the sea bottom is visible, and the broader literature confirms that products
developed for optically deep waters are biased by bottom reflectance in shallow environ-
ments [43,44]. An example of this interference is shown in Figure 10 for the case of
Twelvemile Beach (1). The true-color RGB image illustrates how the turbidity band is
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clearly biased by lakebed reflectance, while Chl-a and the hue angle remain less affected.
Twelvemile Beach represents the most pronounced case in our dataset. Replacing n =1000
with the per-site optimum reduces RMSE by 66.4% (from 1.38 m to 0.46 m), and the gen-
eralized n_median (LP) = 2.2 alone recovers most of that gain (RMSE 0.56 m, a 59.1% im-
provement). This confirms the pattern seen above: sites where the conventional n per-
forms worst are exactly those whose optimum lies well below 1000, meaning a single small
transferable n captures most of the achievable benefit.

Turbidity (NTU) 12 Chl-a (mg m~3) 12 Hue angle (°)
'm;@‘*)"’ L kS
e 300
e : 2 s : _ [200
100
0

Figure 10. Lake Superior (Michigan, date 15 June 2019) example: turbidity is strongly biased by
lakebed reflectance, whereas Chl-a and hue angle are less affected. Note: predictions are not valid

for inland pixels.

Bluer, clearer water leaves less room for improvement because n = 1000 already per-
forms reasonably well under such conditions, whereas greener waters benefit most from
lower n values. The physical reasoning behind this is consistent with the band attenuation
framework introduced in Section 2.3: in greener waters, the green reflectance is higher,
suggesting that the green logarithm reaches its instability at lower n values, and the oper-
ating point therefore shifts decisively to the left plateau. In clearer, bluer waters, the log-
arithm of the green band remains far from its zero-crossing across the whole tested range,
the left plateau is correspondingly narrower or vanishes, and the optimum migrates to
the right plateau where n = 1000 sits. Hue angle and Chl-a, which jointly describe the
green-versus-blue radiometric balance of the water, therefore predict not the absolute SDB
error but rather the regime in which a given scene operates, which is precisely the infor-
mation a practitioner needs to decide whether tuning n is likely to provide a meaningful
benefit.

Taken together, these findings provide preliminary support for a practical recom-
mendation: adopting n = 1-3 as the default configuration in Stumpf-based SDB, yielding
the best results with n =2.2 in the studied scenarios. Conversely, it is recommended, ac-
cording to these scenarios, to reserve n= 1000 for the specific case of very clear, blue waters
(hue > 160°, chl-a <2 ug/L) where it works well (Figure 9). This reframes n from an arbi-
trary convention into a parameter with a defensible numerical and empirical basis.

To test this threshold, the results were recalculated by applying this maximum
threshold of 2 ug/L of chlorophyll to the battery of scenarios used in this work. This new
calculation shows that if n = 1000 is used, the average RMSE provides lower performance
(0.77 m compared to 0.69 m) than if it is calculated with all scenarios. A predictable result
if we consider that, normally, green waters provide worse SDB results. Regarding the im-
provements, if n = optimum is used, the decrease in average RMSE goes from -26.3% to
-32.4% (-0.18 m to —0.25 m) or from -21.6% to —29.1% (from —0.15 m to -0.23 m) for the
case of n = median (LP) (2.2). These changes reinforce the motivation proposed in this
article to make images with greener waters more usable to increase the quality and avail-
ability of SDBs for coastal monitoring.

The observed lack of correlation with turbidity and Secchi depth is also informative.
As presented in the Section 2, the ACOLITE turbidity and Secchi retrievals [47,48] lose
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reliability in shallow waters where the sea-bottom signal contaminates the water column
estimate, which is exactly the regime targeted by SDB. Figure 10 illustrates this for Lake
Superior: turbidity reads as anomalously high above the visible sandy bottom, while Chl-
a and hue angle, computed from spectral ratios less sensitive to bottom albedo, remains
coherent. The Spearman correlations should therefore be read not as evidence that turbid-
ity is unrelated to SDB performance, but rather as evidence that turbidity cannot be relia-
bly measured in the same scenes where SDB is meaningful. This constitutes primarily a
methodological constraint, not a physical one.

This decouples the choice of n from the in situ water quality measurements that are
often unavailable in operational SDB workflows: a practitioner cannot predict the result-
ing RMSE from a TSI value but can predict whether tuning n is worth the effort. This could
potentially increase the usage of SDB algorithms in less clear waters and open new oppor-
tunities for the near-shore sediment transport modelling over a wider range of areas and
satellite images.

Several limitations should be kept in mind when interpreting these results. First, the
analysis is restricted to the —0.5 to -6 m depth range, chosen for its relevance to nearshore
sediment transport and beach modelling; the behavior of n outside this range, in particu-
lar at greater depths where bottom reflectance weakens, may differ, and the optimum
could plausibly migrate towards higher values as the green band saturates. Second, the
analysis uses Sentinel-2 imagery and the blue/green ratio exclusively; other sensors
(WorldView, PlanetScope) and other band combinations (e.g., blue/red) may yield differ-
ent optima and different plateau structures, and the transferability of n = 1-3 to those set-
tings remains an open question. Third, the empirical instability interval was defined op-
erationally as the region where R2<0.1; a more principled, sensor- and water-aware defi-
nition would strengthen the link between the theoretical and empirical intervals shown in
Figure 5. Finally, the in situ bathymetries used for validation come from heterogeneous
sources (LIDAR, multibeam, RTK surveys) with their own error budgets, which propagate
into the apparent RMSE improvements reported here.

Several lines of future research follow naturally. A deeper mathematical understand-
ing of the bathymetric function is still missing. In particular, an explanation of why the
left and right plateaus are asymmetric and whether an analytical derivation of the opti-
mum n is feasible from the joint distribution of blue and green reflectance. The role of
alternative band combinations (notably blue/red) also deserves further investigation. Ex-
tending the analysis to deeper waters and to other sensors (WorldView, PlanetScope,
Landsat-9) would test the robustness of the small n recommendation across spatial reso-
lutions and spectral configurations. Finally, the predictive use of hue angle and Chl-a as
proxies for the expected magnitude of improvement could be operationalized into a sim-
ple decision rule that, given an ACOLITE-derived water quality estimate, recommends
either tuning n or retaining n = 1000, closing the gap between the radiometric diagnosis
and the choice of model parameter.

5. Conclusions

This study has assessed empirically how the n parameter of the Stumpf log-ratio
method controls SDB accuracy across 31 bathymetric scenarios at 18 coastal sites with
contrasting morphological and water quality conditions, in the —0.5 to -6 m depth range.
The following conclusions can be drawn:

The conventional value n = 1000 is suboptimal in 26 of the 31 scenarios analyzed.
Replacing it with the site-specific optimum raises R? from 0.70 to 0.84 and reduces RMSE
by 21.9% on average, equivalent to roughly 18 cm of depth error.

(i) The response of RMSE to n shows two stable regions, a left plateau at small n
values and a right plateau at large n. The optimum lies on the left plateau in the large
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majority of scenarios. A single generalized value, Nmedian(Lr) = 2.2, is transferable across sites
and recovers most of the gain achievable by per-scenario optimization.

(ii) The five scenarios whose optimum sits on the right plateau (nopt > 1000) all corre-
spond to very transparent waters, where the green logarithm does not reach its instability
within the tested range. These cases define the operational boundary of the small n rec-
ommendation and the regime in which n = 1000 remains a defensible default.

(iii) The interval of n values that yield instabilities is calculated both analytically (with
bounds 1/max(R_green) and 1/min(R_green) derived from the model itself) and empiri-
cally, as the region where R2 < 0.1. The two characterizations show a strong agreement
across the 31 scenarios, and the per-site optimum nopt always lies outside both. This con-
cordance turns the position of the instability into a quantity that can be predicted from the
scene’s reflectance distribution alone, without running the full RMSE-versus-n optimiza-
tion.

Water quality indicators are strongly associated with the margin of improvement ob-
tainable by tuning n. Hue angle, Chl-a and TSI correlate strongly (Spearman) with the
percentage improvement over n = 1000, whereas turbidity and Secchi depth do not, a be-
havior consistent with the loss of reliability of these last two indicators in optically shallow
waters where the sea-bottom signal contaminates the water column estimate.

Taken together, these findings support a practical recommendation: use n = 1-3 (n =
2.2 yielded the best results in tested scenarios) as the default in Stumpf-based SDB within
the studied depth range, and reserve n = 1000 for very clear, blue waters (which in our
dataset were characterized by hue > 160°, Chl-a < 2). The choice of n is thus shifted from
an arbitrary convention to a quantity with a defensible numerical and empirical basis, and
the proposed water quality criterion allows practitioners to anticipate, from readily avail-
able remote-sensing indicators, whether tuning n is worth the effort in a given scene. Fu-
ture work should extend the analysis to greater depths, to other sensors (WorldView,
PlanetScope, Landsat-9) and to alternative band combinations, and pursue an analytical
derivation of the optimum n from the joint distribution of blue and green reflectance.
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