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Abstract: This paper investigates a dynamic liability-driven investment policy for defined-benefit
(DB) plans by incorporating the loss aversion of a sponsor, who is assumed to be more sensitive to
underfunding than overfunding. Through the lens of prospect theory, we first set up a loss-aversion
utility function for a sponsor whose utility depends on the funding ratio in each period, obtained
from stochastic processes of pension assets and liabilities. We then construct a multi-horizon dy-
namic control optimization problem to find the optimal investment strategy that maximizes the ex-
pected utility of the plan sponsor. A genetic algorithm is employed to provide a numerical solution
for our nonlinear dynamic optimization problem. Our results suggest that the overall paths of the
optimal equity allocation decline as the age of a plan participant reaches retirement. We also find
that the equity portion of the portfolio increases when a sponsor is less loss-averse or the contribu-
tion rate is lower.
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1. Introduction

The realization of optimal investment policies in defined-benefit (DB) pension plans
has attracted a great deal of attention in view of pension fund risk management. Regard-
ing DB pension funding, most studies have strongly focused on establishing optimal strat-
egies derived from the well-known mean-variance (MV) framework motivated by risk
aversion (e.g., Sharpe and Tint 1990; Ezra 1991; Leibowitz et al. 1992; Frauendorfer et al.
2007; Xie 2009; Ang et al. 2013; Jung et al. 2022) as well as the control theory framework
(e.g., Cairns 2000; Haberman and Vigna 2002; Miao and Wang 2006; Ngwira and Gerrard
2007; Josa-Fombellida et al. 2018). However, as mentioned in Siegmann (2007), these ap-
proaches to optimizing investment policies do not take into account the sponsors’ ten-
dency to be more sensitive to losses than to gains. Hence, the previous studies, which only
consider a risk-averse agent, would not be sufficient to explain the asymmetric behavioral
attitude towards investment outcomes such as gain or loss.

In general, DB sponsors are very likely to have this asymmetric attitude of loss aver-
sion with respect to the investment performance of a pension plan, in the sense that the
underfunded status may lead to additional business risk or adversely impact the com-
pany’s equity value and credit rating. Furthermore, the sponsor can be required to fill the
funding gap (i.e., actuarial deficit) over a period specified by the supervising authority.
Hence, we argue that, for a DB plan sponsor, a utility loss from a deficit is larger than a
utility gain from a surplus when the absolute values of the gain and loss are the same. Put
differently, it is reasonable to assume that a plan sponsor prefers to avoid underfunding
than achieve overfunding. From this point of view, the financial behavior of DB sponsors
could be transformed into a loss-aversion utility function based on the prospect theory of
Tversky and Kahneman (1992).
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However, the asymmetric behavioral attitudes of DB sponsors under prospect theory
have yet to be fully incorporated into DB investment strategies. The primary purpose of
this paper is to demonstrate how the sponsor’s loss-aversion can be incorporated into the
optimal investment strategy of DB pension plans. To achieve this, we introduce a loss-
aversion utility function and formulate a dynamic multi-period optimization problem.

The remainder of this paper is organized as follows. Section 2 presents a literature
review, and in Section 3, we make assumptions for modeling the loss-aversion utility func-
tion and present the dynamic optimization problem. Section 4 specifies input parameters
for numerical illustrations, and Section 5 provides the numerical results. Section 6 presents
the results of sensitivity analysis. Lastly, Section 7 presents our conclusions.

2. Literature Review

The investment strategies for DB pension plans differ from general asset-only invest-
ment strategies in terms of pension liability-driven investment. As DB sponsors have an
obligation to provide the benefits promised in the event of numerous contingencies to a
group of members, pension liability serves as an important reference point in investment.
Thus, the quest for improved asset-liability management in DB pension plans has been
ongoing for decades. The concept of ‘surplus management for DB plan’ was first proposed
by Sharpe and Tint (1990) within the framework of mean—variance analysis as developed
by Markowitz (1952). Drawing on the toolkit of mean-variance, researchers have evalu-
ated investment policies for DB plans, as seen in Ezra (1991), Leibowitz et al. (1992), Peskin
(1997), Waring (2004), and Hoevenaars et al. (2008).

Furthermore, to focus on the risk, traditional studies on managing DB pensions have
concerned two types of risk: contribution rate risk! and solvency risk? (Haberman and
Sung 1994; Haberman 1997; Cairns 2000; Haberman et al. 2000; Haberman et al. 2003; and
Ngwira and Gerrard 2007). Managing downside risk has become a more critical issue
since the global financial crisis. During the financial crisis, the average funding status of
the top 100 U.S. corporate plans declined from more than 100% in 2007 to less than 80%
in 2010 (Deutsche Bank 2010). Under these circumstances, numerous studies have at-
tempted to find and explore liability-driven investment (LDI), which could improve the
funding status by managing the contribution rate risk and solvency risk. The framework
of LDI generally distinguishes two different levels of asset allocation decision: a liability
hedge portfolio and a portfolio based on various investment criteria (Amenc et al. 2010;
Qian 2012; and Ang et al. 2013).

On the other hand, the asymmetric attitude toward surplus and shortfall has hardly
been considered in the literature when determining investment strategies for DB pension
plans, even though loss aversion has been considered one of the crucial factors when in-
dividuals determine asset allocations in a defined contribution (DC) pension (Cairns et al.
2006; Blake et al. 2013). As mentioned in Siegmann (2007), DB sponsors are also more sen-
sitive to losses than to gains, and Hwang and Satchell (2010) indicate that investors of
pension funds are loss-averse in the UK and US markets.

The primary contribution of this paper is to recommend optimal asset allocations
within a DB plan, considering loss aversion as introduced by Tversky and Kahneman
(1992) within the framework of prospect theory. Loss aversion, which refers to people’s
tendency to be more sensitive to losses than gains, has been inadequately addressed in
existing papers on DB pension plans. To achieve this, we explain the loss-aversion utility
function and formulate a dynamic multi-period optimization problem, setting the pension
liability as the reference point.
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3. Assumption and Methodology
3.1. Assumption

As with mathematical models, it is essential to make some simple assumptions to
effectively focus on the key features of the control optimization problem to be analyzed
later.

e (Al) Only one member aged x joins at time t = 0 and retires with a lump-sum
equivalent to the actuarial liability accrued up to age x + n. Also, the sponsor pays
an annual fixed rate of members’ labor income, and then, winds up through a pen-
sion buy-out. Note that in our numerical analysis, we set values of x = 20 and n =
45, i.e., a unique member joins the DB plan at age 20 and retires at age 65.3

e (A2) The sponsor is more loss-averse to underfunding than to overfunding as mem-
bers close in on retirement. In other words, the sponsor is influenced by Tversky and
Kahneman’s (1992) prospect theory utility. In this context, the sponsor ‘s reference
point is pension liability.

e (A3) The actuarial pension liability is annually valued by the projected unit credit
method* (i.e., PUC method), which is used as a target liability of asset management.
We performed the calculation using Maurer et al. (2009)’s notation.

e (A4) In line with the assumptions of key papers (e.g., Albrecht and Maurer 2002;
Blake et al. 2013), pension fund assets are invested in two underlying assets: bonds
(representing a less risky asset) and equities (representing a risky asset).

Our starting point is to integrate all of these assumptions within an objective function
designed to optimize the investment strategy over the control horizon (0, n). In particular,
the assumption (A2) reflects the members’ perspective; for example, older members tend
to be concerned more directly with ensuring their own accrued benefit security. On the
other hand, the PUC method provides individual liability for each member and calculates
it independently from other members. Here, we deal with one active member on the
grounds that the overall investment optimality for total members could be obtained from
the aggregation of individual investment optimality. Although the debate on whether the
above proposal is true continues, it would be meaningful to provide a new investment
strategy in this paper.

3.2. Sponsor’s Loss-Aversion Utility Function

Given the actual pension assets A, and the actuarial pension liability L., the finan-
cial status would be measured using the funding gap, FG;, which is defined as follows:
for each valuation date t =1, ...,n,

FG, = A; — L;. 1

In general, if the funding gap moves into surplus, then the sponsor might have a
chance of taking contribution holidays. Otherwise, the sponsor would likely pay addi-
tional contributions to alleviate the funding gap when the pension fund has a deficit. In
this respect, we set up the pension liability as a baseline. Considering the assumption (A2),
we can set up the following loss-aversion utility function. For each time t = 1, ..., n,

O ifa 21,
Uf(FGt) = (_;Gt)VZ i (2)
_Atvi lf At < Lt'
2

And A; = A + 6 - t, where v, and v, are the curvature parameters for the expected sur-
plus and expected shortfall, respectively, and 0 <v; < v, <1; A; is the time-path loss-
aversion parameter with the initially given Ay (> 1) and & (> 0). It is worth noting that
the loss-aversion model (2) is designed to be S-shaped and to represent the notion that
sponsors are more sensitive to underfunding as time goes on, because 0 <v; < v, <
land 1 < A; < Apyq. Accordingly, the DB sponsor would likely optimize the investment
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policy by maximizing their own utility function, which is quite different to the traditional
approach, which aims to minimize the expected shortfall risk, such as E[max(L,; — 4,,0)].

3.3. Stochastic Asset and Liability Model

In general, actuarial pension liabilities are utilized as a target value of asset manage-
ment in DB pension plans. According to the assumptions (A1) and (A3), the liability L,
is a projected benefit obligation accrued up to age x + t: foreach t =1, ....,n,

L. = a-t-Wiin-1- dx+n,it
‘ (1 +i)nt

with initially given Ly = 0, (3)

where a is the pension accrual rate, t is service yearsup to age x +t, Wy, is the pro-
jected final salary, and @y, is the immediate life annuity factor at the normal retire-
ment age x +n discounted by the current valuation rate i,.

To proceed with the mark-to-market liability valuation recommended by the Inter-
national Financial Reporting Standards (IFRS 19), we assume that the valuation rate in
model (3) follows the discrete-time Vasicek model as given below:

g1 =Ltk (y— i) +0- &y 4)

in which k is the mean-reverting property, y is the long-term average, o is the standard
deviation of interest rates, and & is a random variable which follows an independent and
identically distributed standard normal distribution (hereafter denoted as
& ~ iid N(0, 1)).

Next, Wy,n—, is assumed to be determined by W, = Wy ;1 X (1 +1;), with a
value of W, =1 initially given, in which the growth rate I, relies on the model proposed
in Blake et al. (2013) (for more details, see Appendix A).

On the other hand, applying the assumptions (A1) and (A4), the pension fund growth
can be modeled into the following recursive equation: for each t = 1,2, ..., n,

Ay = exp (1) X (A;_1 + T X Wyyi_q) withinitially given Ay = 0, (5)

in which m is the fixed contribution rate and r; is the investment rate return over age
(x+t—1,x+1).

Here, the return r; is proposed to follow a discrete-time geometric Brownian motion,
as formulated below? (it is worth noting that 6,, representing an equity portion of invest-
ment, is introduced as a controlling variable that will be optimally determined in later
sections):

T = [9t ((/ie - %%2) +0e- ge,t) +(1-6,) ((Hb - %sz) +0op: fb,t)]: (6)

where 0 < 6, <1 (i.e, no short-selling and borrowing); u, and o, (4, and o) are the
expected rate and standard deviation of returns on the equity fund (on the bond fund),
respectively; €, = Z1 ¢, €pr = p Z1 ++/1 — p?Z,c and Z,,, Z, ,~ iid N(0, 1), in which p is
the cross-correlation coefficient between equity and bond.

3.4. Control Optimization Problem

As specified in Sections 3.2 and 3.3, the scheme sponsor is assumed to have their own
loss-aversion utility such as function (4). Thus, the control performance index (CPI) can
be designed to give a discounted loss-aversion utility caused by a sequence of investment
control actions {6,:s = t,t + 1, ...n}. For each control time t = 1, 2, ...n, we then define

CPI(®) = ) 170 EIUL(FG,)], ?)

where f (> 0) represents the sponsor’s discount factor to reflect the relative importance
of the near-future funding gap against the distant-future funding gap. From the viewpoint



Risks 2024, 12, 38

5 of 14

of achieving our investment purpose, an optimal sequence of asset allocations will be de-
rived by maximizing the above CPI(t) simultaneously with respect to 6,044, ...,6,.
Hence, the investment control optimization is in the form

max
{et, 6t+1’ Hn} CPI(t); (8)

subject to the models given by Equations (3)—(6).

As with optimization problems, it is not easy to overcome the algebraic complexities.
Hence, we adopt the principle of optimality which is proposed by Bellman (1957). As de-
scribed in Haberman and Sung (1994), the principle of optimality enables the multi-stage
optimizing problem to be transformed into a problem of making optimal controlled deci-
sions one at a time, but sequentially. We can then solve the finite horizon dynamic opti-
mization problem (8) by proceeding with a backward induction at time t. To achieve this,
we define

max
V(FG, D) = (o

0111, . 0,} CPIO. )

Applying Bellman’s principle of optimality, we can transform the above (9) into the
sequential control optimization problem below: for each control time f,

V(FG,t) = meax{ﬁ E[U.(FG)] + Ienax{ﬁz "E[Upp1(FGpyr)] + - +

(10)
rréax{ﬂ"“‘t . E[Un(FGn)]}} }
Then, this can be reformulated in the form
V(FG, t) = max {ﬁ ‘E[U(FG)]+ max {B? E[Up1(FGeyq)] + -+
0t 0t+1,0t+2,..0n (11)

ﬁn+1_t : E[Un(FGn)]}}

Consequently, we obtain the Bellman equation below to provide a sequence of opti-
mal equity portions {6, : t = 1,2, ...,n} by means of repeating backward recursions of
V(FGt) fromtimes t =n to t = 1:

V(FG, t) = max{B - E[U;(FG)] + V(FGeyy, t + 1)}, (12)

in which the boundary condition is V(FG,,n) = g - E[U,(FG,)].

However, one issue is that an analytically explicit solution does not exist for the prob-
lem (12), largely due to the functional feature of dynamic nonlinearity.¢ Alternatively, we
design a genetic algorithm (GA) to obtain numerical solutions, which was first developed
by Holland (1975). The GA is a heuristic and stochastic method that is useful in optimiza-
tion problems where various local optima exist. Through a crossover and mutation, GA
takes a more global view and provides a more comprehensive search than the computa-
tions behind the traditional methods (Judd 1998). The GA has been widely used as a pow-
erful tool in portfolio optimization processes for complex (constrained or unconstrained)
problems where traditional techniques are not applicable (e.g., Yang 2006; Zhang and
Zhang 2009; Soleimani et al. 2009; Gupta et al. 2013; Liu and Zhang 2013; Huang and Zhao
2014; Jin et al. 2019). Although Liu and Zhang (2013) point out that the premature conver-
gence of GA would sometimes lead to a local optimal solution, Soleimani et al. (2009)
show that GA is also applicable to large-scale optimization problems and the GA solution
is reasonably close to the global optima. The GA package in R is used to implement the
optimization problem.” The GA procedure for our control problem is described in detail
in Appendix B.
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4. Model Parameters

We need to set up the parameters for the Equations (2) to (6) for the simulation-based
optimization using the GA method. Among these parameters, it is somewhat challenging
and even beyond our scope to estimate for loss-aversion and income growth parameters.
For this reason, we refer to previous studies for the parameters used in this paper.

4.1. Baseline of Parameters in Equation (2)

The parameter set in model (2) is {vy,Vv,,Ag, 6}, which specifies the sponsor’s loss-
aversion propensity. Note that the first three parameters are typical ones used in the pre-
vious literature, while we additionally develop § to make the degree of loss aversion
time-dependent. Tversky and Kahneman (1992) determined that {v; =0.88, v, =
0.88,A, = 2.25} from an experimental survey conducted on graduate students, whereas
Blake et al. (2013) proposed that {v; = 0.44, v, = 0.88,A;, = 4.50} in an experiment con-
ducted on DC plan members in the UK. Berkelaar et al. (2004) also estimated the implied
loss-aversion level in the U.S. stock market data and reported that A, = 2.711, which is a
similar level to the loss-aversion parameter in Tversky and Kahneman (1992). Although
the assumptions of our model are not perfectly fit to these studies, the values {v; =
0.44, v, = 0.88, A, = 2.00} will be used as a set of loss-aversion baseline parameters, and
we additionally assume that § = 0.1. In the sensitivity analysis, we will check the robust-
ness of our numerical results by changing the set of loss-aversion parameters.

For the labor income model W,,s = W11 X (1 + 1), the growthrate I, is specified
by three parameters {r;,0y,0,} as described in Appendix A. The estimates {r; = 0.02,0, =
0.05,0, = 0.02} by Blake et al. (2013) are fully adopted as an income-growth baseline.

3.2. Baseline of Parameters in Equations (4) and (6)

To estimate the parameters for the discrete-time Vasicek model (4), we use the 10-
year Treasury yield over 1985~2018. Also, we utilize the S&P 500 Index and Barclays US
Treasury Total Return Index over 1985~2018 in order to estimate the parameters in the
investment model (6). The parameters are summarized in Table 1, and are used as a base-
line.

Table 1. Estimation results.

Asset Return

Valuation Interest Rate

Equity Bond
1l 0.0796 0.0615 K 0.1658
o) 0.1620 0.0565 Y 0.0383
p ~0.2434 o 0.0113

(p-value <0.1)

Source: S&P 500 Index (monthly equity index from 1985 to 2018); Barclays U.S. Treasury Total Re-
turn Index (monthly bond index from 1985 to 2018); 10-year U.S. Treasury yield (monthly interest
rate from 1985 to 2018).

Lastly, Table 2 presents the overall parameters used in our main analysis. In the sen-
sitivity analysis, we also check whether our result holds consistently in different dimen-
sions by changing the parameters.

Table 2. Parameters set for method.

Loss Aversion

Initial loss aversion to shortfall, A, 2.0
Loss-aversion property to shortfall, § 0.1
Curvature parameter for surplus, v, 0.44

Curvature parameter for shortfall, v, 0.88
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Asset
Expected return on equity fund, p, 0.0796
Expected return on bond fund, u, 0.0615
Volatility of return on equity fund, o, 0.1620
Volatility of return on bond fund, g, 0.0565
Valuation Interest rate
Speed of mean reversion, k 0.1658
Long-term mean, y 0.0383
Volatility of interest rate, o 0.0113
Others
Initial salary, W, 1.0
Long-term average of real salary growth rate, 1 0.02
Volatility of shock correlated with equity returns, oy 0.05
Volatility of annual rate of salary growth rate, o, 0.02
Fixed contribution rate, 0.0833
Pension accrual rate, a 0.0167
Sponsor’s discount factor, 0.98
Initial age, x 20
Control-time horizon, n 45

Note: Unlike DC pension plans, where individuals determine asset allocation, DB pension plans
have the plan sponsor determining the asset allocation. Therefore, it is necessary to assess the loss-
aversion parameters of the plan sponsors through surveys. However, there is no prior research,
including this study, that has been conducted based on surveys targeting plan sponsors. Therefore,
we conducted this analysis based on assumptions regarding loss-aversion parameters. To overcome
these limitations, we conducted various sensitivity analyses. Source: authors’ assumptions.

5. Numerical Results

This section illustrates, by means of numerical examples, the time-path optimal asset
allocations. The GA method helps to search and clarify simulation-based optimization,
which would not otherwise be possible.

The numerical solutions are presented in Figure 1. The solid line shows the time-path
optimal equity allocation maximizing the loss-aversion utility model set out in a previous
section, whereas the dashed line represents the time-path optimal equity allocation for the
traditional model which aims to minimize the expected shortfall risk. Here, the expected
shortfall risk is defined as }i_1 E(L; — A¢|A; < L¢) X Pr(A; < L;). Overall, the optimal in-
vestment under our loss-aversion model maintains a much higher equity portion over the
control period. As given in Table 3 below, we analyze the funding ratio at terminal time
(t = 45) to compare the performance of each approach. While the downside risk is greater
under the utility maximization model compared to the risk-minimization model, the util-
ity model recommends asset allocations that are anticipated to achieve a higher funding
ratio for the sponsor, as assumed in the baseline parameters.

Hence, we would like to highlight the generality of our loss-aversion model, allowing
for the sponsors” diverse attitudes of loss aversion by fixing the loss aversion and sensi-
tivity to the expected shortfall risk.
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Figure 1. Time-path optimal equity allocation.

Table 3. Funding ratio at normal retirement age of 65.

Maximizing the Loss- Minimizing the Expected
Aversion Utility Shortfall Risk

Mean funding ratio 1.38 1.34
5th percentile 0.64 0.67
25th percentile 0.96 0.97
Median 1.26 1.24

75th percentile 1.66 1.60
95th percentile 2.49 2.33

Note: This table reports funding ratios at terminal time (t = 45) under approaches of maximizing
the loss-aversion utility and minimizing expected shortfall risk. Here, the funding ratio is defined
as an asset/liability and we obtain funding ratio distributions by generating 10,000 Monte Carlo
simulations for equity return, bond return, labor income, and interest rates. Source: authors’ calcu-
lations.

6. Sensitivity Analysis
In this section, we change the values of each of the loss-aversion ratios, curvature
parameters, and contribution rates, and compare them with each other.

6.1. Loss-Aversion Ratio

The model applied in this paper is heavily influenced by the loss-aversion ratio. For
example, if the loss-aversion ratio increases sharply, the sponsor mainly focuses on mini-
mizing the expected underfunding. In contrast, a strategy maximizing the expected over-
funding is preferred if the loss-aversion ratio is close to 0. Here, we compare the baseline
case with two cases: 6 = 0.3,0.5.

Figure 2 shows optimal asset allocations for different speeds of loss aversion. We can
identify that sponsors with a higher speed of increase in the loss-aversion ratio tend to
switch out of the equity and switch even earlier into the bond because they are more in-
tensely affected by the expected shortfall risk. And also, we obtained higher loss-aversion
results for lower expected underfunding and overfunding, as shown in Table 4.
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Figure 2. Time-path optimal equity allocation depending on the loss-aversion ratio.

Table 4. Expected value of overfunding and underfunding at normal retirement age of 65.

Loss-Aversion Propert
verst perty Minimizing the Expected

to Shortfall .
01 03 05 Shortfall Risk
Expected value of overfunding ~ 28.07 2593 2535 24.66
Expected value of underfunding  3.17 3.07 3.05 3.03

Note: This table reports expected values of overfunding and underfunding at normal retirement age
of 65 for each approach, maximizing the loss-aversion utility and minimizing the expected shortfall
risk. Here, the expected value of overfunding is defined as Y.7-; E(A; — L¢|A; = L) X Pr(4; = L;)
and the expected value of underfunding is defined as }}-; E(L; — A¢|A; <L) X Pr(4; < L;). The
expected shortfall risks are also given. Source: authors’ calculations.

6.2. Curvature Parameters

Parameters v; and v, in the loss-aversion model denote the curvature parameters
for expected overfunding and underfunding, respectively. By adjusting the curvature pa-
rameters, we can more closely reflect the financial behavior of the sponsors. Here, we only
consider the effect of changing the curvature parameter v,, as the sponsor is assumed to
be more sensitive to underfunding.

Figure 3 shows the optimal asset allocations in equity for numerous curvature pa-
rameters. When the parameter v, increases from v; = 0.44 to v; = 0.88, the sponsor will
focus on generating overfunding. Accordingly, they would keep holding a relatively
higher equity portion over the control period. One peculiarity is the relatively lower eq-
uity weighting at the earlier stage. It could be interpreted that a higher v, requires rela-
tively lower equity investment at the beginning stage to provide a build-up of assets rel-
atively sufficient for aggressive investments.
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Figure 3. Time-path optimal equity allocation depending on curvature parameters.

6.3. Contribution Rate

We next turn our attention to the contribution rate, which is a significant variable in
DB plans. Even though the contribution rate is adjusted by spreading the funding gap,
this paper assumes a constant contribution rate to focus on the investment strategy. In-
stead, we apply numerous constant contribution rate scenarios to identify the contribution
rate effect.

Figure 4 depicts the optimal equity portions for contribution rates, showing that the
optimal equity portion declines as the contribution rate increases and is relatively higher
at an earlier stage regardless of contribution levels. Overall, a higher contribution rate
leads to a more conservative investment, despite a relatively higher chance of accumulat-
ing sufficient buffer assets for risk taking.

100%

<
- 80%
2
=
o
E 60%
c
2
g 40%
©
g
= 20% ——contribution rate, T = 0.0833 (baseline)
© — —contribution rate, 17 = 0.07
-------- contribution rate, mr = 0.10
0%
0 5 10 15 20 25 30 35 40

time, t

Figure 4. Time-path optimal equity allocation depending on contribution rate.
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7. Conclusions

We established and applied a loss-aversion utility model to propose a dynamic lia-
bility-driven investment policy reflecting the financial behavior of DB sponsors, such as
being more sensitive to underfunding than to overfunding; in particular, the degree of
loss aversion is adjustable using the loss-aversion ratio and curvature parameters. There-
fore, we believe that our approach would likely be employed as a powerful and practical
tool for investment strategy on the grounds that the financial behavior of sponsors could
be incorporated practically through experimental surveys for individual loss aversion.

The main findings under our investment optimization problem are that, firstly, the
optimal path of equity allocations should be designed to decline as control time goes on
to retirement; secondly, the optimal investment policy under lower loss aversion has to
take a relatively higher equity portion than that under higher loss aversion; and finally,
the optimal equity portion declines with increasing contribution rate.

The major limitation of this paper is that sponsors are assumed to have attitudes of
loss aversion to investment performance without conducting an experimental survey. Alt-
hough we conducted a sensitivity analysis instead, applying more realistic settings is an
important next step. Also, further work for relaxing each of assumptions (A1)~(A4) is wor-
thy of exploration.

The other limitation is that we only considered two underlying assets. In practice,
sponsors can invest pension assets in alternative investment products such as real estate
and commodities. If these are additionally considered as underlying assets, more diverse
investment strategies could be suggested for sponsors. We would like to leave this topic
for future development.

Additionally, we only consider the constant contribution rate in order to focus on the
investment strategy. Although we conducted a sensitivity analysis of contribution rates,
the sponsor can adjust their contribution rates based on funding status in reality. To con-
sider changing contribution rates with regard to funding status, for example, the spread-
ing method of Maurer et al. (2009) can be applied to the model. We would like to leave
this topic for future development.

Lastly, this study assumes the presence of only one member within the DB pension
scheme. To provide more realistic conclusions in future research, it is necessary to analyze
a diverse population structure. For instance, analyzing schemes with a steady-state pop-
ulation structure is possible, and considering schemes with gradually aging or younger
population structures is also feasible. We would like to leave this topic for future devel-
opment.
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Appendix A. Stochastic Labor Income Process

In deriving the growth rate of labor income for the projected salary, the following is
adopted in this paper, which was first modeled by Cairns et al. (2006) and used in Blake
et al. (2013). The stochastic growth rate of labor income between ages x and x + 1, I, is
calculated according to
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Sx—Sx—
Ix = T'I + xS—Xl + O-lzl’x + O-Zzzyx. (A].)

x—1

where 1; is the long-term average of the real growth rate in national average earnings and
Sy is the career salary profile at each age x; oy and o, are the volatility of a shock from
equity return and a shock to labor income growth, respectively; and Z;, and
Zpx ~1id N(0,1) are mutually independent.

Appendix B. Genetic Algorithm Procedure

The GA is a heuristic and stochastic method that has long been recognized as a useful
tool for complex optimization problems. We set the GA parameters, such as crossover
probability, elitism, and mutation probability, by following Scrucca (2013). Our GA pro-
cedure is summarized as follows (See, Figure Al):

(Step 1: initialization) Our GA method starts with randomly generating an initial
population of size 500, which consists of several chromosomes created by randomly as-
signing “0” and “1” to all genes; in this paper, each chromosome represents an equity
portion in asset allocation at each control time t, {6,,0,,...,0,5}.

(Step 2: evaluation) Based on the evaluation criterion originating from the objective
function (9), the performance V(FG,,t) of each chromosome is evaluated.

(Step 3: selection) Individual chromosomes with high V(FG,t) are selected in order
to generate the next generation. Selected chromosomes, which are called parents, produce
the next generation (offspring).

(Step 4: crossover with probability of 0.8 and elitism of 25) To generate the new off-
spring chromosomes, pairs of parents are randomly selected from the parent population
and two parents are interchanged at a crossover point.

(Step 5: mutation with probability of 0.1) The mutation operator randomly modifies
genes of chromosomes by flipping “0” to “1” and vice versa. The mutation prevents local
convergence of the algorithm.

(Step 6: repeat Steps 3~5) As in the flow chart below, the GA repeats the evaluation
and reproduction steps until the termination criteria are met. In this process, the popula-
tions converge to one including only chromosomes with good fitness from reproduction,

mutation, and crossover.
Start

Initial population generator

: generate random asset allocation set
¥

Fitness = V(FG,, t)
¥
‘ Crossover ‘ \ Mutation \
Reproduction

Replacement to incorporate

Selection process ;
next generation

Termination?
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Figure A1l. Flowchart of genetic algorithm.

Notes

1. Contributions are divided into regular contributions, arising from the labor services provided by employees in the current
period, and adjustment contributions, paid additionally to ensure financial soundness based on the results of the pension fund
financial verification. Here, the contribution rate risk refers to the variability in the total contribution or the variability in the
adjustment contribution.

2 In the DB pension scheme, it refers to the possibility that future accumulated pension assets may fall short of the pension
obligation agreed upon with the member or the volatility of the surplus (=accumulated pension asset —pension liability).

3 This study assumes the existence of only one member, and at the initial time point (t = 0), the member is 20 years old (x = 20).
As time (t) increases, the age (x) also increases. We focused on the implications of incorporating loss aversion into asset allocation
from the perspective of asset liability management in a defined-benefit pension scheme. Accordingly, we made a simplifying
assumption by considering a single member within the pension scheme. If the number of employees increases, we can calculate
the total liability of the entire pension fund by summing up the liabilities for each employee. Similarly, for assets, we can calcu-
late the total assets by summing up the assets for each employee. Then, with the overall assets and liabilities of the entire fund
determined, we can apply them to Equation (2) to calculate the utility at time t from the sponsor's perspective based on the total
assets and liabilities of the fund.

4 For a more detailed discussion of the PUC method, see Blake (2006, p. 194).

5. As in the study of Albrecht and Maurer (2002), we assume that the bond rate of return follows a geometric Brownian motion,
which is generally used for stock return.
¢ As mentioned in Haberman and Sung (1994), since an explicit closed-form solution for the nonlinear dynamic equation cannot

be obtained, we employed the genetic algorithm to derive a numerical solution.
7 For a more detailed discussion of the R function GA, see Scrucca (2013).
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