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1. Introduction

Among other risk measures, value at risk (VaR) is widely used for computing regula-
tory capital, managing financial risks or assessing environmental risks. At confidence level
a € (0,1), the value at risk (VaR) of a random loss X ~ Fx is the a-quantile of Fx, which is

VaR,(X) := Fy!(a) = inf{x € R: Fx(x) > a};

see Embrechts and Hofert (2013) for details about quantile functions. On the one hand,
VaR always exists, is easy to interpret, is law invariant, monotone, translation invariant,
positive-homogeneous and elicitable. On the other hand, VaR is in general not subadditive,
so it does not necessarily respect the economic notion of diversification and is thus not a
coherent risk measure (see Artzner et al. (1999)). However, it is still a popular ingredient of
a risk manager’s toolbox that is applied, for example, if coherent alternatives such expected
shortfall do not exist. In this paper, we present a basic asymptotic hypothesis test to assess
whether, for a given joint loss distribution, possibly specified only through a sample, VaR
is subadditive and thus a coherent risk measure. In the context of VaR estimation, a simple
test of VaR, violations can be found in (McNeil et al. 2015, sct. 9.3.1).

To this end, let X = (Xq,...,X;) ~ Fx denote a random vector of d losses, for
example, losses of a portfolio of size d or losses in d business lines of a financial firm;
negative values represent gains. We are thus interested in computing VaR,(S) = Fg!(«)
for the aggregate loss

S:

d
) Xj~ Fs

j=1

at a given high confidence level « € (0,1); for example, in the context of the Basel II
guidelines, « = 0.99 for market risk and a = 0.999 for credit and operational risk. VaR is
subadditive if
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d
Fol(w) < Y Fyl(w). (1)
j=1
A mathematical verification of this inequality is only available in specific cases. One
example is if X is jointly elliptical (see (McNeil et al. 2015, Theorem 8.28)). However,
if two margins are not of the same type, it is already typically unclear whether VaR is
subadditive. Another example concerns comonotone risks, in which case (McNeil et al.
2015, Proposition 7.20) guarantees equality in (1), so VaR is additive. However, this is usually
a too strong of an assumption to be useful in practice.

There are four scenarios known under which VaR is known to often be superadditive,
where Fg ' (a) > 27:1 ng L(a). By (McNeil et al. 2015, sct. 2.3.5), these scenarios are

1.  Xji,...,X; are independent and skewed (see Artzner et al. (1999) and Hofert and
McNeil (2015)).

2. Xj,...,X;are independent, light-tailed and « € (0,1) is small.

3.  Xi,...,X;are independent and heavy tailed (see Embrechts et al. (2002)).

4. Xi,...,X;have special dependence (see Embrechts et al. (2005)).

For a given joint loss distribution Fx, or realizations from it, it is therefore important for
risk managers to determine whether VaR, is superadditive. Note that the largest VaR,
for given margins has been considered in various publications, including Embrechts et al.
(2013), Boudt et al. (2015), Hofert et al. (2017), or Hofert (2020).

To assess VaR, superadditivity, we present a basic asymptotic one-sided t-test in
Section 2, and we investigate its power and p-value empirically in Section 3. Section 4
contains concluding remarks; Appendix A briefly addresses the construction of Wilson
score confidence intervals for the underlying Fs(s).

2. Asymptotic Hypothesis Test

By (Embrechts and Hofert 2013, Proposition 1 (5)), the subadditivity condition (1) is
equivalent to

d
Fs (]; Fy! (rx)) >, @)

which forms the basis of our hypothesis test. Although the equivalence of (1) and (2) also
holds in case at least one of the margins Fx,, ..., Fx, is discrete, we typically have strictly
increasing and continuous margins Fy,, ..., Fx, in mind, which is also standard when
modeling financial risks.

A common problem in practice is information asymmetry, which is the fact that compa-
rably much is known about the individual loss distributions FXj, j=1,...,d, but rather
little about Fs due to the unknown dependence between Xj, ..., X;. In such situations,
one often models the dependence structure with a copula (see Nelsen (2006), (McNeil et al.
2015, chp. 7) or Hofert et al. (2018)). Information asymmetry may be due to the fact that
joint losses may not happen in a synchronized way or that, after aggregation (for example,
to monthly joint losses), there are too few joint losses for a meaningful estimation of Fg
in its right tail. We therefore treat Fx;, j = 1,...,d, and corresponding values ng L(a) as

known, so we also assume to know
s = Z Fg,l(oc). 3)

Fs is then typically specified in terms of an assumed copula C and the known margins Fx;,
j=1,...,d, via Sklar’s theorem (see Sklar (1959)).
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Even if we knew C, Fs is typically still unknown to us; if it was known, we could
try to verify (2) directly. We are thus interested in statistically assessing whether the true
underlying Fg satisfies (2), that is, we are interested in testing

Hy : Fs(s) > a (VaR, subadditive) vs Hj : Fs(s) < a (VaR, superadditive).  (4)

To this end, we estimate Fg nonparametrically by its empirical distribution function

n

A 1
Fsln(x) = o Z R{Sigx}/ x €R,
i=1

based on n independent observations Xj, ..., X, ~ Fx of joint losses with known margins
Fx,,...,Fx, and thus known s in (3), as well as S; = 2?:1 Xij,i=1,...,n. The following
result provides the details of the test of (4).

Proposition 1 (Size & test). For significance level & € (0,1) and sufficiently large n € N, the test
with test statistic

FSn( )*’X
\/F5n )(1 = Fsu(s))

and critical region {T, 4 < zz} for zz = ® (&) is a size & test of (4)

Proof. The test’s power is

(
(
:P<\/ﬁ AﬁS,n(s)*FS:(S) <le+\f “*Fs(s) )
(
)
s)(1—

where the inequality holds under Hy (with equality if Fs(s) = , i.e., under additivity) and
where the convergence holds by Slutsky’s theorem (Resnick 2014, Theorem 8.6.1) and the
central limit theorem. [

3. Simulation Studies

In this section, we analyze the power and p-values computed for the test of (4) de-
scribed in Proposition 1 via a simulation. Under different dependence structures (homo-
geneous normal copulas, t4 copulas, Clayton copulas and Gumbel copulas), strength of
dependence (such that Kendall’s tau 7 is in {0.2, 0.5, 0.8}), homogeneous marginal distribu-
tion functions (N(0, 1), f4, Par(2) with distribution function F(x) =1 — (1+x)72, x > 0),
sample sizes 1 (in {1000,10,000}) and number of risks (dimensions d in {4,20,100}), we
first consider estimates of the power function at significance level & = 0.05 as functions
of the VaR confidence level «, and then we consider estimated p-values as functions of .
Finally, we investigate to what extent numerical issues may appear. The contributed R
packages copula (Hofert et al. 2020), simsalapar (Hofert and Maechler 2018) and crop
(Hofert 2016) were used to implement all simulations.

3.1. Estimated Power Function

Figure 1 (for N(0,1) margins), Figure 2 (for t4 margins) and Figure 3 (for Par(2)
margins) show empirical estimates 795 of the power function 7 o5 at 5% (based on
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N = 1000 simulated replications of sample size n = 1000 each (left-hand side figure) and
of sample size n = 10,000 each (right-hand side figure)) as a function of 1 — & for the VaR
confidence level «, for each of the considered copulas (in different rows) and strength of
dependence in terms of Kendall’s tau (in different columns), and this occurs for d = 4
(black lines), d = 20 (red lines) and d = 100 (yellow lines) losses.
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Figure 1. Estimated power 7 o5 (5% indicated by a dashed line) as a function of 1 — & for VaR
confidence level a € [0.5,0.999] in dimensions d € {4,20,100} (solid lines) under normal, ¢4, Clayton
and Gumbel copulas with (homogeneous) parameters such that T € {0.2,0.5,0.8} and with N(0, 1)
margins, where each curve is an average over N = 1000 simulated replications of samples of size
n = 1000 (left) or n = 10,000 (right). For the cases in the first row (joint normal distribution), we
know analytically that VaR is subadditive for all displayed 1 — a.

In the first row of Figure 1, the parameter choices are such that we have an underlying
joint normal distribution; thus, we know, by (McNeil et al. 2015, Theorem 8.28 (2)), that
VaR, is subadditive if and only if 1 — a < 1/2, which is in line with our test’s estimated
power function. Similarly, for the second row of Figure 2, where the parameter choices are
such that we have an underlying joint t4 distribution for which, also by (McNeil et al. 2015,
Theorem 8.28 (2)), we know that VaR, is subadditive if and only if 1 —« < 1/2. Under the
setups of all other rows of plots in Figures 1-3, it is unknown whether VaR, is subadditive.

Overall, we see that the estimated power 775 of the test is barely affected by the
considered sample sizes n € {1000,10,000}, strengths of dependence T € {0.2,0.5,0.8} and
dimensions d € {4,20,100}. It is mostly influenced by the type of dependence and margins.
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Figure 2. Estimated power 7105 (5% indicated by a dashed line) as a function of 1 — « for VaR
confidence level a € [0.5,0.999] in dimensions d € {4, 20,100} (solid lines) under normal, ¢4, Clayton
and Gumbel copulas with (homogeneous) parameters such that T € {0.2,0.5,0.8} and with t, margins,
where each curve is an average over N = 1000 simulated replications of samples of size n = 1000
(left) or n = 10,000 (right). For the cases in the second row (joint ¢4 distribution), we know analytically
that VaR is subadditive for all displayed 1 — «.
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Figure 3. Estimated power 705 (5% indicated by a dashed line) as a function of 1 — « for VaR
confidence level a € [0.5,0.999] in dimensions d € {4,20,100} (solid lines) under normal, 4, Clayton
and Gumbel copulas with (homogeneous) parameters such that T € {0.2,0.5,0.8} and with Par(2)
margins, where each curve is an average over N = 1000 simulated replications of samples of size
n = 1000 (left) or n = 10,000 (right). For none of the displayed cases do we know analytically
whether VaR is subadditive for all displayed 1 — a.
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3.2. Estimated p-Values by Simulation

Figure 4 (for N(0, 1) margins), Figure 5 (for t; margins) and Figure 6 (for Par(2) mar-
gins) show empirical estimates of the p-values (based on N = 1000 simulated replications
of sample size n = 1000 each (left-hand side figure) and of sample size n = 10,000 each
(right-hand side figure)) as a function of 1 — « for the VaR confidence level « for each of the
considered copulas (in different rows) and strength of dependence in terms of Kendall’s
tau (in different columns), and this occurs for d = 4 (black lines), d = 20 (red lines) and
d = 100 (yellow lines) losses.
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Figure 4. Estimated p-values (identity and thus significance level) indicated by a dashed line) as
a function of 1 — a for VaR confidence level & € [0.5,0.999] in dimensions d € {4,20,100} (solid
lines) under normal, f4, Clayton and Gumbel copulas with (homogeneous) parameters such that
T € {0.2,0.5,0.8} and with N(0, 1) margins, where each curve is an average over N = 1000 simulated
replications of samples of size n = 1000 (left) or n = 10,000 (right). For the cases in the first row (joint
normal distribution), we know analytically that VaR is subadditive for such «.

As in Section 3.1, we have an underlying joint normal distribution in the first row of
Figure 4 and an underlying joint ¢4 distribution in the second row of Figure 5. Moreover, we
know that VaR, is subadditive if and only if 1 — a < 1/2 in each of these two cases, which
is in line with our test’s estimated p-values. Comparing the last rows of Figures 4-6, we
observe that heavier-tailed margins paired with more strongly concordant Clayton copulas
lead to smaller p-values for those « not too close to 1.

Opverall, we again see that the estimated p-values of the test are affected rather little by
the considered sample sizes n € {1000, 10,000}, strengths of dependence T € {0.2,0.5,0.8}
and dimensions d € {4,20,100}, and that they are mostly rather depend on the type of
dependence and margins.
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Figure 5. Estimated p-values (identity and thus significance level) as a function of 1 — &« for VaR
confidence level a € [0.5,0.999] in dimensions d € {4, 20,100} (solid lines) under normal, ¢4, Clayton
and Gumbel copulas with (homogeneous) parameters such that T € {0.2,0.5,0.8} and with t, margins,
where each curve is an average over N = 1000 simulated replications of samples of size n = 1000
(left) or n = 10,000 (right). For the cases in the second row (joint ¢4 distribution), we know analytically
that VaR is subadditive for such «.
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Figure 6. Estimated p-values (identity and thus significance level) as a function of 1 — « for VaR
confidence level a € [0.5,0.999] in dimensions d € {4,20,100} (solid lines) under normal, 4, Clayton
and Gumbel copulas with (homogeneous) parameters such that T € {0.2,0.5,0.8} and with Par(2)
margins, where each curve is an average over N = 1000 simulated replications of samples of size
n = 1000 (left) or n = 10,000 (right). For none of the displayed cases do we know analytically
whether VaR is subadditive for such a.



Risks 2024, 12, 199

8 of 12

3.3. A Numerical Issue

Although not visible from the estimated power functions and p-values, but anticipated
from the form of the test statistic T, 4 in Proposition 1, the test may be unreliable if Fs ,(s)
is close to 0 or 1. In these cases, T, ; can explode to co under Hy, leading to no rejection of
Hp, and T, 4 can explode to —co under Hy, leading to rejection of Hy. Although these two
decisions are correct in these two scenarios, the test may become unreliable; therefore, one
should check how severe this problem is.

Under the same setups as considered in Sections 3.1 and 3.2, Figure 7 (for N(0,1)
margins), Figure 8 (for t4 margins) and Figure 9 (for Par(2) margins) show the relative
frequency of non-finite test statistics T, 4 (based on N = 1000 simulated replications of
sample size n = 1000 each (left-hand side figure) and of sample size n = 10,000 each
(right-hand side figure)) as a function of 1 — « for the VaR confidence level «, for each of the
considered copulas (in different rows) and strength of dependence in terms of Kendall’s
tau (in different columns), and this occurs for d = 4 (black lines), d = 20 (red lines) and
d = 100 (yellow lines) losses.

Relative frequency of non-finite test statistics Relative frequency of non-finite test statistics
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Figure 7. Relative frequency of non-finite test statistics as a function of 1 — & for VaR confidence level
a € [0.5,0.999] in dimensions d € {4,20,100} (solid lines) under normal, t4, Clayton and Gumbel
copulas with (homogeneous) parameters such that t € {0.2,0.5,0.8} and with N(0, 1) margins, where
each curve is an average over N = 1000 simulated replications of samples of size n = 1000 (left) or
n = 10,000 (right).

Unsurprisingly, the problem is more present for a large « (a known statistical challenge
when estimating VaR, and other tail-based risk measures) and less present for a larger
sample size n (compare, for example, the two third rows in Figure 7). More interestingly,
weaker dependencies (T = 0.2) tend to lead to more non-finite test statistics than stronger
dependencies (see, for example, the left-hand side plots in Figure 7). Although one would
typically rather consider radially symmetric dependence models or models with upper tail
dependence rather than just lower tail dependence, the Clayton case is worth mentioning
as being particularly challenging when it comes to the problem of non-finite realized test
statistics. The problem does not seem to vanish much for a larger n and becomes more
severe for a larger dimension d (unlike the other cases considered), and this occurs across
all considered margins.
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Figure 8. Relative frequency of non-finite test statistics as a function of 1 — a for VaR confidence level
a € [0.5,0.999] in dimensions d € {4,20,100} (solid lines) under normal, t4, Clayton and Gumbel
copulas with (homogeneous) parameters such that T € {0.2,0.5,0.8} and with t; margins, where
each curve is an average over N = 1000 simulated replications of samples of size n = 1000 (left) or
n = 10,000 (right).
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Figure 9. Relative frequency of non-finite test statistics as a function of 1 — « for VaR confidence level
a € [0.5,0.999] in dimensions d € {4,20,100} (solid lines) under normal, t4, Clayton and Gumbel
copulas with (homogeneous) parameters such that T € {0.2,0.5,0.8} and with Par(2) margins, where
each curve is an average over N = 1000 simulated replications of samples of size n = 1000 (left) or
n = 10,000 (right).
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4. Conclusions

When working with VaR, as a risk measure in quantitative risk management practice,
a central question is whether VaR, is subadditive for the particular joint distribution under
consideration. To this end, we presented a basic and straightforward method to compute an
asymptotic hypothesis test, showing that it is a size & test (for & being the significance level)
and studied it numerically (as a function of 1 — «) for various dependence models, strength
of dependence, marginal distributions, dimensions and sample sizes. The test performed
well overall, but requires a sufficiently large sample size n and not too large of a confidence
level « to lead to reliable results when based on actual (rather than simulated) data. Due
to its dependence on the empirical distribution of the sum, one particular challenge when
applied to actual data is that of an exploding test statistic, which we identified as especially
challenging in the case of Clayton dependence structures. Clearly, when based on actual
data, hypothesis tests should only be viewed as providing one additional tool for assessing
VaR, sub- vs. superadditivity, rather than basing such a decision solely on the result of a
single statistical test. Nevertheless, if tests can raise suspicion about the model used, they
can ultimately lead to improved models and thus contribute to the stability of the financial
system as a whole.

Three of the four known scenarios mentioned in Section 1, under which VaR, is known
to often be superadditive, assume the dependence structure to be the independence copula.
Under dependence, besides the rather extreme special case of a countermonotone joint tail,
not much is known. As our test results hint at, under more realistic dependencies, VaR,
does not typically seem to be superadditive. Future work could specifically investigate this
for more joint models.

Another avenue for future research is to treat the margins as unknown and thus to
estimate them. The test’s p-value could then be bootstrapped, and the correctness of the
whole procedure would need to be studied via a simulation.
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Appendix A. Asymptotic Confidence Interval for Fs(s)

This appendix addresses how asymptotic confidence intervals (Cls) can be constructed
for Fs(s). We already utilized asymptotic normality of Fs ,,(s) in the proof of Proposition 1.
By Slutsky’s theorem,

FSn() FS(S) N N(O,l),
\/P5n )1 = Fs(s) "

from which the straightforward Wald (1 — &)-CI

lﬁsln(s) . \/ Pon()1=Fsale) g o V Fou(s)( —Foa(s)

n

for Fs(s) results. To avoid the zero-width and overshooting problems of Wald Cls, we
construct a Wilson score interval (see Newcombe (1998) and Wilson (1927), respectively).
To obtain the endpoints of a Wilson score interval, one starts from the asymptotic

normality of \/n \/is”liFsF(() and solves \/n FFS” S F; ( <)s = £2zy_3,;. This is equivalent
5 s(s V S S

|F5n FS( )‘

2
to solving \fW = Z1-&/2, SO (FS,n(S) - FS(S)) = 21_7&/21:5(5)(1 — Fs(s)); thus,
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2 N 2 N
(1+ Z]*T“/z) Fs(s)? — (2Fsu(s) + Z]*T“/z) Fs(s) + F5 ,(s)?> = 0. Solving this quadratic equation
in Fs(s) leads to the endpoints

A Zoap A Z5n\2 Z i p 2
ZFS,n(S)+Ti (ZFS,H(S)—'_T) _4(1+T)FS,H<S)

2(1 + Z%—&/Z )
n

of the (1 — &)-CI (Wilson score interval), which simplifies to

n 4n?

R 2 Y 2
FS,H<S) + 12711/2 :I:Zl—ﬁ(/Z\/ S, (S)( S, (S)) + 1-a/2

Lygjoq = 2
1 + 1-a/2
n

Due to the nature of our problem of determining VaR sub- or superadditivity, we can
utilize a respective one-sided (1 — &)-CI for Fs(s): If & & [I,,5,—,1] (thatis, « < I, 5,—) then
VaR, is subadditive (that is, F5(s) > &) with confidence at least 1 — &.

Finally, note that a one-sided simultaneous (1 — &)-CIs for Fs can be constructed with
the one-sided Dvoretzky—Kiefer—-Wolfowitz inequality (see, for example, Massart (1990)),

according to which, for all e > /log(2)/(2n),

P(Fs(s) € [Fsn(s) — 1] Vs) =P(Fg(s) — Fs(s) <eVs) = P(suﬂ}g(ﬁs,n(S) —F(s)) <e)
=1 —P(sup(Fs,(s) — F(s)) >¢) > 1— e 2ne
seR

which equals 1 — & if and only if e = \/—log(&)/(2n) and which is valid for all @ € [0,1/2].
The corresponding simultaneous one-sided (1 — &)-CI for Fs is therefore

Ina(s) = [ﬁs,n(s) - %ﬁ“‘), 1], sER.

We can now argue similarly as for the pointwise asymptotic Wilson score interval before:
if & ¢ I,a(s) (thatis, « < Fs,(s) — /—1log(&)/(2n)), then VaR, is subadditive with

confidence at least 1 — &.
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