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Abstract

This paper investigates the role of proportional reinsurance as a practical and flexible tool
for managing demographic risk in life insurance, with a focus on its impact on both the
Solvency Capital Requirement (SCR) and expected profitability. While much of the existing
literature focuses on mortality modeling or longevity-linked reinsurance instruments, this
paper proposes a novel framework for analyzing traditional proportional reinsurance
structures within the Solvency II market-consistent valuation environment. The framework
integrates proportional reinsurance into the valuation of liabilities and the calculation
of Solvency Capital Requirement, beginning with an outline of cash flow structures and
their valuation under Solvency II principles. A key contribution is the introduction and
decomposition of the net of reinsurance Claims Development Result (CDR), which allows
us to assess the dual impact of reinsurance on risk mitigation and profit transfer. Through
numerical analysis, we show how proportional reinsurance can effectively reduce capital
requirements while quantifying the trade-off in expected profit transferred to the reinsur-
ance company, with insights into how different reinsurance treaties affect capital efficiency
and profitability.

Keywords: demographic risk; cohort approach; Solvency II; market-consistent valuation;
reinsurance strategies; risk theory

1. Introduction

The Solvency II Directive (see European Parliament and Council 2014, 2009), imple-
mented in 2016, has fundamentally reshaped the European insurance regulatory framework.
Among its many innovations, Pillar I introduced the market-consistent actuarial valuation
of assets and liabilities, as well as risk-based rather than factor-based capital requirements.
With respect to valuation, assets and liabilities must be assessed at their current exit value,
i.e., the price at which they could be transferred in an arm’s length transaction between
willing parties. Non-hedgeable liabilities, such as insurers’ technical provisions, must be
calculated as the sum of the Best Estimate and the Risk Margin. The former corresponds
to the discounted expected value of future cash flows under the relevant risk-free curve,
while the latter reflects the compensation a third party would demand in order to assume
the insurer’s obligations.

Concerning the capital requirement demographic risk, especially mortality and
longevity risk, plays a central role in the valuation of traditional life insurance liabili-
ties. Although the Solvency II framework provides solid bases for measuring such risks,
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there remains a growing need to develop practical tools not only for quantifying these risks,
but also for mitigating them in a way that aligns with solvency capital requirements.

The valuation of life insurance policies with linked benefits, whose return is tied to
a financial variable (such as stocks, indices, or investment funds), has been extensively
studied in the literature. Within a traditional deterministic framework, the problem is
rather straightforward: the value coincides with the present value of future cash flows (see
Brennan and Schwartz 1976, 1979). In addition, a variety of principles for pricing such
hybrid products have been proposed (see Bacinello 2001; Barigou et al. 2019; Barigou and
Delong 2022; Meller 1998, 2002). More recently, Deelstra et al. (2020) have introduced a
novel decomposition method that clearly distinguishes between risks that can be hedged in
financial markets, risks that can be diversified through pooling, and a residual component
that must be assessed in line with solvency guidelines. As for the computation of the
Solvency Capital Requirement (SCR) for demographic risk, several approaches have been
put forward to move beyond the traditional factor-based methodology and towards a
genuinely risk-based framework. The authors in (Savelli and Clemente 2013) develop a
cohort-based approach consistent with local Generally Accepted Accounting Principles,
while (Wiithrich et al. 2010) implement a market-consistent actuarial valuation for capital
requirement purposes. This issue is further investigated in (Clemente et al. 2022) and
(Clemente et al. 2024a), which concentrate exclusively on the idiosyncratic component of
demographic risk, and in (Clemente et al. 2024b), where a model specifically designed for
equity-linked policies is proposed.

Although the quantification of risk is crucial for insurance companies, its mitigation is
equally important. In this regard, the present work considers reinsurance for a homoge-
neous portfolio of policyholders holding life insurance contracts, and formally analyzes,
from a mathematical standpoint, the effects of reinsurance (see Albrecher et al. 2017; Besson
et al. 2009; Chi et al. 2017). Recent contributions include (Yang and Zhou 2023), who
develop a surrogate simulation approach based on thin-plate regression splines to effi-
ciently approximate the SCR under stochastic mortality, and (Meyricke and Sherris 2014),
who evaluate indemnity-based longevity swaps as a reinsurance solution under Solvency
II. These studies highlight how recent research has increasingly focused on specialized
modeling techniques for mortality- or longevity-linked reinsurance instruments.

This paper contributes to the existing literature by introducing a novel, flexible, and
analytically grounded framework for evaluating proportional reinsurance as a strategic
tool for managing demographic risk in traditional life insurance portfolios. While recent
studies have explored stochastic modeling of mortality risk or specific longevity-linked
reinsurance instruments, the use of standard proportional reinsurance treaties, such as
quota-share and surplus, as a means to balance profitability and capital efficiency under
Solvency II has received comparatively less attention in the literature. This gap in the
literature is addressed by our approach, which provides new insights into the effectiveness
of proportional reinsurance within the Solvency II framework.

The key contribution of this work lies in the development of a model that integrates
proportional reinsurance into the valuation of liabilities and the calculation of solvency
capital requirements. By building on the concept of the Claims Development Result
(CDR), we establish a link between profitability and solvency over a one-year time horizon.
Secondly, we perform a sensitivity analysis to assess the impact of different reinsurance
treaties on both the demographic component of the Solvency Capital Requirement (SCR)
and the expected profitability of the insurer. Finally, we analyze how alternative pricing
methodologies and portfolio characteristics, such as the heterogeneity of insured sums,
influence the relative effectiveness of reinsurance structures. This allows for a comparison
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of quota-share and surplus treaties under varying market and risk conditions, and provides
guidance on identifying the optimal reinsurance strategy.

Methodologically, our approach is grounded in actuarial modeling principles and
builds on the concept of the valuation portfolio, allowing us to model cash flows on a
cohort basis while maintaining compliance with market-consistent valuation guidelines.
The model is designed to be highly adaptable and applicable to a wide range of traditional
life insurance contracts. Numerical examples are provided to illustrate the practical im-
plications of the proposed framework across different reinsurance scenarios and portfolio
configurations. In doing so, this work contributes to both the academic literature and the
practical field of insurance risk management by offering a comprehensive toolkit for the
strategic use of reinsurance under Solvency II. The proposed methodology helps insurers iden-
tify optimal reinsurance structures that align with both regulatory constraints and business
objectives, ultimately supporting more informed and capital-efficient decision-making.

The use of reinsurance by an insurance undertaking entails exposure to counterparty
default risk. In this regard (see Art. 105 of European Parliament and Council (2009) and
Arts. 189 et seq. of European Parliament and Council (2014)), the Standard Formula
prescribes the calculation of the SCR for counterparty default risk as a function of the
Loss Given Default (LGD) and the Probability of Default (PD). The former depends on the
recoverables (understood as the Best Estimate of amounts recoverable from the reinsurance
arrangement) and on the risk-mitigating effect on underwriting risk of the reinsurance
arrangement. The PD, on the other hand, depends on the credit assessment of the reinsurer.
Since this work does not focus on the calculation of the SCR for counterparty default risk,
we only specify that the overall SCR of the insurance undertaking will include both the SCR
for demographic risk and the SCR for counterparty default risk, with the latter being readily
computable using the quantities introduced in the paper, primarily the Best Estimate of the
liabilities ceded to the reinsurer.

From a numerical perspective, the analysis reveals how the interaction between rein-
surance structures and portfolio characteristics can substantially affect both capital require-
ments and profitability. In particular, the study shows that the degree of heterogeneity in
the insured sums plays a pivotal role, as it directly impacts the diversification of demo-
graphic risk and, consequently, the effectiveness of different reinsurance arrangements.
The results also underscore the sensitivity of outcomes to the adopted reinsurer pricing
principles, highlighting non-trivial trade-offs between capital relief and profitability that
become especially relevant when reinsurance is priced under volatility-based rules. These
insights provide a richer understanding of how reinsurance design and pricing interact,
offering practical implications for insurers operating within a Solvency II framework.

The remainder of the paper is structured as follows: Section 2 introduces the modeling
assumptions. Section 3 describes the cash flow structure and the cohort-based approach.
Section 4 details the valuation of Best Estimate liabilities. Section 5 incorporates the reinsurance
mechanism into the CDR formulation. Section 6 elaborates on the reinsurance structures and
pricing methodologies. Section 7 presents numerical analyses, and Section 8 concludes with
final remarks. Mathematical details and proofs are provided in the Appendices A—C.

2. Preliminaries

We define the probability space (Q), F, P), where Q) is the sample space, PP is the proba-
bility measure, and J; denotes the o-algebra representing the accumulation of information
over time.

A filtration F := (J}),_ _, is defined as a non-decreasing sequence of -algebras on
(Q), F,P) such that:
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(0,0 =F,cFc..cF, CF 1)

We then refer to (Q2, F, P, F) as the filtered probability space. We now define two subfil-
trations, T := (T3),_y _, and G := (G¢),_,. ,, each of which is a subset of the filtration F
and represents a smaller collection of information. These two subfiltrations are related to
insurance technical events and financial events, respectively.

We assume that, at each time t, J; is generated by both T; and 9y, thatis T;, §; C 3,
and that 7; and §; are independent with respect to the probability measure PP.

We denote the F-adapted vector of cash flows as X = (Xp, Xy, ..., Xn),1 where each
component X; is measurable with respect to the o-field F; fort =0,1,...,n.

Consider two vectors of random variables, X and Y, both of dimension n x 1. We
assume the following conditions:

E < o, (2)

n
) Xi
t=0

n

Y Xi Y

t=0

E < 0. (3)

Assumption 1 (Valuation functional and deflator). We assume the existence of a valuation func-
tional Q such that the mapping X — Q;(X) assigns a monetary value Q;(X) € R to every vector of
cash flows X. This value can be interpreted as the price or worth of X at time t.

Taking advantage of the Riesz-Fréchet representation theorem, for every Q there exists
a unique random vector ¢ € (PP, F) such that the inner product with this vector yields the

same value as Q; (X(t))- This is expressed as:

1 n
Q (x(t)) =B th 95 Xs | @)

The notation X(t)2 is used to denote a generic vector X;) := [X¢],_;

nt
In this setting, ¢ represents the F-adapted vector of state-price deflators. We remark

that the vector is normalized such that ¢y = 1, providing a baseline for discounting future
cash flows, and each of its components is strictly positive and square-integrable. Moreover,
the vector ¢ is a (P, F)-martingale, and in the case of a complete market, it is unique. As
a result of these properties, each deflator allows the assignment of a market-consistent
value to each cash flow Xj, with i € {0,...,n}. Consequently, it is possible to represent

the technical provision Rgh) at time f, where t € {0,...,h}, for outstanding cash flows as:

1

n
R = Qt<x(h)) =5 B [Zh ¢s - Xs

o . )

We clarify that by the term technical provision, we are referring only to one of its
components, specifically the one related to the Best Estimate. In other words, the addi-
tional term required by Solvency II regulation, related to the Risk Margin (see European
Parliament and Council 2009), is excluded from our analysis. This choice is motivated
by the fact that our focus is on describing the demographic risk only. The definition of
the Risk Margin, according to the Cost of Capital approach proposed by the regulation,
involves considering additional sources of risk, such as operational, default, and other life
underwriting risks. Therefore, to achieve our goal, the Risk Margin must be excluded from
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the valuation. Furthermore, we recall that, to avoid computational burden, the regulation
(see European Parliament and Council 2014) requires the exclusion of the Risk Margin from
the computation of the SCR, which is the primary focus of this article.

Exploiting the concept of the independent split of filtrations defined above, the state-
price deflator can be expressed as:

Pt =9f - pF. 6)

The distinction between the two factors will be revisited later, as it allows for the separate
treatment of the technical and financial aspects.

3. The General Framework

We develop a model based on a traditional term insurance policy, issued at time t = 0
and maturing at time ¢ = 7, characterized by constant annual premiums. At the inception
date, we consider a cohort of [y policyholders, all with the same entry age x, each having
an initial sum insured ¢y o, where k = {1,...,lp}.

Definition 1 (Cohort). We define a cohort as a group of policyholders who share the same char-
acteristics relevant to our analysis, such as the same entry age x, the same contract type, the
same premium payment method, etc., except for the amount of the sum insured, which may vary
across policyholders.

This choice allows us to analyze the risk by focusing on the main factors that drive
the variability in the risk profile within a given population of policyholders, such as the
Sum-at-Risk and the variability of the sums insured.

Each contract guarantees the beneficiary a predefined amount if the insured, aged x,
dies before reaching the age x 4 n. Assuming that each policyholder has a deterministic
sum insured, for a general traditional term insurance policy, the stochastic nature of the
benefit arises from the randomness of the policyholder’s survival, making the future payout
uncertain. Although the main formulas have been presented for a term insurance contract,
the same approach also applies to other types of traditional life insurance contracts.

We assume that the survival status of each policyholder at each time step T is modeled
using a Bernoulli random variable (r.v.) HIE,T,?’ which takes the value 1 if the policyholder
survives the period (7, T + 1], indicating that the contract remains in force, and 0 if the
policyholder dies within the year. At any given time t € {0,...,n}, the random sum
insured Cy ; is defined as follows:

-1
Crpi=co | [ I+ 7)
=0

Given that policyholders within the same cohort share identical characteristics, partic-
ularly their age at the inception of the contract, we can assume that their survival indicators
are identically distributed Bernoulli random variables. We also assume that, even knowing
the actual probability of death for each individual policyholder, their deaths are (condi-
tionally) independent (see Hanbali et al. 2019; Milevsky et al. 2006). Therefore, we refer
to these random variables as conditionally independent and identically distributed. The
stochastic sum insured at the cohort level, i.e., considering Iy policyholders, at time ¢ can be
calculated as:

Cr =) Cyp. (8)

k=1
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In addition to the cash flows related to benefit payments, we extend our analysis to
include acquisition expenses, which are associated with the compensation of the distribu-
tion channel, and management expenses, which cover the ongoing costs of administering
and servicing insurance policies. These expenses are defined as constant percentages, 7%
and yM, applied to the sums insured.* The cost of these expenses is typically passed on to
the policyholder by incorporating additional loadings in the premium definition,” which

account for acquisition expenses, 'y{A}, and management expenses, 'y{M 1,

Assumption 2 (Cash flows timing). In modeling the cash flows for the cohort of policyholders, we
establish a framework based on the following assumptions:

1. Gross premiums are collected at the beginning of each year, at time t*, for every policyholder
who is still alive.

2. Acquisition expenses are fully paid at the inception of the contract (i.e., t = 0), while
management expenses are paid at the beginning of each period, at time t, provided the
policyholder is still alive.

3. Death benefits due to beneficiaries for claims occurring within the period (t,t + 1] are paid at
the end of the time interval, i.e., at time t 4 1.

Considering a generic time t+ € {0,...,n — 1}, the vector of cash flows
Xty = [Xt];—y,, is decomposed into income Xin and outflow X9U* components, in accor-
dance with the timing assumptions mentioned earlier and the market-consistent valuation
principles of Solvency II:

X?ut:A + X?ut:M _ (Xinipure + X%n:A + X%n:M) ift=t,

Xe = q XQUPUE o xoueM (XIS XA 4 XM ifp < T <, ©)
qut:pure o
In Formula (9), each cash outflow is split into its pure component, denoted xoutpure,

which represents the benefits the insurance company must pay to beneficiaries for claims
occurring within the one-year period. The outflows also include two expense components:
XoUtM  for management expenses and XUt4, for acquisition expenses.

Regarding the cash inflows, there is no need to differentiate between the different
components as the full premium is paid at once. However, we introduce the notations
X7 PHE, Xin:A and XM which will be employed in subsequent sections to represent the
inflows corresponding to pure premiums, acquisition expense loadings, and management
expense loadings.

We split the generic cash flow into a hedgeable §-measurable part and an unhedgeable
Jr-measurable part:®

I I .
YO oo (YA Limo) - B+ 0, Crp oM BV ifT =1,
XQM = S Y0 Crot IB  BY™T+ 00 G- A™M BT ift<T<n,  (10)

I out,n .
Y Con-1-1¢, - By ift=n,

and
¥0 G- (,, o4} 4 7{M}) BT ifr<T<n,

Xin =
0 ift=mn,

(11)
where p is the pure premium rate.

Regarding the pure component, the benefit for a generic policyholder depends on the
value of the sum insured at the beginning of the one-year period and a Bernoulli random
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variable IP . The parameter of I’ | depends on the type of insurance contract. Here,
L
k,T—17
meaning it takes the value 1 if the policyholder dies within the year (7t — 1, 7], and 0
8

as we consider a cohort of term insurance policies,” we have I} =1P  =1-1

otherwise.

We assume that within the cohort the insurance technical variables ]I]lf, -1 are condition-
ally i.i.d. Bernoulli random variables described by a T-measurable stochastic parameter
Qx47—1 with expected value equal to EP[QHT,ﬂ = Gy17r—1. Ther.v. Q471 depends exclu-
sively on the time instant and not on individual policyholder, hence foreach 7 € {1,...,n},
the joint death probability of two generic policyholders i,k € {1,...,Ip}, with h # k, can
be represented as follows:

P[H}?,Tfl =1, HkD,Tfl = 1|QX+T*1} = P[H}?Tfl = 1|QX+T*1} : ]P)[HkD,Tfl = 1|QX+T*1} = q?ﬁ*’l’fl‘

We aim to build a model framework coherent with the market-consistent valuation
prescribed by Solvency II, hence 4,4 ,_1 is defined as the realistic probability of death
(second-order” mortality probability) for a policyholder aged x at inception.!’ Given a

generic T € {0,...,n}, we assume that (B?ut't)t 0 is a G-adapted stochastic process
=0,...,n

representing the price of a Zero Coupon Bond (ZCB) B maturing at time 7, used to
replicate a unitary outflow. We clarify that the superscript f denotes that it is the price of
BOUt at time t.

Formula (11) describes the cash inflows generated by the collection of constant annual
premiums paid by each k-th policyholder who is alive at time 7. As for the outflows, we

define the G-adapted stochastic processes (Birl"t> representing the price process of

=U,...,

the Zero Coupon Bond B with maturity T used to replicate a unitary inflows.
A compact representation of all cash flows, introduced in Formulas (9)—(11), is shown

in Table 1. To distinguish between portfolio-level and individual-level values, we introduce
out:pure

the notations X, , which denote the benefit-related cash outflow attributable to the k-th
in:pure < in:A
kT 4 XE?T 4
paid by the same policyholder for pure premiums, acquisition expenses, and management

policyholder. Similarly, the inflows X and X,?‘;M correspond to the amounts

expenses, respectively.
More generally, Xj » can be regarded as the cash flow for each component (whether
inflow or outflow) associated with the k-th policyholder.

Table 1. Outflows and inflows at portfolio-level.

Symbol  Cash Flow Definition When Are They Paid?
Xgut:pure Z;é]:  Crrot- H}?Fl . B_?‘Jt,‘f Sum insured paid out at the end of the year in which 1,2,...,n
. death occurs
Xfitpure

XS“t:A Z?:l o (74 L) - Bgm’o Anticipated acquisition expenses paid out at inception 0
X%“tM 25(071 Cir- ’YM . Bgut,r Anticipated management expenses paid out at the beginning 0,1,....n—1

=15 of each year
XiTn:pure 25(071 Civ p- BiT“’T Anticipated pure premiums collected at the beginning of 01,...n—1

=15 each year

X’i:;pure
XiTn:A Z;(o: , Cir - ’Y{A} . BiTn’T Anticipated acquisition expense loadings collected at the 0,1,...,n—1
—_— beginning of each year
XA

XinM 25(021 Crr - ’Y{M} . BT Anticipated management expense loadings collected at the 0,1,...,n—1

in:M
Xk;r

beginning of each year
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4. The Cohort Valuation Portfolio

Consider a Valuation Portfolio (VaPo, see Wiithrich et al. 2010) as a portfolio of
financial instruments designed to replicate a specific series of future cash flows. In this
section, we outline the steps to construct and define the value of a VaPo in a way that
ensures consistency with the cohort approach.

1. Step 1 Choice of financial instruments.
According to Formula (9), the distinct timing of cash flows necessitates separate
consideration of inflows and outflows at time ¢. Each can be replicated using respective
portfolios of financial instruments. We consider a cohort of term insurance policies
with constant capital and fixed annual premiums. At each time f, the inflows and
outflows are replicated using ZCBs, denoted as Bi" and B,

2. Step 2 Determination of the number of portfolio shares to replicate cash flows.
Once the financial instruments are selected, we determine the quantity of each re-
quired to replicate the future cash flows X;):

x(t) s VaPo, (x(t)) =
v EP = ]IL . HB = ]IL AM Bout
Z t 1}_[ kt+h k,t+s 1—[ kt+h| " t+s
s=0 =0 h=0

lo n—

0 .
+ ) ko (WA : ﬂt:O) - Byt — Z Z Crs - Ef ll—[ ka] : (P+7{A} +7{M}> - Bifs.
k=1

3. Step 3 The accounting principle used to value financial instruments.

out P
- BiYer1 T Ei

|
I [\10

Each financial instrument is valued according to the selected accounting principle. In
this paper, we adopt a fair value approach under the Solvency II framework, meaning
that each instrument is valued at its current market price. We denote this accounting
principle by &;, with t € {0,...,n}, and define the accounting value of the cash
flows as:

X () & (VaPot (x(t))) -

lp n—t—1 s—1 s—1
_ Cor- {E? [(H n,%m) H] o)+ ] n] Mgy (B }
k=1 s=0 h=0 —
Io lp n— )
S (o) oo - 1 [mm]-(pﬂw}ww).et(mﬁs).
k=1

Introducing the prices of the financial instruments, we have:

X(p) r—>5t(VLZPOt (X(t))) -0 (X(t)) _

lp n— s—1
P L B bt P
= Z Z Chyt - {Et [(H Hk,t-i—h) 'Lc,t—ﬁ-s} BYlsi1 + Ei
lo n—

O .
+ Lo (v 1) B L Z Cua - Ef lHHmh]'(PM{A}H{M})'B?E-
k=1

We propose a definition of the cohort Best Estimate liabilities that is consistent with

Lt
Hht—&-h} ’YM B?i;} (12)

0

both the market-consistent valuation framework of Solvency II (see European Parliament

and Council 2009) and the features of the contract under consideration: R; := Q; (X(f)) .

Definition 2 (Premium calculus and cohort VaPo protected). By replacing insurance technical
risks with their conditional expectations at time t = 0, and assuming that financial instruments are
valued at market prices, we define the market value of the VaPo protected as follows:
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prot (yout:pure  y in:pure _
& (VaPof™ (X" = X))
lp n—1 P 5 t Iy n—1 )
=Y. )Y ko Eo H 1 Ton | T | - €o(BAY) — 2 Z ko E H(Pthl Ten| P 30(B§n)~
k=1s=0
Hence, the annual pure premium rate p can be determined by solving the equation:
prot out:pure in:pure _
& (VaPoO (X(O) e )) ~0. (13)

In Formula (13), we apply the concept of a deflator!" to transition from the real-world
probability measure to a first-order measure, thereby incorporating a more prudent, risk-
averse valuation perspective. It is important to note that this work focuses exclusively on
demographic risk, explicitly excluding financial risks. As a result, we consider only the
technical deflator, with the implicit assumption that 3 = 1 since financial cash flows are
already discounted throughout the accounting principle.'?

To derive the gross premium, we add loadings for contract-related expenses to the
pure premium. Assuming deterministic expenses represented by constant coefficients 7%
and 'yM, applied to the sum insured, we define the loading coefficients for acquisition and
management expenses, denoted by 714} and 7IM}, based on the equivalence principle

(Olivieri and Pitacco 2015), under second-order (i.e., non-prudent) assumptions:'?

n—1
EE[Z Ck,s] oA} BN = cho v By,
s=0

M= oM

Neglecting the risk associated with revisions to second-order expenses assumptions,
we define the Best Estimate liabilities for expenses at time ¢, denoted by RE,!* as the

provision required to cover any mismatch between expenses payments, X‘(’St A + X?;‘;tM,

and the corresponding expense loadings, Xi(‘;';A + Xi(lt‘SM. The cost of managing contracts
for surviving policyholders is fully hedged by the corresponding management expense
loadings, resulting in no timing mismatch. In contrast, acquisition expenses are incurred at
inception, while the related loadings are collected over the lifetime of the contract through

premium payments. Accordingly, Rf is given by:

RE .= ¢, (VaPot (x‘g;;tA - xi(l;jA) ) (14)

For each t > 0, RF represents the current market value of a valuation portfolio that
replicates the negative difference between the expected present value of future acquisition
expenses, which is zero, and the expected present value of the corresponding loadings. The
latter can be interpreted as a credit the company holds against its policyholders.

Foreach t € {0,...,n — 1}, we define the total Best Estimate!® R; as the market value
of a VaPo designed to replicate the difference between the expected present value of future
cash outflows and the expected present value of future cash inflows. A compact formulation
is presented here, while the full expression is provided in Formula (A1), Appendix A.

R =& (VaPot (xg;;t ig;)) ) (15)

During the premium payment period, and until all the loadings for acquisition ex-
penses have been collected, the total reserve is lower than the pure reserve. This difference
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is attributable to the expenses reserve RF, which is particularly significant in the early years
of the contract.

5. Demographic Risk and Solvency

As mentioned earlier, Solvency II introduced a risk-based framework to ensure ad-
equate policyholder protection across the European insurance market. The regulation
requires the SCR to be calibrated to account for all quantifiable risks faced by insurance
and reinsurance undertakings (see Article 101 European Parliament and Council 2009).

Our analysis focuses on the capital requirement for demographic risk. Within the life
underwriting risk module, we specifically address the mortality and longevity sub-modules.
These risks are defined as the potential loss or adverse change in the value of insurance
liabilities resulting from changes in mortality rates. An increase in mortality rates (or a
decrease in the case of longevity risk) leads to an increase in the value of insurance liabilities.

5.1. The Model Framework

Let us consider a generic time interval (¢, + 1]. At the beginning of the year ¢, the
insurance company calculates the Best Estimate liabilities, R;, using the most up-to-date

information, '

so we consider the total Best Estimate. At the beginning of the year ¢, the
reserve is increased by deterministic premiums, X", paid by policyholders who are still
alive, while the management costs, X?‘“:M, are deducted for active contracts. Additionally,
in the special case of ¢ = 0, the entire amount of acquisition expenses related to the contracts
is deducted from the total resources available.

Let V;;1 denote the market value at the end of the year (t,f + 1], of the total amount
available in t, given by R; + X, 4 XimA — X0UtA Thys, V., represents the valuation
portfolio VaPo; (X(t) ) , purchased at time f at its market price Ry, increased by the inflows
collected and reduced by the outflows paid at time ¢, and revalued at time f + 1. We define

it as follows:

e out:pure in:pure in:A
Vi1 :=C (VﬂPOt (X(t) = X1y — Xl(‘;‘ﬂ))). (16)

A compact formulation is presented here, while the full expression is provided in
Formula (A2), Appendix A.

Attime t + 1, Vi1 must cover the cost of claims and the updated total Best Estimate
reserve, R;41, which reflects the latest demographic and financial information. Accordingly,
we define the Claims Development Result (CDR) as follows:

t
CDRyt1 = Vigr — Xy — Ry (17)

Formula (17) reflects two sources of uncertainty: idiosyncratic risk and trend risk.
Idiosyncratic risk refers to accidental mortality, i.e., the random fluctuation in the number
of deaths during the year. This affects both the benefits Xfi;:pure
Trend risk arises from the volatility of technical assumptions and the possibility of revising

and the Best Estimate R 1.

initial estimates based on new information. It affects the Best Estimate computed at the end
of the year based on the new filtration J; ;. Trend risk typically reflects observed changes
in mortality or longevity trends.

In Formula (17), financial information is updated at time ¢ + 1 using the filtration G; 1.
The available resources V;, 1 are based on technical information contained in T;, whereas
the new total Best Estimate reflects the updated technical information in T 1.

Let us define R}

t+1
that technical risk is still conditioned on the information available at time t, i.e., based on

as the Best Estimate computed at time ¢ + 1, under the assumption

TJt. Specifically, R}, ;| represents the market value, at time ¢ + 1, of a valuation portfolio
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Bis1= Y. Ef
s=0

that replicates the difference between the expected present value of future outflows and
the expected present value of future inflows, where the expectation is taken under the
assumptions that the information available at time t remains valid, and no revisions to the
technical assumptions occur during the period.

Riy1 =Ers1 (VaPor (X3, = X,,)) ). (18)

Accordingly, the two components of the CDR can be expressed as follows:

i t: *
CDRIS® := Viyy — Xp o = Ry, (19)
CDRMend . g+ R 20
1 = t+1- (20)

5.2. The Idiosyncratic Risk

Starting from Formula (19), the one-year profit or loss attributable to idiosyncratic
risk can be expressed in a more compact form, as shown below. The proof is provided
in Appendix A:

. lO
conte - £ 7] -] e @
k=1

Bout,t+1
t+1
policyholder, calculated at time f + 1, under the assumption that the technical parameters

where 77;41 = ( — Bt+1), and Bs41 denotes the Best Estimate rate for a generic

estimated at time f remain unchanged. The quantity ;. is given by:

s—1 n—t—=2 s—1
L B tt+1 P L A in,t+1
Khﬂ Hk,t+h+l> 'Hk,t+s+1] Bl - Z%) E; U—I Hk,t-l-h-i-l] ' (P +9! }) Bl (22)
=0 S=| =0

Since policyholder deaths within the cohort are conditionally independent and identi-
cally distributed, ;41 is identical for all policyholders.

Formula (21) shows that the one-year profit or loss from idiosyncratic risk is driven by
the volatility around the estimated demographic assumption. More precisely, it captures
the difference between the expected value of benefits at time t and the actual benefits
observed at time f + 1. The first factor, lele Ck 1, is Ty-measurable and acts as a scaling
factor. The third term, #;;1, represents the Sum-at-Risk rate at time ¢ 4- 1 for a generic
policyholder, conditional on the filtration T;. For traditional term insurance policies, this
rate is always positive.

The value of C DR%‘_E?S may be either positive or negative, depending on whether the
observed mortality is lower or higher than expected. An increase in accidental mortality
during the year leads to higher benefit payments at time ¢ + 1 and to a reduction in future
premium income. In practice, the risk of unexpected benefit payments due to uncertainty in
demographic assumptions is addressed during pricing, typically through a safety loading
applied to the pure premium. Furthermore, insurers must account for the effect of mortality
deviations on future acquisition expense loadings, as these can influence the recovery of
initial acquisition costs.

5.3. Characteristics of Demographic-Idiosyncratic Risk

We now examine the main characteristics of the C DR%‘}:?S. Given the technical and
financial information available at time ¢, represented by the filtration J;, the idiosyncratic

component of the CDR has zero expectation:

Ef (CDR") =o. (23)
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This follows directly from the Tower Property (law of iterated expectations). From
an actuarial perspective, it implies that if the demographic assumptions are fixed at time
t, then, on average, the initial amount available at the beginning of the year, valued at
t + 1, will cover the expected benefit payments for (t,t + 1], update the Best Estimate at
time t 4 1, and partially recover acquisition costs. Consequently, no profit or loss arises, on
average, from annual idiosyncratic risk.

For the volatility, we obtain the following expression, with the proof provided in
Appendix B:

. _ _\2
o (COR5) = (-0 g G (G B, ) (), 2

where C{ denotes the j-th raw moment of the distribution of the sums insured for policies
still in force at time t.

The variance of the idiosyncratic risk can be decomposed into two components. The
first term, (lt Grtt - (1= Gust) - Ctz), is diversifiable by increasing portfolio size. The second
term, (lt2 -(CH?2- O'éxﬂ) , arises from the stochastic nature of the Bernoulli parameter and
represents a non-diversifiable systematic risk.

Volatility increases with both cohort size and death probability, although for extreme
ages (when g ; > 0.5), this relation reverses. The coefficient of variation of the sums insured
plays a key role in demographic risk volatility and in determining the capital requirement,
especially for high-value policies. Such policies may create concentration risk, where large
individual claims disproportionately affect the portfolio. Reinsurance is commonly used to
mitigate this exposure, as discussed in Section 6. Finally, total volatility also depends on
the magnitude of the Sum-at-Risk rate, which in turn is determined by the type of contracts
within the cohort.

Our aim is to exploit the properties of the previously defined CDR to explicitly quan-
tify the SCR and to propose an alternative methodology compared to the Solvency II
standard formula. Specifically, the idiosyncratic component of the SCR, denoted SCR!i°s,

is calculated as the negative 0.5% quantile of the distribution of C DRﬂifs.

6. Managing Demographic Risk and Reinsurance Strategy

We define a reinsurance treaty as a contractual agreement in which the ceding company,
or primary insurer, pays a reinsurance premium in exchange for transferring a portion
of the risks it has underwritten. In the context of traditional life insurance, where the
benefits payable upon the occurrence of an insured event are typically predefined,'” the
most common arrangements are proportional reinsurance contracts, which generally apply
to the entire portfolio.

Under a proportional reinsurance treaty, the premium paid to the reinsurer is usually
expressed as a fixed percentage of the whole premium collected by the primary insurer.
Although the primary insurer bears all expenses, a corresponding share of the expense
loadings it receives is transferred to the reinsurer. This structure aligns the reinsurer’s
revenue with the insurer’s pricing assumptions, both in terms of risk assessment and
expected profitability.

Proportional treaties often include a commission paid by the reinsurer to the primary
insurer. This commission serves two purposes: to compensate the insurer for the excess
premium ceded and to acknowledge the reinsurer’s contractual position.

In our analysis, the commission is modeled as a fixed percentage, denoted as cRF, of
the ceded expense loadings, but it can readily be adapted to a sliding-scale commission
structure based on the quality of the portfolio covered by the treaty. If the reinsurer fully
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R = & <VaPot<

accepts the risk price, the entire “undue” amount is returned to the primary insurer (i.e.,
RE
c

= 1); otherwise, a lower proportion applies.

Assumption 3 (Net Reinsurance cash flows). In modeling the cash flows for the cohort of policy-
holders when a proportional reinsurance treaty is in force and in addition to the assumptions stated
in (2), we make the following assumptions:

1. The primary insurer bears the full cost of acquisition and management expenses.

2. The price of the reinsurance contract is implicitly determined by the reinsurer, with the
commission percentage cRE determining the reinsurance fee.

3. The commission is paid by the reinsurer to the primary insurer at the beginning of each year.

In the remainder of this section, we consider two types of proportional reinsurance
agreements.

6.1. Surplus Reinsurance

Surplus reinsurance is a form of proportional reinsurance in which the primary insurer
establishes a retention limit, denoted d, for each contract in order to cap its exposure. For a
given policy k, the proportion of risk ceded to the reinsurer is 1 — a, while the proportion
retained is ay. Since the contracts within the cohort are homogeneous except for the sum
insured, the ceded share varies across contracts and is given by:

()
a =min| —;1 |.
Ck0

Under this arrangement, claims with an insured sum below d are fully retained by
the insurer, whereas claims exceeding d are partially ceded to the reinsurer. This structure
effectively homogenizes the portfolio, as d becomes the maximum retained sum for all
contracts in force.

The generic net out and in cash flows for the primary insurer under a Surplus reinsur-

Xgut, SU X;n, SU

ance, denoted by and , are defined as follows:

Y ko (74 L) - BYUY L0 G M B ifT =1,
XQUUSU = Sy Crpq -y 1B BYT 4 YO Cro-yM-BMT ift <t <n, (25)

I B out,n .
i1 Chon1 - o ]Ik,n—l - By ift=mn,

1—

(26)
ift=n.

Given the cash flows, for each t € {0,...,n — 1} the net total reserve fR?U, accounting

for Surplus reinsurance, is defined as follows:'®

Iy . Iy
out:pure M tA in:pure RE in:A in:M
2 X XM X - ) X - ) [+ cRE - (1= )| - [ + i ) ) @)

From Formula (27), we observe that the net pure Best Estimate coincides with the pure
gross reserve, with the key difference that only a portion a; of the sum insured, and the
same proportion of pure premiumes, is considered for each k-th policyholder. In contrast, the
introduction of reinsurance impacts the structure of the expense provision compared to the
gross reinsurance case. Without reinsurance, Rf is defined as the negative expected present
value of future acquisition expense loadings, since annual management expenses are fully
offset by the corresponding loadings collected through annual premiums. However, this
perfect hedging no longer holds under proportional reinsurance. Since the commission rate
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is typically lower than 1, the primary insurer retains only a fraction (ay + cR®E - (1 —ay)) of
the expense loadings, which is insufficient to fully cover management expenses. Conse-
quently, a reserve for management expenses arises, thereby increasing the negative reserve
associated with acquisition expenses.

Following the same approach used in the case without reinsurance, we provide a
definition of the CDR net of Surplus reinsurance. A detailed description of the procedure is
provided in Appendix C.1.

. IO
CORE Y = - Oy [EF[1)] - 18] - 45%, Q&
k=1

Bout,t+1 _ pSU

where 17?}:1 = ( P ; +1)' and BSY, is defined as follows:

t+1

n—t—2

s—1
SU __ P L B
M—ZaKH%M)%M
h=0

bl | N | L M t,i4+1
out, out,
B + ) En [T Temnsa | x Bylgq T+
s=0 s=0 h=0 k

ey = rRe (1 —a) (A} o (M} in,t+1
- Zé) Ev | T T Terna | [P+ (145 ” : ('Y + ) Bisie
5= h=0

It is noteworthy that Formula (28) retains the same structure as Formula (21).

(29)

6.2. Quota-Share Reinsurance

An alternative to Surplus reinsurance is the Quota-Share (QS) treaty, which is widely
regarded as one of the simplest forms of reinsurance due to its fully proportional risk-
sharing mechanism. Unlike Surplus reinsurance, where the retained proportion varies
across policies, the QS treaty defines a fixed retention quota, denoted «, at inception; this
quota applies uniformly to all contracts within the portfolio. Under this arrangement, the
insurer and the reinsurer agree that, in the event of an insured loss, the reinsurer will cover
a fixed proportion 1 — « of the loss. Therefore, at any given time ¢, the total sum insured
retained by the insurer is given by:

lo

w-C=u- Z Crt- (30)
k=1

The reinsurance premium paid for this coverage is calculated as a proportion (1 — &)
of the premiums collected by the primary insurer, reflecting the share of the risk ceded.
Similar to Surplus reinsurance, a commission is typically negotiated to partially or fully
reimburse the insurer for the ceded portion of expense loadings.

The net outflows and inflows for the primary insurer under a Quota-Share reinsurance
arrangement, denoted X2""% and X" respectively, are defined as follows:

It I} .
Yo ko (v L) - BgU0 Y Cre M- B ifT=t,
Xgut’QS -\~ ):;(0:1 Crr-1- HE,T—l BT+ chozl Chr- M- BT ift<t<n, (31)

Q- chozl Chn-1 'Hllcg,nfl . Bgut,n ifr—n,
. .yl . RE ., (1=2)\ (o AA} 1 AMN] . BINT  ipp <
XgLQS _ - Y olq Crr [P + (1 +c m ) (Y + )} Bz ift<t<mn, 32)
0 if T =n.

The total Best Estimate net of Quota-Share reinsurance, IR?S, is defined as the sum of
the gross pure reserve, scaled by the retention parameter «, and the expense reserve, which
is calculated based on only a portion (a + cRE - (1 — a)) of the expenses’ loadings:'’



Risks 2025, 13,203

15 of 32

R = & (VaPoy (- XG5 4 XM 4 XA — o X(EPU [t FF - (1- )| XA HXEM] ). 39)

(t) (t) (t) )

The CDR under the Quota-Share reinsurance treaty, denoted C DR{T‘;S’QS,N represents
a special case of the CDR defined for Surplus reinsurance:

(1) O]

. lo
CDRSY = a- L Cer (B (18] -] o
=1

where 178?1 = [ij:;’tﬂ - ﬁ?fl} ,and ﬁ?fl is defined as follows:

QS (e . B vl N o | L M t+1

_ out, out,

Brr= 2 Ef |[{ IT1Tinsn | Trrsen | Biisn + 2 Eb [T 1Tkinn a B+
=0 =0 h=0

5=0 (35)
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7. Numerical Analysis

In this section, we present a numerical study to assess demographic risk in the context
of a traditional term life insurance contract. We focus on the uncertainty arising from the
random timing of death, which directly affects the liabilities of life insurance contracts, and
analyze the distribution of outcomes induced by individual-level mortality risk.

We consider a portfolio of policies issued under fixed contractual terms with constant
annual premiums and simulate the Claims Development Result (CDR) under stochastic
mortality, as described in earlier sections, with a focus on assessing idiosyncratic risk.
Specifically, this study aims to evaluate the effect of proportional reinsurance treaties
with varying conditions on the overall risk profile of the insurance portfolio. We begin
by describing the insurance product under consideration, the details of the reinsurance
treaties, and the model parameters. Next, we present the results for a reference scenario,
followed by a sensitivity analysis exploring the impact of different reinsurance conditions
and key parameters. Additionally, we evaluate alternative traditional insurance contract
structures to provide a broader analysis of the effects of risk mitigation strategies.

7.1. Simulation Parameters and Preliminary Analysis

Table 2 presents the baseline parameter values and main simulation assumptions.
Our analysis focuses on a cohort consisting of 10,000 policyholders at the time of policy
inception (i.e., at time 0). This cohort is selected assuming homogeneous risk within the
group. We start by considering the simple case where each policyholder has an insured
sum of 100,000.

At inception, all policyholders are aged 50 and the traditional term life insurance
policies under consideration have a 10-year term. The valuation is conducted at time t = 5,
considering the market conditions at the end of year 2024. Consequently, at the time of
valuation, the contract has a remaining duration of five years. By simulating CDR;;, we
assess the one-year risk over the interval between t = 5 and t +1 = 6. To evaluate the
SCR, we then focus on the losses in the worst-case scenario at a 99.5% confidence level.
The valuation time ¢, and thus the remaining duration of the contract, will be varied in
subsequent analyses.

In the baseline scenario, the insurer considers mortality probabilities derived from the
Lee-Carter model (see Brouhns et al. 2002; Lee 2000) to be realistic. However, for pricing
purposes, aiming to ensure a positive expected profit, the insurer adopts a prudential
demographic table based on second-order mortality rates increased by 10%.
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Table 2. Input characteristics of the numerical analysis.

Parameter Value
Number of policyholders at inception, Iy 10,000
Average sum insured at inception, Mean|c| 100,000
Coefficient of variation of the sum insured, Std[cy] /Mean|[cy] 0
Cohort policyholders’ age, x 50
Contract duration, n 10
Valuation time, ¢ 5

Second-order demographic base

Risk-free rate curve

Lee-Carter model, applied to data of the Italian
population (age range: 0-100, time range: 2000-2021)
EIOPA curve at the end of year 2024

First-order demographic base

Second-order g, stressed by 10%

Technical rate 2%
Acquisition expenses paid at inception as a percentage 19
of the insured sums, 74 ’
Annual management expenses as a percentage o

. M 0.1%
of the insured sums, 7y
Retained percentage Quota-Share reinsurance, & 0.9
Retention limit Surplus reinsurance, d 90,000
Commission rate, cRE 1
Number of simulations, M 10,000,000

The policy includes a technical rate of 2% used for premium computation, which
implies an implicit financial guarantee. Unlike the previous analysis, this guarantee is
embedded in the policy, influencing the premium structure and the overall risk profile.
This addition introduces a financial component to the modeling, while maintaining a focus
on the demographic risk associated with term insurance.

In this scenario, we obtain a pure premium rate p of 0.32% and a total premium rate of
0.53%. Due to the prudential assumptions used in the premium calculation, the initial Best
Estimate is negative, resulting in a profit of 0.275% of the insured sum for each policyholder
at inception.

In the case of reinsurance treaties, the profit depends on the premium ceded to the
reinsurer and the commission paid by the reinsurer. In this scenario, since there is no
variability in the insured sums, both quota-share and surplus reinsurance treaties behave
in the same way (i.e., ax = a Vk). Furthermore, since cRf has been set equal to 1, the profit
is reduced by a factor of 1 — & = 10%, resulting in a net reinsurance profit of 0.2475% of the
insured sum per each policyholder at inception (see Table 3).

The distributions of CDRMios gross and net of reinsurance, are obtained using the R
software environment (see R Core Team 2023, version 4.5.1), based on 10 million Monte
Carlo simulations. The mortality model and the bootstrap procedure are implemented with
the help of the StMoMo package (Villegas et al. 2018). Due to the relatively slow execution of
the bootstrap estimation, primarily caused by the computational intensity of the functions
provided by StMoMo, we verified that a moderate number of bootstrap iterations is sufficient
to yield stable outcomes. In particular, 1000 bootstrap simulations are adequate to achieve
convergence in the distribution of Qy1. As a result, we limit the number of iterations
for the parametric bootstrap to 1000 and subsequently resample the resulting parameters
10 million times. We maintain the full set of 10 million simulations for the generation
of Bernoulli random variables, the modeling of financial components, and the trend risk
refitting. A large number of simulations are required to obtain accurate results, especially
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for the estimation of extreme quantiles. Nevertheless, we observed that the SCRs remain
reasonably stable even with 1 million simulations.

Focusing on the characteristics of C DRIios 4g expected, we observe a 10% reduction in
the standard deviation, while the skewness remains unaffected by reinsurance. As a result,
the capital requirement is also reduced by 10%. A final observation concerns expenses: their
inclusion leads to a slight increase in the total Sum-at-Risk rate, which in turn raises the
capital requirement. Specifically, when considering only the pure component, the SCRI#s
decreases from 1665.77 to 1658.63 (thousands of euros).

We also analyze the impact of using alternative risk measures and confidence lev-
els. For instance, when the Expected Shortfall at the 99% confidence level is applied, as
prescribed by the Swiss Solvency Test (see Dacorogna 2018), a slight increase in required
capital is observed, which is attributable to the negative skewness of the CDR distribution.
When the confidence level is maintained at 99.5% but the risk measure is changed from
Value at Risk to Expected Shortfall, the increase in capital exceeds 15%, highlighting the
sensitivity of the SCR to the chosen risk measure. However, in all cases, the relative capital
reduction achieved through reinsurance remains constant at 10%. This is because, under
the current scenario, neither treaty has an impact on the skewness of the CDR distribution.

Table 3. Best Estimate at inception, characteristics of the simulated distributions of the Claims
Development Result (CDR), and the corresponding Solvency Capital Requirement (SCR) at the end
of year 5 for idiosyncratic risk, based on 10 million simulations. The SCR has been calculated under
three alternative scenarios: Value at Risk (VaR) at a 99.5% confidence level, and Expected Shortfall
(ES) at 99% and 99.5% confidence levels.

. L. Gross Net of
Statistic Reinsurance Quota-Share Net of Surplus
Best Estimate at time 0 —2750.62 —2475.56 —2475.56
Standard deviation CDRios 593.14 534.08 534.08
Skewness CDRIios —0.20 —0.20 —0.20
SCR (VaR at 99.5%) 1665.77 1499.91 1499.91
SCR (ES at 99%) 1749.94 1575.70 1575.70
SCR (ES at 99.5%) 1936.44 1743.62 1743.62

Best Estimate, standard deviation, and SCRs are in thousands of euros.

7.2. Baseline Analysis and Sensitivities

With respect to Table 2, we now introduce the variability in sums insured, a key factor
that influences both the overall variability and the SCR. Each policyholder is assigned
a unique sum insured, sampled from a log-normal distribution with a mean of 100,000
and a standard deviation equal to twice the mean. The vector of individual sums insured
remains fixed throughout all simulations. This distribution is highly skewed, which reflects
the potential impact of high-net-worth individuals, whose deaths can lead to substantial
financial losses, particularly in moderately sized cohorts. Additionally, we fix for Surplus
reinsurance a retention limit 4 equal to 250,000 euros. This scenario will serve as the
baseline for subsequent sensitivity analyses.

The main results are presented in Table 4. Notably, the heterogeneity in insured sums
results in more than double the standard deviation and nearly seven times the absolute
value of skewness. Consequently, there is a significant increase in the capital requirement,
which is over three times higher than in the scenario where all policyholders have the same
sum insured.

Additionally, the two reinsurance treaties now exhibit different effects. Specifically,
the retained percentage for policyholder k, denoted as ay, under Surplus reinsurance varies
according to the sum insured. The value of d = 250,000 corresponds approximately to the
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91.5% quantile of the sum insured distribution, leading to an average & of 96.7%. Despite
Surplus reinsurance having a higher retained percentage than Quota-Share, it results in
a greater reduction in both profitability and capital. While Quota-Share reduces both
profitability and capital by 10% relative to the gross case, Surplus reinsurance leads to a
25% reduction in profitability and a 66% reduction in capital requirements. This behavior
can be attributed to the fact that ) decreases as the sum insured increases, which in turn
reduces both the standard deviation and the skewness of CDR!¥s,

In this scenario, the choices of risk measure and confidence level also have a significant
impact. Due to a more pronounced negative skewness in the CDR distribution, the capital
requirement becomes more sensitive to the Expected Shortfall, which better captures the
tail risk. When maintaining the 99.5% confidence level but switching from Value at Risk
to Expected Shortfall, the required capital increases by over 20%, reflecting the influence
of the distribution’s tail behavior. Furthermore, while the capital relief provided by the
Quota-Share treaty consistently remains at 10%, the Surplus treaty exhibits a slightly greater
mitigating effect under the Expected Shortfall measure, due to its more targeted impact on
higher sums insured.

Table 4. The results pertain to the baseline scenario, where the coefficient of variation of insured sums
is set to 2, and include the Best Estimate at inception, characteristics of the simulated distributions
of the Claims Development Result (CDR), and the corresponding Solvency Capital Requirement
(SCR) at the end of year 5 for idiosyncratic risk, based on 10 million simulations. The SCR has been
calculated under three alternative scenarios: Value at Risk (VaR) at a 99.5% confidence level, and
Expected Shortfall (ES) at 99% and 99.5% confidence levels.

. L. Gross Net of

Statistic Reinsurance Quota-Share Net of Surplus
Best Estimate at time O —2750.62 —2475.56 —2063.92
Standard deviation CDRios 1292.48 1164.24 620.64
Skewness CDRIios ~1.39 ~1.39 —0.34
SCR (VaR at 99.5%) 5226.89 4706.45 1785.05
SCR (ES at 99%) 5517.91 4968.49 1858.70
SCR (ES at 99.5%) 6282.10 5656.58 2040.61

Note: Best Estimate, standard deviation, and SCRs are in thousands of euros.

The joint effect of the coefficient of variation (CV) of sums insured and reinsurance
treaties is further explored in Figure 1. As expected, higher volatility leads to both a higher
standard deviation and an increased absolute value of skewness. When the CV of the
insured sums is doubled (from 1 to 2), the gross capital requirement roughly doubles as
well. In the Quota-Share case, the reduction in profitability and capital remains consistent
and is equal to 1 — &, demonstrating that the relative effect of the treaty is independent of
cohort characteristics. Interestingly, despite a more substantial impact on profitability (with
reductions of 8.6%, 17.7%, and 25% for CVs of 1, 1.5, and 2, respectively), the Surplus treaty
becomes more effective as volatility increases, with capital savings rising from 25% to 49%
and 66%. This notable divergence between the reductions in profitability and capital is
driven in part by the fact that the reinsurer applies a fixed commission rate of 1. This means
that the reinsurer agrees to the risk price without adjusting the commission based on the
portfolio’s quality, particularly in high-risk portfolios.
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Figure 1. Solvency Capital Requirement (SCR) for idiosyncratic risk with different CV of sums insured.

In Figure 2, we assess the impact of varying the retention limit 4 under Surplus
reinsurance. Using the base scenario where the CV of the insured sums is 2, we explore three
distinct values of d: EUR 125,000, EUR 250,000, and EUR 500,000. These values correspond
to the 79%, 91.5%, and 97.2% quantiles of the sums insured distribution, respectively. As a
result, the average value of the retention percentage, «x, within the portfolio is 90%, 96.7%,
and 99% for each corresponding value of d.

SCR (net Surplus) by Retention Limit

6 Min
SCR (Gross)
5 Min SCR (net QS)

4 Min
3 Min
2 Min
- -
0 Min
125k 250k 500k
Retention Limit (d)

SCR Idiosyncratic

Figure 2. Solvency Capital Requirement (SCR) for idiosyncratic risk with different Retention Limits.

In the scenario where d = 125,000 (i.e., the first case), the average retention percentage
ay is equal to &, and the insurance company cedes approximately 42% of its initial profit.
However, the capital required under this arrangement is reduced to just 23% of the capital
required in the gross case, indicating a significant reduction in the capital requirement
through reinsurance.

Conversely, in the case where d = 500,000, only 3% of the contracts are partially ceded
to the reinsurer, but the cap on the most extreme insured sums effectively reduces the
capital requirement by about 50%. This highlights the nuanced effect of the retention limit:



Risks 2025, 13,203

20 of 32

while fewer contracts are ceded, limiting the retention on higher sums insured leads to a
substantial reduction in capital, without significantly affecting profitability. These findings
underscore the importance of calibrating the retention limit d to strike a balance between
profitability and capital efficiency, depending on the risk profile of the portfolio.

Figure 3 illustrates the impact of contract and policyholder characteristics on the SCR
and profitability. Specifically, it examines how variations in the valuation time ¢, contract
duration #, policyholder age at inception x, and initial number of policyholders ly influence
these outcomes. When the valuation time ¢ is varied, no effect is observed on profitability
at inception, as the contract has already been underwritten. However, approaching the end
of the contract term (¢ = 9), the annual mortality risk increases due to higher Sums-at-Risk
and elevated death probabilities. Regarding reinsurance strategies, the capital savings
remain broadly consistent with those observed in the baseline scenario.

SCR (Min) by different scenarios Profit (MIn) by different scenarios

II 2,63 1.71 Gross 2.75 2.75 0.4 0.3
II 2.37 |
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Figure 3. Profitability at inception and Solvency Capital Requirement (SCR) for idiosyncratic risk at
time ¢, shown relative to the gross and net cases (i.e., without and with reinsurance) across alternative
scenarios. The baseline scenario considers a term insurance contract. In each alternative scenario,
one of the following parameters is varied: valuation time ¢, contract duration n, policyholder age at
inception x, or initial number of policyholders /y. Amounts are reported in millions of EUR.

Younger cohorts (x = 30) are associated with lower mortality probabilities and lower
Best Estimate rates. As a result, profitability at inception is reduced. The corresponding CDR
distribution exhibits lower variability but increased skewness. Consequently, the required
capital is lower; however, the impact of Surplus reinsurance becomes more pronounced.

In contrast, a longer contract duration (n = 20) has a more substantial impact on
profitability. While the required capital remains nearly unchanged, profitability at inception
increases significantly due to a higher Best Estimate rate. Reinsurance strategies yield
results that are broadly consistent with those observed in the baseline scenario.

Finally, when the size of the cohort is reduced ([p = 1000), both capital and profit
decrease. However, while the reduction in profit is approximately proportional to the
decrease in cohort size, the reduction in capital is less than proportional. Specifically, when
the cohort size is reduced by a factor of ten, the standard deviation of the CDR, and thus the
SCR, decreases by approximately the square root of 10. The effect of Surplus reinsurance
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also becomes more pronounced in this case, due to the higher skewness associated with a
smaller portfolio.

In Figure 4, we examine the impact of varying the reinsurance commission rate cXF on
capital requirements and profitability. Specifically, we consider the effects of more aggressive
pricing by the reinsurer, achieved by reducing cRF to 0.9 and 0.8, respectively. The overall
effect on capital is minimal, with a slight reduction in the required capital as cRF decreases.
Lower commission rates imply a lower cash inflow for the insurer, which, in turn, leads to
higher values of the net Best Estimate rates ﬁthl and ,Bffl (see Formulas (29) and (35)). As a
result, the cedent faces a reduced Sum-at-Risk in both cases, leading to a modest decrease in
capital requirements.

However, the more pronounced impact is observed on profitability. For the Quota-
Share treaty, the reduction in profitability increases as the commission rate decreases, with
reductions ranging from 10% to 17% and 24%, respectively. Similarly, for the Surplus treaty,
profitability declines more significantly, with reductions ranging from 25% to 31% and
37%. This highlights the trade-off between pricing aggressiveness and profitability, where a
lower commission rate leads to reduced cedent profitability without a substantial impact on
capital. In conclusion, while changes in the commission rate have a limited effect on capital,
they significantly influence profitability, especially under more aggressive pricing scenarios.

Impact of commission rate

Qs Surplus
0%
.~ N B Nk
—~ -20%
X
— -30%
S a0
D -40%
O _50%
-60%
-70%
0.8 0.9 1.0 0.8 0.9 1.0

Commission rate

Delta Profit | Delta SCR

Figure 4. Percentage reduction in profitability at inception and the Solvency Capital Requirement
(SCR) for idiosyncratic risk at time ¢, relative to the gross (no reinsurance) case, for different propor-
tional reinsurance treaties and varying commission rates cRE,

In order to provide a more detailed analysis of the pricing rule established by the
reinsurer and to improve the comparability between different treaties, we examine an
additional scenario in which the reinsurer sets the price based on the reduction in risk for the
cedent company as a result of the treaty. Specifically, we explore two alternative approaches.

In the first case, we define the commission rate as:

VarP (CDR{‘fg’S'“et | 55)

Cre = (36)

\/Var® (CDRId°|5;)

where Var]P(CDRﬁfs’EFt) represents the variance of the CDR gross of reinsurance, as

defined in Equation (24), while Var” (CDR%T‘;S’MW%) is the variance computed net of
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reinsurance (whether quota share or surplus, depending on the specific case analyzed).
The commission rate specified in Equation (36) is proportional to the risk retained by the
company. In the absence of reinsurance, ¢;, = 1, whereas the commission rate decreases as
the proportion of risk ceded increases.

In the second approach, the reinsurer sets ¢;, = 1 but introduces an additional annual
loading in the premium rate based on the volatility retained. Specifically, the total premium
paid to the reinsurer for the entire portfolio is increased by an additional amount /,., which
is defined as:

le =6 - (37)

\/ Var? (CDRA3|5) — \/ Var? (CDRﬁ;’S'“et | fﬂ)

where ¢ is the percentage of the ceded risk that is incorporated into the pricing structure.

We present in Figure 5 the effects of both approaches, considering quota-share and
surplus treaties, while varying the parameter . The analysis is conducted for both the
baseline scenario and the scenario in which the coefficient of variation of the insured sum
is equal to 1. Since an increase in the reinsurance price leads to a reduction in capital relief
and profitability at time 0, we assess the joint effect by displaying, in the figure, the ratio
between the SCR at time ¢ for idiosyncratic risk and the profit realized at time 0. In other
words, the proposed indicator can be interpreted as a capital-to-profit ratio reflecting the
amount of capital required to generate one unit of profit.

When there is no variability in the insured sums within the portfolio, the capital-to-
profit ratio remains the same for both gross and net of reinsurance, regardless of whether
a quota-share or surplus treaty is used. As shown in Section 7.1, the two treaties behave
identically, producing the same reduction in SCR and profitability, which corresponds to
the portion ceded to the reinsurer. When maintaining a commission rate of 1 but increasing
the coefficient of variation of the insured sums to 1, the capital-to-profit ratio increases
(from 0.61 to 0.91 in the gross case). As shown in Figure 5, while the quota-share treaty
again yields the same result as the gross case, a lower ratio is observed for the surplus
treaty, emphasizing the benefits provided by this type of reinsurance.

The other scenarios presented in the figure illustrate the outcomes when the pricing
rule is calibrated based on the reduction in variability due to the treaty. In these scenarios,
the commission rate in the first approach (Formula (36)) and the loading in the second
approach (Formula (37)) differ between quota-share and surplus treaties, with the surplus
case exhibiting a higher reinsurance price. In terms of the capital-to-profit ratio, the quota-
share treaty becomes less advantageous compared to the gross case due to the unfavorable
reinsurance price, which results in a larger reduction in profit relative to the SCR. In
contrast, when a commission rate is applied, the surplus treaty outperforms the gross case.
However, when a pricing rule based on volatility is introduced, the choice of § becomes a
critical factor. Specifically, for higher values of J, the surplus treaty tends to underperform
the quota-share treaty. Despite offering greater capital relief, the high reinsurance price
significantly depresses profitability. It is also interesting to note that when the portfolio
exhibits greater heterogeneity in the insured sums (see Figure 5, right panel), two key
observations emerge. First, a higher capital-to-profit ratio is observed, along with a more
significant reduction in SCR for the surplus treaty when the reinsurer sets a fair price (i.e.,
cre = 1). Second, for lower values of J, the surplus treaty tends to perform worse than the
quota-share treaty.
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Figure 5. Capital-to-profit ratio (the ratio of SCR at time ¢ for idiosyncratic risk to the initial profit)
under alternative reinsurer pricing rules, where commission rate depends on the ceded risk (as
defined by Formula (36) or where additional loadings are applied as a percentage J of the ceded
standard deviation (Formula (37)). Two alternative distributions of insured sums are considered,
with a coefficient of variation (CV) of 1 on the left side and 2 on the right side.

In Figure 6, we analyze the impact of the previously discussed risk mitigation strategies
across different types of insurance contracts. Specifically, we compare the term insurance
used in the baseline scenario with a pure endowment and a standard endowment policy.
All three portfolios are assumed to consist of the same group of policyholders and to share
the same distribution of sums insured. Moreover, the contracts are priced using consistent
actuarial assumptions (see Table 2). The key distinction lies in the demographic assumptions
adopted: for the term insurance and endowment contracts, the insurer uses a mortality table
based on second-order mortality rates increased by 10%, reflecting a conservative stance
toward mortality risk. Conversely, for the pure endowment contract, being exposed to
longevity rather than mortality risk, a mortality table based on second-order rates reduced
by 10% is applied. This approach ensures a comparable level of prudence in premium
calculation while appropriately accounting for the specific risk profile of each contract.

Focusing on the gross case, the endowment product results in a lower SCR compared
to term insurance, primarily due to its lower Sum-at-Risk rate, which reduces the variability
of the CDR distribution according to Formula (24). A similar observation holds for the
pure endowment, where the negative Sum-at-Risk rate not only lowers variability but
also induces a positive skewness in the CDR distribution, further reducing the capital
requirement. Additionally, both the pure endowment and endowment contracts offer
higher profitability at inception, driven by a higher Best Estimate, as all contracts are priced
with the same safety loading.

In the net case, we observe a consistent 10% reduction in both capital requirement
and profitability across all products when a quota-share treaty is applied. In contrast,
the Surplus treaty provides greater risk mitigation for products exposed to mortality risk.
Specifically, term insurance and endowment show similar relative capital savings under
Surplus, whereas for the pure endowment, the relative reduction is approximately half.
This diminished effect is due to the already positive skewness of the CDR distribution,
which limits the additional benefit provided by the Surplus treaty.
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Figure 6. Profitability at inception and Solvency Capital Requirement (SCR) for idiosyncratic risk at
time ¢, shown relative to the gross and net cases (i.e., without and with reinsurance) for alternative
insurance contract types. Specifically, we consider a term insurance, a pure endowment, and an
endowment policy.

8. Conclusions

This paper introduces a modeling framework that aligns with the market-consistent
valuation principles of Solvency II, offering a rigorous and adaptable approach for quanti-
fying the idiosyncratic demographic risk in traditional insurance contracts. By focusing
on a cohort of policyholders, the analysis explores the effect of proportional reinsurance
on the Solvency Capital Requirement and on profitability. Although centered on a single
cohort, the methodology is easily extendable to larger portfolios, making it applicable for
testing the reinsurance effects in more complex settings.

A key innovation lies in the formalization of the Claims Development Result under
different reinsurance structures. This allows for a detailed decomposition of demographic
risk and provides closed-form expressions that incorporate reinsurance effects. Notably,
the framework captures the dual impact of reinsurance: reducing capital requirements
while transferring part of the expected profit to the reinsurer. This trade-off is evaluated
both analytically and numerically, providing insights from a risk management perspective.

In particular, we also show how testing alternative reinsurance pricing methodolo-
gies enables a more comprehensive comparison across different reinsurance structures,
including quota-share and surplus treaties, under varying risk conditions. The numerical
analysis, which includes the capital-to-profit ratio as a key indicator, reveals several im-
portant insights. Specifically, when the insured sums exhibit variability, surplus treaties
generally offer better capital relief but at the cost of reduced profitability, particularly when
a volatility-based pricing rule is applied with a higher multiplier of the standard deviation.
The study also highlights that higher reinsurance prices can erode the benefits of surplus
treaties, making quota-share treaties more advantageous in certain scenarios.

The model also accounts for heterogeneity in sums insured, a feature often overlooked
in traditional models, which proves crucial in assessing both the diversifiable risk compo-
nent and the reinsurance effect. Indeed, the results emphasize the critical role of pricing
structures in determining reinsurance effectiveness, particularly when the portfolio exhibits
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greater heterogeneity in insured sums. These findings offer new insights into the trade-offs
between capital relief and profitability in reinsurance pricing.

In terms of implementation, the framework is computationally efficient and compatible
with matrix-based calculations (see Clemente et al. 2024b), making it suitable for integration
into internal modeling systems and real-time decision-making processes.

Another important aspect is represented by the consideration of the counterparty
default risk associated with reinsurance as a mitigation strategy for demographic risk.
Specifically, the use of reinsurance exposes the insurance undertaking to counterparty de-
fault risk, which is an important consideration within the Solvency II framework. The Best
Estimate of the liabilities ceded to the reinsurer could be used to calculate the recoverables
and, consequently, the SCR for counterparty default risk under the Solvency II standard
formula. Future research could focus on extending the framework to enable a comparison
between the aggregated SCR (net of reinsurance) and the gross SCR, providing insight into
how reinsurance impacts the overall risk profile of the insurance undertaking, not only in
terms of demographic risk but also with respect to counterparty risk.

While the current focus is on assessing the reinsurance effect, the model has significant
potential for further adaptation. It could be extended to account for alternative regulatory
frameworks or to integrate additional risk components, such as those required for the
calculation of the Risk Margin or the default risk of the reinsurance company. This would
provide a more comprehensive view of the mitigation effect, enabling a thorough evaluation
of technical provisions and laying the foundation for a more complete internal model.
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Appendix A. Claims Development Result for Idiosyncratic Risk

Based on Formula (15), and under our assumptions, the expanded form of the total
Best Estimate for each t € {0,...,n — 1} is given by:

Ry =& (VaPot (x"“t in )) -

(ORI O

s—1 Iy
s ,0
Cht - Ef [(H ng,t+h> : H’Et+5‘| : B?Jlrl;il + Z Ck0 - <7A ) ﬂt:o) ‘ Bgut (A1)
h=0 k=1

s—1 .
Crt - EItP> [H Hle,t+h] : (P + 'Y{A}> : Bﬂi
h=0

In Formula (A1), it is possible to distinguish the component of the total Best Estimate
out:pure xin:pure d th
=Xy ,and the

(£) ()
component related to the expenses provision, as defined in Formula (14).

related to the pure provision, represented by the cash flows X

Similarly, we expand Formula (16) and rewrite it by isolating the first term in the first
component (corresponding to s = 0) from the cross-product sums:
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We present here the expanded form of Formula (18). By expanding the terms, we
factor out the summations over the number of contracts and rewrite the T;,1-measurable
cohort sum insured at time ¢ 4 1 using its definition.

Rip1 = Eren (VaPor (X0, - X0, ) ) =
lo n—t-2 P sl L B out,t+1
= Z Z Crrv1 - Ef H Hk,t+h+1 'Hk,t+s+1 ’ Bt+s'+2
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(A3)

Accordingly, the idiosyncratic CDR in Formula (19) may be expressed in its expanded
form as follows:

CDRIgS :=v, g — XOUP oy —
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By considering the last step in Formulas (A2) and (A3), we can rewrite the idiosyncratic
CDR as follows:
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The formula can be rewritten by noting that the first and third lines both correspond
to the payment of the pure cash out at time ¢ + 1. Moreover, applying an index shift to the

second line and setting s = 0 yields the definition of the Sum-at-Risk rate B;1, given in
Formula (22), which also appears in the last line. This leads to:

. lo lp
CDRIfSs = Y Cp- [EF[1F] — 18] - BUY™ + 3 Cua - [EF [T | T - Brn,
k=1 k=1

. B _71D  _ L )
where, since ]Ik,r—l = ]Ik,T_l =1- Hle_l, we have:

. lo
CDR{§ = Y Crt- [E];P [Hllit} - Hf,t} : (B?fitﬂ - ﬁt+1), (A4)
k=1
which, upon setting 77,1 = (Bffitﬂ — ﬁt+1) , coincides with formula (21).

Appendix B. Moments of the Claims Development Result for
Idiosyncratic Risk

To prove Formula (24) we define the hedgeable filtration (see Malamud et al. 2008)
H; = (Ht)s—0,..n1 and Hyy1 = 0(Tt, G¢41) Then:

var® (COR*|5:) = EF [Var® (CDRIS* |36 11 )¢ | + VaR® [E? (CDRIS® |3,11 ) |57

= E° [Var® (CDRIS*|7,41 ) 5] > 0.
To define the cumulants of order greater than one, we introduce the r.v. corresponding
to the sum insured of deaths occurring for a generic policyholder within the period (¢, t +1],

witht €0,...,n—1,
B _ B
Zk,t - Ck,t ’ Hk,tr

where Cy ; is Fj-measurable while ]If ; is Iy 1-measurable.

Appendix B.1. Deterministic Parameter

We define the moment generating function (mgf) of the r.v. ZP, assuming I?, follows
a Bernoulli distribution with deterministic parameter g,. For the moment, we disregard
the uncertainty in the Bernoulli parameter.

. B .
Mz, (s) = Myp (Ces-s) = EY {es o Hk’t} = (1= Gure) + qrae - eCt),

Let Z; = 25(0:1 Zy ; be the r.v. representing the total sum insured of deaths occurring in
the period (t, f +1]. This quantity can be interpreted as a weighted sum of Bernoulli random
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variables, with weights Ck,t.zl Assuming that within the cohort the random variables ]I}j ;
are conditionally i.i.d., we obtain:

It

Iy
Mz, (s MHB (Z Ch - S) =11 Mﬂgt(ck,t s)=1] [(1 = Gxtt) + Gatt - E(S'C"rt)]
k=1 ’ k=1
From the definition of cumulative generating function ¥z, (s) = In(Mzg,(s)) we have:
Yz, (s 2 l”{ (1= qutt) + quye - els C’“)}
k=1

The n-th cumulant K, of Z; is given by:

dm‘PZt (S)

K =
" ds"

5=0

Hence:

Iy )
EItP(Zt) = Z Grtt* Cir = It - Guyt - C,
k=1

Vart (Z;) = Z Guyt - (1 — 4x+t)C;%,t =1 quit - (1= quyr) - C2,

where G/ = E} (C]k t) denotes the j-th raw moment of the distribution of the sum insured
at the cohort level.

Appendix B.2. Stochastic Parameter

Now we consider a Bernoulli r.v. with random parameter Q,¢, with expected value
gx+t and variance aé)m' Since Qx4+ is common to all policyholders in the cohort, when
it is stochastic, it induces dependence between the individual Bernoulli variables. This
dependence becomes relevant when moving from the single k-th policyholder to the
aggregate portfolio, as all policyholders’ risks are then subject to the same randomness
introduced by Q4. Consequently, the number of deaths in the portfolio no longer follows
a simple sum of independent Bernoulli random variables. Instead, the aggregated loss may
follow a compound or mixture distribution. The aggregate expected value is unaffected by
this dependence:

Iy
Z (Qxst) - Crp =1t - gyt - Cr
Dependence does affect higher-order moments. In particular, by the law of total variance:

Var' ;) =EF [Var® (24 Qesr) | + Var® {EP(Zt\QxH)}

_ (A5)
=l - qx+t - (1 - Qx-i-t) ’ Cif2 + lt2 (Ct) 0Qx+t

Appendix C. Claims Development Result with Reinsurance
Appendix C.1. Surplus Reinsurance

The total Best Estimate, net of Surplus reinsurance, defined by Formula (27), is ex-
panded and presented below:
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We denote by Vtiul the available amount at the beginning of the year ¢, expressed in
terms of its value at time ¢ + 1, under Surplus reinsurance:
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We denote by Rtsfl the total Best Estimate at time ¢ + 1, net of Surplus reinsurance,

conditional on the demographic assumptions established at time t remaining valid.
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Following the methodology detailed in Appendix A, we explicitly express C DRﬁfolS’ su
as follows:
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With the same steps highlighted in Appendix A, we obtain the following compact formula,
which coincides with Formula (28):
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Appendix C.2. Quota-Share Reinsurance

Analogously to the Surplus case, the corresponding quantity under a Quota-Share
treaty can be expressed. The total Best Estimate, net of Quota-Share reinsurance and defined
in Formula (33), is presented below in its expanded form:

R = (VaPor (- XJ5) P 4+ XM 4 XA — a0 XEP — a4 RE - (1 - )] - [XEEA + xi“’M} )

*) (t) )
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The total available amount VQ 11 is equal to:

k=1 s=0 h=|

lp n—t—1 s—1 M
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The total Best Estimate Rgfi* at time ¢ + 1 under Quota-Share reinsurance, assuming
demographic assumptions from time ¢ remain valid is expanded as follows:
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Hence, both the expanded and compact expressions for C DRfﬁs’ 5 are derived as follows:
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and, in its compact form,

lo

Idios, QS S

COR{Y % = Y Cop-a- [EF 1] ~IF] -0
k=1

This coincides with Formula (34). The proof follows analogously to the cases of gross
reinsurance and net Surplus reinsurance.

Notes

Random variables are indicated with capital letters, deterministic values with lowercase letters, and vectors and matrices in bold.
2 This notation is taken from (Wiithrich et al. 2010).
The superscript L in ]I,%T stands for Life.

W

4 From now on, the superscripts M and A will refer to management and acquisition, respectively.

> Details on how the expense loadings are determined are provided in Section 4.

6 We clarify that 1, is a function taking the value 1 if t = 0, and 0 otherwise.

7 By contrast, for an endowment policy we should distinguish the two cases: for T € {0,...,n — 1} it takes values H}i 1= ]1113171'
while for T = n, itis equal to 1.

8 The superscripts B, D in ]IE, -1 and H,?Fl stand, respectively, for benefit and death.

? With second-order assumptions or second-order technical bases we refer to the expected realizations, without any prudence
included in the valuation. They do not contain any margin and consist of the Best Estimate with respect to the insured population,
often called experience basis (see, e.g., Bowers et al. 1997; Olivieri and Pitacco 2015).

10 The same relation holds for H}%, +_1- Which, for each T € {1,...,n}, are ii.d. Bernoulli random variables described by a J¢-
measurable random parameter 1 — Q. r_1, with expected value equal to the second-order annual survival probability, 1 — g1,
of a policyholder aged x at inception.

B The deflator is defined as the ratio between first-order and second-order annual probabilities.

12 In the definition of the Cohort VaPo protected in Formula (13), the value of financial instruments is determined using the
market-consistent accounting principle €.

13 These formulas apply to a cohort with constant annual premiums over the duration of the contract.

14 The superscript E in RF stands for expenses.

15 Under local accounting principles R; is also referred to as the Zillmer Reserve.

16 According to Solvency II, the Best Estimate includes all future cash inflows and outflows.

17 By “predefined”, we mean either that the sum insured is determined in advance or that the mechanism governing the evolution
of benefits is clearly specified.

18 An expanded version of Formula (27) is provided in Appendix C.1.

19 The expanded version of Formula (33) is provided in Appendix C.2.

20 A detailed description of the procedure used for obtaining the C DRE?S’QS is provided in Appendix C.2.

21 Because C; ; may differ for each policyholder in the cohort, the mgf of Z; cannot be modeled as a binomial distribution without
oversimplifying the variability in the sum insured.
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