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Abstract: The ankle is a complex joint with a high injury incidence. Rehabilitation Robotics applied
to the ankle is a very active research field. We present the kinematics and statics of a cable-driven
reconfigurable ankle rehabilitation robot. First, we studied how the tendons pull mid-foot bones
around the talocrural and subtalar axes. We proposed a hybrid serial-parallel mechanism analogous
to the ankle. Then, using screw theory, we synthesized a cable-driven robot with the human ankle
in the closed-loop kinematics. We incorporated a draw-wire sensor to measure the axes’ pose and
compute the product of exponentials. We also reconfigured the cables to balance the tension and
pressure forces using the axis projection on the base and platform planes. Furthermore, we computed
the workspace to show that the reconfigurable design fits several sizes. The data used are from
anthropometry and statistics. Finally, we validated the robot’s statics with MuJoCo for various cable
length groups corresponding to the axes’ range of motion. We suggested a platform adjusting system
and an alignment method. The design is lightweight, and the cable-driven robot has advantages
over rigid parallel robots, such as Stewart platforms. We will use compliant actuators for enhancing
human–robot interaction.

Keywords: medical and rehabilitation robotics; biomechanics; parallel manipulator; cable-driven;
kinematic analysis; robot design; mechanism synthesis; compliant mechanism

1. Introduction

Over the past few years, there has been a significant expansion in the domains where
robotics is employed. Beyond the conventional industrial applications such as material
handling, welding, and machine tending, contemporary robotics finds its way into diverse
sectors such as the construction sector [1], rescue robotics [2], agricultural [3,4] and food
industry [5], waste management [6], entertainment [7], security systems [8], etc.

The medical field is another sector where there is a significant increase of the use of
robots, such as robotic-assisted surgery [9], nurse care [10,11], or rehabilitation robots [12].
In the case of rehabilitation robots, the aim is to develop a system that improves the effec-
tiveness of therapies and the facilitation of patients’ daily routines and exercises. Therefore,
rehabilitation robotics can be considered to a collaborative platform, uniting experts in
human–robot interaction and biomedical engineering with clinicians and therapists. This
synergy aims to create the essential technologies that can enhance the quality of life for
patients. This work deals with the design of a ankle rehabilitation robot. Ankle injuries
are prevalent in both sports and daily activities, making them among the most frequently
occurring injuries. However, to aid in the recovery process, it is imperative for patients to
engage in a regimen of rehabilitation exercises. These exercises are typically overseen by a
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therapist, aiming to strengthen the patient’s ankle joint and restore its full range of motion.
In an effort to ease the workload of therapists, allowing them to assist a larger number
of patients in a more efficient and secure manner, different lower limb devices have been
developing [13].

Designing an ankle rehabilitation device that can accommodate a large percentage of
the population is challenging because its size varies depending on several factors, including
sex, age, and phenotype. In addition, there is a lack of affordable motion-capture systems
and databases for estimating ankle joint models, which makes it complex to develop
effective rehabilitation techniques for ankle injuries.

Most ankle rehabilitation devices are for gait rehabilitation or the entire lower limb,
including the hip, knee, ankle, and foot [14–18]. As a result, there is a need for more
specialized devices that target the ankle joint specifically, and also a need for rehabilitation
robotics that increasingly try to adapt the specific needs of patients.

This paper presents a data-driven design method that utilizes population statistics,
body proportions, and anthropometry. The design is ideal for low-income countries because
we can resize the 3D-printed parts by changing a few parameters. Our purpose is to use a
method to easily create a resizable and reconfigurable device that can aid in the movement
of the human ankle joint by restoring its range of motion.

None of the existing research focuses on developing a patient-specific ankle model for
use when the patient is sitting or lying down. To address this gap-research, we propose a
design method for building an affordable, reconfigurable, portable, and 3D scalable device
for patients in sitting or lying positions. Instead of using a fixed device, we propose a
design method for sizes depending on the target population statistics. For this reason, we
created a Jupyter Notebook and put the designs on repositories for the public domain.

In this work, we have taken a human-centered approach. We propose an adjustable
device for different foot sizes and be able to switch between limbs. The design is for the
patients in lying down positions. Our approach is bioinspired by mimicking the tendons
involved in ankle movements while avoiding any forces that could pull the foot away
from the ankle. We propose reciprocal tendons that apply pressure against the plantar
surface of the foot, which will induce ankle joint integration forces to generate motion. The
final design is presented in this article, while the intermediate results can be found in the
supplementary materials.

Instead of providing a count for the number of academic database hits, we have
included the fundamental kinematics and robot design sources related to screw theory
that we consulted, as well as the cited literature on ankle anatomy [19–21], where we
found inspiration to create our design. We firmly believe that comprehending ankle
biomechanics requires these references. Seminal works presenting the ankle model as a
parallel mechanism were inspirational for our work [22]. We have developed a unique
research approach that utilizes concepts such as screws, Plucker coordinates, and the
product of exponentials from screw theory studied in [23–26]. We sought out works
about lower-mobility parallel mechanisms [27,28]. Additionally, we used an approximated
patient-specific ankle model to reconfigure the device. Our approach differs from existing
patient-specific reconfigurable cable-driven ankle rehabilitation robots for laying/sitting
positions. Thus, it may not be easy to compare our work with others in the field. In
light of this, we searched for publications on ankle rehabilitation robots to gain a better
understanding of the current state of the art. Our work is related to kinematics and robot
design [29–32], and is an application for medical and service robots [33–38] . Cable-driven
robotics is a trending topic research that is closely related to our work [39–45]. Screw theory
has been applied to performance evaluation in cable-driven parallel robots [46]. In this
work, we deal with a reconfigurable low-mobility mechanism 4P-2R. A kind of lower-
mobility mechanism was also studied in [47,48]. The screw theory has also been applied
to computing rotation centers in [49], and we used the screw theory approach applied
to kinematics and statics. We also applied direct kinematics, but there are alternative
methods [50]. Our work is related to robotics in rehabilitation. There are application
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for upper limbs [51–53], also using cable-driven actuators [54], and for lower and upper
limbs [55]. We focus on the ankle, but other works included the complete lower limbs [56,57].
These can use exoskeletons applied in motion assistance [58], walking assistance [59], and
for variable force resistance [60]. A design and performance analysis is in [61]. We found
work related to our cable-driven serial chain approach analysis [62].

Related Work

We found ankle rehabilitation robots characterized by degrees of freedom and their
chains. For example, a serial robot has been used for ankle rehabilitation [63]. A great num-
ber of robots use rigid kinematic chains. One of the first robots was a Stewart platform [64],
which is a rigid robot with 6 DoF. Other examples are a 3-RUS/RRR [65], a redundantly
actuated mechanism [66], a 3-prismatic-revolute-spherical ankle rehabilitation robot [67], a
3-PRS Parallel Robot [68], a 2-UPS/RRR ankle rehabilitation [69], a nonredundant parallel
robot [70], a2-dof turntable [71], and a 2PSS platform [72]. Another approach is the use
of pneumatic actuators configured as a 2-SPS Mechanism [73] and pneumatic artificial
muscles [74–76]. Another alternative is a cable-driven lower-limb parallel robot [77]—
optimization methods are in [78], and an innovative robot is in [79]. The most similar to
our approach with four wires attached to the shank are in [80], and the CABLEankle [81].
They are designed for the plantar surface of the foot parallel to the transversal plane. As a
conclusion, our design is the one designed with four cables, which are reconfigurable and
ajustable and can be used in laying positions.

2. Materials and Methods

First, we studied the ankle anatomy in [19] and the International Society of Biome-
chanics (ISB) [20]. Following that, we used the open-source digital model (z-anatomy) [21]
to identify the bones, insertions, tendons, and muscles related to the ankle movement. We
introduced the dimensions and geometrical model in a Jupyter Notebook using a SageMath
10 kernel [82] in [83]. We provided the CAD model in [84] and the sources in GitHub [85].
We identified the tendons involved in ankle movement acting as an over-actuated bio-
mechanism (two degrees-of-freedom and four tendon groups). Following that, we chose
antagonistic tendon groups. We identified the pressure forces from the platform against
the plantar surface of the foot. Next, we drew a schematic with the tension forces between
the base attached to the shank and a platform attached to the foot. We adapted the robot
dimensions from [86], the proportions from [87], and the statistical data from [88]. We
start the design by analyzing a simple cable-driven two-axis serial chain, which helps us
to understand the reciprocal products between the cable and axis screw representations.
We created artificial data from the ankle model using the forward kinematics computed
from the “product of exponentials” (PoE). The data serve us to validate how to get the
ankle model in practice from trajectory measurements received from a modification of the
Turmell-Meter system [89]. When synthesizing the robot, we enlarged the device size to
prevent cable contact with the body from the platform and base. We analyzed the cable-
driven antagonistic actuation in the perpendicular axes model and used it for the initial
calibration. Afterwards, we propose a method for the robot reconfiguration, the workspace,
and the static simulation using MuJoCo 2.3.1 [90] to validate the stability by changing the
axis and tendon positions. Finally, we proposed a CAD model using SolidWorks 2022.

2.1. Robot Inspired on the Analysis of the Ankle Joint

The model has two rotational joints and four tendons involved in ankle movement.
First, we analyzed the tension forces and then the compression forces. Finally, we proposed
a simplified schematic for the robot.

2.1.1. Ankle-Foot Tendons

The two-axis representation and the tendon insertions in the bones at the mid-foot are
in Figure 1. Figure 1a illustrates the main tendons from the lateral-anterior view of the right
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foot. As we show in Figure 1a, the fifth metatarsal has two insertions, the peroneus tertius,
with components for dorsiflexion and eversion, and the peroneus brevis, for eversion and
plantarflexion. The calcaneus has the insertion of the Achilles tendon for inversion and
plantarflexion. In Figure 1b, we show the medial-bottom view of the foot, and the insertion
points are between the first metatarsal and the medial cuneiform. The tibialis anterior
contributes to inversion and dorsiflexion, the peroneus longus contributes to plantar flexion
and eversion, and the tibialis posterior contributes to inversion and plantar flexion.

Subtalar axis

Achilles tendon

Plantarflexion

Dorsiflexion

Fibularis/peroneus brevis

Fibularis/peroneus tertius

EversionPlantarflexion

Inversion

Talocrural axis

(a)

Subtalar axis

Fibularis/peroneus longus

Tibialis anterior

Tibialis posterior

Talocrural axis

Dorsiflexion
Inversion

Plantarflexion

Eversion

(b)

Figure 1. Lateral top and medial bottom views of the ankle-foot anatomy. (a) Lateral top view with
components tangential to each axis. (b) Medial bottom view with components tangential to each
axis [21].

2.1.2. Foot Compression Forces

Some requirements for ankle rehabilitation are security and comfort. The foot supports
high compression forces in some regions of the plantar surface. In contrast, the dorsal skin is
thin, soft, and less tolerant of compression forces. We propose a device that mainly applies
pressure at the plantar surface to integrate the ankle joint and generate motion. From the
bottom view of the foot, we note that the pressure points are involved in the subtalar and
talocrural axes motion. Figure 2 shows the axes projection and the triangle vertices of the
transversal plane. The three main points are the tubercle of the calcaneus and the first
and fifth metatarsal heads. The pressure points are the projection of the triangular-shaped
dome, limited by the lateral, medial-longitudinal arches, and the anterior transverse arch.
These contact points transmit a compression force to the platform.

First metatarsal head

Fifth metatarsal head

Calcaneus
Sesamoids

Dome

Sagittal plane

Subtalar (ST) axis projection

Talocrural (TC) axis projection

Metatarsophalangeal (MTP) axis projection

Arches

Figure 2. Right foot’s bottom plantar plane projection with contact points and joint axis.

2.1.3. Robot Based on the Ankle-Foot Model

We designed a reconfigurable cable-driven robot to actuate on synergy with the ankle
tendons. Cables from the base pull the platform attached to the foot. The cable anchor
points have a relocation mechanism to equilibrate the rotation forces on the ankle joint.
We aligned the centers to the ankle axes’ intersection on the transverse plane. We show
the schematic design in Figure 3. In Figure 3a, we sketch the approximated schematic and
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show the tendon directions regarding the subtalar (ST) and the talocrural (TC) axis. We
represent the foot platform with a circle with a radius rp, centered on PM0, and on the
same plane of the anchor points ap1, ap2, ap3, and ap4. The base is a circle with a radius
rb in the same plane as PO, and the anchor points ab1, ab2, ab3, and ab4. We simplified the
plantar surface of the foot with three contact points f s1, f s2, and f s3. Finally, T1, T2, T3, and
T4 are tendons. The serial kinematic chain is RR, starting at the origin PO, followed by a
rotational joint at r1 on the TC axis, followed by the r1 − r2 link to a rotational joint at r2
on the ST axis. A link from r2 to PM0 connects the platform with the ankle. The tendons
from ap1, ap2, ap3, and ap4 on the platform to the corresponding ab1, ab2, ab3, and ab4 on
the platform complete the parallel closed-loop structure. Each human ankle has different
axis positions; thus, we propose reconfigurable cable attachments. In Figure 3b, the green
arrows illustrate the concept of reconfiguration for the right foot by displacing the anchor
endpoints ap1, ap2, ap3, and ap4 on the platform and the anchors ab1, ab2, ab3, and ab4 on
the base. We designed a mechanism for centering pivot points Ppb and Ppp.

T4

T1
T2

T3

(a) (b)

Figure 3. Ankle model and ankle rehabilitation robot sketch. (a) Schematic representation of the
approximated tendon directions in a neutral position. (b) Schematic representation of reconfiguration.

We computed the center points from the intersection of the talocrural and subtalar axes
projected on the transverse plane parallel to the base and the platform. Such pivot points
are not the same as P0 and PM0, which pertain to the position sensors reference system.

2.1.4. Dimensions and Initial Configuration

In this section, we estimate the initial robot size and configuration. We used the ankle
model and measurements from [86], human proportions from [87], and statistical data
from [88]. We show the lower limb proportions in Figure 4a. The TC axis is dominant, and
we use its statistical value for the cable-body collision analysis. We simplified the body as
a sphere centered in half of the ankle’s most medial point (MMP) and most lateral point
(MLP); between the two malleoli. We compared this dimension with a leg model in the
Figure 4b, illustrating the distance between the ankle and PM on the platform. Additionally,
we show that the cables must not be in contact with the foot or the malleolus. The sphere
represents the radius between the ankle and the plantar surface of the foot.
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0.285H

0.039H

0.152H
0.055H

PO

PM

Ankle

Foot

Knee

(a)

Ankle

P0

PM

0.039H

(b)

Figure 4. Size design from proportions and statistics. (a) Proportions. (b) Three dimensional
simplified design.

2.2. Ankle Kinematic Model

For the ankle kinematics representation, we used data from a two-axis model represen-
tation of the ankle joint explained in [89]. There, we described a system for platform pose
capture and a method for model approximation using circle fitting, and Figure 5 shows the
concept.

M1

M2

N1
N2

r1

r2

A0
B0

C0

PO

PM C0

B0
A0

PO

Figure 5. Product of exponentials representation of the ankle joint [89].

The points M1, M2, and r1 are references on the talocrural axis. Similarly, N1, N2, and
r2 are in the subtalar axis. We used it to compute the following vectors and matrices:
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r̂1 = r1 − PO, r̂2 = r2 − PO (1)

ω̂1 = M2−M1
‖M2−M1‖

, ω̂2 = N2−N1
‖N2−N1‖

(2)

ν̂1 = −ω̂1 × r̂1, ν̂2 = −ω̂2 × r̂2 (3)

ω̂1 = (ω1x, ω1y, ω1z), Ω1 =

 0 −ω1z ω1y
ω1z 0 −ω1x
−ω1y ω1x 0

 (4)

ω̂2 = (ω2x, ω2y, ω2z), Ω2 =

 0 −ω2z ω2y
ω2z 0 −ω2x
−ω2y ω2x 0

 (5)

ξ1 =

(
ν̂1
ω̂1

)
, ξ2 =

(
ν̂2
ω̂2

)
(6)

Next, we computed the Rodrigues’ formulas:

eω̂1θ1 = I3×3 + Ω1θ2 + Ω2
1(1− cos θ1) (7)

eω̂2θ2 = I3×3 + Ω2θ2 + Ω2
2(1− cos θ2) (8)

representing the θ1 and θ2 rotations about ω̂1 and ω̂2, respectively. Also, we computed
the matrices:

eξ̂1θ1 =

[
eω̂1θ1 τ̂1
01×3 1

]
, eξ̂2θ2 =

[
eω̂2θ2 τ̂2
01×3 1

]
(9)

where:

τ̂1 =
(

I3×3 − eω̂1θ1
)

ω̂1 × ν̂1 + ω̂1 · ω̂T
1 ν̂1θ1 (10)

τ̂2 =
(

I3×3 − eω̂2θ2
)

ω̂2 × ν̂2 + ω̂2 · ω̂T
2 ν̂2θ2 (11)

If we define the initial pose representation as:

gP(0) =
[

R0 P0
01×3 1

]
(12)

where:
R0 = [ŝ0 n̂0 â0] (13)

where each column vector is:
ŝ0 = B0+C0−2A0

‖B0+C0−2A0‖
(14)

n̂0 = (B0−A0)×(C0−A0)
‖(B0−A0)×(C0−A0)‖

(15)

â0 = ŝ0 × n̂0 (16)
Then, we finally obtain the product of exponentials (PoE) representation for the serial chain
with two hinge joints for all the P points on the platform:

gP = eξ̂1θ1 eξ̂2θ2 gP(0) =
[

RT τT
01×3 1

]
(17)

where RT is the total rotation matrix and τT is the total translation vector. The model
formulas are in the Supplementary Materials Section S1.1.

2.3. Synthesis of the Parallel Tendon-Driven Robot

The cables must not be in contact with the body and must be smaller than the base
and platform used by the draw-wire sensors. To simplify the collision study, we analyzed a
coronal section of the foot and ankle, and the contact body is a circle containing the ankle, as
illustrated in Figure 6a. We used this coronal section to approximate the platform and base
sizes. In Figure 6b, two tendons drive a hinge joint, and the platform anchor points trace
two concentric circular trajectories. The segments T1 and T2 represent two antagonistic
tendons, rs is the radius of a solid body containing the axis of rotation, and the interior
circle represents a solid body. The collision contact of the cable with the body depends on
the base and platform proportions and the radius rs. By observing this, we note that if the
base is larger than the platform, we can enhance the range of motion of the hinge joint. The
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points M1, M2, and r1 are references on the talocrural axis. Similarly, N1, N2, and r2 are in
the subtalar axis.

Leg

Base

Tendon Shank

Platform

Rotation
axis

(a)

Tendon-driven
axis

BodyTendonsAnchors

Maximum
angle

Minimum
angle

T1

rs rs rs

T2

CP1 CP2

T1

T2 T1

T2

(b)

Figure 6. Base and platform sizes initial approximation. (a) Leg coronal section. (b) Collision, range
of motion, and antagonistic actuation.

We used this coronal section to approximate the platform and base sizes. From the
initial position, we defined a maximum and minimum reached angle. The limits are due to
collision between the cables and the base body. When T1 is extending and T2 is contracting,
Tendon T1 touches the foot in CP1. The minimum angle is limited for such a collision. The
maximum angle occurs when T1 is contracting and T2 is extending. We selected a radius rs
greater than the foot width, and then we evaluated a platform radius rp greater than the
radius. By selecting a base radius rb, we can evaluate the range of movement. The positive
arc and its derivative are:

y =
√

r2
s − x2 (18)

∂y
∂x = −x√

r2
s−x2

(19)

The derivative is the slope of the line T1 in the tangent point PT :
−x√
r2

s−x2
= y−y0

x−x0
, (20)

solving for y yields:

y = − x2−x·x0−
√

r2
s−x2·y0√

r2
s−x2

(21)

We found the tangential point by substituting y from Equation (18) in Equation (21),
yielding the Equation (22). √

r2
s − x2

T = − x2
T−xT ·x0−

√
r2

s−x2
T ·y0√

r2
s−x2

T
, (22)

and simplifying yields (23).

xT · x0 − (r2 −
√

r2
s − x2

T · y0) = 0 (23)

To solve for xT , we used the software SageMath 10.0. Following that, we replaced the
positive value in Equation (18) to find yT . Finally, we found the intersection P2 with the
circular trajectory that has a radius r2. To solve for x2, we used the following equation:

yT−y0
xT−x0

(x2 − x0) + y0 =
√

r2
2 − x2

2 (24)

We found y2 by replacing x2 in Equation (18).
To find the arch length, we considered the initial position of anchor point P1 on the

platform. We used the following Equation:

da f =
√

r2
2 − x2

1 (25)
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where da f is the length from the circle center to the platform central point and defines the
trajectory radius regarding the positive semicircle. We solve for x1 yields two values. By
selecting the positive value, we obtain y1 = da f . The arc length is given by the absolute
difference of the two corresponding angles. We computed the angles by using the Equation:

γ = | arctan2 (y2, x2)− arctan2 (y1, x1)| (26)

In Figure 7, we illustrate the full range of motion of the platform.

T1

PT=(xT,yT)

P0=(x0,y0)

P2=(x2,y2)

r2

P1=(x1,y1)

Base

0.
03
9H

0.
04
6H

0.055H

rbr

rpr

daf

Figure 7. Maximum displacement.

Cable-Driven Two-Rotational Serial Chain

In this subsection, we studied a model in three dimensions that is analogous to the
ankle joint. The model uses the screws in an antagonistic configuration to achieve tension
forces at the cables. In Figure 8b, the view is normal to the proximal axis, and Figure 8a
shows the normal view of the distal axis.

Antagonistic action

(a)

Antagonistic action

(b)

Figure 8. Normal views of the proximal and distal axis regarding the base. (a) Normal view of the
proximal axis. (b) Normal view of the distal axis.

We used this simplified model to compute the cable locations. Also, we can use the
model for testing and calibrating the mechanism before use in humans. With the purpose
of designing a reconfigurable physical model, we represent the rotational joints as axes
located coincident in opposite edges on a tetrahedral structure, as shown in Figure 9.
We chose two different configurations by rotating the anchor points by 0.7854 radians
(half of 1.5708 radians) from their initial position on the base and the platform. The first
coincides with the rotation axis as in Figure 9a, and the second configuration is similar to
that observed in the ankle, and we show this configuration in Figure 9b.
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$1

$2$12

$3

$4
$34

P1

P2

P3

P4

(a)

$A

$B

$C

$D

$P
$D

(b)

Figure 9. First approximation with orthogonal axis coplanar to the tendons. (a) Antagonistic cables
screws representation. (b) Screw representation for the anchor points rotated 0.7854 radians.

The first representation allows us to visually identify the intersection points between
the tendons’ lines of action.

L$1 ∩ L$12 = P1, L$2 ∩ L$12 = P2 (27)

L$3 ∩ L$34 = P3, L$4 ∩ L$34 = P4 (28)

Such a condition results in null reciprocal twists because they are coplanar [91]. There-
fore, the reciprocal products are:

$1 ◦ $12 = 0, $2 ◦ $12 = 0, (29)

$3 ◦ $34 = 0, $4 ◦ $34 = 0 (30)
This configuration must be avoided because it leads to a singularity. The relations for

all the tendons on the rotary joints are as follows:

$12 ◦ ($1 + $2 + $3 + $4), $34 ◦ ($1 + $2 + $3 + $4) (31)
In Figure 9a, we show the following:

$1 ◦ $34 = −$1 ◦ $34, $3 ◦ $12 = −$4 ◦ $12 (32)
Following that, the sum of all reciprocal products is zero, which means that the

platform is in a static position. However, it is unstable because little variation in the anchor
position suddenly changes the product’s sign. In the second configuration, the twist pair
$A and $C is antagonistic with regards to $B and $D about the proximal twist $x. Also, $C
and $B are antagonistic with respect to $A and $D about the twist $t. We will use this in
our design.

In summary, two conditions are important to avoid: singular configurations and cable
collisions. We address the first condition by changing the angle position of the anchor
points and the second condition by selecting the base and platform radiuses which are
bigger than the foot standard size.

2.4. Robot Configuration

For simulation and validation, we generated trajectories and captured the axes pose
using the formulas in the Supplementary Materials Sections S1.2 and S1.3. The method uses
the formulas in the Supplementary Materials Section S1.4 for selecting the trajectories. The
axis approximation formulas are in the Supplementary Materials Section S1.5. Finally, the
range of motion and the common perpendicular line are in the Supplementary Materials
Sections S1.6 and S1.7 complete the captured bi-axial model characterization. These data
are important for the minimum and maximum cable lengths computation. We assume
that the base plane is parallel to the transversal plane of the shank. With the reference
systems aligned and PO and PM0 centered on the base and the platform, the shank line
is perpendicular to the foot plane, and the neutral position occurs when the four tendons
have similar tension. Therefore, the actuators used in antagonistic operation will have
seamless forces. When the platform of the foot is parallel to the transversal plane of the
shank, the talocrural and subtalar axes projected to the plane in symmetric form are:

x−r1x
ω1x

=
y−r1y
ω1y

, x−r2x
ω2x

=
y−r2y
ω2y

(33)
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Solving for y yields:

y =
ω1y
ω1x

x− ω1y
ω1x

r1x +
r1y
ω1y

(34)

y =
ω2y
ω2x

x− ω2y
ω2x

r2x +
r2y
ω2y

(35)
Subtracting (35) from (34), we have:

x
(

ω1y
ω1x
− ω2y

ω2x

)
−
(

ω1y
ω1x

r1x −
ω2y
ω2x

r2x

)
+

r1y
ω1y
− r2y

ω2y
= 0 (36)

Solving for x yields:

xp = − (ω2yr2x−ω2xr2y)ω1x+(ω1xω2x−ω1yω2x)r1x
ω1yω2x−ω1xω2y

(37)
Replacing x in (33) and solving for y yields:

yp = − (ω2yr2x−ω2xr2y)ω1y+(ω1xω2y−ω1yω2y)r1x
ω1yω2x−ω1xω2y

(38)
We created two planes parallel to the z-axis, coinciding with the intersecting point Pip =
(xp, yp):

Π1 : (P− Pip) · n̂1‖z = 0, Π2 : (P− Pip) · n̂2‖z = 0 (39)
where the normal vectors are:

n̂1‖z = ω̂1 × [0, 0, 1], n̂2‖z = ω̂2 × [0, 0, 1] (40)
We computed the angle between the planes. This equation can be used to calculate the

minimum and maximum angles, and the angles can be obtained as follows:

γ12 = 1
2 arccos

( n̂1‖z ·n̂2‖z
|n1||n2|

)
, (41)

γ21 = 1
2

[
π − arccos

( n̂1‖z ·n̂2‖z
|n1||n2|

)]
(42)

We rotated the unitary vector normal to the planes γ12 and γ21 about an axis parallel
to the z-axis and passed it through Pip. The resulting vectors are:

ω12 = rot(k̂,−γ12), ω21 = rot(k̂,−γ21) (43)
where k̂ is the unitary vector in the direction of the positive z-axis.

The resulting lines in symmetric form are:
x−xp
ω12x

=
y−yp
ω12y

, x−xp
ω21x

=
y−yp
ω21y

(44)

Following that, we obtained the pivot point Ppp =
[
xpp, ypp, zpp

]
on the robot platform,

and the pivot point Ppb =
[

xpb, ypb, zpb

]
on the base, corresponding to

[
xp, yp

]
projected on

the platform and the base. The platform and base attachment points are at the intersection
between the circle centered on the pivot points Ppp and Ppb with the lines of Equations (44),
and the circle equations are:

y2 = r2
p − (x− xpp)

2 + ypp, y2 = r2
b − (x− xpb)

2 + ypb (45)
The platform radius is rp, and the base radius is rb. By solving for y in (44), substituting

it in (45), and solving for x, we can obtain the following two values:

σ∓
√(

ω2
12x+ω2

12y

)
(ypp+r2

p)−ω2
12xy2

pp

ω2
12x+ω2

12y
(46)

where:

σ =
(

ω2
12x + ω2

12y

)
xpp −ω12xω12yypp (47)

Substituting these values back into Equation (44) yields:

yap1,ap2 = ypp −
ω12y
ω12x

(
xpp − xap1,ap2

)
(48)

Then, by substituting ω12 by ω21, we can obtain the other two points. Finally, we obtained
four points for the platform. Obtaining the base anchor points is similar to computing the
platform anchor points, and by replacing Ppp by Pbp and rp by rb we computed four base
corresponding points. The reconfigurable structure is easy to set up by changing the angle
position given by:

θpi = arctan(yapi , xapi ), θbi = arctan(yabi
, xabi

) (49)
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where θpi and θbi are the corresponding angles of each anchor point on the platform and
the base related to the x direction around the intersection projected points Ppp and Pbp.

3. Workspace from the Product of Exponentials

By knowing the platform’s initial configuration, we can plot the anchor point group
of movements from the product of exponential matrices by applying the Equation (17) to
each platform anchor point api. The product of exponential matrix representing the group
of movements gapi for each anchor point api on the platform is:

gapi = eξ̂1θ1 eξ̂2θ2 gapi (0) =
[

Rapi τapi

01×3 1

]
(50)

Moreover, the cable lengths can be calculated as follows:

lci = ‖τapi − abi‖ (51)
The range of the talocrural angle is θ1 ∈ [−0.3491, 0.3491] radians, and the subtalar angle
range is θ2 ∈ [−0.2618, 0.2618] radians. The surfaces represent the group of movements for
each anchor point on the platform.

Reconfiguration and Statics Simulation

The robot configuration depends on the ankle axis location. We compared the analo-
gous two-axis system and the ankle biaxial model on MuJoCo 2.3.1. We used this software
because it is open-source and free to use. Additionally, it is used for model-based con-
trol. We provided the XML source in [85]. The simulation process is easy, and we edited
the tendon lengths in the text editor and reloaded the simulation in MuJoCo 2.3.1. We
stopped the simulation, we changed the hinge joint angles, and then we ran the simulation
with the computed tendon lengths. The simulation stops in a static position at previously
computed angles.

4. Results
4.1. Base and Platform Dimensions

First, we show the resulting base radius for mean statistic height in Figure 10 with a
relation rb = 1.3rp. Every module has radius rm.

Module 
r = 30 mm.

Base 
r =150.4074 mm

Platform 
r =115.698 mm 

Module A 
center = (-150.4, 0, 0) .

Module B 
center = (75.2, 130.3, 0).

Module C
center = (75.2, -130.3, 0))

Figure 10. Resulting dimensions of the platform, base and sensor modules.

We computed the sensor lengths by subtracting points pertaining to the groups from
the corresponding module vertexes. We started with the distance between the initial
position from A0 to the module P1A.

l1A = ‖A0 − P1A‖, (52)
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We did the same for modules B and C, then we got the lengths from each initial
point for the corresponding sensors in Table 1. The lengths graphical representation is in
Figure 10.

Table 1. Distances from the initial points to the corresponding sensors.

Sensor Module Distance to P1 Distance to P2 Distance to P3

A l1A = 176.2 l2A = 184.9 l3A = 184.9
B l1B = 176.2 l2B = 311.1 l3B = 269.9
C l1C = 293.9 l2C = 269.9 l3C = 311.1

From the sensor lengths, we computed the initial position for A, B, and C from the
Equations (S15)–(S17) on the Supplementary Materials. Following that, we compared the
original with the computed sensor lengths in Table 2.

Table 2. Platform points computation.

Point Original from the Model Estimation from Lengths

A0 (−115.7, 0, −176.18) (−115.7, −0, −176.18)
B0 (57.849, −100.2, −176.18) (57.849, −100.2, −176.18)
C0 (57.849, 100.2, −176.18) (57.849, 100.2, −176.18)

The table shows that the computed positions from the lengths corresponds to the
given original values.

4.2. Intermediate Results

For the sake of simplifying the results section, we put all the intermediate results
on the supplementary materials. We used data generated from the ankle model forward
kinematics, using the formulas in the Supplementary Materials Section S1.2. The plat-
form position uses the formulas in the Supplementary Materials Section S1.3. The most
circular trajectories selection in practice uses the formulas in the Supplementary Materials
Section S1.4. The axis approximation uses the formulas in the Supplementary Materials
Section S1.5. The range of motion computations uses the formulas in Supplementary Mate-
rials Section S1.6. The common perpendicular formulas are in the Supplementary Materials
Section S1.7.

The trajectories generation results are in the Supplementary Materials Section S2.1.
The resulting common perpendiculars computations, a unique characteristic for each ankle,
are in the Supplementary Materials Section S2.2. The range of motion results are in the
Supplementary Materials Section S2.3. The trajectories from the group of movements are
in the Supplementary Materials Section S2.4. The subtalar axis range of motion results
are in the Supplementary Materials Section S2.4. The resulting base and platform sizes
are in the Supplementary Materials Section S2.6. The resulting screws initial analysis is
in the Supplementary Materials Section S2.7. The horizontal planes projection of the axes
intersection point are in the Supplementary Materials Section S2.8. The results of the robot
configuration are in the Supplementary Materials Section S2.9. The angle computation of
the anchor points is in the Supplementary Materials Section S2.10. The robot workspace
is in the Supplementary Materials Section S2.11. The initial position of cable lengths is
in the Supplementary Materials Section S2.12. The cables lengths at extreme poses are
in the Supplementary Materials Section S2.13. The MuJoCo simulation results are in the
Supplementary Materials Section S2.14.

4.3. Resulting Robot Design

In this subsection, we used the data captured from the ankle model and integrated the
draw-wire sensors into the robot. The device dimensions are based on human proportions
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with a mean height of H = 175 cm. The objective is to adjust the measurement device and
the ankle-approximated model in a configurable structure. The design is intended for the
laying position. We divided the design into two main subassemblies: the platform for the
foot and the base for the shank.

The resulting platform design is based on the foot anatomy by observing the
Figures 1a,b and 2. The platform is adaptable to various foot sizes based on propor-
tions [87]. The length is also adaptable, and we show the assembly in Figure 11. We added
a length ruler, heel support, and three force sensing resistors (FSRs). Two FSRs are used for
the forefoot, and one FSR is used for the hindfoot.

Inclination
angle

Lenght adjust

Width adjust

FSR hindfoot
Heel counter

Ruler

FSR adapter

Right strap

Left strap

Guide

Forefoot adjust

Figure 11. Foot’s size adjust.

To align the center of the platform to Ppp at the initial position we designed perpendic-
ular sliders, as shown in Figure 12.

DETAIL B
SCALE 1 : 2

BA

DETAIL A
SCALE 1 : 2

Horizontal centering Vertical centering

Figure 12. Centering the platform.

In Figure 13, we show the base assembly, with sensors for ankle axis estimation. We
designed guides for centering the shank position Pbp. The anchor points are manually
adjusted in different positions, depending on the ankle model.

DETAIL B

SCALE 2 : 3

Vertical
centering

Horizontal 
centering

B

Figure 13. Centering the base.
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A main tube structure is attached to a baseplate. We used spacers and 8 mm steel bolts
to fasten the two plates supporting the sensors. Finally, we placed Bowden guides for the
cable endpoints.

The final design includes the platform, the sensors, the base, and a possible config-
uration for the actuators and electronics. We also show a resulting assembly with the
approximated adjustable axis mechanical model in Figure 14.

Ankle calibration model

Draw-wire sensors

IMU

Bowden guides

Motors

Electronics

Foot centering

Shank centering
Base

Rotative adjust
Inclination adjust

Proximal axis

Distal inclination

Distal axis

PlatformR

P

R

Figure 14. CAD design.

5. Discussion

In this work, we show that, by using the human-centered design of an ankle rehabili-
tation robot, we can apply the device to a broader group of patients.

We focus on the ankle model specific to each patient to equilibrate tension and pressure
forces in an initial position. For us, ankle kinematic model identification is imperative to
configure the platform and base anchor points. We show that such a design can enhance
the range of motion, adapting to several sizes on both feet. Using this human-centered
approach, we can limit the pressure forces acting on the plantar surface of the foot to
avoid unnatural positions. We estimated the platform and base sizes. We also ensured
that the cables did not touch the foot. The cable lengths can reach the ankle joint range of
motion. We reconfigured the robot around the initial equilibrium position. This position is
like when the human body is standing. We used projected axes on the transversal planes
perpendicular to gravity. Screw theory is a powerful tool, and the results show we can
effectively use it in robot geometry, kinematics, and static analysis.

The screw theory based on two axes has unique characteristics such as common
perpendicular, relative angles between the axes, and relative inclination regarding the
sagittal, transversal, and coronal planes. We can compare left and right foot axes for
stability analysis and gait disease diagnosis.

Using MuJoCo, we simulated the statics by editing an XML file with the computed
tendon lengths and anchor points, then using sensors, the ankle joint angles measures are
similar to those that are initially assumed. There are various biomechanic simulators such
as AnyBody, OpenSim, and Myosuite. We can translate the ankle model obtained with our
method to the XML files used in these simulators.

6. Conclusions

Ankle sprains are a common injury, and there is abundant research on ankle rehabil-
itation robots. We found that Screw Theory is applied in many works. By observing the
anatomy, we realized that the tendons associated with the ankle movement are attached
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to the bones at the base of the plantar dome, transmitting pressure to the foot surface in
contact with the platform. We designed the Turmell-Bot to be used by patients lying in bed
or sitting. The robot configuration depends on the patient-specific ankle model. The model
is an approximation that we can refine by using piece-wise function approximations and
machine learning. We designed a lightweight, low-cost, low-energy, portable, configurable,
and comfortable device. We enhanced the device with sensors to measure the foot pressure
forces involved in ankle movements. We will use compliant actuators and ratchets to hold
the desired position without energy consumption. We will search for antagonistic actuation
and tension control. We also plan to integrate electromyography (EMG) and functional
electrical stimulation (FES) through the shank attachment to register the activation signals
when the device is making rehabilitation movements.

Limitations of the Present Work and Future Development and Improvements

Before building the device, we conducted exhaustive testing on various sizes using
simulations. Our proposed method for scaling the device to fit a target population involves
using statistics and proportions. For example, starting with a statistical mean height, we
can adjust the dimensions accordingly and use 3D printing for the necessary attachments
and supports. To further refine the models, we can create datasets on the target populations
and implement machine learning techniques. Our approach to mapping the neural activity
related to ankle rehabilitation involves using compliant actuators and EMG sensors on
the shank. By utilizing this model, we can create anatomically functional prosthetics that
work effectively near the ankle. The two-axis model expressed in screw theory terms can
be unique to each patient. We can use the axes’ characteristics such as the attitude (relative
to the sagittal, coronal, and transverse planes) and the common perpendicular segment
between the two axes to study body stability and gait analysis.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/robotics12060154/s1.
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ISB International Society of Biomechanics
CAD Computer Aided Design
PoE Product of Exponentials
TC Talocrural
ST Subtalar
MTP Metatarsophalangeal
MMP Most Medial Point
MLP Most Lateral Point
PM Platform Mean
EMG Electromyography
FES Functional Electrostimulation
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