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Abstract: This paper presents a contraction-based learning control architecture that allows for using
model learning tools to learn matched model uncertainties while guaranteeing trajectory tracking
performance during the learning transients. The architecture relies on a disturbance estimator to
estimate the pointwise value of the uncertainty, i.e., the discrepancy between a nominal model and
the true dynamics, with pre-computable estimation error bounds, and a robust Riemannian energy
condition for computing the control signal. Under certain conditions, the controller guarantees
exponential trajectory convergence during the learning transients, while learning can improve
robustness and facilitate better trajectory planning. Simulation results validate the efficacy of the
proposed control architecture.

Keywords: robust control; decision-making under uncertainty; machine learning for control; robot safety

1. Introduction

Robotic and autonomous systems often exhibit nonlinear dynamics and operate in
uncertain and disturbed environments. Planning and executing a trajectory is one of the
most common ways for an autonomous system to achieve a mission. However, the presence
of uncertainties and disturbances, together with the nonlinear dynamics, brings significant
challenges to safe planning and execution of a trajectory. Built upon contraction theory and
disturbance estimation, this paper presents a trajectory-centric learning control approach
that allows for using different model learning tools to learn uncertain dynamics while pro-
viding guaranteed tracking performance in the form of exponential trajectory convergence
throughout the learning phase. Our approach hinges on control contraction metrics (CCMs)
and uncertainty estimation.

Related Work: Control design methods for uncertain systems can be roughly classified
into adaptive/robust approaches and learning-based approaches. Robust approaches, such
as He control [1], sliding mode control [2], and robust/tube model predictive control
(MPC) [3,4], usually consider parametric uncertainties or bounded disturbances and design
controllers to achieve certain performance despite the presence of such uncertainties.
Disturbance-observer (DOB) based control and related methods such as active disturbance
rejection control (ADRC) [5] usually lump parametric uncertainties, unmodeled dynamics,
and external disturbances together as a “total disturbance”, estimate it via an observer
such as DOB and extended state observer (ESO) [5], and then compute control actions to
compensate for the estimated disturbance [6]. On the other hand, adaptive control methods,
such as model reference adaptive control (MRAC) [7] and £; adaptive control [8], rely
on online adaptation to estimate parametric or non-parametric uncertainties and use of
the estimated value in the control design to provide stability and performance guarantees.
While significant progress has been made in the linear setting, trajectory tracking for
nonlinear uncertain systems with transient performance guarantees has been less successful
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in terms of analytical quantification, yet it is required for safety guarantees of robotic and
autonomous systems.

Contraction theory [9] provides a powerful tool for analyzing general nonlinear systems
in a differential framework and is focused on studying the convergence between pairs
of state trajectories towards each other, i.e., incremental stability. It has recently been ex-
tended for constructive control design, e.g., via control contraction metrics (CCMs) [10,11].
Compared to incremental Lyapunov function approaches for studying incremental stabil-
ity, contraction metrics present an intrinsic characterization of incremental stability (i.e.,
invariant under change of coordinates); additionally, the search for a CCM can be achieved
using the sum of squares (SOS) optimization or semidefinite programming [12] and DNN
optimization [13,14]. For nonlinear uncertain systems, CCM has been integrated with adap-
tive and robust control to address parametric [15] and non-parametric uncertainties [16,17].
The issue of bounded disturbances in contraction-based control has been tackled through
robust analysis [12] or synthesis [18,19]. For more work related to contraction theory and
CCM for nonlinear stability analysis and control synthesis, the readers can refer to a recent
tutorial paper [20] and the references therein.

On the other hand, recent years have witnessed an increased use of machine learn-
ing (ML) to learn dynamics models, which are then incorporated into control-theoretic
approaches to generate the control law. For model-based learning control with safety
and/or transient performance guarantees, most of the existing research relies on quantify-
ing the learned model error and robustly handling such an error in the controller design
or analyzing its effect on the control performance [21-23]. As a result, researchers have
largely relied on Gaussian process regression (GPR) to learn uncertain dynamics, due to
its inherent ability to quantify the learned model error [21,22]. Additionally, in almost all
the existing research, the control performance is directly determined by the quality of the
learned model, i.e., a poorly learned model naturally leads to poor control performance.
Deep neural networks (DNNs) were used to approximate state-dependent uncertainties
in adaptive control design in [24,25]. However, these results only provide asymptotic (i.e.,
no transient) performance guarantees at most, and they investigate pure control problems
without considering planning. Moreover, they either consider linear nominal systems or
leverage feedback linearization to cancel the (estimated) nonlinear dynamics, which can
only be done for fully actuated systems. In contrast, this paper considers the planning—
control pipeline and does not try to cancel the nonlinearity, thereby allowing the systems to
be underactuated. In [23,26], the authors used DNNs for batch-wise learning of uncertain
dynamics from scratch; however, good tracking performance cannot be achieved when the
learned uncertainty model is poor.

Statement of Contributions: We propose a contraction-based learning control architec-
ture for nonlinear systems with matched uncertainties (depicted in Figure 1). The proposed
architecture allows for using different ML tools, e.g., DNNSs, for learning the uncertainties
while guaranteeing exponential trajectory convergence under certain conditions throughout
the learning phase. It leverages a disturbance estimator with a pre-computable estimation
error bound (EEB) and a robust Riemann energy condition to compute the control signal. It
is empirically shown that learning can help improve the robustness of the controller and
facilitate better trajectory planning. We demonstrate the efficacy of the proposed approach
using a planar quadrotor example.

This work builds on [16] with several key differences. The authors of [16] introduce
a robust tracking controller utilizing CCM and disturbance estimation without involving
model learning. In contrast, this work adapts the controller to handle scenarios where
machine learning tools are used to learn unknown dynamics, offering tracking performance
guarantees throughout the learning phase. Additionally, this research empirically show-
cases the advantages of integrating learning to improve trajectory planning and strengthen
the robustness of the closed-loop system, aspects that are not explored in [16].
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Figure 1. Proposed control architecture incorporating learned dynamics.

Notations. Let R"” and R™*" denote the n-dimensional real vector space and the space
of real m by n matrices, respectively; 0 and I denote a zero matrix and an identity matrix
of compatible dimensions, respectively; |- ||, and||-|| denotes the co-norm and 2-norm of
a vector /matrix, respectively. Given a vector y, let y; denote its ith element. For a vector
y € R" and a matrix-valued function M : R" — R"*", let 9, M(x) £ ¥/ aA;x(ix)yi denote
the directional derivative of M(x) along y. For symmetric matrices Pand Q, P > Q (P > Q)
means P — Q is positive definite (semidefinite); (X) stands for X + XT. Finally, we use ©
to denote the Minkowski set difference.

2. Preliminaries and Problem Setting

Consider a nonlinear control-affine system

x(t) = f(x(t)) + B(x () (u(t) +d(x(t))), x(0) = xo, 1)

where x(t) € X C R" and u(t) € U C R™ are state and input vectors, respectively,
f:R" - R"and B : R" — R are known functions that are locally Lipschitz, d : R" — R™
is an unknown function denoting the matched model uncertainties; B(x) is assumed to
have full column rank for all x € X. Additionally, X is a compact set that includes
the origin, and U is the control constraint set defined as ¢/ = {u e R" :u <u <i,
i=1,...,m}, where u; and ii; represent the lower and upper bounds of the ith control
channel, respectively.

Remark 1. The matched uncertainty assumption is common in adaptive control [7] or disturbance
observer-based control [6] and is made in existing related work.

Assumption 1. There exist known positive constants Lg, Ly, and by such that for any x,y € X,
the following holds:

[B(x) = B(y)||< Lp[x —y
[d(x) —d(y)||< Lallx —y

7

Remark 2. Assumption 1 does not assume that the system states stay in X (and thus is bounded).
We will prove the boundedness of x later in Theorem 1. Assumption 1 merely indicates that d(x) is
locally Lipschitz with a known bound on the Lipschitz constant and is bounded by a prior known
constant in the compact set X.

Assumption 1 is not very restrictive as the local Lipschitz bound in X" for d(x) can be
conservatively estimated from prior knowledge. Additionally, given the local Lipschitz
constant bound L; and the compact set X', we can always derive a uniform bound using
Lipschitz property if a bound for d(x) for any x in X is known. For example, suppos-
ing ||d(0)|| < b9, we have ||d(x)|| < b3+ Lymaxycx||x||. In practice, leveraging prior
knowledge about the system can result in a tighter bound than the one based on Lipschitz
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continuity. Thus, we assume a uniform bound. Under Assumption 1, it will be shown
later (in Section 2.4) that the pointwise value of d(x(t)) at any time  can be estimated with
pre-computable estimation error bounds (EEBs).

2.1. Learning Uncertain Dynamics
Given a collection of data points {(x;,d;)}, with N denoting the number of data
points, the uncertain function d(x) can be learned using ML tools. For demonstration
purposes, we choose to use DNNs, due to their significant potential in dynamics learning
attributed to their expressive power and the fact that they have been rarely explored for
dynamics learning with safety and/or performance guarantees. Denoting the learned
function as d(x) and the model error as d(x) £ d(x) — d(x), the actual dynamics (1) can be
rewritten as
x=f(x)+B(x)(u+d(x)+d(x)) =F(x,u)+B(x)d(x), ()

where

= f(x)
——
F(x,u) = f(x) + B(x)d(x) +B(x)u. 3)
The learned dynamics can now be represented as
¥ = F(x*,u*). 4)
Remark 3. The above setting includes the special case of no learning, corresponding to d(x) £ 0.

Note that the performance guarantees provided by the proposed framework are
agnostic to the model learning tools used, as long as the following assumption can be satisfied.

Assumption 2. We are able to obtain a uniform error bound for the learned function d(x), i.e., we
could compute a constant &7 such that

a0 | < 3 ®
Remark 4. Assumption 2 can be easily satisfied when using a broad class of ML tools. For instance,
when Gaussian processes are used, a uniform error bound (UEB) can be computed using the approach
in [27]. When using DNNs, we could use spectral-normalized DNNs (SN-DNNs) [28] (to enforce
that d(x) has a Lispitchz bound Ly in X) and compute the UEB as follows. Obviously, since both
d(x) and d(x) have a local Lipschitz bound Ly in X, the model error d(x) has a local Lipschitz
bound 2L; in X. As a result, given any point x* € X, we have

where x; is one of the N number of data points. The preceding inequality implies Equation (5) holds

|46 < _gmin (1) |+ 2Ll = xi

with & = maxecx mine s,y (14060 ]| + 2Ll x* = xi] ).

2.2. Problem Setting

The learned dynamics Equation (4) (including the special case of d = 0) can be incorpo-
rated in a motion planner or trajectory optimizer to plan a desired trajectory (x*(-), u*(-))
to minimize a specific cost function. Suppose Assumptions 1 and 2 hold. The focus of the
paper includes

() Designing a feedback controller to track the desired state trajectory x*(-) with
gquaranteed tracking performance despite the presence of the model error d(x);
(if) Empirically demonstrating the benefits of learning in improving the robustness

and reducing the cost associated with the actual trajectory.
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In the following, we will present some preliminaries on CCM and uncertainty estima-
tion used to build our solution.

2.3. CCM for the Nominal Dynamics

CCM extends contraction analysis [9] to controlled dynamic systems, where the
analysis simultaneously seeks a controller and a metric that characterizes the contraction
properties of the closed-loop system [10]. According to [10], a symmetric matrix-valued
function M(x) serves as a strong CCM for the nominal (uncertainty-free) system

X = f(x)+ B(x)u, (6)

in X, if there exist positive constants a1, ap, and A such that

a I <M(x) <apl (7)
5T MB = 0= 6] <<M§§>+an+2AM>5xgo 6)
<M%>+abiM:0, i=1,--,m, )

hold for all 6y # 0and x € X.

Assumption 3. There exists a strong CCM M(x) for the nominal system Equation (6) in X,
i.e., M(x) satisfies Equations (7)—(9).

Remark 5. Similar to the synthesis of Lyapunov functions, given dynamics, a strong CCM can
be systematically synthesized using convex optimization, more specially, sum of squares program-
ming [10,12,18].

Given a CCM M(x), a feasible trajectory (x*(-),u*(-)) satisfying the nominal dy-
namics Equation (6), and the actual state x(t) at ¢, the control signal can be constructed
as follows [10,12]. At any t > 0, compute a minimal-energy path (termed as geodesic)
(-, t) connecting x(t) and x*(t), e.g., using the pseudospectral method [29]. Note that the
geodesic is always a straight line segment if the metric is constant. Next, compute the Rie-
mann energy of the geodesic, defined as E(x* (), x(t)) = fol Ys(s,£) "M (7 (s, 1)) 7s(s, t)ds,
where 75(s) £ %—Z. Finally, by interpreting the Riemann energy as an incremental control
Lyapunov function, we can construct a control signal u(t) such that

E(x*(t),x(t),u(t)) < —2AE(x*(t), x(t)), (10)

where E(x*, x,u) = 2] (1,t)M(x)x — 274 (0,t)M(x*)%* with the dependence on t omitted
for brevity, %(t) is defined in Equation (6), and x*(t) = f(x*(¢)) + B(x*(t))u*(t). In practice,
one may want to compute u(t) with a minimal||u(t) — u*(t)|| such that Equation (10) holds,
which can be achieved by setting u(t) = u*(t) + k(t, x*, x) with k(t, x*, x) obtained via
solving a quadratic programming (QP) problem [10,12]:

2

k(t, x*,x) = al;(ggjnﬂk —u* (1) (11)
s.t. E(x*(t), x(t), u*(t) + k) < —2AE(x*(t), x(t)) (12)

at each time t. Problem Equation (11) is commonly referred to as the pointwise minimum-
norm control problem and possesses an analytic solution [30]. The performance guarantees
provided by the CCM-based controller can be summarized in the following theorem.
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Lemma 1 ([10]). Suppose Assumption 3 holds for the nominal system Equation (6) with positive
constants aq, ap, and A. Then, a control law satisfying Equation (10) universally exponentially
stabilizes the system Equation (6), which can be expressed mathematically as

() — (1) < \/Eux(m — x| e M. (13)

The following lemma from [12] establishes a bound on the tracking control effort from
solving Equation (11).

Lemma 2 ([12] Theorem 5.2). For all x*, x € X such that d(x*,x) < d for a scalar constant
d > 0, the control effort from solving Equation (11) is bounded by

N A(LTGL)

* * N
L R e

(14)
where G(x) £ <M%> +9fM + 2AM, L(x) satisfies M(x) = L(x)LT(x), A(-) represents the

largest eigenvalue, and o~ ((-) denotes the smallest non-zero singular value.

2.4. Uncertainty Estimation with Computable Error Bounds

We leverage a disturbance estimator described in [16] to estimate the value of the
uncertainty d(x(t)) at each time instant. More importantly, an estimation error bound can
be pre-computed and systematically reduced by tuning a parameter of the estimator. The
estimator comprises a state predictor and an update law. The state predictor is defined by

x(t) = f(x(8)) + B(x(£))u(t) + &(t) — ax(t), 2(0) = xo, (15)

where %(t) £ £(t) — x(t) denotes the prediction error, a > 0 is a scalar constant. The esti-
mate, 0(t), is given by a piecewise-constant update law:

o(t) =o(iT), te[iT,(i+1)T), 16)
o(iT) = —a/(e"T — 1)%(iT),
where T is an estimation sampling time, and i = 0,1,2, - - -. Finally, the value of d(x) at
time t is estimated as
P (1) = BH(x(1)o(t), (17)

where B (x(t)) is the pseudoinverse of B(x(t)). The following lemma establishes the
estimation error bound associated with the disturbance estimator defined by (15) and
(16). Lemma 3 can be considered as a simplified version of (Lemma 4 [16]) in the sense
that the uncertainty considered in [16] can explicitly depend on both time and states,
i.e., represented as d(t, x), whereas the uncertainty in this paper depends on states only.
The proof is similar to that in [16] and is omitted for brevity.

Lemma 3. [16] Given the dynamics (1) subject to Assumption 1, and the disturbance estimator
in (15) and (16), for ¢ > T, if

x(t) € X, Vi€ [0,¢], u(t) eU, vVt € ]0,8), (18)
the estimation error can be bounded as

bd,V0§t<T,

| —acxe)) s58e<t>é{m) max 575 (19)

SVEZT,
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forall tin [0, ], where
a(T) £ zﬁ¢T(Ldmax|\B(x)|\+LBbd) +(1—e="T)\/nb, rrgHB(x)H (20)
X
N
¢ = amax [[f(x)+B(x)ul +bsmax|[B(x) (21)

with constants Ly, Ly, and by from Assumption 1. Moreover, limr_,0 83, (t) = 0, forany t > T.

Remark 6. According to Lemma 3, the estimation error after a single sampling interval can be
arbitrarily reduced by decreasing T.

Remark 7. As explained in (Remark 5 [16]), the error bound 89,(t) can be quite conservative
primarily due to the conservatives introduced in computing ¢ and «(T). For practical implementa-
tion, one could benefit from empirical studies, such as conducting simulations with a selection of
user-defined functions of d(x) to identify a more refined bound than 89,(t) defined in Equation (19).

3. Disturbance Estimation-Based Contraction Control under Learned Dynamics

This section introduces an approach based on CCM and disturbance estimation to
ensure the UES of the uncertain system Equation (2) even when the learned model d(x)
is poor.

3.1. CCMs and Feasible Trajectories for the True System

The first step is to search for a valid CCM for the uncertain system Equation (2). Due
to the special structure of Equation (2) attributed to the matched uncertainty assumption,
we have the following lemma. The proof is straightforward by following [15] that considers
matched parametric uncertainties and is thus omitted.

Lemma 4. If a contraction metric M(x) satisfies the strong CCM conditions (7), (8) and (9) for the
nominal system, then the same metric satisfies the strong CCM condition for the learned dynamics
Equation (4), as well as for the uncertain system Equation (2) with the learned dynamics d(x).

Define
DE{yeR":|y| < b} (22)

Equation (22) and Assumption 1 imply that d(x) € D for any x € X. As discussed in
Section 2.3, when provided with a CCM and a feasible desired trajectory x*(¢) and u*(t), a
controller can be designed to exponentially stabilize the actual state trajectory x(t) to the
desired trajectory x*(t). In practice, we only have access to learned dynamics to plan a
trajectory. We now present a lemma providing the condition under which x*(t) planned
using the learned dynamics Equation (4) also represents a feasible state trajectory for the
true system.

Lemma 5. Considering a trajectory (x*(-), u*(+)) satisfying the learned dynamics Equation (4)
with x*(t) € X forall t > 0, if

u*(t) +d(x*(t)) eUSD Vt>0, (23)
and Assumption 1 holds, then x*(-) is a feasible state trajectory for the true system Equation (1).

Proof. Note that *(t) £ u*(t) —d(x*(t)) = u*(t) +d(x*(t)) — (d(x*(t)) +d(x*(t))) =
u*(t) 4+ d(x*(t)) — d(x*(t)). Since u*(t) + d(x*(t)) € U © D and —d(x*(t)) € D, which is
due to x*(t) € X and Assumption 1, we have i*(t) € U. Comparison of Equation (4) and
Equation (2) implies that x*(¢) and *(¢) satisfy the true dynamics Equation (2). Thus, x*(-)
is a feasible state trajectory for Equation (2). O
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3.2. Filtered Disturbance Estimate

Using a small T in the estimation law Equation (16) may introduce high-frequency
components into the control signal, which could potentially compromise the robustness
of the closed-loop system, e.g., against input delay. This has been demonstrated in the
adaptive control literature (Sections 1.3 and 2.1.4 [8]), which shows that a high adaptation
rate (corresponding to a small T here) will lead to a reduced time-delay margin. To prevent
the high-frequency signal in the estimation loop induced by small T from entering the
control loop, we can use a low-pass filter to smooth the estimated uncertainty before using
it to compute control signals, as inspired by the £ adaptive control theory [8]. More
specifically, we define the filtered disturbance estimate d(t) as

v

d(t) = d(x(t) + £ [C(s)£ld(H) — d(x(1))]], (4)

where £[-] and £7![] denote the Laplace transform and inverse Laplace transform oper-
ators, respectively, and C(s) is a m x m strictly proper transfer function matrix denoting
a stable low pass filter. Notice that d°(t) — d(x(t)) is an estimate of the learned model
error d(x(t)) = d(t) — d(x(t)). Filtering d(x(t)) is not necessary because it will not induce
high-frequency signals into the control loop, unlike d°(x(t)).

For simplicity, we select C(s) to be

C(s) = diag(k}/ (s + k), ... K}/ (s +K})), (25)

where k; (j =1,...,m) is the filter bandwidth for the jth uncertainty channel. The C(s) in
Equation (25) can be described by a state-space model (A £ B, 1 ), where A = diag( —k}, e,
—k;?), and By is a m x m matrix with all elements equal to 0 except the (j, j) element equal

to ki[. Define

ks = min{k};,...k?}, Ef = max{k},...,k}”}. (26)

Leveraging the bound in Equation (19) and solution of state-space systems, we can
straightforwardly derive an EEB on d(t) — d(x(t)), formally stated in the following lemma.

Lemma 6. Consider the filtered disturbance estimate given in Equation (24). If Assumption 2
holds and condition Equation (19) holds for all t in [0, {], then,

A1) =d(x()) | <Gae(t) 292 (1)+ v/, @7

forall tin [0, ], where

A P2 £ %(1 fe_ka), VO<t<T,

it ¥+ ‘Sg‘g)kf VE>T. )
Proof. Equation (24) implies
d(t) —d(x(1)) = Ai(t) + Ba(t), (29)
where
£[aq(1)] = C(s) Ld(#) - d(x(t))], (30)
L[aa(t)] = (I=C(s))Lld(x(t)) — d(x(t))]. (31)

Notice that Equation (30) can be represented with a state-space model:
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Xf(i’) = Afo(t) + Bf(de(t) —d(x(t)) (32a)
M (t) = Xf(t), Xf(O) =0, (32b)

where x¢(t) € R™ is the state vector of the filter. From Equations (19) and (32), we have for
any tin [0, T],

t t
HAl(t)” de/o HeAf(t_T)BfHdT < bd/o ]_cfefkf(t*T)dT

:bd]l_z; (1 - e‘kft) < bdiﬁ (1 - e_ka)f

where the second inequality is due to the fact that e4/(!=7 B = dlag(k}e f k?eik?).

Additionally, for any t in [T, &, since Aq (£) =e?r~Tx +f At T)Bf {do( )— d(X(T))} dr,
we have

1A ()] < [x(T)]| +5( /H Aty e

i} _ 50 (Tk
§¢2+5ge(T)/ kpe 54t < ¢2+7de( Lig
T kg
I I
B <1 ¢ )
As a result, we have
[Ar(B)]| < ¢u(t), V€ [0,8]. (33)

On the other hand, since Hj(x(t))—d(x(t))H chi(x(t))—d(x(t))H :Hd(x(t))H <
for all t in [0,¢] by assumption by applying (Lemma A.7.1 [8]) to Equation (31), we
have [|Ax(t)]|, < [[I—-C(s HE 67 for all t in [0, &], where ||-||;, denotes the £; norm (also

known as the induced Lo gain) of a system. Further considering || A, (#) || < v/m|| Ay (¢
HI —C(s) H L = 1 (due to the specific C(s) selected in Equation (25)), Equation (29), and
Equation (33), we obtain Equation (27). O

HOO

The £ norm of a linear time-invariant system can be easily computed using the
impulse response (Section A.7.1 [8]).

Remark 8. From the definitions of 83, (t) in Equation (19) and of 1 (t) in Equation (28), one can
see that limp_,g ¢1(t) = O, for all t > T. On the other hand, 5d~ is expected to decrease with the
improved accuracy of the learned model d(x).

Remark 9. As explained in Remark 7, the bound 586(1‘) could be quite conservative, which leads to
a conservative bound, i.e., Y (t), for A1(t) (defined in Equation (30)). Additionally, the bound on
Ay (t) can also be quite conservative due to the use of the L1 norm of a system and the Lo, norms of
inputs and outputs, e.g., characterized by (Lemma A.7.1 [8]). As a result, the bound b4.(t) is most
likely rather conservative. For practical implementation, one could leverage some empirical study,
e.g., doing simulations under a few user-selected functions of d(x) and d(x) and determining a
tighter bound based on the simulation results.

Remark 10. For many control techniques, including a low-pass filter will induce phase delay
and may damage system performance and/or robustness. However, this is not true for adaptive
or uncertainty estimation-based control. As demonstrated in the adaptive control literature [8],
including a low-pass filter with properly designed bandwidth can actually improve system robustness,
e.g., against input delay. Simulation tests in Appendix A indicate that this is also true for the
proposed control technique. Additionally, the low-pass filter is only applied to the estimate of the
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learned model error (i.e., d(x(t))), and influences the estimation error bound. Such an influence
will decrease when the learned model improves.

3.3. Robust Riemann Energy Condition under Learned Dynamics

Section 2.3 demonstrates that with a nominal system and a CCM established for it,
one can devise a controller to limit the rate of decrease of the Riemann energy, as de-
scribed by Equation (10). Now, given uncertain dynamics with the learned model in
Equation (2), and the planned trajectory (x*(-), u*(-)) using the learned model, under
condition Equation (23), condition Equation (10) now becomes

7o (LM (x(8))%(t) — 7 (0, )) M(x* (£)) Fy (x* (1), u* (1)) SAE(x* (1), x(8),  (34)

where %(t) = f(x(t)) + B(x(#))(u(t) + d(x(t))) denotes the true dynamics evaluated
at x(t), and F(x, u) denotes the learned dynamics defined in Equation (3). Obviously,
Equation (34) is not implementable since it depends on the uncertainty d(x(t)). However, by
estimating the value of d(x(t)) at each time t with a computable estimation error bound,
we could establish a robust condition for Equation (34) [16]. In particular, consider the
filtered disturbance estimate introduced in Section 3.2 that estimates d(x(t)) as d(t) at each
time t with an error bound g4, (t) defined in Equation (27). Then, a sufficient condition for
Equation (34) can be obtained as

W (LOM()E = 2] (0, )M F (1) +|

(1, )M(x)B(x)|| dae(t) < —AE(x*, %), (35)

where #(t) £ f(x) + B(x)(u(t) + d(t)). Moreover, since M(x) satisfies the CCM conditions
(7)—~(9) , control input u(t) that satisfies (35) will exist for any t > 0, irrespective of the size
of 4, in the absence of control limits, i.e., f = R™. We call condition Equation (35) the robust
Riemann energy (RRE) condition.

Remark 11. From Sections 2.4 and 3.3, we see that the disturbance estimate provided by
Equations (15) and (16) and incorporated in the RRE condition Equation (35) is the discrep-
ancy between the true dynamics and the nominal dynamics without the learned model (i.e., d(x)).
Alternatively, we can easily adapt the estimation law Equations (15) and (16) to estimate d(x) (i.e.,
the discrepancy between learned dynamics Equation (4) and true dynamics) and adjust the RRE
condition accordingly. However, as characterized in Equation (19), the EEB depends on the local
Lipschitz bound of the uncertainty to be estimated, which indicates that a Lipschitz bound for d(x)
is needed to establish the EEB for it.

3.4. Guaranteed Trajectory Tracking under Learned Dynamics

Similar to Section 2.3, we can compute a control input at each time ¢ to satisfy the
RRE condition Equation (35). In practice, one may want to compute u(t) with a minimal
|u(t) —u*(t)]], (t) = u*(t) + k*(t, x*, x) with k* (¢, x*, x)
obtained via solving a QP problem:

k* (t, x*, x) = argmin||k||* (36)
keRm
s.t. ot X%, x) + ¢; (x*,x)k <0 (37)

ateach t > 0, where

po(t, x*,x) £y (L)M(x)(f (x) + B(x)(u*(t) +d(t)))+
"ys (1, £)M(x)B(x H(sde — 470, ) M(x*)E (x* u*) + AE(x*,x)  (38)
4)1(x*/x) ( ) ( )’)’5(1,15) (39)
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and Equation (37) is an equivalent representation of Equation (35), d(t) is the filtered
disturbance estimate via Equations (15)~(17) and (24), 540 (t) is defined in Equation (27),
and F;(-,-) is defined in Equation (3). Problem Equation (36) is commonly referred to as a
min-norm problem and can be analytically solved by [30]

0 if ¢o(t, x*,x) <0,

=1 _olrmnes g
lor )

Remark 12. The proposed controller is inspired by the L1 adaptive control theory [8]. In fact, we
adopt the estimation mechanism (the PWCE law in Equations (15) and (16)) used within an £
controller. However, instead of directly canceling the estimated disturbance as one would do with
an L controller, the proposed approach incorporates the estimated uncertainty and the EEBs into
the robust Riemann energy condition Equation (37) to compute the control signal, which ensures
exponential convergence of actual trajectories to desired ones.

The following lemma establishes a bound on the control input given by solving
Equation (36).

Lemma 7. Suppose Assumptions 2—3 hold, and the uncertainty estimate error is bounded according
to Equation (27). Moreover, suppose x*, x € X such that d(x*, x) < d for a scalar constant d > 0.
Then, the control effort from solving Equation (36) is bounLded as

é51(

- T TA
||k*(t,x*,x)|| S ésup A(L GL)

——— "+ 07+ 264e(1), (40)
2 ey 0so(BTL-T) 4 ¢

where G(x) 2 <Mg£> +9M~+2AM with f defined in Equation (3).

Proof. Due to Assumption 2, M(x) is a valid CCM for the learned dynamics Equation (4),
according to Lemma 4. By applying Lemma 2 to the learned dynamics Equation (4), we
can obtain that at any t > 0, for any feasible x*(¢) and x(t) satisfying d(x*,x) < d, there

always exists a kg subject to||ko|| < g SUP,c v % such that
(45N
7o (L, )M (x) (F (x, u*) +ko) — v, (0, ) M(x*) Fy (x*, u*)+ AE(x*, x) <O0. (41)
Setting
k=ko+d(x) —d(t) — ¢10ae(t) /|| ¢n]] (42)

with ¢; defined in Equation (39), we have

LHS of Equation (37) = LHS of Equation (41)—¢{ ¢, (|5|i;1(|t|) +| 1] dqe () <0

=0

which implies that k defined in Equation (42) is a feasible solution for Equation (36).
Therefore, the optimal solution for Equation (36) satisfies ||k*(t, x*,x)|| < |[k|| = ||ko+
d(x) ~d(x) +d(x) ~d(t) ~g13ae(8) /| o1 [ [| < koll +11a(x) ~d(x)l| +11d(x) ~d(1)]| +Fge(t) <
gSup,cy % +087+2b4¢(t), which proves Equation (40). [

The main theoretical result of the paper is stated below.

Theorem 1. Consider an uncertain system Equation (2) with learned dynamics d(x). Suppose
Assumptions 1 and 2 hold and Assumption 3 holds with positive constants a1, ap, and A. Further-
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more, suppose the initial state vector x(0) € X and a continuous trajectory (x*(-), u*(+)) planned
using the learned dynamics Equation (4) satisfy Equations (23), (43) and (44),

w(t)euo {yerm: |y <5}, (43)
Q(t)ﬁ{yeR”:HyH < Hx*(t)”—l—\/EHx(O)—x*(O)He_)‘t} Cint(X), (44)

for any t > 0, where int(-) denotes the interior of a set, 5% is defined in Equation (40) with
d = d(x*(0),x(0))e M +e (45)

for an arbitrary € > 0. Then, the control law u(t) = u*(t) + k* (¢, x*, x) with k*(t, x*, x) solving
Equation (36) ensures that u(t) € U and x(t) € X for all t > 0, and universally exponentially
stabilizes the system Equation (2) in the sense that Equation (13) holds.

Proof. Since Assumption 2 holds, we have d(x(0)) < ‘Sd since x(0 6 X. The EEB in
Equation (27) holds for t = 0 due to the fact that Hd ’ —d(x(0) H =

‘dN(O)H < b7 < 04e(0). As a result, the bound in Equatlon (40) holds for t = 0 with
d = d(x*(0),x(0)) + ¢, which, together with Equation (43), implies u(0) = u*(0) +
k*(0,x*(0),x(0)) € U.

We next prove x(t) € X and u(t) € U for all t > 0 by contradiction. Assume this is not
true. Since x(t) and u(t) are continuous (u(t) = u*(t) + k*(¢, x*, x) is continuous because
u*(t) is continuous, and k*(t, x*, x) is also continuous according to Equation (36)), there
must exist a time T such that

x(t) e X, u(t)eU, vte|0,T), (46)
x(t) ¢ Xoru(t) ¢ U. (47)

Now, examine the evolution of the system within the interval [O, 7). Due to
Equation (46), the error bound in Equation (19) holds within [0, 7). Also, notice that con-
dition Equation (23) ensures that x*(-) represents a feasible trajectory for the uncertain
system Equation (2) with input constraints according to Lemma 5. Therefore, the control
law u(t) = u*(t) + k*(t, x*, x) given by Equation (36) guarantees the fulfillment of of the
RRE condition Equation (35), and, consequently, of condition Equation (34), which further
implies Equation (10), or equivalently,

E(x*(t),x(t)) < E(x*(0),x(0))e"2M, (48)

foralltin [0, 7). Lemma 1 and Equation (48) indicate that || x(t)|| <||x*()|| + \/E || x(0) — x*

e~ MVt € [0,7), which, together with Equation (44), implies that x(t) stays in the interior of
X, Vt € [0, 7). Considering that x(t) is continuous, we have x(7) € X, contradicting the
first condition in Equation (47). As a result, we have

x(t) € X, Vt € [0,7]. (49)

Now, consider the second condition in Equation (47). Condition Equation (48) implies
a(x*(t),x(t)) < d(x*(0),x(0))e~™ < d for any ¢ in [0,7), where d(x*,x) denotes the
Riemann distance between x* and x and d is defined in Equation (45). Considering the
continuity of x*(t) and x(t), we have

a(x*(t),x(t)) <d, vt € [0, 7). (50)

Due to Equation (49) and u(t) € U for all t € [0, T) (from Equation (46)), it follows
from Lemma 3 that the error bound in Equation (19) holds in [0, 7], which, together with
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Equation (49), implies the filter-dependent error bound in Equation (27) holds in [0, 7]. This
fact, along with Equation (50), indicates that Equation (40) holds, i.e., ||k* (¢, x*, x) H < SLL,,
for all t in [0, T]. Further considering Equation (43), we have u(t) = u*(t) + k*(t,x*,x) € U
for all t in [0, 7], which, together with Equation (49), contradicts Equation (47). Therefore,
we conclude that x(t) € X and u(t) € U for all t > 0. From the development of the proof,
it is clear that the the UES of the closed-loop system in X with the control law given by the
solution of Equation (36) is achieved. [

Remark 13. Theorem 1 asserts that, under specific conditions, the proposed controller ensures
exponential convergence of the actual state trajectory to a desired trajectory that may be planned
using a potentially poorly learned model. On the other hand, the improved accuracy of the learned
model reduces the error bound &7 and thus the EEB 4 (t), and improve the robustness of the
controller, as will be demonstrated by simulation results in Section 4.

Remark 14. The exponential convergence assurance described in Theorem 1 relies on a continuous-
time implementation of the controller. However, in practical applications, controllers are typically
implemented on digital processors using fixed sampling times. Consequently, the property of
exponential convergence may be slightly compromised, as noted in Section 4.

3.5. Discussion

With consideration of Equation (40), condition Equation (43) in Theorem 1 requires
that, when planning nominal input trajectories, enough control authority should be left for
the control law defined by Equation (36). Additionally, the control effort bound 5% depends
on the error bound of the learned model, § ; a poorly learned model with large 6 ; will lead
to large 6L, making it challenging to satisfy Equation (43).

Although Theorem 1 only mentions the trajectory tracking performance, we will
empirically show the benefits of learning in facilitating better trajectory planning and
improving the robustness of the controller in Section 4.

4. Simulation Results

We validate the proposed learning control approach on a 2D quadrotor introduced
in [12]. We selected this example because the 2D quadrotor, although simpler than a
3D quadrotor, presents significant control challenges due to its nonlinear and unstable
dynamics. Additionally, it offers a suitable scenario for demonstrating the applicabil-
ity of the proposed control architecture, specifically, maintaining safety and reducing
energy consumption in the presence of disturbances. Matlab codes can be found at
github.com/boranzhao/de-ccm-w-learning, https://github.com/boranzhao/de-ccm-w-
learning, accessed on 12 May 2024. The dynamics of the vehicle are given by

_'Px_ [0, cos(¢) — vz sin((p)_ [0 0
Pz vy sin(¢) + vz cos(¢) 0o
.|| _ ) 00
= ve| vz — gsin(¢p) + 00 (u+d(x)),
Uz *ngb - gcos(¢) % %
B I 1
Lo L 0 I N1

where py and p, represent the positions in x and z directions, respectively, v, and v, denote
the lateral velocity and velocity along the thrust axis in the body frame; ¢ is the angle
between the x direction of the body frame and the x direction of the inertia frame. The input
vector u = [uq,up] contains the thrust force produced by the two propellers; m and |
represent the mass and moment of inertia about the out-of-plane axis, respectively; I denotes
the distance between each propeller and the vehicle center, and d(x) signifies the unknown
disturbances exerted on the propellers. Specific parameter values are assigned as follows:
m = 0.486 kg, | = 0.00383 Kg m?, and | = 0.25 m. We choose d(x) to be d(x) = p(x,z) -
0.5(v2 +02)[1,1] T, where p(x,z) = 1/((x — 5)% + (y — 5)? + 1) represents the disturbance
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intensity whose values in a specific location are denoted by the color at this location in
Figure 2. We consider three navigation tasks with different start and target points, while
avoiding the three circular obstacles, as illustrated in Figure 2. The planned trajectories
were computed using OptimTraj [31] to minimize a cost function | = [;||u(t) H2 dt + 5T,
where T, denotes the arrival time. The actual start points for Tasks 1~3 were intentionally
set to be different from the desired ones used for trajectory planning.

= -Planned —DE-COM O x start # z* start # target = -Planned —DE-COM O x start # z* start % target = -Planned —DE-COM O z start + z* start # target
10 10 10
9 9 9
8 8 8
7 7 7
Ee . @/ 2@ B¢
4 R/~ 4
3 3 . 3
2 2 2
1 1 1
0 0 i 0
0 2 4 6 8 10 12
pr (m)
- - -
10 - -Planned 10 - -Planned 10| = -Planned
—DE-CCM (ours) —DE-CCM (ours) —DE-CCM (ours)
9 —Ad-CCM (true regressors) 9 —Ad-CCM (poly. regressors) 9| —Ad-CCM (poly. regressors)
- RCCM ---RCCM ---RCCM
8 8 ..coM 8| -.com
7 7 7
6 — 6 — 6
5 ®o_ 0
5 s ] .
By B
4 4 4
3 3 3 g .
0
'
2 2 2 g
1 1 1
0 0 0
8 10 0 2 4 6 8 10 0 2 4 6 8 10
o (m) px (m)
(b) (0)

Figure 2. (Top): Planned and executed trajectories under our proposed DE-CCM for Tasks 1~3
under different learning scenarios. (Bottom): Tracking performance of DE-CCM, Ad-CCM [15],
RCCM (which can be seen as a special case of DE-CCM with uncertainty estimate set to 0), and CCM
for Task 1 under different learning scenarios. Start points of planned and actual trajectories are
intentionally set to be different to reveal the transient response under different scenarios.

4.1. Control Design

For computing a CCM, we parameterized the CCM W by ¢ and vy, and set the
convergence rate A to 0.8. Additionally, we enforced the constraints: x € X £ [0,15] x
0,15 x [—%, F] x [-2,2] x [-1, 1] x [- %, Z],u € U £ [0, 3mg] x [0, 3mg]. More details
about synthesizing the CCM and computing the geodesic can be found in [18]. All the
subsequent computations and simulations except DNN training (which was done in Python
using PyTorch) were done in MATLAB R2021b. For estimating the disturbance using
Equations (15)—(17), we set a = 10. It is straightforward to confirm that L; = 4, b; = 3.54,
and Lp = 0 (due to the constant nature of B) satisfy Equation (2). By discretizing the space
X into a grid, one can determine the constant ¢» in Lemma 3 to be ¢ = 783.96. Based on
Equation (19), to achieve an error bound 531 o = 0.1, the estimation sampling time needs to
satisfy Ts < 2.04 x 10~7 s. However, as mentioned in Remark 7, the error bound calculated
from Equation (19) might be overly conservative. Through simulations, we determined
that a sampling time of 0.002 s was sufficient to achieve the desired error bound and thus
set T; = 0.002 s.

4.2. Performance and Robustness across Learning Transients

Figure 2 (top) illustrates the planned and actual trajectories under the proposed
controller utilizing the RRE condition and disturbance estimation (referred to as DE-CCM),
in the presence of no, moderate, and good learned model for uncertain dynamics. For these
results, we did not low-pass filter the estimated uncertainty, which is equivalent to setting
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C(s) = Iin Equation (24). Spectral-normalized DNNs [28] (Remark 4) with four inputs, two
outputs, and four hidden layers were used for model learning. For training data collection,
we planned and executed nine trajectories with different start and end points, as shown
in Figure 3. The data collected during the execution of these trajectories were used to
train the moderate model. However, these nine trajectories were still not enough to fully
explore the state space. Sufficient exploration of the state space is necessary to learn a good
uncertainty model. Thanks to the performance guarantee, the DE-CCM controller facilitates
safe exploration, as demonstrated in Figure 3. For illustration purposes, we directly used
the true uncertainty model to generate the data and used the generated data for training,
which yielded the good model.

12

—Planned - -DE-CCM O Start * Target

N/

p. (m)
(o2}

0 2 4 6 8 10
Pz (nl)

Figure 3. Safe exploration of the state space for learning uncertain dynamics under DE-CCM.

As depicted in Figure 2, the actual trajectories generated by DE-CCM exhibited ex-
pected convergence towards the desired trajectories during the learning phase across all
three tasks. The minor deviations observed between the actual and desired trajectories
under DE-CCM can be attributed to the finite step size used in the ODE solver employed
for simulations (refer to Remark 14). The planned trajectory for Task 2 in the moderate
learning case seemed unusual near the end point. This is because the learned model was
not accurate in the area due to a lack of sufficient exploration. However, with the DE-CCM
controller, the quadrotor was still able to track the trajectory. Figure 4 depicts the trajectories
of true, learned, and estimated disturbances in the presence of no and good learning for
Task 1; the trajectories for Tasks 2 and 3 are similar and thus omitted. One can see that the
estimated disturbances were always fairly close to the true disturbances. Also, the area
with high disturbance intensity was avoided under good learning, which explains the
smaller disturbance encountered.

Disturbance

- - Good L: dy —No L: d;
-06 -=-Good L: d; —No L: d; |
-~ Good L: d; --No L: d;

0 2 4 6 8 10
Time (s)

Figure 4. Trajectories of true, learned, and estimated disturbances in the presence of no and good
learning for Task 1. The notations d;, d}, and Jl denote the first element of d, d, and d, respectively.
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Figure 5 shows trajectories of Riemann energy E(x*, x) in the presence of no and good
learning for Task 1; the trajectories for Tasks 2 and 3 are similar and thus omitted. It is
evident that E(x*, x) under DE-CCM decreased exponentially across all scenarios, irrespec-
tive of the quality of the learned mode. To compare, we implemented three additional
controllers, namely, a vanilla CCM controller that disregards the uncertainty or learned
model error, an adaptive CCM (Ad-CCM) controller from [15] with true and polynomial
regressors, and a robust CCM (RCCM) controller that can be seen as a specific case of a
DE-CCM controller with the uncertainty estimate equal to zero and the EEB equal to the
disturbance bound b;. The Ad-CCM controller [15] needs a parametric structure for the
uncertainty in the form of ®(x)6, with ®(x) being a known regressor matrix and 6 being
the vector of unknown parameters. For the no-learning case, we assume that we know
the regressor matrix for the original uncertainty d(x). For the learning cases, since we do
not know the regressor matrix for the learned model error d(x), we used a second-order
polynomial regressor matrix:

O(x) = [ﬂ {1 x x* z 22 vy U2 o, U§:| (51)

Figure 2 (bottom) shows the tracking control performances yielded by these additional
controllers for Task 1 under different learning scenarios. The observed trajectories resulting
from the CCM controller showed significant deviations from the planned trajectories and
occasionally encountered collisions with obstacles, except in the case of good learning.
Additionally, Ad-CCM yielded poor tracking performance under the moderate learning
case. The poor performance could be attributed to the fact that the uncertainty d(x) may not
have a parametric structure, or, even if it does, the selected regressor may not be sufficient
to represent it. RCCM achieved similar performance as compared to the proposed method,
but shows weaker robustness against control input delays, as demonstrated later.

—CCM: noL — DE-CCM: no L | 5§y —CCM:noL —DE-CCM: no L

B CCM: moderate L ==-DE-CCM: moderate L -= CCM: moderate L ==*DE-CCM: moderate L
:CCM:good L === DE-CCM: good L 45 ...cCM:goodL e DE-CCM: good L

Control Input

0 2 4 6 8 10
Time (s) Time (s)

Figure 5. Trajectories of Riemann energy E(x*, x) (left) and the first element of control input (right),
i.e., up, in the presence of no, poor, and good learning for Task 1.

4.3. Improved Planning and System Robustness with Learning

Figure 6 shows the costs | associated with the actual trajectories achieved by DE-
CCM under different learning qualities. As expected, the good model helped plan better
trajectories, leading to reduced costs for all three tasks. It is not a surprise that the poor and
moderate models led to a temporal increase in the costs for some tasks. In practice, we may
not use the poorly learned model directly for planning trajectories. DE-CCM ensures that
in case one really does so, the planned trajectories can still be tracked well.
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Figure 6. Costs of actual trajectories achieved by DE-CCM throughout the learning phase.

The role of the low-pass filter in protecting system robustness under the no learning
case is illustrated in Appendix A. We next tested the robustness of RCCM and DE-CCM
against input delays under different learning scenarios. Note that, unlike linear systems for
which gain and phase margins are commonly used as robustness criteria, we often evaluate
the robustness of nonlinear systems in terms of their tolerance for input delays. Under an
input delay of At, plant dynamics Equation (1) becomes x = f(x) 4+ B(x) (u(t — At) +d(x)).
For these experiments, we leveraged a low-pass filter C(s) = %Iz to filter the estimated
disturbance following Equation (24). In principle, the EEB of 0.1 used in the previous
experiments would not hold anymore, as the presence of the filter would lead to a larger
error bound according to Equation (27). However, we kept using the same EEB of 0.1, as
the theoretical bound according to Equation (27) could be quite conservative. The Riemann
energy, which indicates the tracking performance for all states, is shown in Figure 7. One
can see that, under both delay cases, DE-CCM achieves smaller and less oscillatory Riemann
energy, indicating better robustness and tracking performance, compared to RCCM.

40 T T T T T T T

~-RCOM - no learning - ROCM - good learning

— DE-CCM - no learning — DE-CC)M - good learning
P
58
&
1
55|

101 3
= 0 o - L kS Lo - il - 2
0 2 4 6 8 10 6 6.05 6.1 6.15 6.2
Time (s) Time (s)

Time (s) " Time (s) '

Figure 7. Riemann energy yielded by DE-CCM and RCCM under different learning cases with an
input delay of 10 ms (top) and 30 ms (bottom). Note that the plots on the right are zoomed-in versions
of the corresponding plots on the left. Learning improves the robustness of both DE-CCM and RCCM
against input delays.

Additionally, the robustness of DE-CCM against input delays in the presence of good
learning is significantly improved compared to the no-learning case, which illustrates
the benefits of incorporating learning. This can be explained as follows. The input delay
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may cause the disturbance estimate d°(t) to be highly oscillatory and a large discrepancy
between d°(t) and d(x(t)). The low pass filter C(s) can filter out the high-frequency oscil-
latory component of d°(t). Under good learning, according to Equation (24), the learned
model d(x(t)) approaches the true uncertainty d(x(t)); as a result, the filtered disturbance
estimate d(t) defined in Equation (24) can be much closer to d(x(t)), leading to improved
robustness and performance, compared to no and moderate learning cases.

5. Conclusions

This paper presents a disturbance estimation-based contraction control architecture
that allows for using model learning tools (e.g., a neural network) to learn uncertain
dynamics while guaranteeing exponential trajectory convergence during learning transients
under certain conditions. The architecture uses a disturbance estimator to estimate the
value of the uncertainty, i.e., the difference between nominal dynamics and actual dynamics,
with pre-computable estimation error bounds (EEBs), at each time instant. The learned
dynamics, the estimated disturbances, and the EEBs are then incorporated into a robust
Riemann energy condition, which is used to compute the control signal that guarantees
exponential convergence to the desired trajectory throughout the learning phase. On the
other hand, we show that learning can facilitate better trajectory planning and improve the
robustness of the closed-loop system, e.g., against input delays. The proposed framework
is validated on a planar quadrotor example.

Future directions could involve addressing broader uncertainties, especially un-
matched uncertainties prevalent in practical systems, minimizing the conservatism of
the estimation error bound, and demonstrating the efficacy of the proposed control frame-
work with alternative model learning tools.
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Appendix A. Ablation Study on the Role of the Low-Pass Filter

We tested the performance of DE-CCM under different filter bandwidths in the pres-
ence of a 10 ms input delay. The estimation error bound was fixed to 0.1 for all test cases.
The results are shown in Figure Al. It is evident that the low-pass filter helps protect the
robustness of the DE-CCM against input delay. Moreover, this protection decreases when
the filter bandwidth increases. Note that the no-filter case can be considered equivalent to a
filter with infinitely high bandwidth. We also repeated the above tests but without injecting
input delay, and we did not notice much difference among the different filter cases in terms
of both tracking performance and control inputs.
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Figure A1l. Riemann energy (top) and control input (bottom) yielded by DE-CCM under different
filters in the presence of 10 ms input delay. The plots on the right are zoomed-in versions of the
corresponding plots on the left; k¢ denotes the bandwidth of a first-order low-pass filter for both
control input channels. Simulations for ks = 200 and no-filter cases had to be pre-emptively stopped
due to too much deviation of actual states from nominal states, which rendered computation of the
geodesic (see Section 2.3) infeasible.
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