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Abstract

To address the issue that the performance-index function encompassing both dynamic
and control processes in traditional adaptive dynamic programming (ADP) cannot be
optimized as time approaches infinity, this paper proposes an optimal tracking control
method for a modular manipulator based on a nonzero-sum game. The dynamic model
of the modular manipulator is established using the Newton—-Euler iterative method. By
treating each module of the manipulator as a player in a nonzero-sum game and employing
adaptive dynamic programming, the trajectory-tracking problem is transformed into an
optimal-control problem. The critic neural network approximates the performance-index
function without control input to derive the optimal tracking control policy. A stability
theorem proves the stability of the closed-loop system, and an experimental platform
validates the accuracy and optimality of the proposed method.

Keywords: adaptive dynamic programming; nonzero-sum game; modular manipulator;
optimal control

1. Introduction

Robotic manipulators find broad applications across industrial manufacturing
and medical services, among other domains, markedly improving the level of task
automation [1,2]. Nevertheless, conventional robotic manipulators are often limited by
structural rigidity, inadequate adaptability, and elevated cost. In response, modular manip-
ulators [3,4] have been introduced. Modular manipulator systems consist of standardized,
interchangeable modules that support swift reconfiguration and scalability based on op-
erational needs. Such a design makes them highly promising for scenarios requiring
substantial adaptability, such as aerospace operations, flexible manufacturing lines, and
emergency response missions. Tracking constitutes a representative control task for robotic
manipulators [5,6], distinguished by its dynamic nature, stringent accuracy requirement,
and intricate environmental interaction. In essence, the manipulator needs to continuously
and precisely steer its end-effector or joint states along a time-varying reference trajectory
or moving target, while simultaneously accommodating load fluctuations, model uncertain-
ties, and possible external disturbances. Hence, for tracking tasks performed by modular
manipulators, it is essential to guarantee not only accuracy but also optimality.

Optimal control aims to devise control policies that fulfill task specifications while
optimizing a given performance criterion [7,8]. However, when applied to complex non-
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linear and uncertain systems, it encounters difficulties, including heavy reliance on an
accurate model and considerable computational expense. Adaptive dynamic programming
(ADP) [9-11] has emerged to mitigate these constraints. As a family of approximate dy-
namic programming techniques, ADP blends neural networks and reinforcement learning
concepts to facilitate online learning and approximation of optimal-control policies without
depending on an exact model. It is especially well suited for optimizing high-dimensional
dynamic systems with intricate models or time-varying environments, such as robotic ma-
nipulators [12], smart power grids [13], and unmanned platforms [14]. Yet, traditional ADP
formulations embed both dynamic and control terms within the performance index [15-17].
During trajectory-tracking control of a robotic manipulator, control torques remain bounded
within a certain interval rather than approaching zero as in regulation control. As a result,
the performance index grows unbounded as time approaches infinity, making optimization
impossible. Therefore, solving the trajectory-tracking problem for robotic manipulators
urgently calls for performance indices that exclude explicit control terms.

Differential game was pioneered in the 1950s by mathematicians, including Rufus
Isaacs, who innovatively merged classical game theory with the dynamic system frame-
work of control theory to investigate optimal strategic interactions among adversaries or
collaborators in continuous time processes [18-20]. The central model of differential game
employs a set of coupled differential equations to capture the state evolution of multiple
players, under which Nash equilibrium strategies are derived. Consequently, the theory has
been widely adopted in complex multi-agent continuous decision-making contexts, ranging
from pursuit evasion games in military engagements and dynamic competition/advertising
strategies in economics to ecosystem evolution studies and coordinated control of multi-
agent robotic manipulator systems [21-23]. Nonzero-sum differential game lies at the
forefront of interdisciplinary research bridging game theory and control theory [24-26]. It
studies settings where multiple decision makers (players) operate in continuous dynamic
systems, with objectives that are not strictly opposed, thereby allowing a blend of coop-
erative and competitive interactions. The system’s state evolution is governed by several
differential equations (state equations), and each participant applies independent control in-
put to influence the state trajectory while aiming to maximize (or minimize) individual, yet
interrelated, performance indices. In [24], a learning-based parallel control framework was
developed for unknown nonaffine, nonzero-sum games. This was followed by [25], which
introduced dynamic self-triggered control for unknown nonlinear constrained systems in a
nonzero-sum game setting, utilizing generalized fuzzy hyperbolic models. Subsequently,
ref. [26] presented a dynamic event-driven ADP method for N-player nonzero-sum games
involving constrained nonlinear systems. It is noteworthy that the performance-index
functions in all the aforementioned approaches incorporate a control torque term, which
necessitates an explicit solution. In a modular manipulator, every module is equipped
with its own control unit, enabling each module to be treated as a player in nonzero sum
game. Control strategies are then optimized within the formal framework to attain the
Nash equilibrium.

This paper introduces an optimal tracking control scheme for a modular manipulator
grounded in nonzero-sum game theory, aiming to resolve the optimization challenge
associated with the performance-index function, which includes both dynamic and control
processes, in conventional adaptive dynamic programming as time tends toward infinity.
The dynamic of the modular manipulator is modeled via the Newton-Euler iterative
approach. Within this framework, each module is regarded as a participant in a nonzero-
sum game. Leveraging adaptive dynamic programming, the trajectory-tracking task is
recast as an optimal-control problem. The optimal tracking control policy is obtained
by employing a critic neural network to approximate the performance-index function
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in the absence of control input. The stability of the closed-loop system is rigorously
demonstrated through the Lyapunov theorem, and experimental results from a dedicated
platform confirm the method’s accuracy and optimal performance.

This work contributes mainly to the following two aspects:

The proposed performance-index function distinguishes itself from conventional
ADP formulations, which typically incorporate both system dynamic and control effort
terms [27,28]. In contrast, the present performance index is constructed exclusively based on
system state errors. This focused design offers significant advantages: it facilitates not only
accurate trajectory tracking in position but also enables direct and precise velocity tracking.
Consequently, this formulation inherently circumvents the unboundedness issue that
plagues traditional performance indices over infinite horizons, a fundamental limitation
that otherwise undermines the optimization process itself.

Within the proposed control architecture, each independent module of the modular
manipulator is treated as a rational participant in a nonzero-sum game. The optimal-control
strategy for the entire system is subsequently derived within an optimization framework
that explicitly enforces Nash equilibrium conditions, ensuring a stable and balanced out-
come for all interacting subsystems. The efficacy of this approach is rigorously validated
through experimental tests conducted on a physical modular manipulator platform. These
results conclusively demonstrate the algorithm’s tracking accuracy and confirm its optimal
performance in real-world applications.

2. Formulation of Dynamic Representation for Modular Manipulator

The following equation is derived from the Newton-Euler iterative method for model-
ing robot dynamics:
M, (8)8 4+ Co(6,0)0 + G,(0) = u, 1)

where M,, Cy, G, denote the inertia matrix, the Coriolis and centrifugal matrix, and the
gravitational torque matrix of the robotic system, respectively; 6, 6, 0 represent the position,
velocity, and acceleration vectors of the robot link; u stands for the control torque.

The dynamic model of the modular manipulator system can be expressed as a set
of independent joint subsystems with dynamic coupling terms. By isolating the local
variables, each subsystem in the joint space can be represented as:

M,i(6:)6; + Coi(6:,6:)0; + Gri(6;) + 1:(6,6,0) = u;, @)
where 0;,0;,0;,u; are ith vectors of 6,60,6,u; M,;, C.i,G,; are separation variables of
M,, Co, Gy; (6, 6,8) denotes the dynamic coupling term due to interactions between the
joint subsystems.

Assumption 1. M,;, Cy;, G,; are continuous as well as Lipschitz for local, and (1) is controllable.

Property 1 ([4]). The interactive coupling term for the ith subsystem can be defined as:

n
9 9 9 ( Z alz Mﬂi(gi)]ei + Maik(9)9k>
k=1k#i

n
( Z 01 91/ 9 + Coii(el 9)] 91‘ + Coik(gf 9>9k>
k=1k+#i

+ (—Gyi(67) + Gi(0))
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where G,; is the ith element of Gr; My, Coix are ith row kth line of My, C,, and with bounded
satisfied as:

n
j=1

wherei;; > 0and Ej = 1+ ]e'j| + |e']~ 2, ¢j corresponds to the jth joint subsystem’s velocity error.

As the modular manipulator system alters its configuration to meet varying task
requirements, its dynamic matrices cannot be precisely determined. Therefore, the system
uncertainties are explicitly extracted for subsequent treatment.

By reformulating, the dynamic model (1) becomes:

(Mygi(0;) + Mo (6:))0; + (Coi(6:,6;) + Coi(6:,6;)) 6; 6)
+ (Gri(6;) + Gyi(6:)) + 1;(6,6,6) = u;.

Extracting the uncertainties from the modular manipulator system yields the following
reformulated dynamic equation:

Myi(0:)8; + Coi(0:,6:)0; + Gi(0;) + i = u, (6)

where M,; = M, + M,;,Coi = Coi + Coi, Gri = Gyi + G,i,M,;, Ci, G,i are the nominal
value of M,;, Coi, Gyi, My, Coi, G, are the estimated error of M,;, Co;, Gri, i = My (6:)6; +
Coi(6:,0,)0; + G, (6;) + 1;(60,6,8) is the term that has not been precisely modeled.

Inspired by [29], the Newton-Euler iterative method can further stabilize the dynamic
model of the modular manipulator system.

Define system state x; = [x;1, xiQ}T =[6;, Oi]T, then (6) can be converted to the state
space equation as follows:

X1 = Xpp
Xip = fi(xi1, xi2) + &i(xi1 )u; + @;(x), @)
Vi =Xnn

where x is the global system state (to be defined in the subsequent section), while f;(xj1, xj2),
Qi(xj1), @;(x) correspond to the nominal drift dynamic, nominal control input matrix, and
unmodeled dynamic of the modular manipulator system, satisfying:

~

filxin, xi2) = MH(0;) (—Coi(0;,6;)6; — Gri(67))
gi(xn) = M1 (6)) 8)
@i(x) = =M, (6;) ;.

3. Optimal Tracking Control via Nonzero-Sum Game for
Modular Manipulator

3.1. Derivation of the Nonzero-Sum Game

Given that each joint module of the modular manipulator system is actuated by a
dedicated motor, each of its n-degree-of-freedom subsystems can be modeled as a player
in a nonzero-sum game. Consequently, the system is considered with the following state
space equation in a nonzero-sum game formulation:
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X1 =X
n
X =f(x)+ Y Guim+a(x), 9)
m=1
y=x

T T

where x = [x],x] ] T R? are the global state of the modular manipulator. The vectors

X1, X, are, respectively, given by the following expressions:
— T n
X1 =[x, X Xa]T €RY,
— T n
Xp = [Xyp, o X e Xpp]” € R

Moreover, the following equations can be established:

F) =), fi(x) - ful2)]T,
Gu=10,--,0,8m,0,- - ,O]T,

@(x) = [@1(x),- -, @i(x) -+, @u(x)]",

m=1,2,---,n.

Consider the following performance-index function:

J* = min J;(é) = min / (¢"Rié + T Qe+ WIW ) d
t

1

. (10)

= /t U]i(é, é)dT,
in which x4 corresponds to the desired position, e = [e, -+ ,¢;-- - ,¢,] T = % = xyy
to the position tracking error, and the velocity tracking error is expressed as
e r_ xp — %14, Qj, R; are positive definite matrix, Uj;(é,¢) is utility
function, W defines the upper bound of @(x).

6 = [éll...,é

This paper presents an optimal-control scheme based on a nonzero-sum game frame-
work, designed to ensure that the modular manipulator accomplishes trajectory tracking
while achieving the minimization of every module’s performance index under Nash equi-
librium conditions. To support controller design, the n modules are accordingly treated as
n independent players.

Leveraging the angular acceleration estimation algorithm, the derivative of joint
tracking error can be acquired directly from angular velocity measurements. This ap-
proach not only mitigates noise typically introduced by differentiators but also enhances
real-time control effectiveness for systems with stringent timing requirements, such as
modular manipulator.

This study decomposes the optimal-control input for trajectory tracking into two parts:
a feedforward component and a feedback component. The feedforward term serves as
a steady-state element that guarantees exact tracking of the reference trajectory, whereas
the feedback term is obtained by minimizing a prescribed performance-index function.
Consequently, conventional cost criteria inevitably retain a persistent steady-state quadratic
term. Its integration over an infinite horizon therefore diverges, which undermines the
validity of the optimization. In contrast, the performance criterion introduced in this
work includes only the error-related term and excludes the control input term. Such a
formulation effectively resolves the issue of the traditional quadratic performance-index
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function, which incorporates both state and control variables, becoming unbounded as
time tends to infinity, thereby preventing the associated failure of the optimization process.

Remark 1. In contrast to traditional performance indices, which account for both control effort and
dynamic state, the performance-index function introduced herein is composed solely of an error term
related to the system state. This design circumvents the issue of the performance index growing
unbounded over an infinite time horizon, which would render the optimization problem intractable.

Applying the infinite horizon operator to (10), the associated Hamiltonian function is
defined as:

m=1

Hyi(é,8,J;) = Wi (é,¢) + (VLT) ( flx) + 2 Gt — x1d>, (11)

where V], = % denotes the partial derivative of the performance-index function J; with
respect to é. The optimal performance-index function of the system is defined as:

Ji=min [ (Ui(e, &) (12)

In accordance with the optimality condition aal;l]?f = 0, the optimal-control strategy yields:
/s 1 -1 . *

ui () =—3 (GiTRiGi) (ZGiTRi(f —&10) + G{ V; ) (13)

Assumption 2 ([30,31]). The optimal control is dependent of G; and Gl-T R;G; is invertibility.

Subsequently, substituting (10) and (13) into the Hamiltonian function (11) yields the
coupled Hamilton-Jacobi (HJ) equation:

0=e¢"Rie+eTQie + WIW

L (14)
+ (v];*T) (f(x) + Y. Guuy — x1d>
m=1
3.2. Approximate Solution to the Nonzero-Sum Game

The aforementioned HJ equation is a nonlinear partial differential equation whose
analytic solution is generally intractable. To address this, the critic neural network is
utilized herein to approximate the performance-index function, expressed as:

Ji(é) = Widsi(é) + €5, (15)

where Wy, ri(¢), and ¢y; are, respectively, the ideal neural network weight vector, the
activation function, and the bounded approximation error. Differentiating (15) with respect
to é gives:

V(é) = (V(Sfi(é)) wal- + Vg, (16)

d(dg(e
where Véfi(é) = ( fge_(g) ) and Ve Fir respectively, denote the partial derivative of the
activation function and that of the approximation error.
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From the combination of (13) and (16), it follows that:

2G] Ri(f — #14) + G/

wH(e) = —% (G.TR«G) - T (17)
1 1 1~1 .
Plugging (17) into (11), we obtain:
- . L T
Hm-(e,e, L) = Ul,-(e,e) + <VL )
[ alelra)
F@)+ Y G| (2GaRu(f — wa) + Gy, as)
((wfm(e)) W + Vsmi)
— ¥14
- e]Ci = O/

where e;.; denotes the approximation residual of the neural network.
Since the ideal neural network weight vector Wy; is unknown, the performance-index
function can be approximated as:

Ji(e) = Wiidgile), (19)

where Wfi, Ji(é) are the estimated value of Wri, Ji(é).
The partial derivative of f;(¢) is obtained as follows:

= . . T ~
Vii(e) = (Vo5(e)) W (20)
Integrating (17) and (19), the approximate optimal control is derived as:
s 1 -1
i;(¢) = =5 (GIRG;)
T (21)
<2Gz‘TRi(f — X14) + Gf((wfi(é)) Wfi) )

Consequently, based on (20), the approximated Hamiltonian equation is obtained in
the following form:

H,(¢,8 ;) = Uy(e,6) + (vftT)

“(erma)
£+ 32 G| (2GRS = )+ -
" e <(wfm<e~)) Tme)
— ¥
—e;; =0,
Define the approximation error for the Hamiltonian function as:
e;i = Hy — Hy;, (23)

where ¢j; = H,; is obtained from (18) and (23).

https://doi.org/10.3390/robotics15020040


https://doi.org/10.3390/robotics15020040

Robotics 2026, 15, 40 8of 18
The weight approximation error is introduced as:
Wei = Wr — Wy, (24)
Based on (18), (22), and (23), we can derive the following;:
ei = ejei — WV 5 (¢)é. (25)
The update law for the neural network weight is defined as:
Wi = —aie;Végi(e)e, (26)

where «a;; denotes the learning law for the neural network weight vector. Define
Ugi = V5;(¢)é and assuming there exists a positive constant vy; satisfying |lvg| < vy,

it can be derived that the dynamic equation for the weight approximation error is:

Wfi = —Wfi = Q1i€]iVgj 27)
= wyi(eyei — W};‘Uai)vai-

Remark 2. Regulation is a special issue of the tracking problem for the desired trajectory from
the origin. In addressing the tracking control problem, the optimal-control input consists of two
distinct elements: a feedforward component and a feedback component. The feedforward part serves
as a steady-state term that achieves exact tracking of the desired trajectory, whereas the feedback
component is obtained through minimization of a specified performance-index function. As a
consequence, standard performance-index formulations inherently retain a non-removable steady
state quadratic term. This leads to an unbounded integral over an infinite time horizon, which
ultimately invalidates the optimization objective. In contrast to conventional formulations, the
performance-index function introduced in this work includes only the error term and deliberately
excludes any control input term. Such a structure successfully resolves the unboundedness issue
encountered by classical quadratic performance-index functions, which incorporate both state
and control variables, as time tends to infinity, thereby preventing the associated failure of the
optimization procedure.

Remark 3. The convergence of the critic neural network relies on the condition of persistent
excitation, which is inherently satisfied in trajectory-tracking control tasks. The approximation error
is with boundedness.

3.3. Proof of Stability

Theorem 1. Given the subsystem dynamic (1) expressed in the state space form (9) for the modular
manipulator, the application of the approximate optimal tracking control law (21), formulated via
the nonzero-sum game approach, yields a closed-loop system whose tracking error is uniformly
ultimately bounded (UUB).

Proof. Define Lyapunov function as J;(¢é) = V,;(t), and differentiating V;;(t) with respect
to time leads to:

Vci(t) = (VLT) (f(x) + i Gmim +LO(X) - xld)- (28)

m=1
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By considering the system’s coupled HJ Equation (14), it can be obtained that:
(VIT) (f(x) = #14) = —¢TRye
7 (29)
— T — WTW — (v ]IT) Gunthm
m=1
Substituting (29) into (28) yields:
Vi(t) = —eTRie — T Qie — WTW
" (30)
- (v]zT> ( 2 Gm(u;% - ﬁm))
m=1
From the combination of (28) and (30), it follows that:
Vci(t) = —éTRié — éTQié —-WTw — Wﬁéfl(e)
1 -1
-5 (GRiGi)
(26T Ri(f — 1) + GV )
n 1 T -1
G _ - I'n.c.
m; m > (Gz RlGl)
— | (2G/Ri(f — 21a)+
) . (31)
G; <<V§ﬁ(€)) sz)

= —¢"Rie — T Qe — WTW + W/55i(¢)
2G/ Ri(f — #14) + G/

* 5 T
(V]i - (V5fi(€)) Wfi)
= —¢TRie —¢TQie — WITW +11;,

il Gm%(GiTRiGi)_l
=

where upper bound of I1; is given by:
Wi65i(e)
1 -1
n G (GiTR,»G,»)
N L (2GRS~ #1a) (32)
m=1 T .
+Gf (v Ji = (Vos(e)) wfl)

< 7T]r

where 77 is a computable positive constant.
When 717 < ¢TR;é + ¢TQ;é + WTW, (28) remains negative definite, with the existence
of V,;(t) < 0. Thus, the proof is concluded. [

Remark 4. In practical robotic applications, the control input, equivalent to the actuator output,
i.e., the motor’s torque, is physically limited and generally does not exceed 5Nm, as indicated in (32).
Here, the parameter 7ty can be treated as a positive constant that can be determined.

Following the policy iteration algorithm, convergence is declared once the iterative updates
to the performance-index function become sufficiently small, i.e., when the difference between
consecutive iterates drops below a defined constant.
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Remark 5. The performance-index function of conventional ADPis [ = min ftoo (eTQe +u'Ru)dr.
Uu;

Apart from the performance index, there is no essential difference in the tuning parameters or
implementation specifics.

4. Experiments
Experiment Setup

Experimental validation of the derived optimal-control policy is carried out on a two
DOF modular manipulator testbed, with the platform configuration detailed in Figure 1.
Joint control torques are measured by torque sensors, and joint positions are determined
using a combination of absolute and incremental encoders. Communication between the
Simulink 2016a software environment and the physical robot modules are realized through a
QPIDe data acquisition card (Ottawa, Ontario, Canada). As the developed control algorithm
is continuous-time in form, it is discretized for real-time experimentation. The sampling
time of the control system is set within Simulink. This section employs the manipulator
trajectory-tracking experiment, where the desired joint trajectory is specified as:

X —ln' in t+i7r’ i7rt
= g7t 45 1275\ 357 )
X 17Tsin<17r)t 17Tsin<17r)t
2= "3 =0 T =)t
9 50 12 45

The conventional ADP optimal control [32,33] and the proposed control strategy are
both tested for comparison.

Joint torque sensor

DC motorI e
Incremental encoder g

Monitor

'MSpeed reducer | :
(embedded inside)!

ey R

Figure 1. Experimental platform setup.

Position tracking profiles obtained with the baseline method and the proposed method
are shown in Figures 2 and 3, respectively. The actual trajectory closely matches the desired
reference in both cases, confirming that each controller successfully performs the tracking
task. Notably, the initial joint positions align with the starting point of the reference
trajectory, a result achieved by an initialization routine. Figures 4 and 5 compare the
position error curves of the conventional and proposed methods. The proposed approach
clearly yields smaller tracking errors, a benefit derived from the ADP-based optimization
of position error. Velocity error curves for the conventional and proposed methods are
provided in Figures 6 and 7. Because the performance index explicitly includes the velocity
error term, the velocity error is directly optimized, maintaining it within a narrow bound
in the steady state.
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The control torque produced by the baseline method in Figure 8 exhibits considerable
chattering, which could reduce motor lifespan and compromise tracking accuracy. Moreover,
sharp torque variations appear at trajectory turning points, risking the activation of safety
protection and consequent motor disengagement. By contrast, the proposed method generates
a smooth and compliant torque profile, as seen in Figure 9, where the motor output is effectively
optimized by the control algorithm. The torque also stays within safe limits at inflection points,
owing to the newly designed performance index that optimizes control action.

Finally, Figure 10 displays the weight estimation of the critic neural network under
the proposed control scheme. The five curves represent five neurons. The evolving weights
capture the solution of the Hamilton—Jacobi equation in real time, illustrating the adaptive
learning process inherent to the method.

The root mean square value is shown in Table 1.

Table 1. Root mean square value.

Joint I Joint II
Position tracking error (existed method) 1.76 x 1073 rad 2.03 x 1073 rad
Position tracking error (proposed method) 0.99 x 1073 rad 1.37 x 1073 rad

Velocity tracking error (existed method) 196 x 103 rad/s  2.01 x 103 rad/s
Velocity tracking error (proposed method) 0.35 x 1073 rad/s  0.89 x 1073 rad/s
Control torque (existed method) 0.39 Nm 0.21 Nm
Control torque (proposed method) 0.30 Nm 0.17 Nm

A series of comparative experiments was conducted, evaluating the proposed ap-
proach against related algorithms, including linear quadratic regulator and model predic-
tive control. The results demonstrate that the proposed method achieves high tracking
accuracy, strong robustness, and high computational efficiency.

1
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Figure 2. Position tracking under conventional ADP optimal control.
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Figure 3. Position tracking under proposed method.
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Figure 4. Position error under conventional ADP optimal control.
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Figure 10. Critic weight under proposed method.
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5. Conclusions

To overcome the limitation in optimizing the infinite performance-index function that
integrates dynamic and control processes within traditional adaptive dynamic program-
ming over an infinite time horizon, a novel optimal tracking control approach for a modular
manipulator is presented, which employs nonzero-sum game theory. The manipulator’s
dynamic model is derived using the Newton—Euler iteration. In this method, each modular
unit is considered an independent player in a nonzero-sum game. Through the application
of adaptive dynamic programming, the tracking control problem is translated into an
optimal-control formulation. Approximation of the performance-index function without
control input is achieved via a critic neural network, yielding the optimal tracking control
strategy. The closed-loop system’s stability is established by a dedicated theorem, while
the efficacy and optimality of the proposed strategy are verified through experimental tests
on a physical platform. Building on the insight from [34], we will explore the incorporation
of a feedforward compensator within a predictive control framework as a future research
direction. Moreover, designed for dual position-velocity tracking, the proposed method is
not directly applicable to systems where stabilization is the key concern, as is the case with a
flexible robot. Consequently, future work will need to adapt the methodology accordingly.
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