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Abstract

Biological muscles generate tension from the combined contribution of the passive elastic
recoil and the actively controlled contractile mechanisms. Understanding and replicating
these passive and active tensions is necessary and beneficial for designing soft robotic
actuators that emulate muscle-like behavior. In the current work, the aim is to develop a
mathematical framework for modeling both the passive and active tensions in a biological
muscle as functions of muscle length and contraction velocity. We will describe the passive
tension by a nonlinear monotonically increasing function of length with threshold behavior
in order to capture the experimentally observed stiffening occurring in stretched biological
muscles. We will model the active tension using the superposition of Gaussian functions
that relate bell-shaped tension-length with a flat plateau over the optimal length of the
sarcomere. The parameters of this Gaussian representation of the active tension-length
relation are determined from formulating a least-squares optimization problem, such that
a Characteristic (indicator) function is approximated globally over the optimal length
range of the sarcomere by summation of some Gaussian functions. The closed-form
formulations for the required integrals are derived using the integral of the product of
two Gaussian functions over R" as well as the error function which enables efficient
parameter identification. We will also propose a symmetric tension—velocity relation
that distinguishes three phases of concentric, eccentric and isometric contractions, and
is parametrized directly by measurable quantities of isometric tension and maximum
shortening velocity. The passive and active tensions are finally combined into a unified
comprehensive tension model in which the exponentially modeled passive tension is
added up to the active contribution, formulated as the product of the activation level, a
normalized length-dependent factor and a normalized velocity-dependent factor. The
resulting model reproduces canonical tension-length and tension-velocity relations and
provides an analytically tractable comprehensive tension model that can be embedded in
the dynamics of soft and continuum robot actuators inspired by biological muscles.

Keywords: soft robotic; bio-inspired actuators; mathematical modeling; nonlinear optimization;
biological muscle; passive tension; active tension; tension-length relation; tension-velocity
relation; Gaussian functions; least-squares approximation

1. Introduction

Soft robotic actuators inspired by biological muscles have attracted significant attention
over the last two decades due to their inherent compliance, safety in human-machine
interactions, and ability to generate complex deformations that are difficult to achieve
with traditional rigid mechanisms [1-5]. Biological muscles provide a rich paradigm for
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actuation: they realize large strains, exhibit tunable stiffness, and can generate smooth,
continuous motions under distributed loading. These attributes have motivated a broad
class of bio-inspired soft robotic systems, ranging from continuum manipulators and
wearable devices to assistive and rehabilitative technologies [6-9].

From a physiological viewpoint, skeletal muscle tension generation is governed by
well-characterized relationships between tension, length, and contraction velocity. Classical
experiments demonstrated that the isometric tension produced by a muscle fiber depends
strongly on sarcomere length, yielding the well-known length—tension curve with a plateau
region associated with optimal overlap between actin and myosin filaments [10]. Similarly,
the tension generated during dynamic contractions depends on the velocity of shortening
or lengthening, as captured by the force—velocity (here, tension—velocity) relation intro-
duced by Hill [11]. These two relations have been extensively used in biomechanics and
neuromuscular modeling to describe muscle behavior under a wide range of physiological
conditions [12-14]. Throughout this work, we use the term fension to denote the axial
mechanical quantity that is often referred to as muscle force in the biomechanics literature.

A wide variety of phenomenological muscle models have been developed to repro-
duce the observed tension-length and tension—velocity relations. Hill-type muscle-tendon
models, and their subsequent extensions, decompose muscle behavior into contractile,
series-elastic, and parallel-elastic components whose parameters are identified from experi-
mental data [12,13]. These models have been successfully integrated into musculoskeletal
simulation environments and multibody dynamics tools to study human movement, pos-
ture control, and motor coordination [13,14]. However, most formulations are tailored to
specific muscles or experimental protocols, and the underlying functional forms are often
selected for convenience rather than to systematically encode known structural features of
the tension-length and tension—velocity curves.

In parallel, the soft robotics community has developed a diverse range of muscle-
inspired artificial actuators—such as pneumatic artificial muscles, fiber-reinforced elastomer
actuators, and tendon- or cable-driven continuum structures—that mimic selected aspects
of muscle behavior at the actuator level [1-4,9]. Many of these designs qualitatively
reproduce muscle-like characteristics such as large stroke, compliance, or approximately
linear stiffness in useful operating ranges. Among these bio-inspired soft actuators, twisted
and coiled artificial muscles (TCAMSs) have attracted significant interest due to their large
stroke, high power density, and fiber-reinforced architecture, which make them promising
candidates for compact soft robotic systems [15-17]. Recent physics-based models of
TCAMs, including Cosserat-rod and control-oriented formulations [15-18], highlight the
need for accurate descriptions of the underlying muscle-like tension generation, which
motivates the present work on the mathematical modeling of active and passive tensions in
biological muscles for application in soft robotic actuators. Nevertheless, the mathematical
characterization of these artificial actuators is often device-specific, with tension models
derived either from simplified continuum mechanics assumptions, empirical curve fitting,
or black-box identification. As a result, there is still a gap between detailed physiological
muscle models and compact, reusable mathematical descriptions of tension generation that
can be systematically transferred to soft robotic actuators.

Muscle-inspired force generation is central to many soft robotic actuation technologies
in which the generated tension/force is the primary control-relevant output. Representative
examples include: (i) McKibben pneumatic artificial muscles (PAMs), where output force
is strongly dependent on contraction/extension and is commonly modeled for control
and calibration; (ii) twisted-and-coiled polymer actuators (TCPA/TCAM-type), which are
frequently operated under external loads and require force-length and rate-dependent
characteristics to predict contraction and load response; (iii) shape-memory-alloy (SMA)
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wire or spring actuators, which are often treated as muscle-like tensile elements for compact
soft robotic designs; (iv) dielectric elastomer actuators (DEA) and pneumatic/hydraulic
elastomeric actuators when incorporated through an equivalent axial force/tension along a
backbone, tendon, or transmission; (v) tendon- or cable-driven soft continuum manipula-
tors and bio-inspired arms, where distributed cable tensions are direct inputs to continuum
models and controllers; and (vi) tendon/series-elastic actuation in soft grippers and soft
hands, where internal tensions determine grasp forces and compliance.

In these systems, a closed-form and identification-ready mapping from actuator length
and velocity to generated tension supports actuator calibration from limited measurements
and provides a practical component for embedding actuation physics into dynamic models
used for control. In particular, an explicitly decomposed tension formulation facilitates
systematic parameter tuning to match measured force-length and force—velocity behaviors,
and supports common robotics objectives such as trajectory tracking, force regulation, and
impedance-like behaviors in interaction with the environment. This manuscript therefore
positions the proposed tension model as a modular building block for muscle-inspired soft
robotic actuator modeling and subsequent model-based control design.

Recent soft actuator modeling research has emphasized actuator-level multimodal
modeling and validation, hybrid control-oriented formulations, and reduced-order con-
tinuum representations. For example, multimodal soft actuator models have been de-
veloped and validated to capture multiple deformation modes within unified actuator-
level descriptions, and hybrid control strategies have been proposed to combine model-
based structure with data-driven elements for practical deployment [19,20]. In parallel,
lumped-mass and other reduced-order continuum formulations have been widely used to
model large-deformation soft continuum structures under external loads while maintain-
ing computational tractability [21]. The present work is complementary to these efforts:
rather than proposing a device-specific pressure-to-shape model, we develop a closed-
form, identification-ready tension generation map that can be embedded as a constitu-
tive/actuation module within multimodal, lumped-mass, hybrid, or continuum actuator
models when a muscle-like tension output is the control-relevant quantity.

Variable stiffness modulation is another key capability in muscle-inspired and soft
robotic systems. Biological muscles modulate effective stiffness through the interplay
of passive elasticity and activation-dependent active tension, and related mechanisms
have been explored in variable-stiffness and muscle-inspired soft robots [22-24]. The
explicit decomposition adopted here (passive and active components, together with a
velocity-dependent term) provides a modeling structure that can be leveraged in future
actuator-level studies to represent stiffness modulation through parameterized changes in
the active component and its interaction with passive elasticity.

In this paper, the proposed tension formulation was intended as a muscle-inspired
tension-generation module for tensile soft actuators and tendon/cable transmissions in
which the control-relevant output is an axial force (tension) that varies with actuator
length and contraction rate. Representative platforms include pneumatic artificial muscles
(including McKibben-type and related pneumatic muscles), twisted /coiled polymer artifi-
cial muscles, and dielectric-elastomer artificial muscles integrated as muscle-like tensile
elements in soft robotic systems. These actuator families are commonly characterized
through force—contraction (force-length) measurements under fixed actuation conditions
(e.g., pressure/voltage), reporting nontrivial force profiles over contraction and peak-force
behavior [24]. Within this muscle-inspired setting, the bell-shaped active length—-tension
component was used to capture the canonical length-dependent force-generation objective,
while actuator-specific transduction (e.g., pressure/temperature /voltage to (I,1)) can be
incorporated externally when embedding the model in a particular soft actuator.
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This work addresses that gap by developing a mathematical framework for modeling
both passive and active tensions in biological muscles and by formulating these models in
a way that is directly applicable to bio-inspired soft actuators. On the passive side, muscles
exhibit an exponential-like increase in tension when stretched beyond a threshold length
corresponding to collagen and connective-tissue engagement [12,25,26]. On the active
side, the tension generated by cross-bridge cycling in sarcomeres exhibits a bell-shaped
dependence on length, with a relatively flat plateau over the optimal range and a rapid
decay outside this region [10]. Inspired by these characteristics, we construct a passive
tension model based on an exponential function of muscle (or actuator) length, and an
active tension model obtained from a sum of Gaussian functions carefully designed to
reproduce the plateau and decay regions of the physiological active tension-length curve.

The proposed active tension model is derived using tools from probability and ap-
proximation theory. Following the Gaussian framework in [27], we use a finite sum of
one-dimensional Gaussian functions whose centers and widths are chosen to approximate,
in a least-squares sense, a characteristic function that represents the optimal length interval
of the sarcomere. The idea of representing non-smooth or piecewise-defined functions
as sums of Gaussians has been explored in various approximation contexts [28], and we
adapt it here to encode the flat peak and smooth transitions of the active tension-length
relation. This formulation yields closed-form expressions for integrals of products of
Gaussian terms, which we exploit to derive analytic expressions for the least-squares cost
functional and its dependence on the Gaussian parameters. The resulting model provides a
compact, differentiable description of the active tension curve, suitable for both analysis
and numerical simulation.

In addition to length dependence, our formulation includes an explicit tension-velocity
relation to capture concentric, eccentric, and isometric contractions within a unified expres-
sion. Building on the qualitative shape of the classical Hill curve, we adopt a symmetric
power-law relationship around the isometric contraction point, parametrized by an isomet-
ric tension level, a maximum shortening velocity, and an exponent controlling the curvature
of the relation. This simple yet flexible structure allows the model to reproduce the key
features of physiological tension-velocity behavior while remaining tractable for parameter
identification and integration into dynamic models of soft robotic systems.

From the perspective of soft robotics, the proposed tension models can be viewed
as generic input-output maps that encode how a muscle-inspired actuator generates
tension as a function of its elongation and contraction velocity, independent of the specific
physical realization (e.g., fluidic elastomer, twisted polymer, or cable-driven continuum
segment) [1,2,4]. By anchoring these maps in well-established physiological relations and
by deriving them from analytically tractable Gaussian constructions, the framework offers
a principled way to transfer biological muscle behavior into the design and control of soft
actuators. Moreover, the parameters of the model can be tuned either to match experimental
measurements from biological muscles [12,25,26] or to capture the measured tension-length
and tension-velocity curves of artificial actuators in a consistent manner.

Related Work, Gap, and Contributions

Existing muscle and muscle-inspired actuator models used in biomechanics and
robotics often rely on (i) Hill-type phenomenological force-velocity relations coupled
with simplified active force-length curves, or (ii) lumped-parameter models calibrated
to a particular dataset or actuator configuration. While these approaches are effective
for simulation and control, they can obscure the explicit role of each tension component
(passive, active length-dependent, and velocity-dependent) and may require re-tuning
when experimental conditions, material parameters, or actuation regimes change.
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The present manuscript contributes a unified, explicitly decomposed tension model
that separates passive tension, active tension-length, and tension-velocity effects into
analytically defined components suitable for parameter identification from limited experi-
mental measurements. The key contributions are:

¢  Unified decomposition and closed-form construction: We present a total muscle-
tension model built from three physically interpretable components (passive, active
length-dependent, and velocity-dependent), with a consistent notation and composi-
tion that enables direct integration into soft robotic actuator modeling and control.

*  Generalizable active tension-length representation: We model the active tension—
length curve using a Gaussian-mixture structure, which provides a flexible yet structured
representation capable of approximating a broad range of experimentally observed active
tension-length profiles while maintaining an interpretable parameterization.

*  Parameter identification pathway with minimal assumptions: We provide an explicit
least-squares-based formulation for identifying parameters of the active component,
which supports calibration even when measurements are limited to typical experimen-
tal inputs/outputs available in robotics and biomechanics settings.

* Robotics-oriented modeling emphasis: We consolidate the model into a form that
is directly usable for muscle-inspired soft robotic actuators (where the actuator ten-
sion is the key output), enabling subsequent dynamic modeling and model-based
control design.

This positioning clarifies that our contribution is not introducing a new physiological
hypothesis, but rather providing a robotics-ready, analytically structured, and identifiable
tension model that bridges common biomechanics formulations and the practical needs of
soft robotic actuation.

The remainder of the paper is organized as follows. Section 2 reviews the physiolog-
ical background of passive tension in muscles and introduces the proposed exponential
tension-length model. Section 3 presents the physiological background of active tension
and develops the Gaussian-based formulation for the active tension-length relation, in-
cluding the least-squares approximation over the optimal length interval and the resulting
closed-form expressions for the cost functional. Section 4 introduces the tension—velocity
model for concentric, eccentric, and isometric contractions. Section 5 combines the passive
and active components into a unified total tension model as a function of length, velocity,
and activation. Finally, Section 6 summarizes the main contributions and outlines directions
for future work, including experimental identification of model parameters for specific
biological muscles and soft robotic devices.

2. Passive Tension in Biological Muscles
2.1. Physiological Background of Passive Tension

In addition to actively generated tension, biological muscles exhibit passive tension
when they are stretched beyond their slack configuration. Passive tension arises without
any neural stimulation; it is generated by the elastic recoil of the muscle-tendon unit and
the engagement of connective tissues, such as collagen and extracellular matrix structures.
A useful analogy is a rubber band: when the band is pulled and elongated, it develops a
restoring tension that tends to bring it back to its original length once the external load is
removed. Similarly, when one pushes the fingers down to forcibly straighten them, the
muscles and tendons in the fingers are stretched and develop tension that can bring the
fingers back up even in the absence of active muscular stimulation. In both cases, the
tension is stored elastically rather than produced by active contraction.

From a functional standpoint, passive tension in a muscle depends primarily on its
length. Below a certain threshold (or slack) length, the muscle is sufficiently compliant that
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the passive tension is essentially zero. Once the muscle is stretched beyond this thresh-
old, the passive tension increases monotonically with length. More compliant muscles
exhibit smaller passive tension for a given elongation, whereas stiffer muscles or tendons
produce larger passive tension at the same length. Experimental studies have quantified
the passive tension-length relation in skeletal muscles by gradually stretching the muscle
and measuring the resulting passive tension. Milligan et al. fitted a linear function to the
nonzero portion of the passive tension data over a restricted range of lengths [25], whereas
Yu et al. showed that an exponential function provides a better fit over a wider range of
elongations [26]. These observations support the view that passive tension grows slowly
near the threshold length and then rises more steeply as the muscle is stretched further,
consistent with the progressive engagement and stiffening of connective tissues.

It is also important to note that the length at which passive tension first becomes
nonzero (the threshold length) can be greater than the relaxed (rest) length of the muscle.
In other words, a muscle can be elongated beyond its resting length while still generating
negligible passive tension until sufficient structural elements are stretched and begin to
resist further elongation. This distinction between relaxed and threshold lengths is essential
for constructing realistic passive tension models for both biological muscles and muscle-
inspired actuators.

2.2. Exponential Model for Passive Tension

Motivated by the experimental evidence for a monotonically increasing, nonlinear
passive tension-length relation [25,26], we adopt an exponential model for passive tension.
Throughout this work, we use the term tension to denote the axial mechanical quantity
often referred to as muscle force in biomechanics; to avoid confusion, we use only the
word “tension” in the rest of the paper. Let x € R denote the current muscle (or actuator)
length and let xg € R be a threshold (slack) length beyond which passive tension becomes
nonzero. We define the passive tension Ty (x) as

0, x < xp,
Ty(x) = 1)
ky (e"‘(x_’fO) — 1), X > X,

where kp, € Rtisa scaling coefficient with the dimension of tension, and « € R* controls the
rate at which passive tension rises with length. The subtraction of 1 in the exponential branch
ensures continuity at the threshold, since Ty, (x, ) = 0 and Ty (x; ) = kp (¢*Fo=%0) — 1) =0,
so Tp(x) is continuous at x = x.

For x > xo, the first derivative of the passive tension with respect to length is strictly
positive because both k, and « are positive and the exponential factor is always positive.
Consequently, T, (x) is strictly increasing for x > xo, consistent with the monotonic rise of
passive tension observed in experiments. The second derivative is also strictly positive,
which implies that the passive tension-length curve is convex (bends upward): the tension
increases slowly just above the threshold and then more steeply as the muscle (or actuator) is
further elongated. This convex exponential behavior matches the typical shape of measured
passive curves in skeletal muscle and bio-inspired actuators, where small deformations
around the slack length produce negligible tension, but larger stretches rapidly engage
stiffer connective-tissue components and yield a sharp increase in tension.

The parameters kp, , and x( can be identified from experimental passive tension—
length data. One common procedure is to measure passive tension at a set of muscle lengths,
determine the length below which the measured tension is effectively zero (yielding an
estimate of x¢), and then fit k;, and & to the nonzero portion of the data using nonlinear
regression. More compliant muscles or actuators correspond to smaller values of k, and/or
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«, whereas stiffer tissues are represented by larger parameter values. In practice, this
calibration can be performed either on biological muscle preparations or directly on muscle-
inspired soft actuators, enabling the same mathematical structure (1) to serve as a unified
passive tension model across both domains.

For completeness, Figure 1 illustrates a typical passive tension curve alongside the
active tension and total tension of a muscle, adapted from [6]. The passive branch remains
close to zero up to a threshold length and then rises nonlinearly, consistent with the ex-
ponential structure of (1). The exponential model is sufficiently simple to be embedded
in dynamic models of muscle-inspired soft actuators, while still capturing the essential
qualitative features of passive tension: zero response below a threshold, monotonic in-
crease above that threshold, and convex growth as elongation increases. In later sections,
the passive tension model is combined with an active tension model to describe the to-
tal tension generated by a muscle or bio-inspired actuator as a function of length and
contraction velocity.

.
.
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g 0.6
=
= 04 R
@ . . .
S Active Tension
g 0.2 .’
£
=}
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-
="

v
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Figure 1. Schematic representation of passive, active, and total tensions in a muscle as a function of
length, adapted from [6].

3. Active Tension in Biological Muscles
3.1. Physiological Background of Active Tension

Active tension generation in skeletal muscle is rooted in the microscopic architecture
of muscle fibers. Each muscle fiber is composed of repeating contractile units called
sarcomeres, which are arranged in series along the myofibrils. A sarcomere contains
two primary types of protein filaments: thin filaments composed mainly of actin and
thick filaments composed of myosin. The myosin filaments carry multiple myosin heads
clustered near both ends and away from the central bare zone. Each myosin head can
attach to a nearby actin filament to form an actin-myosin cross-bridge, and the cyclic
formation and detachment of these cross-bridges underlie the active shortening and tension
generation of the sarcomere.

Unlike passive tension, which is purely elastic and does not require neural input, active
tension arises only when the muscle is stimulated. Upon activation (e.g., via an action
potential and subsequent calcium release), myosin heads bind to actin and, through ATP-
driven conformational changes, generate relative sliding of actin and myosin filaments. The
total active tension produced by a sarcomere at a given instant depends on the number of
attached cross-bridges that are capable of producing force. Consequently, for a given level
of activation, the active tension generated by a sarcomere depends strongly on its length at
the moment of stimulation, often referred to as the starting or resting sarcomere length.
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There exists an optimal sarcomere length at which the spatial overlap between actin
and myosin filaments is such that the maximum possible number of myosin heads can
bind to actin and form tension-generating cross-bridges. If a sarcomere is stimulated at
this optimal length, it produces the maximal active tension during subsequent contraction.
When the sarcomere is stretched beyond this optimal length, the overlap between actin and
myosin decreases: fewer myosin heads lie opposite actin binding sites, fewer cross-bridges
can form, and the active tension decreases. If the sarcomere is stretched too far, the actin
filaments move out of reach of the myosin heads; cross-bridge formation becomes negligible
and the active tension drops to a very low level. This situation corresponds to the far-right
region of the classic active tension-length curve (often labeled as “region 3” or “region 4”,
in Figure 2), where active tension is small because of insufficient filament overlap.

A 2
Tension _C»i << ?
100 1 —
£ P
£ 50 P
L\
E 60 P
o v
5 40 1 o
S Hed]thy: Range 4
o - T .
= ‘@_ »9_'_«(3_
0 ; — : >
1:2 ey 2.1 Gy 22m) 3.6 (um) Length
1.6 (um) 2.6 (um)
Optimal Length

2

Figure 2. Schematic active tension-length relation of a sarcomere, illustrating the optimal length
region (plateau), the healthy (normal) operating length range, and the reduction in active tension at
both excessively short and excessively long lengths.

A similar reduction of active tension occurs when the sarcomere is too short. If a
sarcomere is significantly shorter than its optimal length, portions of the actin filaments
may overlap with the central bare zone of the myosin filament, where no myosin heads are
present to form cross-bridges. In addition, actin filaments from opposite sides of the sarcom-
ere may interfere with each other, sterically blocking some myosin heads from binding to
their actin targets. In the extreme case of very short sarcomere lengths, actin-actin overlap
and geometric constraints prevent meaningful cross-bridge formation, leaving essentially
no room for further filament sliding. As a result, the active tension again becomes very
small. These effects correspond to the left-hand side of the active tension-length curve
(often labeled as “region 1” in Figure 2), where excessive shortening leads to reduced
active tension.

Overall, these filament-level mechanisms produce the well-known bell-shaped ac-
tive tension-length relation: active tension is small at very short lengths, increases with
length, reaches a plateau over an optimal range of sarcomere lengths, and then decreases
again as the sarcomere is stretched further [10]. The plateau region corresponds to a
range of lengths over which the overlap between actin and myosin remains nearly ideal,
such that the number of available cross-bridges—and hence the active tension—remains
approximately constant.

In skeletal muscle, healthy sarcomere lengths are typically constrained to a physiologi-
cal operating range in which the muscle functions normally. A commonly cited healthy
range is approximately 70% to 130% of the optimal length, corresponding to about 1.6 um
to 2.6 um for many skeletal muscles, with the optimal length interval itself being roughly
2.1pm to 2.2 um, and the full extreme range from maximally shortened to maximally
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stretched spanning approximately 1.2 pm to 3.6 um [10,29]. As a practical example, when a
person fully straightens the elbow and then attempts a biceps curl, the initial phase of the
movement often feels more difficult because the sarcomeres of the biceps are elongated be-
yond their optimal length, and the muscle cannot generate its maximal active tension at that
configuration. The optimal-length plateau, where active tension is maximal, corresponds
to the most common operating range for everyday muscle activities.

Figure 2 schematically illustrates the dependence of active tension on sarcomere (or
muscle) length, highlighting the optimal region, healthy (normal) region, and the reduction
of active tension at both excessively short and excessively long lengths.

3.2. Gaussian-Based Model for Active Tension

We now develop a mathematical model for the active tension-length relation based
on sums of Gaussian functions. The starting point is the standard n-dimensional Gaussian
distribution [27], defined as

1
(27r)n/2}det(2)‘

P(xL,8) = 73 exp(i(xé)—r):—l(xé‘)), (2)

where x € R”, the vector § € R" denotes the location of the peak, and the symmetric
positive definite matrix £ € S*(n) encodes the shape and orientation of the ellipsoidal
level sets of ¢. The spectral decomposition £ = QAQ ", with rotation matrix Q € SO()
and diagonal matrix A, makes explicit that these level sets are ellipsoids whose principal
axes are oriented by Q and whose semi-axis lengths are given by the entries of A. The
Gaussian function is bell-shaped, infinitely differentiable, and decays rapidly to zero as
||| = co. When it is normalized so that [, (x) dx = 1and ¢(x) > 0, it can be interpreted
as a probability density function on R".

Motivated by the bell-shaped dependence of active tension on sarcomere length—with
a nearly flat plateau over the optimal length interval and smooth decay at both shorter
and longer lengths—we adopt a construction inspired by [28] and approximate the active
tension curve with a finite sum of one-dimensional Gaussians. As mentioned above
in the passive tension model, x € R™ denotes the current muscle (or actuator) length,
and we define

m
f(x0,6k,a5,b5) = Y ¥ (3,0, 6, ar, by, 3)
=1

where each term ¢, : R — R is a one-dimensional Gaussian of the form
Ak bi 2
(0,501, ) = oxp( g (x ~ 7). @
(2rle) A 2

Here a; € R controls the height (amplitude) of the Gaussian, by € R™ controls its
width, and ¢ € R™ plays the role of the one-dimensional analogue of the matrix X in (2).
Because of the extra scaling parameters a; and by, the functions ¢ in (4) are not, in general,
normalized probability densities: they can take negative values if 4, < 0, and their integral
over R is not constrained to be 1. In the present context, they are purely analytic building
blocks used to approximate the active tension-length relation.

Figure 3 illustrates how the sum of two Gaussians of the form (4) can produce a new
bell-shaped function f in (3) with a relatively flat peak. The individual Gaussians are chosen
over a length range comparable to that of a physiological sarcomere (see Figure 2), and the
resulting sum exhibits a plateau-like region over an interval similar to the optimal length
range (~2.1-2.2 um), while decaying toward zero near the shorter and longer extreme
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lengths (~1.2 pm and 3.6 um). This qualitative similarity suggests that a sum of Gaussians
can capture the essential features of the active tension-length curve.

Length-Active Tension of a Sarcomere
5 \
4 )=
3 AR

Active Tension
- N
\
L

—— Gauss 1
I| — Gauss2
—— Gauss_Sum

.
0 1.0x10°° 2.0x107 3.0x107® 4.0x107°
Length (m)

Figure 3. Illustration of the sum of two Gaussian functions (4). The resulting function f(x) in (3)
exhibits a flat peak over an optimal length interval and decays smoothly toward zero at short and
long lengths, similar to the physiological active tension-length relation.

From a modeling point of view, the optimal sarcomere (or muscle) length range is
the most important domain on which the active tension model should match the true
physiological behavior. Let Lopt = [¢1, /2] C RT denote the interval of optimal lengths;
as discussed in Section 3.1, this is the range over which active tension is maximal and
approximately constant. The broader healthy operating range for the sarcomere, spanning
roughly 70% to 130% of the optimal length, is also of interest, since the muscle commonly
operates within this interval during normal daily activities. To formalize the idea that the
active tension should ideally be “maximal and flat” over Lopt and negligible outside it, we
introduce the characteristic (indicator) function C : R — {0,1} over Lopt,

1, X € L t,
Clx) = o (5)
0, xeR \ Loptr

and seek a sum of Gaussians of the form (3) that approximates C in a global (i.e., £?)
sense. We emphasized that the Gaussian-based active length—tension formulation was
adopted as a flexible phenomenological approximation of the experimentally observed
bell-shaped relationship (including the plateau region), primarily to provide a smooth,
tunable representation that is convenient for parameter identification. This choice was not
intended to imply a specific underlying physiological mechanism. The rectangular indicator
function was used as a compact mathematical target to encode the optimal-length interval
in the least-squares construction and was not intended to represent the physiological active
length—tension curve itself. The resulting Gaussian approximation remained smooth and
can represent gradual, non-rectangular transitions through appropriate choices of Gaussian
widths and weights. When experimental force-length measurements (or a physiologically
motivated polygonal curve) are available, the same least-squares formulation can be applied
by replacing the target function with the corresponding dataset/curve. More precisely, we
use a least-squares approximation in the Hilbert space £2(R) and determine the parameters
(a, bx) by minimizing the squared £2-norm of the difference between f and C:

m

i ; /(5 ’ /b _C
(ak,b,glelﬂra}xw k;"”‘(x 7 O B, br) (x)’ L2(R)

2

. 6)
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Nlag by) = |

For fixed Gaussian centers and widths, the active tension-length representation was
linear in the mixture weights, so the weights were directly estimated via least-squares.
In practice, constrained /regularized least-squares can be used to improve robustness to
measurement noise while enforcing physically meaningful bounds (e.g., nonnegativity) on
the estimated weights. Define the cost functional

2 m )
L2(R) - /]R‘ Z lpk(x,' o, Ok, A, bk) — C(x) dx. (7)
k=1

m
Y (x50, 8, ax, by) — C(x)‘
=

Although the primary region of interest for C is the optimal interval Lopt, we empha-
size that the minimization (6) is global: the approximation is carried out over the entire real
line, and the resulting f(x) is a smooth bell-shaped curve with a flat plateau near Lopt and
smooth decay outside it. This construction therefore yields a function that resembles the
physiological active tension-length curve over the full healthy length range (approximately
70%-130% of optimal length), rather than only on the plateau.

For computational purposes, it is convenient to express N (ag, by) in terms of integrals
that can be evaluated in closed form. Because the integrand in (7) is a finite sum of Gaussian
terms and the characteristic function C(x) vanishes outside Lopt, and because the sets Lopt
and R\ Lopt form a partition of R, one can expand the square in (7) and simplify to obtain,
for the case m = 2:

Nlagb) = [ 93 dx+2 [ ga(x) galx)dr + [ p(x) s

-2 P1(x)dx — 2/L P2 (x) dx + w(Lopt),
opt

Lopt

(8)

where p(Lopt) denotes the Lebesgue measure of the interval Lopt, which reduces to its
length p(Lopt) = ¢2 — £1. Equation (8) expresses the least-squares cost functional entirely
in terms of integrals of Gaussians over R and over the finite interval Lopt.

The first three terms in (8) involve integrals of Gaussian products over R. These can be
computed using the closed-form relation for the integral of the product of two Gaussians
over R" (derived in Appendix A) specialized to n = 1, yielding, for k € {1,2} and with
Y1, P2 of the form (4) [28]:

a1az
(271’ ‘(T(bl + bz)‘)

<o (6101 + §2b2)2 B (5%!)1 + 5%b2
20’(bl + bz) 20

‘/Rlpl (x;(T, 51/ ay, bl) IPZ(X; ag, 52/ ay, bZ) dx = 1/2

©)

7

and

a? (6xb)? %
k kYk kYk
LN

, k 1,2}. 10
(i) beo ‘T] <tz

/R #)l%(x; g, (5kr g, bk) dx =

Since ¢,b1,b; € RT in our application, these expressions can be further simplified
algebraically, although we keep them in the above form for clarity and consistency with
the general n-dimensional derivation. Detailed derivations of (9) and (10) from the general
formula in Appendix A are provided in Appendices A.1 and A.2, respectively.

The remaining two integrals in (8) involve the Gaussians restricted to the optimal
length interval Lopt = [/1,{2]. These integrals can be expressed in terms of the error
function, leading to (see Appendix A.3 for details)

https://doi.org/10.3390/robotics15020043


https://doi.org/10.3390/robotics15020043

Robotics 2026, 15, 43

12 of 23

/ i (x; 0, 0, a, by) dx =

Lopt

2\“/%( {m(@ (£ — Jk)> - erf(@(ﬁl - 5,{))}, (11)

for k € {1,2}. The error function erf(x) is a classical sigmoid-shaped function with a
bell-shaped derivative and admits a convergent power-series representation on R. For
example, its Maclaurin expansion is

2 & (*1)"3(2”—“
et = = X 1)

Combining (9), (10), and (11), the cost functional (8) can be evaluated exactly for any
given set of Gaussian parameters, enabling the use of standard nonlinear optimization al-
gorithms to identify (ay, by, d;) that best approximate the ideal characteristic function C(x).

It is instructive to compare this Gaussian-based construction with classical interpo-
lation approaches used to model the active tension-length relation from experimental
data. In the literature, Yu et al. [26] interpolated experimental active tension data with a
third-order polynomial, whereas Milligan et al. [25] employed a fourth-order polynomial.
In principle, one can fit a single high-degree polynomial to the entire dataset, but such
polynomial interpolation is prone to oscillations near the ends of the interpolation interval
(Runge-type phenomena), and the quality of the fit can degrade significantly outside the
range of measured data. An alternative is spline interpolation, in which low-degree poly-
nomials are fit piecewise on subintervals of the data. Spline interpolation offers several
advantages: it is constructed to be continuous, its first and second derivatives are typically
continuous across subinterval boundaries, and it can provide accurate local approximations
to the data with smaller interpolation error than a single high-degree polynomial. The
smoothness and piecewise structure of splines suggest that they can also reproduce a flat
plateau near the optimal length range of the muscle.

However, spline-based models are inherently data-driven and their accuracy depends
strongly on the number, spacing, and quality of experimental data points. Experimental
measurements of muscle tension inevitably contain various sources of error, and these
errors propagate through the interpolation procedure, potentially compounding as more
data points are added. In contrast, the Gaussian-based model proposed here is less reliant
on dense experimental sampling: it primarily requires estimates of the optimal length
interval and the maximum active tension, and then uses a small set of parameters (ay, by, &)
to encode the shape of the active tension curve. The closed-form structure of the cost
functional (8) and its component integrals (9)—(11) further facilitates efficient parameter
tuning via nonlinear optimization. As a result, the Gaussian-based approach offers a
compact, analytically tractable representation of the active tension-length relation that is
well suited for integration into dynamic models of biological muscles and bio-inspired
soft actuators. We noted that the active tension-length component in this manuscript
was formulated as a static relation and did not model activation dynamics or history-
dependent effects. The scope of this work focused on a closed-form, identification-ready
component within an explicitly decomposed total-tension framework for muscle-inspired
soft robotic actuators. Incorporating activation dynamics and history-dependent effects
will be addressed in future work.

Remark 1 (sum of Gaussians vs. cubic splines). A commonly used alternative for representing
the active length—tension relation is a cubic-spline fit. In comparison, the sum-of-Gaussians
representation used here provides a closed-form expression with closed-form derivatives, which is
convenient for gradient-based identification and control-oriented use. For fixed centers and widths,
the sum-of-Gaussians calibration reduces to estimating mixture weights via least-squares, whereas
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spline fitting typically involves selecting knots (and boundary conditions) and evaluating a piecewise
polynomial representation. A quantitative benchmarking of accuracy (e.g., RMSE) and evaluation
cost against cubic splines when fitting to specific datasets is targeted as a next step.

4. Tension—Velocity Relation in Muscles
4.1. Physiological Background of the Tension—Velocity Relation

In addition to its dependence on sarcomere (or muscle) length, active tension also
depends strongly on the velocity of change of sarcomere (or muscle) length. This dependence
differs between the three classical modes of muscle contraction: concentric, eccentric,
and isometric. In a concentric contraction, the muscle shortens while producing active
tension—for example, lifting a weight in a bench press, curling the biceps during an arm
flexion, or standing up from a squat. In an eccentric contraction, the muscle lengthens while
still generating active tension, as occurs when lowering a weight under control in a bench
press, uncurling the biceps while resisting gravity, or lowering oneself from a pull-up. In
an isometric contraction, the muscle generates active tension without a change in length;
a typical example is attempting to hold or move a load that is too heavy to produce any
visible motion, such as pushing against an immovable object or trying to curl a weight that
cannot be lifted.

In concentric contractions, when the muscle shortens as it produces active tension,
the shortening velocity decreases as the load (and thus the active tension) increases. In
other words, under heavier loads, the muscle can still shorten, but it does so more slowly.
This is consistent with everyday experience: in a bench press, a heavier barbell is lifted
more slowly than a lighter one; similarly, standing up from a squat with a heavy load takes
longer than standing up with a light load. At the extreme, for sufficiently large loads, the
shortening velocity drops to zero and the contraction becomes isometric, with the muscle
generating tension but not changing its length.

In eccentric contractions, where the muscle lengthens while producing active tension,
the relationship between tension and velocity has the opposite trend: the lengthening
velocity tends to increase with load. When lowering a weight in a bench press or descending
from a pull-up, a heavier load is more difficult to control, and the muscle tends to lengthen
more rapidly unless the nervous system compensates with increased activation. Moreover,
for a given level of activation, muscles can generally produce a larger active tension during
eccentric contractions than during concentric ones. This explains why a person can often
lower a heavier weight under control than they can lift concentrically: the muscle is capable
of resisting greater loads while it is being stretched than it can generate while shortening.

These relationships between active tension and contraction velocity give rise to the
classic tension—velocity curve of muscle (see Figure 4). On the concentric side (positive
shortening velocities), the curve shows a monotonic decrease of active tension with increas-
ing velocity: high tension corresponds to slow shortening, and as velocity increases, the
tension that can be produced drops toward zero. On the eccentric side (negative veloci-
ties corresponding to lengthening), the curve continues beyond the isometric point with
active tension rising above the isometric level for moderate lengthening velocities, and
then tending toward a plateau at higher lengthening velocities. The isometric contraction
corresponds to the intersection of the tension—velocity curve with the vertical axis at zero
velocity, where the muscle produces a nonzero active tension without changing its length.

As a more global illustration, runners and sprinters typically operate their muscles
at relatively high contraction velocities with lower force per contraction, corresponding
to the high-velocity, low-tension region of the concentric branch. In contrast, strength or
power athletes performing heavy lifting exercises operate at low contraction velocities
but generate large active tensions, corresponding to the low-velocity, high-tension region
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near the isometric point and transitioning toward the eccentric branch. Experimentally
measured tension—velocity curves are often approximately symmetric, in a qualitative sense,
around the isometric point on the vertical axis: the concentric and eccentric branches form
a smooth, continuous curve passing through this point, with opposite trends of tension
versus velocity on each side.

Tension
A

Eccentric Higher
than Concentric

ﬁso Maximum Concentric Tension

< — >

Eccentric Velocity Concentric

Figure 4. Schematic active tension—velocity relation. The horizontal axis is contraction velocity v and
the vertical axis is active tension f,(v). The isometric contraction occurs at v = 0 with f,(0) = figo-
Concentric (shortening) contractions correspond to v > 0 and exhibit a decrease of active tension as v
increases, while eccentric (lengthening) contractions correspond to v < 0 and exhibit an increase of
active tension above fi5, as |v| increases. This figure is illustrative and is included to indicate the sign
convention and qualitative trends modeled in Section 4.

Figure 4 schematically summarizes these features, showing the active tension as a
function of contraction velocity for concentric, eccentric, and isometric contractions. This
physiological background motivates the mathematical tension-velocity relation introduced
in the next subsection, which aims to capture the essential qualitative behavior of the curve
with a simple analytic expression suitable for use in muscle and soft-actuator models.

4.2. Mathematical Model for the Tension—Velocity Relation

Motivated by the qualitative symmetry of the tension—velocity curve around the
isometric point (zero velocity), we introduce a simple analytic expression that captures the
essential behavior of active tension for concentric, eccentric, and isometric contractions. Let
v € R denote the velocity of change of muscle (or actuator) length, with the convention that
v > 0 corresponds to concentric (shortening) contraction, v < 0 corresponds to eccentric
(lengthening) contraction, and v = 0 corresponds to isometric contraction. We denote by
fo(v) the active tension as a function of the contraction velocity and define

o — COM/1, v>0,
fv(v) _ flSO (12)
fiso +C(—0)V", v <0,

where fis, € RT is the active tension produced during an isometric contraction (the
intersection of the curve with the vertical axis), C € R is a scaling coefficient, and n € Z*
controls the shape (curvature) of the relation. The exponent 1/n ensures that f,(v) is
continuous at v = 0, with

fv(o) = fism
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and produces a nonlinear, concave-like dependence of tension on velocity on both the
concentric and eccentric sides. In (12), the velocity satisfies v € R and the shape parameter

satisfies n € Z*. The expression is real-valued because v'/"

is only evaluated for v > 0,
and for v < 0, the fractional power is applied to (—v) > 0, i.e., (—v)/". We noted that
physiological muscle behavior is generally asymmetric between concentric (shortening)
and eccentric (lengthening) contractions. The symmetric form was used here as a first-order
approximation to keep the model compact and identification-friendly for muscle-inspired
soft robotic actuators. Extending the velocity term to use distinct concentric/eccentric
parameterizations is a straightforward refinement and was left for future work.

Regularity at the isometric point. To avoid a non-finite slope at the isometric point
v = 0 that can arise in piecewise power-law terms, we used a smooth regularization in a
small neighborhood of v = 0 by replacing sgn(v) |v|* with

a—1
2

pe(v) = v (*+&%) 7, (13)

where ¢ > 0 is small. This choice satisfied ¢, (v) ~ sgn(v) |v|* for |v| > € while ensuring
¢ € Cl atv = 0 and a finite derivative ¢.(0) = e*~1.

On the concentric side (v > 0), (12) prescribes a monotonic decrease of active tension
from the isometric value fjs, toward lower values as the shortening velocity v increases.
This reflects the physiological observation that a muscle can shorten quickly only against
relatively small loads: as the load (and thus required tension) increases, the shortening
velocity decreases, and in the limit of very large loads, the muscle approaches an isometric
contraction with v — 0. On the eccentric side (v < 0), (12) yields an increase of active
tension above fis, as the magnitude of the lengthening velocity |v| grows, in agreement
with experimental evidence that muscles can resist larger loads while being stretched than
they can generate while shortening. Thus, the same functional form, with opposite signs
for v and —v, captures both branches in a symmetric way around the isometric point.

A practical advantage of the model (12) is that its parameters can be directly related
to measurable quantities. Suppose that from experiment we know the isometric active
tension fis, and the maximum concentric shortening velocity vmax € RT, defined as the
velocity at which the active tension drops to zero. On the concentric branch, the condition
fo(vmax) = 0 yields

fo(Umax) = fiso — Cv}r{a@( =0, (14)

from which we solve for the scaling coefficient C as

C= J?—j(’ €R*. (15)
n
Umax

Thus, once fiso, Umax, and the shape parameter  are specified or estimated from data,
the coefficient C is uniquely determined, and the full tension-velocity curve (12) is fixed.

The resulting relation is illustrated in Figure 5. On the right-hand side (v > 0), the
concentric branch decreases from fiso at v = 0 to zero at v = Umax. On the left-hand
side (v < 0), the eccentric branch rises above fis, as |v| increases, reflecting the higher
tensions that can be sustained during controlled lengthening contractions. The point
(0, fiso) corresponds to the isometric contraction, and the overall curve is qualitatively
symmetric about this point, consistent with the schematic physiological tension—velocity
relation discussed in Section 4.1.
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Velocity-Active Tension of a Sarcomere
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Figure 5. Analytic tension—velocity relation given by (12). The curve passes through the isometric
point at (v, fo) = (0, fiso), decreases toward zero tension with increasing concentric (shortening)
velocity v > 0, and increases above fis, with increasing eccentric (lengthening) velocity v < 0.

5. Total Tension Model

The previous sections introduced separate models for the passive tension-length
relation (1), the active tension-length relation based on sums of Gaussians (3), and the
tension—velocity relation (12). In classical muscle mechanics, the total muscle tension is
modeled as the sum of a passive component, arising from elastic elements in parallel with
the contractile machinery, and an active component, generated by actin-myosin cross-
bridges when the muscle is stimulated. We adopt this viewpoint and combine the three
ingredients into a single expression for the total tension as a function of muscle length,
contraction velocity, and activation.

As in the passive and active tension models, let x € R™ denote the current muscle
(or actuator) length and v € R denote the velocity of change of that length, with v > 0
corresponding to concentric (shortening) contraction, v < 0 to eccentric (lengthening)
contraction, and v = 0 to isometric contraction. Let u € [0, 1] be a dimensionless activation
level, where u = 0 represents a fully relaxed muscle and 1 = 1 a fully activated muscle. The
passive tension T (x) is given by the exponential model (1), whereas the Gaussian-based
function f(x;0,d, ag, by) in (3) describes the bell-shaped dependence of active tension
on length, and the function f,(v) in (12) encodes the dependence of active tension on
contraction velocity. For convenience, we introduce normalized length- and velocity-
dependent factors. First, we define a dimensionless length factor

L f(x0, 0k ar, by)
fL(x) = max f((;‘;(T,5k,11krbk),

66 Lopt

so that f7 (x) ~ 1 on the optimal length interval Lopt and decays smoothly toward zero
at very short and very long lengths. In other words, f;(x) is the normalized active ten-
sion-length shape, with fL(xopt) = 1 at the optimal length xpt, and f(x; 0,0, ax, by) can
be interpreted as the active tension at zero velocity as a function of length (under full
activation). Second, we normalize the tension—velocity relation by the isometric active
tension fiso and define

§(0) = f”

for f, given by (12). Here f,(v) represents the active tension at optimal length as a function
of velocity (again under full activation), while g(v) is the corresponding dimensionless
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tension-velocity factor. By construction, g(0) = 1, g(v) < 1 for concentric contractions with
v > 0,and g(v) > 1 for eccentric contractions with v < 0, reflecting the reduced concentric
and enhanced eccentric tensions relative to the isometric case. The scalar fiso, € RT is the
same quantity used in (12): it denotes the active tension produced during an isometric
contraction at optimal length and full activation (x = xopt, v = 0, u = 1). Thus, fi, is a
constant reference force that provides a common scale for both the length-dependent factor
f1(x) and the velocity-dependent factor g(v).
The active component of muscle tension is then modeled as

Ta(x,v,u) = u fiso f(x) §(0). (16)

At optimal length x € Lopt and zero velocity v = 0, we have f; (x) ~ 1and g(0) =1,
50 (16) reduces to T, = u fiso, as expected for an isometric contraction with activation level
u. This multiplicative structure reflects the fact that sarcomere length and contraction
velocity modulate the same underlying cross-bridge mechanism. The activation level u
specifies how “on” the muscle is, f1 (x) describes how the current length helps or impairs
force generation relative to the optimal length, and g(v) describes how the current velocity
scales tension relative to the isometric condition. Modeling these effects as multiplicative
factors acting on a single reference tension scale fig, is suggested here, whereas an additive
combination of separate “length” and “velocity” tension terms would incorrectly suggest
independent tension contributions from length and velocity, which is not supported by
cross-bridge physiology.

Finally, the total muscle tension is expressed as the sum of passive and active contributions,

Tiot(x,0,u) = Tp(x) + Ta(x, v, u), (17)

where T, (x) is given by (1) and Ta(x,v,u) by (16). Equation (17) provides a compact,
analytically tractable representation of the full muscle tension that can be directly embedded
in dynamic models of biological muscles or muscle-inspired soft actuators, with passive
tension capturing elastic resistance to stretch and active tension capturing the combined
effects of activation, sarcomere length, and contraction velocity. We can embed the proposed
formulation in a muscle-inspired soft actuator by using the total tension Tiot(1, I ) as the
actuation force in an actuator/load dynamics, e.g.,

mf—‘—cl'—i—k(l—lo) = Ttot(lzi> - Fext/ (18)

where | denotes the actuator length (or contraction coordinate), and Fext represents an ex-
ternal load. This template applies directly to muscle-inspired tensile actuation architectures
in which a calibrated mapping from (I, 1) to generated tension is required for actuator-level
modeling and control.

6. Conclusions

In this work, we developed an analytically tractable framework for modeling the
tensions generated by biological muscles and muscle-inspired soft actuators. The formu-
lation separates the total tension into passive and active components and incorporates
the dependence of active tension on both muscle length and contraction velocity, with the
aim of providing models that are physiologically meaningful yet simple enough for use in
robotic actuation.

For the passive component, we adopted an exponential tension-length relation with
a threshold (slack) length. This model reproduces the experimentally observed behavior
of passive tension: it is negligible below the slack length, then increases monotonically
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and convexly as the muscle or actuator is stretched, with parameters that can be tuned to
represent tissues or materials of different stiffness.

For the active component, we proposed a Gaussian-based length—tension model
constructed as a least-squares approximation of an ideal characteristic function over the
optimal length interval. The resulting sum of Gaussians yields a smooth bell-shaped curve
with a flat plateau over the optimal length range and smooth decay at very short and very
long lengths. Closed-form expressions for the relevant integrals enable efficient parameter
identification and make the model more robust to sparse or noisy experimental data than
high-degree polynomial fits, while remaining compact and analytic. The dependence
of active tension on contraction velocity was captured by a simple piecewise analytic
relation that is symmetric around the isometric point. With a small number of interpretable
parameters (isometric tension, maximum concentric velocity, a shape exponent, and a
derived scaling factor), this model reproduces the key qualitative features of the classical
concentric and eccentric branches of the tension—velocity curve.

These ingredients were then combined into a unified total tension model in which
the active component is expressed as a product of activation level, a normalized length-
dependent factor, and a normalized velocity-dependent factor, all scaled by a single ref-
erence isometric tension. This multiplicative structure reflects the way sarcomere length
and contraction velocity modulate the same underlying cross-bridge mechanism, while
the total tension is obtained as the sum of this active contribution and the passive expo-
nential response. The resulting expression provides a compact, smooth, and physiologi-
cally interpretable description of the full muscle tension as a function of length, velocity,
and activation.

Taken together, the exponential passive model, the Gaussian-based active length-tension
model, the analytic tension-velocity relation, and the combined total tension formulation
provide a cohesive and flexible framework for representing muscle-like actuators. These
smooth, low-dimensional models in closed form are well suited for integration into dynamic
models of musculoskeletal systems and soft robotic devices. A comprehensive quantitative
validation and benchmarking against experimental datasets and established muscle models
was beyond the scope of the present manuscript and was left for future work. Future work
will focus on systematic parameter identification from experimental datasets, incorporation
of activation dynamics and history effects, and coupling with continuum-mechanics-based
models for control and motion-planning applications in soft robotics.
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Abbreviations

The following abbreviations are used in this manuscript:

TCAM Twisted and Coiled Artificial Muscle
FEM Finite Element Method
FSI Fluid-Structure Interaction

Appendix A. Closed-Form Relation for the Integral of the Product of Two
Gaussians over R”

Here, the details of the derivation of the closed-form relation for the integral of the
product of two Gaussians over R”,

/Rn P16 E1,01) h2(x; Ep, 62) dx,

in [28], are worked out comprehensively, in order to compute the first three terms in (8) for
n=1

/Rn $1(x; 61, Z1) Y2(x; 62, X ) dx

1 —
(2 [det(Zy) det(Zy)| /]R exp(—(x — 61) TET (x — 61))

X exp(—%(x — &) e (x — (52)) dx.

Now focus on the integration term:
Jawexp{ =3[(x— 81) TET (x = 1) + (x = 82) T2 (x — 82)] } dx
= fenexp{ 3 XTI X - XTET 18 - 6T BT I+ 6 BT (A1)
+x 2% —xTE,10, — 8] E5 Ix + 65 £, 165 } dx.

Because x| (Z;14;) is a scalar, we have x " (2;151') = (Z;16;) Tx. Collecting terms and
using the symmetry of ):;1, we obtain

/R exp(—ix"Mx+m'x—C)dx, (A2)
where
M=x1+21, m=2X 16, +Z;'6,,
and
C=1(6]Z'01+6,5,15,).
Using (2.32) in [27],

Jgn exp(f%xTMx +m'x— C) dx

= (27'()”/2’det(M)|7l/2 exp(%mTM’lm — C). (A3)
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Thus

fRn P1(x; 01, Z1) Pa(x; 02, Xp) dx

B (27‘[)”/2’det(21’1+22*1)‘_1/2
(270)1] det(E,) det(Z)| "
(A4)
X exp [% (ST + 8 E ) (B 5 ) M (E 6+ 2516
—1(07 218 + 612, 18)) .
Finally,
Jrn $1(%; 01, 1) 2(x; 02, Eo) dx
— 1
(270)1/2| det(Z) det(Es) det(z; 1 +25 )|

(A5)

xexp| 3 (677" + 01 57 1) (B + E7 ) L (ET 10 + 271 8)
—1(07E 18+ 612, 8)) .

Appendix A.1. Computation of (9)

To use (A5) to compute (9) (and (10)), we first rewrite the Gaussian function (4) in
standard one-dimensional form:

b
ka(x/' ag, 5](/ g, bk) - (27-[‘?7% exp(_ﬁ(x - 5]()2)

(A6)
_ A 1.1 2
= 7 77 exp( —20, " (x — )7 ),
[bx[! (27T|(7bk|)1 ’ ( ¢ )
where a; € R, by € RT, and Ub;1 = o € RT.
Now (A6) is in the standard Gaussian form, so we can use (A5) withn = 1:
fR 4’1 (X; ag, 511 ai, bl) lPZ (X; ag, 52/ az, bZ) dx
— ayay 1
|b1b2|1/2 (zﬂ)l/z|(b;10)(b£10) (b1/0'+l72/0') ’1/2
(A7)
= X exp {%(51[710'_1 + (52b20'_1)(b10'_1 + sz'_l)_l(blcT_lfsl + b20'_152)
—%(é%bla_l + §%b20'_1)} .
This simplifies to
f]R 471 (X; ag, 51/ ai, bl) IIJZ<X; ag, 52/ az, bZ) dx
(A8)

_ a1 oxp | (ibitéabn)  8ib1-+33by
2rjo (b +b))172 XP | 20(by+b,) 2 |

where a; € R and b, € RT. Since ¢,by,b, € RT, (A8) can be simplified further, but we
leave it in this form.
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Appendix A.2. Computation of (10)
Setting 11 = 1, in (A8) yields (10):
Jg W2 (x;0, 6k, ax, by) dx
a? (26:b )2 202D
- (271\2!7;]:(7\)1/2 exp 2(7%{25,{) - zkak] (A9)
a Sib)? b
= )72 eXP[( b — k?k}
Therefore,
2 2 2
2 T (0Dx) Scbi
/Rlpk(x/U/ ks Oks k) dx 2(7T|bk0'|)1/2 exp|: U’bk }/ (AlO)

for k € {1,2}. Again, since 7, by, b, € R, one can simplify (A10) further, but we keep this form.
Appendix A.3. Computation of (11)
Here, (11) is worked out in detail. Using (4),

Jiope ¥(x0, 81, a5, ) dx

(A11)
14 b
= /i W exp(—ﬁ(x - 5k)2) dx.
Let 1/2 1/2 1/2
b b
y= (25;) (x=6), dy (ﬁ) dx, dx= (ijj) dy.
Then
b\ 172
ngl — Y= (20) (61—5]{),
) (172 (A12)
x=l = y=(%) (-5
Thus, (A11) becomes
bk 1/2
a Y=\ 12s (62 5k) 2 2 1/2
2rlo))172 fy=(%",)1/2(€1— : exp(—y*) (bk) dy
(A13)
b

b 1/2
o (zi)uz (%) (6r—5¢)
= @A)z \ b 0

Since o € RT, we have |¢| = ¢. Using the standard relation

/Ohf(x)dx:/Oaf(x)dx—l—/abf(x)dx = /ubf(x)dx:/Obf(x)dx—/oﬂf(x)dx,

and the definition of the error function

X 7t2
erf(x) = —/ et dt,
0

we can rewrite (A13) as

- \/LZT,{{\/ZE erf{(i’;)lﬂ(ﬁz - 5k)} - ? erf[(bk )1/2(41 - 5k)] } (A14)
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Therefore,

J.

(x50, 8, ag, by) dx = Z\(Z/ka{erf[(é’(’;)l/z(fz - 5,()} - erf{(é’ﬁ;)lm(ﬁl - 5,{)} } (A15)

pt

where k € {1,2} and Lopt = [£1,£2] C R.
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