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Abstract 

Motion optimization has a significant influence on performance and robustness of modern 

robotic handling systems. In this study, a pick-and-place operation, as can be found in 

many processing machines, serves as a representative use case to develop a novel method 

for motion optimization. Based on optimal control theory, the introduced method uses 

bilevel optimization simultaneously addressing process stability, favorable dynamic be-

havior and practical applicability. A process model for gripper load estimation established 

in the literature serves both as a basis for optimization and for evaluating the solution 

found. To establish a benchmark, a spline-based trajectory is generated. As this work pro-

poses a theoretical approach, simulations based on the retrieved model serve as an eval-

uation basis of the resulting trajectories. The results show that a significant reduction in 

gripper load by approximately 60% was achieved compared to the reference motions. 

Eventually, requirements and limitations for application of the new method are discussed. 

Keywords: pick-and-place; bilevel optimization; optimal control; motion optimization; 

vacuum gripper 

 

1. Introduction 

1.1. Robotic Handling Systems 

Pick-and-place processes have become an indispensable part of modern production 

lines. They offer fast, safe, flexible and increasingly cost-effective solutions for machine 

loading and unloading, transport, handling and insertion processes. The accompanying 

increase in the availability of industrial robots is enhancing this trend toward the automa-

tion of manufacturing and, in particular, handling processes. An advantage of modern 

industrial robots is their flexibility in terms of motion path and trajectory, offering an easy 

way to improve process behavior through motion optimization. 

1.2. Related Work 

The field of robotic handling has attracted considerable research attention, with stud-

ies investigating various aspects of the handling process. While in [1] the mechanical 

structure of the robot is focused, refs. [2–4] examine the potential of alternative gripping 

methods and mechanisms. A review of gripping methods in robotics can be found in [5,6]. 

Modeling vacuum grippers is the subject of many publications, depending on the 

systems required to simulate and the objective of the simulation. In [7] or [8], the viscoe-
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lastic behavior of a vacuum gripper is simulated using analytical spring-damper elements. 

VAN DER KRUK ET AL. extend this approach to include elastic properties of the object being 

grasped and the compliance of the robot and control system as spring-damper elements, 

resulting in a complex, coupled mechanical equivalent model. MAHLER ET AL. used a 

quasi-static spring model for simulating seal formation on objects with irregular geome-

tries [9]. A segmentation of the perimeter of the suction cup allows to retrieve predictions 

for leakage. PHAM AND PHAM chose a different approach, establishing kinetostatic force 

balances at discrete points along the suction cup’s circumference. They place particular 

emphasis on accounting for lateral loads using a linearized Colomb friction model [10]. 

A considerable amount of research has been dedicated to the application of machine-

learning techniques in pick-and-place processes. In [11] for example, the energy consump-

tion of pick-and-place processes is examined and machine-learning-based methods for im-

provement are suggested. A machine-learning approach to generate trajectories for high ac-

curacy and vibration reduction is introduced in [12]. Fundamentals of motion synthesis for 

pick-and-place tasks and robotics in general can be found in [13–15]. A review of optimiza-

tion methods for robotic motions can be found in [16]. Optimal control theory offers great 

potential in this area. In [17], the application of optimal motion profiles for intermittent fluid 

transport offers significant improvement in achievable machine speed. BRÜCKMANN ET AL. 

show a novel approach to use optimal control to drastically reduce frame vibrations [18]. 

MASSARO ET AL. use optimal control to find minimum time and minimum distance solutions 

for a two-link planar manipulator performing a point-to-point motion-respecting dynamic 

and joint constraints as well as obstacles [19]. DOS SANTOS ET AL. extend this approach to a 

multi-link manipulator in 3D workspace considering moving obstacles [20]. But there are 

also other methods suitable for trajectory optimization. In [21] for example, a particles 

swarm optimization is used for various objectives such as minimal cycle time or minimal 

specific energy consumption while in [22] the use of established input shaping methods for 

residual vibration reduction is presented. An optimization with regard to the gripper load 

based on a model of a multi-suction-cup gripper can be found in [23], whereas the underly-

ing optimization method is described in [24]. However, the authors focus on optimization 

of the temporal domain of the trajectory and assume the path to be predetermined. SAVKIV 

ET AL. introduce an approach for minimizing energy consumption of a pneumatic gripper 

system by varying the grippers orientation along a specified path [25]. Another significant 

contribution in the field of model-based motion optimization for pick-and-place processes 

using vacuum grippers is provided by AVIGAL ET AL. [26]. The authors introduce an exper-

imental trained machine-learning model, based on a simple analytical model for the vacuum 

gripper. This model as well as the actuators dynamics are used as boundary conditions for 

a sequential optimization problem pursuing both minimal time and minimal sum-of-

squared acceleration of the resulting trajectory. 

1.3. Aim of the Paper 

This paper introduces a new approach for motion optimization for pick-and-place 

processes based on optimal control theory. Particular attention is paid to the load on the 

gripper during the process. The reason for this is that contact losses caused by excessive 

gripper load are a common reason for limiting machine output rates. This study focuses 

on operations in processing machines, where little variations in terms of boundary condi-

tions, handling object and environment occur. Section 2 will exploit all necessary re-

strictions, models and basic assumptions. Those strong restrictions allow the use of com-

putationally intensive numerical methods which are also described in Chapter 2. The re-

sulting trajectories are subject to Section 3. Sections 4 and 5 evaluate the results and show 

the expected benefits and limitations. 

https://doi.org/10.3390/robotics15070126
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2. Materials and Methods 

2.1. Use Case 

This article examines an academic use case based on a typical handling task in the 

food or packaging industry. Figure 1 shows the relevant parts of the handling system. An 

industrial robot, a 3-axis-delta robot (1) is used to perform the handling task. The handling 

object (2) is provided by an input conveyor belt (3). The robot uses a vacuum suction grip-

per (4) to grasp the object and move it to the output conveyor belt moving in the opposite 

direction (5) where the object is released. As this use case is of a purely academic nature, 

some basic assumptions can be made to simplify the intended solution. Firstly, the robot 

and control system provide an ideal motion and do not restrict the solution space due to 

actuator limitations. Secondly, the orientation of the objects does not change during the 

process and thirdly, the center of mass of the handling objects is directly below the grasp 

point. For application on a practical use case, these assumptions must be reviewed. Where 

necessary, additional constraints resulting from the robot, gripper and handling object 

must be considered. 

 

Figure 1. Sketch of the examined use case. An object is supplied by a conveyor belt. A robot 

equipped with a suction gripper picks the object and places it on a second conveyor belt running in 

the opposite direction. 

In general, handling processes are cyclic processes in processing machines. This 

means that, in order to achieve high machine output rates, after releasing one object, the 

robot moves immediately towards another object to be picked. Hence, the process could 

be divided into four phases [27]: 

- Reach phase (moving the gripper towards the object) ∆𝑡reach; 

- Picking phase (attaching the object to the gripper) ∆𝑡pick; 

- Transportation phase (moving gripper and the attached object towards the target po-

sition) ∆𝑡transp; 

- Releasing phase (detaching the object from the gripper) ∆𝑡place; 

The output rate 𝑛 of a pick-and-place machine can therefore be calculated according 

to Equation (1): 

𝑛 =
1 product

∆𝑡reach+∆𝑡pick+∆𝑡transp+∆𝑡place
.  (1) 

The required duration for picking and placing can either be calculated by the volume 

to be evacuated and flooded and the respective flow rate or experimentally determined. 

https://doi.org/10.3390/robotics15070126


Robotics 2026, 15, 126 4 of 17 
 

https://doi.org/10.3390/robotics15070126 

The ratio of ∆𝑡𝑟𝑒𝑎𝑐ℎ and ∆𝑡𝑡𝑟𝑎𝑛𝑠𝑝 can be chosen depending on the gripper and robot used. 

In this use case, a ratio of: 

𝑏 =
∆𝑡pick+∆𝑡transp+∆𝑡place

∆𝑡reach+∆𝑡pick+∆𝑡transp+∆𝑡place
= 0.6  (2) 

is predetermined. To define the handling task, further specifications must be made. Figure 

2 shows the respective parameters which are quantified in Table 1. 

 

Figure 2. Top view of the use case. The pick position 𝑃⃗ pick is located on the input belt, and the place 

position 𝑃⃗ place is on the output belt. Both positions are located within the robot’s workspace, which 

is simplified as a cylinder of constant diameter (dashed line) within the actual workspace. Further-

more, the conveyor velocities of both belts 𝑣1 and 𝑣2 are specified. 

Table 1. Summary of parameters specifying the examined use case. 

Parameter Symbol Value Parameter Symbol Value 

Picking  

position 
𝑃⃗ pick [0.05; −0.2; 0] m Belt velocity input 𝑣1 0.4 m/s 

Placing  

position 
𝑃⃗ place [−0.05; 0.2; 0.1] m Belt velocity output 𝑣2 0.3 m/s 

Time to pick ∆𝑡pick 0.03 s Output rate 𝑛 
120 products per 

min 

Time to place ∆𝑡place 0.03 s    

2.2. Motion Plan 

The motion plan contains the kinematic restrictions to the desired trajectory [28]. The 

restrictions are either in the form of point restrictions or section restrictions on displace-

ment, velocity and/or acceleration. Every motion that complies with the motion plan is 

considered to fulfill the motion task. For the presented use case, a motion plan can be 

derived, as shown in Figure 3. 

The values of 𝑥pick, 𝑦pick, 𝑧pick are determined by the picking position 𝑃⃗ pick while 

𝑥place, 𝑦place, 𝑧place are determined by the picking position 𝑃⃗ place respectively. The time 

values 𝑡0 to 𝑡5 are determined according to: 

𝑡0 = 0,                                                 𝑡3 = 𝑡4 − ∆𝑡sync2, 

𝑡1 = ∆𝑡pick,                                        𝑡4 = 𝑡5 − ∆𝑡place, 

𝑡2 = ∆𝑡pick + ∆𝑡sync1,                           𝑡5 = 60/𝑛 ∙ 𝑏, 

(3) 

https://doi.org/10.3390/robotics15070126
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where the values of the synchronization time ∆𝑡sync1  and ∆𝑡sync2  are yet to be deter-

mined. The slope of the area restrictions in the x-function are defined by the belt velocity 

𝑣1 and 𝑣2, forcing a synchronous motion with the respective belt. While the y-function is 

set to be constant during ∆𝑡sync1 and ∆𝑡sync2, the z-function specifies a translation of ∆𝑧1 

after the gripper evacuation and ∆𝑧2 before gripper flooding. This results in a smooth lift 

off and takedown with no relative motion between belt and object in x- and y-direction. 

Otherwise, an object damage can result from the object grinding on the belt. 

 

Figure 3. Motion plan specifying the kinematic constraints. Point constraints are indicated by circles, 

regional restrictions by lines. Unilateral boundary constraints, such as the maximum permissible z-

value in this case, are represented by additional diagonal lines. 

2.3. State of the Art Trajectory Synthesis 

The aim of this chapter is to generate a spline-based trajectory, which will later be 

used as a reference for the optimal solution. In industrial applications, robotic motion is 

defined by a geometric and a temporal domain specified by a path and trajectory. These 

are determined separately [13,14]. Spline-based trajectory synthesis uses a finite number 

of control points in space that are connected by splines. There are different approaches to 

generate the mentioned control points. One way to consider multiple constraints on the 

path 𝑝 (𝑠) is the use of multiple connected segments, described by path primitives 𝑝 i(𝑠) 

with 𝑠 being the reference parameter such as the arc length and 𝑆i referring to the arc 

length of the respective segment: 

𝑝 (𝑠) = {

𝑝 1(𝑠)

𝑝 2(𝑠) 

𝑠 ∈ [0, 𝑆1]
 𝑠 ∈ [𝑆1, 𝑆2]

⋮  
𝑝 N(𝑠)  𝑠 ∈ [𝑆N−1, 𝑆N]

. (4) 

The control points are then placed evenly along the resulting path. For path primi-

tives, elementary geometric paths such as linear or circular segments can be used [13]. 

These can be described through basic mathematical representation, depending on starting 

point 𝑃0 and ending point 𝑃1 and path length 𝑙. A linear primitive can be defined by: 

𝑝 lin(𝑠) = 𝑃⃗ 0 +
𝑠

𝑙
(𝑃⃗ 1 − 𝑃⃗ 0) 𝑠 ∈ [0, 𝑙].  (5) 

For more advanced path primitives, such as circular arcs, additional parameters, such 

as the plane normal, defined by vectors 𝑒 1 and 𝑒 2, radius 𝑅, center point 𝐶 or the open-

ing angle 𝜃 must be specified: 

𝑝 circ(𝑠) = 𝐶 + 𝑟 (cos (
𝑠

𝑅
) 𝑒 1 + sin (

𝑠

𝑅
) 𝑒 2) 𝑠 ∈ [0, 𝑙].  (6) 

https://doi.org/10.3390/robotics15070126
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More details on the calculation can be found in [13]. The exact combination of seg-

ments is at the user’s discretion and allows a wide range of solutions, as long as the motion 

plan is fulfilled. An example can be found in [29]. Figure 4 shows two different paths, 

consisting of linear and circular segments, that are solutions to the path planning task. 

 

Figure 4. Two paths, consisting of manually assembled circular and linear path primitives. The 

boarders of the segments are highlighted through circular markers. Both paths are consistent with 

the motion plan and are therefore suitable for the examined motion task. 

Both paths shown in Figure 4, visibly smooth, show non-continuous curvature 

change at the segment boundaries. This will lead to acceleration jumps for arbitrary tra-

jectories. To prevent this, the path is sampled and the resulting control points are 

smoothly connected using splines. In this case, quintic B-splines [30] are used, guarantee-

ing 𝐶3-continuity. 

As a second step, a motion profile 𝑠(𝑡) must be found to specify the time-dependent 

behavior and the time derivatives of the resulting motion according to: 

𝑝 (𝑡) = 𝑝 (𝑠(𝑡)), 

𝑝 ̇(𝑡) = 𝑝 ′(𝑠(𝑡)) ∙ 𝑠̇(𝑡), 

𝑝 ̈(𝑡) = 𝑝 ′′(𝑠(𝑡)) ∙ 𝑠̇(𝑡) + 𝑝 ′(𝑠(𝑡)) ∙ 𝑠̈(𝑡). 

(7) 

The required motion profile needs to take into account the respective path length and 

the speed boundary conditions defined by the belt speed. For this use case a “Double S Pro-

file” was used. Explanations on the calculation and further detail as well as alternative suit-

able motion profiles can be found in [31]. Figure 5 shows the resulting functions of displace-

ment 𝑠i, velocity 𝑣i, and acceleration 𝑎i for the two presented paths in x-,y- and z-direction. 

The generated trajectories are meant to reflect common industrial practice and are 

expected to result in relatively moderate dynamic process behavior. More advanced meth-

ods were introduced in Section 1, and generally involve the use of complex mathematical 

methods. 

0
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 m
0.2

y in m

0 0.1
0
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Figure 5. Time-dependent functions of displacement, velocity and acceleration for both spline-based gen-

erated reference motions. The trajectories are generated using a standard “Double S” motion profile. 

2.4. Evaluation of a Motion in Regard to the Load on the Gripper 

There are different kinds of failures that can occur during handing tasks, namely, the 

loss of contact during handling or slipping of the object relative to the gripper resulting in 

a loss of placement accuracy [23]. A disproportion of gripping force and object stability 

can furthermore lead to undesired damage of the object. Each of the mentioned failures 

can be attributed to excessive or insufficient retention force. There are many different ap-

proaches for simulating a gripper–object pairing (see Section 1). This work, however, fo-

cusses on the numerical optimization approach, and therefore a simple kinetostatic model 

as introduced in [32] or [26] is assumed to be sufficient. This model will later be used as a 

basis for optimization. The basic assumption of this model is, as Equation (8) states, that, 

for grasp stability, the retention force of the gripper 𝐹ret must exceed the resulting force 

𝐹res at all times: 

𝐹ret ≥ 𝐹res. (8) 

Figure 6 shows a model for a motion in  - and  -direction derived from [32]. This 

model must be expanded to represent a three-dimensional use case. 

 

Figure 6. Standard model representing the state of a moving vacuum gripper derived from [32]. The 

movement of the gripper and object causes inertial forces which must be absorbed by the gripper 

through its retention force. 

A vacuum gripper is basically able to exclusively generate a vertical force determined 

by the pressure difference between inside and outside the gripper ∆𝑝 and the effective 

area of retention 𝐴eff according to Equation (9): 
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𝐹ret = ∆𝑝 ∙ 𝐴eff. (9) 

The load on the gripper can be divided into static forces and kinetostatic forces, that 

sum up to the resulting force. Horizontal forces must be taken into account via the static 

friction coefficient 𝜇s between gripper and the object resulting from drawing the object 

towards the gripper. Deviating from [32], the resulting force considers the amount of the 

horizontal force: 

𝐹res = 𝐹g + 𝐹Z +
1

𝜇s
|𝐹XY|.  (10) 

Otherwise, a, according to the definition of the reference frame, negative horizontal 

force would lead to a decreasing resulting force. In contrast, the force in vertical direction 

𝐹𝑍 does not require any special consideration. A downward acceleration causes the object 

to press against the gripper due to its inertia. This compressive load is not a critical factor 

for grasp stability. It can even allow us to compensate for higher horizontal forces. The 

static and kinetostatic forces can be calculated according to (11) to (13) respectively result-

ing from object mass 𝑚, constant of gravitation 𝑔, and the acceleration 𝑎i affecting the 

gripper–object pair as a result of the motion: 

𝐹g = 𝑚 ∙ 𝑔, (11) 

𝐹Z = 𝑚 ∙ 𝑎z, (12) 

𝐹XY = 𝑚 ∙ √𝑎x
2 + 𝑎y

2. (13) 

Using Equations (10)–(13), an explicit correlation between the acceleration resulting 

from the motion of the object and the resulting force at the gripper can be made: 

𝐹res = 𝑚 (𝑔 +
1

𝜇s
√𝑎x

2 + 𝑎y
2 + 𝑎z). (14) 

This allows an approximation of expected load during the process. This basic model 

does not take into account leakage, deformation of the gripper and/or object or other dy-

namic effects. Therefore, large security coefficients are used in practical applications. Since 

this work focusses on comparing different trajectories, it is sufficient to assume the same 

simplified model approach. Since 𝑚 and 𝑔 are constants, a simplified objective function 

𝑄 can be defined, that has the same local extrema as 𝐹𝑟𝑒𝑠: 

𝑄 =
1

𝜇𝑠
√𝑎𝑥

2 + 𝑎𝑦
2 + 𝑎𝑧.   (15) 

This objective function serves as a basis for motion optimization and, due to its inde-

pendence from object mass, allows for a more general perspective. In the study’s use case, 

a static friction coefficient of 𝜇s = 0.3 is assumed, based on typical empirical values. 

2.5. Bilevel Motion Optimi ation 

To generate an optimal solution for the specified robotic task, a strategy for the mo-

tion synthesis must be developed with focus on the desired aim of the process task. There-

fore, at first the properties of the problem are analyzed in terms of motion optimization: 

(1) The derived objective function describing the gripper load is a nonlinear function de-

pendent on the acceleration profiles of the three motion components x(t), y(t), and z(t). 

(2) The motion plans for the three motion components are coupled by the two intro-

duced time steps Δtsync1 and Δtsync2. 

(3) Assuming the unknown time steps Δtsync1 and Δtsync2 are fixed, then the three motion 

components can be synthesized and decoupled. 

https://doi.org/10.3390/robotics15070126
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(4) For each motion component only kinematic constraints are stated, so the dependen-

cies are linear. 

(5) No dynamic process model is considered here, but this assumption only holds for 

robotic trajectories that do not significantly stimulate the dynamic behavior of the 

vacuum gripper–product–interaction. 

One obvious approach to generate an optimal trajectory regarding minimizing the 

maximal vacuum gripper force could be the solution to an optimal control problem, in 

which all three motion components and their derivatives are state variables. By adding a 

slack variable 𝑠, which is also the objective function to be minimized, and simultaneously 

adding the constraint max(𝐹𝑟𝑒𝑠) ≤ 𝑠 to the problem, one could calculate a corresponding 

optimal solution trajectory. However, this approach not only leads to a nonlinear optimal 

control problem in which a global extremum cannot be found with certainty but also has 

the disadvantage that no 𝐶2 continuous motions can result from the structure of the op-

timization problem. Therefore, the following approach considers both the coupling of the 

three motion directions of the trajectory over the unknown time intervals Δ𝑡sync1 and 

Δ𝑡sync2 as well as the continuity of the resulting solutions. The applied approach consists 

of a bilevel optimization strategy, that is illustrated in Figure 7. The figure displays the 

proposed strategy for computing feasible and smooth robot trajectories. The method sep-

arates the problem into two nested optimization layers with distinct roles. 

At the first level, a static optimization problem is solved in which the motion is pa-

rameterized by the two discrete synchronization time intervals. This upper-level problem 

operates on a low-dimensional parameter vector 𝑝 = [Δ𝑡sync1, Δ𝑡sync2] and aims at mini-

mizing the global objective function represented by the maximum vacuum gripper force. 

At the second level, the parameters determined by the first level are used to formulate 

three independent optimal control problems, one for each trajectory dimension. For fixed 

timing parameters from the first level, time-continuous trajectories are computed by solv-

ing these optimal control problems. This lower-level formulation explicitly incorporates 

kinematic constraints and smoothness requirements. 

The key advantage of this bilevel structure is the separation of objective minimization 

and admissible trajectory generation. While the upper level drives the minimization of the 

global objective function, the second-level optimal control problems restrict the feasible 

set to trajectories that satisfy predefined regularity and structural properties. In particular, 

by construction of the optimal control formulation, only 𝐶2-continuous trajectories are 

admitted, ensuring continuous position, velocity, and acceleration profiles. Consequently, 

the lower level does not merely evaluate candidate solutions but actively shapes the solu-

tion space of the upper-level optimization. This embedded optimal control layer guaran-

tees kinematic feasibility and desired smoothness a priori, thereby preventing the upper-

level optimizer from exploring physically infeasible or non-smooth trajectories. The gra-

dient-based update of 𝑝 iteratively refines the temporal parameters until a suitable stop-

ping criterion is met, resulting in an optimal solution 𝑝opt that simultaneously minimizes 

the objective function and satisfies the imposed smoothness and dynamic constraints. 

The first-level optimization is implemented with a simple active-set-strategy since 

only two parameters are to be iterated, while for each parameter a lower and an upper 

bound are considered. These box constraints are necessary to guarantee kinematic useful 

motion plans for the second-level optimization. 

https://doi.org/10.3390/robotics15070126
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Figure 7. Bilevel optimization approach for optimizing the vacuum gripper trajectory. On the first 

level a static optimization problem, containing two discrete time intervals, is solved. Using these 

two time intervals three independent optimal control problems can be solved on the second level. 

The second-level optimization consists of three independent optimal control optimi-

zations for each dimension of the trajectory. In the following, the approach for formulating 

and solving the optimal control problems is explicated with no loss of generality for only 

one dimension. Since the perspective of the underlying problem is only kinematic, it is 

sufficient to consider the fundamental kinematic equations for describing the system’s be-

havior. To generate 𝐶2 continuous motion specifications, each trajectory dimension is de-

scribed as a triple integrator system with 𝑥1(𝑡) = 𝑠(𝑡) , 𝑥2(𝑡) = 𝑣(𝑡) , 𝑥3 = 𝑎(𝑡)  and 

𝑢(𝑡) = 𝑗(𝑡), where 𝑥(𝑡): [0, 𝑇] → ℝ3 represents the state vector 𝑥(𝑡) = [𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡)]
T 

and 𝑢(𝑡): [0, 𝑇] → ℝ1 the control variable: 

𝑥̇(𝑡) =  [
0 1 0
0 0 1
0 0 0

] ∙ 𝑥(𝑡) + [
0
0
1
] ∙ 𝑢(𝑡). (16) 

Additionally, lower 𝑐l(𝑡): [0, 𝑇] → ℝ3 and upper 𝑐u(𝑡): [0, 𝑇] → ℝ3 limits can be de-

fined for each state variable along the time horizon in order to adhere to the specified 

motion plan: 

𝑐l(𝑡) ≤ 𝑥(𝑡) ≤ 𝑐u(𝑡). (17) 

              

   

 

       

https://doi.org/10.3390/robotics15070126


Robotics 2026, 15, 126 11 of 17 
 

https://doi.org/10.3390/robotics15070126 

The aim of the motion optimization is to determine optimal solutions  *(t) and u*(t), 

that satisfy the system (16), the boundary conditions (17) and that minimize the following 

cost functional: 

𝐽 =  
1

2
∫𝑢2(𝑡) d𝑡 → min.

𝑇

0

 (18) 

The application of this cost functional leads to smooth 𝐶2  continuous trajectories 

since discontinuities can only occur to the jerk as the control variable. Since no analytical 

solution to this problem can be stated in general, a numerical approach for approximating 

the solution of this optimal control problem is applied. Basically, numerical approaches 

for solving optimal control problems can be subdivided into direct and indirect ap-

proaches. Whereby indirect approaches evaluate the necessary conditions of the problem, 

that leads to the necessity of solving a boundary value problem, direct approaches trans-

form the dynamic optimization problem into a static optimization problem by discretizing 

the time horizon. With increasing amount of discrete time steps, the solution converges to 

the unknown solution of the original optimal control problem. 

For the considered formulation—the dynamics correspond to a triple integrator sys-

tem—the analytical solution is known to consist of piecewise polynomial trajectories of 

degree five (e.g., [33]). These solutions may exhibit discontinuities in the third derivative. 

A direct collocation method using linear trial functions is well suited to represent such 

non-smooth behavior and is therefore chosen for solving the optimal control problem for 

each of the three trajectories’ dimension. 

Accordingly, the time horizon is discretized into 𝐾, increasing but not necessarily 

equally distributing points: 0 < 𝑡1 < 𝑡2 < … < 𝑡𝐾 = 𝑇. The discrete time points must be 

selected in such a way that they correspond to the specific requirements of the upper and 

lower conditions of the original optimal control problem. To accommodate the character-

istics of the continuous optimization problem, which allows discontinuous solutions for 

the control variable, sectionally constant trial functions 𝑢̃(𝑡) of the control variable are 

applied to approximate the numerical solution, see Figure 8: 

𝑢̃(𝑡) =  𝑢𝑘, 𝑡𝑘 ≤ 𝑡 ≤ 𝑡𝑘+1, 𝑘 = 1…𝐾 − 1. (19) 

In addition, the state variables are approximated using sectionally linear trial func-

tions for each state 𝑥̃(𝑡) =  [𝑥̃1(𝑡), 𝑥̃2(𝑡), 𝑥̃3(𝑡)]
T: 

𝑥̃(𝑡) =  𝑥̃𝑘 +
𝑥̃𝑘+1 − 𝑥̃𝑘

𝑡𝑘+1 − 𝑡𝑘
∙ (𝑡 − 𝑡𝑘), 𝑡𝑘 ≤ 𝑡 ≤ 𝑡𝑘+1, 𝑘 = 1…𝐾 − 1. (20) 

From the assumed boundary points of the trial functions, the unknown parameter 

vector 𝑝 ∈  ℝ4∙𝐾−1×1 of the static substitute optimization problem can be derived: 

𝑝 = [𝑥̃1
1, 𝑥̃2

1, 𝑥̃3
1, 𝑢̃1, … , 𝑥̃1

𝐾 , 𝑥̃2
𝐾 , 𝑥̃3

𝐾]
T
. (21) 

Thereby, the triple integrator system equation, formulated in Equation (16), can be 

discretized by applying the trapezoidal rule evaluated at the so-called collocation points 

in the middle of each interval 𝑡𝑘+1/2 = 
𝑡𝑘+𝑡𝑘+1

2
. This leads to three linear equations for 

each time interval: 

0 =  𝑥̃1
𝑘 − 𝑥̃1

𝑘+1 + 
𝑡𝑘+1−𝑡𝑘

2
⋅ (𝑥̃2

𝑘 − 𝑥̃2
𝑘+1),  

0 =  𝑥̃2
𝑘 − 𝑥̃2

𝑘+1 + 
𝑡𝑘+1−𝑡𝑘

2
⋅ (𝑥̃3

𝑘 − 𝑥̃3
𝑘+1),      𝑘 = 1…𝐾 − 1. 

0 =  𝑥̃3
𝑘 − 𝑥̃3

𝑘+1 + 
𝑡𝑘+1−𝑡𝑘

2
⋅ 𝑢𝑘,  

(22) 
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These equations can be assembled to the linear equality constraints A𝑒𝑞 ⋅ 𝑝 = 0, with 

A𝑒𝑞 ∈ ℝ3∙(𝐾−1) × 4∙𝐾−1, of the static substitute optimization problem. The cost functional, 

formulated in Equation (18), can be approximated by evaluating the definite integral as-

suming the sectionally constant trial functions, which results in a quadratic expression of 

the following form: 

𝐽 ≈ 𝐽 =  
1

2
𝑝TH𝑝. (23) 

Finally, the lower and upper limits for the state for the control variables in Equation 

(17) can be easily transformed to the following linear inequality constraints 

Aineq ∙ 𝑝  ≤ 0 (24) 

with Aineq ∈ ℝ4∙𝐾−1 × 4∙𝐾−1. 

 

Figure 8. Sectionally constant trial functions for approximating the state variable and sectionally 

linear trial functions for approximating the state variables. 

Hence, the continuous optimal control problem is fully transformed into a static sub-

stitute optimization problem, which above is a convex quadratic problem with linear con-

straints and therefore very efficient to solve numerically. Hence, each local optimal solu-

tion found is simultaneously a global optimal solution. But this only holds for the static 

substitute problem. In [34] it was shown that the numerical solution converges to the the-

oretical solution of the continuous optimal control problem. Therefore, a convergence 

analysis must be implemented, to choose a sufficient discretization. 

The bilevel optimization problem can thus be divided into a high-dimensional con-

vex quadratic program with linear constraints, which can be solved very efficiently, and 

a two-dimensional, non-convex, non-differentiable upper-level optimization problem. As 

an alternative to the chosen direct approach, other solution methods for bilevel optimiza-

tions problems may be used (see [35]). For example, reformulating the problem as a math-

ematical program with equilibrium constraints (MPEC) would be permissible in this case. 

This would, however, replace the problem by a single-level high-dimensional optimiza-

tion problem with complementarity constraints. Although theoretically possible, such a 

reformulation would destroy the favorable structure of the lower-level quadradic pro-

gram and would likely lead to a significantly less efficient numerical solution. 

3. Results 

Before results can be calculated using the bilevel optimization approach, a convergence 

analysis must be performed to select the correct discretization for the numerical solution of 

the optimal control problems at the second level. In Figure 9, an exemplary analysis of the 

z-motion component is displayed. Based on the examined objective function values depend-

ing on the discretization, an approximation of these values is performed to a function that 

maps the expected convergence. Based on the parameter determination from the approxi-
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mation, a theoretical limit value is obtained, which is assumed to be the theoretical limit 

value. Using this theoretical limit, a relative error can be derived. In this case a discretization 

of K = 1000 discrete points is applied for the second-level optimization. 

 

Figure 9. Exemplary convergence analysis of the z-motion component. Top: Representation of the 

objective function value as a function of discretization K. An approximation of the measurement 

results is shown in red. The limit value of the approximation is assumed to be the true objective 

function value. Bottom: Relative error regarding the limit of the approximation in double logarith-

mic representation. 

The motion functions derived with the optimization method presented can be seen 

in Figure 10. A comparison with Figure 3 confirms that all three examined motions are in 

accordance with the motion plan and therefore suitable for performing the required task. 
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Figure 10. (a) Time-dependent motion functions for the derived optimal motion and the piecewise 

defined motions for reference. (b) Paths of the optimal motion compared to the reference motion paths. 

Using the derived motion functions, a comparison of the objective function (s. Equa-

tion (15)) can be made. Figure 11 shows the results where the maximum values are 

marked, highlighting the points of maximum gripper load. 

 

Figure 11. Objective function of the optimal and the reference motions representing the gripper 

load. The maximum values, indicating peak gripper load are marked for each examined method. 

4. Discussion 

The resulting trajectory shows a significant reduction in gripper load. A relative re-

duction of approximately 60% was achieved compared to the reference motions. The op-

timal motions are therefore expected to show improved process behavior, especially in 

terms of gripper contact failure. Depending on gripper, object, and handling task require-

ments, a reduction in vacuum level or motion time could be considered, leading to either 

improvement of energy consumption or machine output rate. 

The resulting path differs significantly from the paths of the reference motions. Thus, 

the optimal solution has a maximum 𝑧-value that is approximately 20% higher, which 

seems counterintuitive at first glance. Furthermore, the severe curvature of the path is 

noticeable at the points where the gripper–object pairing leaves the input belt and meets 

the output belt. Considering the process model from Equation (14), these effects become 

plausible. Since horizontal accelerations have a more pronounced impact on the gripper 

load, the time required to complete the horizontal stroke needs to be as long as possible. 

To ensure this, the conveyor belts must be exited as quickly as possible, which results in 

a sharp curvature and a high apex. An additional notable feature is the smooth progres-

sion of the acceleration functions, showing few alternations around zero. Using the spline-

based approach resulted in multiple acceleration peaks that may excite unfavorable dy-
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namic effects in both the gripper–object pairing and machine structure. Since this ap-

proach depends heavily on the user’s background, skill and experience, a more effective 

solution is certainly conceivable. This highlights another advantage of the novel approach, 

where the user’s creative input is limited to accurately formulating the motion plan. The 

results are therefore targeted and reproducible. As can be seen, the intended behavior was 

achieved through bilevel optimization. This allowed, on one hand, to reduce gripper load 

(first-level optimization) and, on the other hand, to generate smooth 𝐶2-continuous mo-

tion functions (second-level optimization). 

The introduced method might also bring some challenges for practical use. The cal-

culation algorithm is computationally expensive which prevents the approach from 

online use. Advanced methods such as the use of characteristic curves [36] or the use of 

edge devices [37] could work around this problem. 

5. Conclusions 

This paper introduced a novel approach to generate optimal motions for robotic han-

dling processes. The bilevel optimization ensures minimal expected gripper load while 

the trajectory, being 𝐶2-continuous, is expected to offer favorable dynamic behavior at 

the same time. The gripper load is approximated using a simple kinetostatic model of a 

vacuum gripper. This model is integrated in the optimization algorithm and serves pre-

liminarily for evaluation of the results. Two reference motions have been generated using 

spline-based motion synthesis. Experimental evaluation will be the subject of future re-

search and must be an essential preliminary step for the practical application of the 

method. Depending on the results of the validation experiments, further research may 

follow, such as the refinement of the process model to take into account the dynamic be-

havior of the gripper—for example due to micro slippage caused by shear stresses—or the 

use of multiple suction cups. Using a more complex process model may require different 

optimization methods or tools, to ensure convergence and reasonable solving duration. 

In particular, the examination of leakage would be of high interest. Systematic leakage 

caused by transmissive objects being grasped, as well as dynamic leakage during trans-

portation result in a significant reduction in retention force. These effects might offer a 

valuable subject for further research. Furthermore, a comparison against advanced state-

of-the art trajectory optimization algorithms such as those introduced in [26] would pro-

vide a better perspective of the solution found. Another further step towards practical use 

would be the consideration of additional constraints resulting from actuator limits of the 

robot or obstacles within the working area. 
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