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Abstract: Resonators are passive time-invariant components that do not produce a frequency shift.
However, they respond to an excitation signal close to resonance with an oscillation at their natural
frequencies with exponentially decreasing amplitudes. If resonators are connected to antennas, they
form purely passive sensors that can be read remotely. In this work, we model the external excitation
of a resonator with different excitation signals and its subsequent decay characteristics analytically as
well as numerically. The analytical modeling explains the properties of the resonator during transient
response and decay behavior. The analytical modeling clarifies how natural oscillations are generated
in a linear time-invariant system, even if their spectrum was not included in the stimulation spectrum.
In addition, it enables the readout signals to be optimized in terms of duration and bandwidth.

Keywords: resonator; transient phenomenon; quality factor; wireless sensor; passive sensor; chipless
sensor; analogue sensor; resonant sensor; read-out of resonant sensor

1. Introduction

Wireless passive sensors are used for applications where conventional battery-based,
RFID based, or energy harvesting-based radio technology cannot be operated or only
with extensive efforts. The technology is based on the wireless readout of a battery- and
IC-free passive sensor node. The instrumentation system consists of a reader unit and a
passive sensor node, which are connected via transducers to a wireless link, like a radio,
inductive, capacitive or ultrasound link as seen in Figure 1. The reading units are similar
to radar systems and various architectures such as time-domain sampling, frequency-
domain sampling, and hybrids have been presented in the literature [1–3]. Three types
of passive sensor nodes are described in the literature: (i) delay lines, (ii) resonators, and
(iii) mixer types.

In a delay line, the readout signal is stored for a predefined time interval and then sent
back to the reader in one or several pulses [4]. In a resonator type, the readout signal excites
a resonator, the oscillation of which decays after the readout signal is switched off [5]. A
mixer type either generates a harmonic of the readout signal [6] or mixes two frequencies
to an intermediate frequency [7,8]. The mixer type can be combined with a resonator,
whereby the mixer demodulates a modulated carrier signal to the modulation frequency
for stimulation, which then causes a resonator to oscillate. For reading, the modulation
of the interrogation signal is switched off and the oscillating resonator modulates the
source resistance of the connected transducer and thus generates a modulated backscatter
signal [8].
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The separation between the response signal and the readout signal as well as its
ambient echoes is implemented in the time domain in the case of delay lines and resonators
and in the frequency domain in the mixer types.

The key function of the delay line and the resonator is that they can store the signal
as an analog excitation for a period long enough such that all ambient echoes of the
readout signal have already decayed. An excellent choice for such an analogous storage
is a resonator with a high quality factor Q, whose decay time is considerably longer than
the power delay profile of the radio channel. When reading out wired or inductively
coupled resonators, they will be usually operated in forced oscillation and the narrow-band
absorbed power loss at resonance is measured. However, absorption is strongly influenced
by the wireless channel and can no longer be evaluated when measuring in the far field. To
readout wireless resonators in the far field, an analog storage in the resonant oscillation of
the resonators is used [5].
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Figure 1. Schematic of a wireless passive sensor system of delay line or resonator type: A reader
sends out a readout signal over a transducer into a wireless channel to a passive sensor node. There,
this signal is picked up with the help of a second transducer and then stored in a delay line or in a
high Q resonator. When the readout signal is turned off, a part of the signal, which has been stored as
an excitation in the passive battery- and IC-free sensor node, will be sent out as backscattered signal,
which is picked up by the reader unit and evaluated.

In order to wirelessly poll the information from the far field, the resonator is excited
by a readout signal from the reader unit. Electromagnetic, inductive, capacitive, or acoustic
channels [9,10] have been used as wireless channel for the far field transmission of the
readout and the backscattered decaying signal. While excited, the resonator also oscillates
in a forced oscillation in this configuration, but when released, its oscillation will decay
with its natural frequency. A part of the energy of the decaying oscillation supplies the
response signal, which is scattered back to the reading device and can be recorded and
analyzed there. If the resonance frequency is influenced by a physical quantity, this quantity
can be determined wirelessly in the reading unit.

In the literature, LC-resonators [11,12], spiral resonators [13], ceramic dielectric
resonators [8,14], RF cavity resonators [15,16], coplanar [14,17] and air-filled substrate-
integrated waveguide resonators [18], bulk [10], and surface acoustic wave (SAW) res-
onators [4,19–22] have been investigated as resonant sensors in passive wireless sensor
technology to measure temperature [10,22], pressure [4], torque [19,23], strain [14,15,18,21],
mass flow [14], corrosion of reinforced steel [24], pH [12], food quality [25], along with
other physical parameters.

Due to the low complexity of the sensor node and due to the operation without any
battery and without any electronic circuity, the instrumentation technique is considered
to be maintenance-free, robust, and can be operated in harsh environments. The read
distance of RFID-based sensor systems is determined by the distance at which power can
no longer be extracted from the rectifier, which leads to a threshold value for the read
distance. A passive wireless sensor, consisting of a resonator connected to an antenna,
is a linear time-invariant system and the readout distance is limited only by the receiver
noise, which blocks detection of the response signal from distances beyond the maximum
readout distance.

Figure 1. Schematic of a wireless passive sensor system of delay line or resonator type: A reader
sends out a readout signal over a transducer into a wireless channel to a passive sensor node. There,
this signal is picked up with the help of a second transducer and then stored in a delay line or in a
high Q resonator. When the readout signal is turned off, a part of the signal, which has been stored as
an excitation in the passive battery- and IC-free sensor node, will be sent out as backscattered signal,
which is picked up by the reader unit and evaluated.

In order to wirelessly poll the information from the far field, the resonator is excited
by a readout signal from the reader unit. Electromagnetic, inductive, capacitive, or acoustic
channels [9,10] have been used as wireless channel for the far field transmission of the
readout and the backscattered decaying signal. While excited, the resonator also oscillates
in a forced oscillation in this configuration, but when released, its oscillation will decay
with its natural frequency. A part of the energy of the decaying oscillation supplies the
response signal, which is scattered back to the reading device and can be recorded and
analyzed there. If the resonance frequency is influenced by a physical quantity, this quantity
can be determined wirelessly in the reading unit.

In the literature, LC-resonators [11,12], spiral resonators [13], ceramic dielectric
resonators [8,14], RF cavity resonators [15,16], coplanar [14,17] and air-filled substrate-
integrated waveguide resonators [18], bulk [10], and surface acoustic wave (SAW) res-
onators [4,19–22] have been investigated as resonant sensors in passive wireless sensor
technology to measure temperature [10,22], pressure [4], torque [19,23], strain [14,15,18,21],
mass flow [14], corrosion of reinforced steel [24], pH [12], food quality [25], along with
other physical parameters.

Due to the low complexity of the sensor node and due to the operation without any
battery and without any electronic circuity, the instrumentation technique is considered
to be maintenance-free, robust, and can be operated in harsh environments. The read
distance of RFID-based sensor systems is determined by the distance at which power can
no longer be extracted from the rectifier, which leads to a threshold value for the read
distance. A passive wireless sensor, consisting of a resonator connected to an antenna,
is a linear time-invariant system and the readout distance is limited only by the receiver
noise, which blocks detection of the response signal from distances beyond the maximum
readout distance.

In the scientific literature, the dependences of the resonator response signal on the
carrier frequency, the pulse period, the duration of the readout signal and the distance
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to the reader device, as well as on the modulation spectrum of the physical quantity to
be measured have been analyzed numerically and experimentally [26–28]. However, an
analytical model is still missing.

In this manuscript, we analytically analyze the magnitude of the decaying signal
which results from the electrical parameters of the resonator and the temporal waveform
of the readout signal. Furthermore, we clear the generation of the signal with the angular
natural frequency ωd out of the readout signal with the frequency ω within the linear
time-invariant system. For this purpose, we develop a simple electrical equivalent circuit
of the resonator. We calculate the backscattered signals that result from a CW readout
signal whose envelope in the time domain corresponds to a rectangular, a trapezoidal, a
Tukey window, or which results from a frequency-modulated readout signal with a chirp
function. In all analyses, the readout signal with the frequency ω starts at t = 0 and ends
at t = T. A first decaying signal with frequency ωd always starts at the beginning of the
stimulation at t = 0, but in most cases the decaying signal from the end of stimulation at
t = T is of interest.

2. Modeling the Resonator in a Wireless Readout by Using a Series RLC Circuit Model

The passive wireless sensor node consists of an antenna connected to a resonator. In
this analysis, the antenna is simulated by a voltage source u0 with real internal resistance
RA, see Figure 2. When the antenna feeds an incoming signal into the resonator, RA will
act as source resistance. On the other hand, if the antenna radiates part of the resonator
oscillation, RA will act as sink resistance. In both cases, RA converts power. It is assumed
that the quality factor of the antenna is much smaller than the quality factor of the resonator.
Therefore, RA is assumed to be constant within the frequency band of interest. RF matching
elements are considered part of the resonator. The terminal voltage of the antenna, which is
wired to the resonator, is given by u0 − uA. The resonator is modeled by a serial resonance
circuit with capacity C, inductance L, and dissipative losses modeled by a resistor RD.
Additional parallel capacitances which often shows up, e.g., in a Butterworth–van-Dyke-
equivalent circuit model of a SAW or BAW resonator, are treated as part of the antenna. On
the other hand, all ohmic losses in the antenna are taken into account in RD. Impedance
matching at resonant frequency is assumed meaning RA = RD.

Figure 2. Electrical circuit for analyzing a wireless readout resonator. The antenna is modeled by a
voltage source u0 with internal resistance RA and the resonator with a series circuit of L, C, and RD.

If an electromagnetic wave of effective power Pin(t) with the angular frequency ω is
picked up by the antenna, an open-circuit voltage u0(t) with amplitude U0 will be created
in the internal impedance RA, which acts as a source in the circuit:

u0(t) =
√

2 · Pin(t) · RA · ejωt = U0 · ejωt. (1)
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The circuit is a linear time-invariant device, which can be analyzed both in the time
domain or the frequency domain. The descriptive differential equation of the system is
given by (see Appendix A, Equation (A10)) [28]

d2i(t)
dt2 +

RA + RD
L

di(t)
dt

+
i(t)
LC

=
du0(t)

Ldt
. (2)

By using the following abbreviations:

2α =
RA + RD

L
, ω0

2 =
1

LC
, ωd =

√
ω02 − α2Q =

X
R

=
ω0L

RA + RD
→ α =

ω0

2Q
, (3)

Equation (2) can be written in a more general way

d2i(t)
dt2 + 2α

di(t)
dt

+ ω0
2i(t) =

1
L

du0(t)
dt

. (4)

This equation can also be expressed as a function of uA by using the real source impedance
RA of the antenna (see Appendix A, Equation (A14))

d2uA(t)
dt2 + 2α

duA(t)
dt

+ ω0
2uA(t) =

RA
L

du0(t)
dt

. (5)

The vibration characteristics of the system is described by the quality factor Q and
both the undamped and damped natural angular frequencies ω0 and ωd respectively. The
quality factor is defined by the fraction of the reactance X to the resistance R. For further
analysis, it is helpful to separate the damping constant α into a fraction due to the loading
with the antenna αA and due to internal dissipative losses αD

αA =
RA
2L

, and αD =
RD
2L

. (6)

2.1. Natural Oscillation with No External Excitation

The general solution iH(t) of the homogeneous part of Equation (4) is given by:

iH(t) = C1e−αt+jωdt + C2e−αt−jωdt. (7)

The actual values of the two complex constants C1 and C2 of the homogeneous solution
result from the boundary conditions. The two solutions of the homogeneous differential
equation are called natural oscillations at the natural angular frequencies of the resonator.
When the resonator is stimulated, it produces damped free oscillations with the damped
natural angular frequencies ±ωd, whose amplitudes decrease in proportion to e−αt, where
0 < α < ω0 was assumed. The amplitudes drop to e−π ≈ 4% after Q oscillations. The
spectrum of a decaying damped resonator is described by a Lorentz curve.

The currents of the two damped natural oscillations induce voltages across the ele-
ments of the circuit. The voltage uAH across RA due to the natural oscillations is given by

uAH(t) = RA · iH(t). (8)

Due to the real nature of the source resistance, the antenna’s current and voltage are in
phase. The power Pout, which is taken from the damped natural oscillations in the source
resistance of the antenna, is radiated back to the reader unit via the antenna

Pout(t) =
1
2
R{uAH(t) · iH

∗(t)} =
|uAH(t)|2

2RA
. (9)

Half of the energy stored in the natural oscillation is radiated back to the reader unit via
the antenna due to electrical matching.
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2.2. Steady State with Sinusoidal Excitation with Constant Amplitude

With a forced periodic excitation by the voltage u0(t) with constant amplitude U0

u0(t) = U0ejωt, (10)

the steady-state current iSt(t) results in (see Appendix A, Equation (A45))

iSt(t) =
(
− α + jωd

ω− jα + ωd
+

α− jωd
ω− jα−ωd

)
· U0

2ωdL
· ejωt. (11)

When the open-circuit voltage u0 is generated in the feeding point of the antenna
due to picking up of a readout signal, then the steady-state voltage uAG across the source
resistance of the antenna at the forced frequency ω will be given by the complex voltage
divider

uAG = u0 ·
RA

RA + RD + jωL + 1
jωC

. (12)

After inserting the abbreviations of Equation (3) and simplifications (see (A48)), we obtain

uAG = u0 ·
αA
ωd

(
− a + jωd

ω− jα + ωd
+

a− jωd
ω− jα−ωd

)
. (13)

Equations (11) and (13) essentially reflect the same relationship, with Equation (11) being
derived from a solution of the differential equation and Equation (13) from the steady state,
but this is not surprising for linear time-invariant systems. From Equation (13), we obtain
the frequency response HA(ω) of the source resistance of the antenna, which is connected
in series to the resonator with

HA(ω) =
uA
u0

=
αA
ωd

(
− a + jωd

ω− jα + ωd
+

a− jωd
ω− jα−ωd

)
. (14)

The frequency response can be inverse Fourier transformed to calculate the impulse
response of the source impedance of the antenna (see Appendix B, Equation (A65))

hA(t) =
αA
ωd

σ(t)
{
(ωd − jα)e−αt−jωdt + (ωd + jα)e−αt+jωdt

}
. (15)

For t = 0, this results in a value for hA(0) of

hA(0) = αA =
RA

RA + RD

ω0

2Q
. (16)

Figure 3 shows exemplary the frequency response HA( f ) and the corresponding impulse
response hA(t) of an example resonator with center frequency of 1 and a loaded quality
factor Q of 100. Thereby, electrical matching was assumed, i.e., RA = RD.
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(a) (b) (c)

Figure 3. (a) Frequency response HA( f ) according to Equation (14) in dB, (b) zoomed-in frequency
response in linear scale, and (c) impulse response hA(t) according to Equation (15) of an example
resonator. For the example resonator, the center frequency was set to 1 and the quality factor Q to
100. Electrical matching was applied (RA = RD). In graph (b), 3 markers were placed, (i) at center
frequency, (ii) at the upper 3 dB band edge and (iii) at twice this frequency spacing from center
frequency. The impulse response given in (c) shows in red (full line) quation (15) and in blue (dashed
line) the IFFT from HA( f ) calculated with MATLAB [29], with the latter being shifted downwards by 1
dB to become visible. The impulse response would show heavy oscillations due to the 2 contributions
at ±ωd. To suppress these oscillations, only one part corresponding to +ωd was used in the formula
and also for Matlab. In the impulse response calculated with MATLAB we see aliasing since no
weighting was applied in the frequency response before inverse Fourier transforming.

2.3. Boundary Conditions, Transient Phenomenon, and Decay Properties

The voltage uC of the capacitor C and the current i in the coil L correspond to the stored
energy in the resonator. Therefore, the values of the voltage uC and of the coil current i must
be continuous by any change in the externally applied voltage u0(t). The current i, on the
other hand, also defines the voltage uA(t) at the source resistance, which, therefore, must
remain continuous with any change in the externally applied voltage. The two damped
natural oscillations must compensate any discontinuity in the forced oscillations due to
the externally applied voltage u0(t). Since both the voltages across the resistances and the
voltage across the capacitor C must remain continuous, any discontinuity in the external
open-circuit voltage u0(t) is entirely applied at the coil. These boundary conditions are
required for a direct solution of the differential equation, while they will be automatically
fulfilled when solving the differential equation by convolving with the impulse response.

The actual voltages in the circuitry consist of both the generated voltages at the forced
frequency ω due to the external voltage u0 and the voltages induced due to the currents of
the two natural oscillations±ωd. The voltage uA across the source resistance of the antenna

uA = uAG + uAH (17)

corresponds to both the power which is fed into the resonator by the antenna (uAG) and
the power which is sent back to the reader (uAH). In both cases, RA acts as a lossless
transformer that converts electromagnetic power into electrical power and back. Since both
contributions are included in the impulse response, it is, therefore, sufficient for further
analysis to concentrate on uA when calculating the response signal via the impulse response.
If we insert Equations (7) and (13) into Equation (17), we will obtain

uA(t) =
αA
ωd

(
− a + jωd

ω− jα + ωd
+

a− jωd
ω− jα−ωd

)
u0(t) + RAC1e−αt+jωdt + RAC2e−αt−jωdt. (18)

To calculate the response signal by solving the differential equation while taking
the boundary conditions into account, it is more advantageous to start from the voltage
across the capacitor uC. The current resulting from Equation (18) must be zero as an initial
condition for the stored energy of the coil. Integration of this current, therefore, does not
result in any further initial condition for the capacitor voltage. The voltage uC results
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analogously from the externally generated voltage uCG (see (A49)) and from the voltage
uCH induced by the two natural oscillations

uC = uCG + uCH = u0 ·
−ω2

0
ω2 − 2jωα−ω2

0
+ C̃1e−αt+jωdt + C̃2e−αt−jωdt, (19)

where the two constants C̃1 and C̃2 differ from C1 and C2 in Equation (18).
The resonator reacts to every change in the stimulus signal with natural oscillations

that ensure the boundary conditions. When these natural oscillations subside, the transi-
tion process settles into the steady state. The resonator reacts analogously to the end of
stimulation with associated natural oscillations. During the transient process, there is not
only a flow of power from the antenna into the resonator but also a return flow from the
resonator to the antenna due to the natural oscillations.

At the beginning of the excitation, no current flows. uA(t) is then very small, and
almost the entire open-circuit voltage is fed into the resonator. The current flow only
will build up slowly when the resonator begins to oscillate. Since current and voltage
change over time during the transient process, the impedance with which the antenna is
loaded also changes. During the decay process, the power flows from the resonator into
the antenna and is radiated.

The terminal voltage of the antenna, which is wired to the resonator, is given by
u0 − uAG. The power fed into the resonator Pf ed(t) is given by

Pf ed(t) = (u0(t)− uAG(t)) · iSt
∗(t) = (u0(t)− uAG(t)) ·

uAG
∗

RA
. (20)

The active power is given by its real part, R
{

Pf ed(t)
}

, and the reactive power by its

imaginary part I
(

Pf ed(t)
)

.
Now that all the necessary formulas are collected to model the resonator connected in

series with an antenna, several waveforms can be analyzed that could be used to excite the
resonator.

2.4. Analytical and Numerical Analysis

To compare the analytical analyses with numerical ones, simulations were carried
out using MATLAB [29]. The same formulas, signals, and parameters of the resonator
were used in MATLAB as in the analytical calculation. The different window functions
used as stimulation signals were implemented in the time domain. For the analytical
calculations, the convolution of the stimulation signals with the impulse response of the
resonator were calculated analytically; for Section 3, the relevant differential equation was
also solved directly, given in Appendix C. To present the results, the parameters of the
example resonator, f0 = 1 and Q = 100, were inserted into the formulas obtained and the
outputs were displayed graphically.

For the MATLAB results, the convolutions were calculated numerically by Fourier
transforming the excitation signals, multiplying them by the transfer function of the res-
onator as given in Equation (14) and depicted in Figure 3a,b, and then transforming the
results back to time domain via IFFT. It is important that the frame data for the numerical
simulation are chosen to be sufficiently large in both the time domain and the frequency
domain so that aliasing is avoided. In the depicted examples, the resonator has a center
frequency of 1 and a quality of 100. To avoid aliasing, the system was modeled with
8192 points and a bandwidth of 10, measured in units of the resonant frequency. This choice
ensures sufficient decay of the signals in both the time domain and the frequency domain.

The curves from the numerical calculation lie indistinguishably on the analytically
calculated curves in all graphics. To make them visible, the numerically calculated curves
were shifted downwards by 0.01 and plotted as red dots. In Figure 3c, the numerically
calculated curve was shifted downwards by 1 dB. The simultaneous drawing of the analyti-
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cally and numerically calculated graphs initially makes it easier to check the analytically
calculated formulas.

The numerical simulation can be coded much faster than the analytical calculations,
but it only solves this specific example. The analytical formulas, on the other hand, solve the
general problem and show the physical processes involved in the transient behavior during
excitation and in the generation of the decaying natural oscillations from the excitation
spectrum. In addition, they enable optimization of the readout of a resonator.

3. Switching the Readout Signal On and Off

The readout signal and, thus, the driving voltage u0(t) is switched on at t = 0 and off
at t = T:

u0(t) = U0ejωt ·


0 for t < 0 range I
1 for 0 ≤ t ≤ T range I I
0 for T < t range I I I

 (21)

The response of the resonator to this stimulation can be analyzed in the time domain either
by solving the differential equation (see Appendix C) or by calculating the convolution of
the stimulation signal with the impulse response of the resonator (see Appendix D).

3.1. Switching On

After the switching on, in range II, we obtain (see Equations (A103) and (A137))

uA(t) = U0
αA
ωd

[(
− a + jωd

ω− jα + ωd
+

a− jωd
ω− jα−ωd

)
ejωt

+
a + jωd

ω− jα + ωd
e(−α−jωd)t − a− jωd

ω− jα−ωd
e(−α+jωd)t

]
. (22)

By inserting Equation (14), we obtain

uA(t) = U0HA(ω)ejωt + U0
αA
ωd

[
a + jωd

ω− jα + ωd
e(−α−jωd)t − a− jωd

ω− jα−ωd
e(−α+jωd)t

]
. (23)

We immediately obtain the signal for the steady state with sinusoidal excitation, plus two
natural oscillations, which together compensate the current in the coil and the voltage in
the capacitor. We always obtain both natural oscillations to satisfy the boundary conditions
because the excitation occurs with a CW signal, the natural oscillations, however, are
damped oscillations, i.e., the driving frequency ω is not an eigenvalue of the differential
equation. At the beginning, the sum of the natural oscillations at the frequency ±ωd are
at the same amplitude but opposite sign as the forced oscillation at frequency ω. As the
natural oscillations gradually decay, the oscillations transition to the stationary state and
more and more energy is stored in the resonator.

If the driving frequency is near the angular natural frequency, i.e., ω ≈ ωd, and the
quality factor Q will be high, then the first term of the natural oscillations at the frequency
−ωd is by the factor 4Q smaller than the second one at the frequency +ωd. Since our driving
frequency is +ω, the main part of the induced natural oscillation is at the frequency +ωd.
However, a small component at the frequency −ωd is also required to satisfy the boundary
conditions.

If ω ≈ ωd and Q� 1, Equation (23) can be approximated (see (A141)) to

uA(t) ≈ U0HA(ω)
(

ejωt − e(−α+jωd)t
)

. (24)

Since ω is not equal to ωd in general, a beat might be obtained from the constant forced
oscillation and the decaying natural oscillations, which can be seen in Figure 6c. The two
terms will add constructively when their difference in angular phase is π

(ω−ωd)t = π. (25)
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For example, if the resonator is excited at the 3 dB band edge ω−ωd = 1
2 ∆ω3dB, this will

result in the optimal excitation length Tω3dB for the driving voltage of Q oscillations, as is
chosen in Figure 6b. We see this effect somewhat in Figure 6b, where the response signal,
when the excitation signal is switched off, will show an amplitude of 0.36952, i.e., 7% more
than we would expect if we only considered their ratio in H( f ). However, if the frequency
distance is twice the span, e.g., ω − ωd = ∆ω3dB, the optimal excitation length for the
driving voltage is 1

2 Q oscillations, as can be seen in Figure 6c. In this case, a stimulation
half as long or shorter would result in a significantly higher response signal: 0.27187 for a
length of driving voltage of 0.5 ·Q oscillations when compared to the shown 0.21465 for
Q oscillations. A length of driving voltage of 0.42 ·Q oscillations would finally result in a
response signal of 0.27877, as can be seen in Figure 9.

This characteristic can also be explained in the frequency domain: the shorter an
excitation signal is in the time domain, the broader the main lobe of its spectrum. Therefore,
if the carrier frequency of the interrogation signal moves slightly away from the resonance
frequency, the position of the resonance frequency will slide downward along the main
lobe of the excitation spectrum. In order to pump as much power as possible into the
forced oscillation and thus maximize the amplitude of the decay signal, it is, therefore,
advantageous to shorten the interrogation signal and, consequently, broaden the main lobe
of the spectrum.

At the beginning of the excitation, the current is very small and it is in phase with
the applied voltage. As the excitation progresses, the phase shift between the current in
the resonator and the voltage applied to the resonator builds up and reaches the value
specified in Equation (A26), as can be seen in Figure 4 for three excitation frequencies.
The impedance, seen by the source impedance of the antenna, is in the beginning very
high, near open end. Figure 5 shows the evolution of the reflection coefficient during the
transient phase. With a stimulation at center frequency, the impedance evolves from open
to the matched condition along the real axis. With a stimulation frequency next to center
frequency, the impedance evolves from open to its steady state value, with frequencies
higher than the resonance frequency in the inductive plane and with frequencies lower
than resonance in the capacitive one.

Figure 4. Phase shift in degrees between the voltage applied to the resonator and the current in the
resonator for three frequencies below the resonance frequency as a function of the time since the
start of the stimulation. The time is measured in units of the inverse resonance frequency. The solid
black line shows the phase shift for a frequency at the lower 3 dB frequency while the red dotted
line and dashed blue line show the phase shifts at two and three times this frequency offset from the
resonance frequency, respectively.
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(a) (b) (c)

Figure 5. Time-dependent reflection coefficient S11 at the port between antenna and resonator, (a) for
resonance frequency, (b) for a frequency at the 3 dB corner, and (c) at a frequency twice this distance
from the resonance. After switching off the stimulation, the voltage and current is in phase, the
resonator, however, now acts as source.

Since the impedance is very high at the start of stimulation, only a small fraction of
the power offered by the source is injected into the resonator, as can be seen in Figure 8
according to Equation (20). The active power is shown by the solid black curve and the
reactive power by the dashed blue curve. The excitation is performed in Figure 8a at
resonance frequency, in Figure 8b at the 3 dB frequency and in Figure 8c at a frequency
twice the distance from the resonance. When excited with a resonant frequency, only active
power will be transmitted which reaches 100% of the available power after Q oscillations.
When excited next to the resonance frequency, an increasing amount of reactive power will
be transferred and the active power absorption remains well below 100%.

3.2. Switching Off

For t > T, we add a second voltage with

u0(t) = −U0ejωTejω(t−T). (26)

This cancels the external voltage u0 to zero. The same terms of natural oscillations as in
range II show up, however, with alternate signs and time and phase shifted because they
now start at t = T. The phase shows the phase shift of ωT of the external voltage between 0
and T, and then it increases with ωd(t− T). We obtain (see Equations (A109) and (A148))
when the stimulation is switched off

uA(t) = −U0 · αA
ωd

∑1
n=0

a+(−1)n jωd
ω−jα+(−1)nωd

(
ejωT − e(−α−(−1)n jωd)T

)
e(−α−(−1)n jωd)(t−T). (27)

Figure 6 shows in blue the driving voltage and in black the corresponding response
signal of the resonator specified in Figure 3 for a driving frequency at resonance frequency
at the 3 dB band edge and at twice the 3 dB band edge, which are calculated according to
the analytical formulas (22) and (27). Additionally, the result of a numerical calculation
with MATLAB is shown. For a driving frequency at twice the 3 dB band edge, a length of
driving voltage of less than 0.5 ·Q is preferred, since then the constant forced oscillation and
the decaying natural oscillations interfere constructively. The maximum response signal is
obtained with 0.42 ·Q oscillations for the driving signal, which result after switching off
the driving signal in a response signal of 0.27877, as can be seen in Figure 7.
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(a) (b) (c)

Figure 6. Driving voltage u0(t) in blue dashed line and response signal in black solid line of the
resonator specified in Figure 3. The stimulating frequency was set to f = f0 in (a), f = 0.995 f0 in (b),
and f = 0.99 f0 in (c). The stimulating signal shows a rectangular envelope in time domain and lasts
Q oscillations, which start at t = 0. The response signals are calculated according to Equations (22)
and (27) and are shown at a scale enlarged by a factor of 2 when compared to the scale of the driving
voltage. The red dotted line shows the result of a numerical calculation with MATLAB, shifted down
by 0.01 to become visible. A red marker was set in each graph at the end of the driving interval.

Figure 7. Driving voltage u0(t) in blue dashed line and response signal in black solid line of the
resonator specified in Figure 3. The driving signal shows a rectangular envelope in the time domain
and lasts 0.42Q oscillations, which start at t = 0. The driving frequency is the same as in Figure 6
right graph, f = 0.99 f0.

To visualize the transient and decay response, Figure 9 shows the real parts of the
exciting voltage and the corresponding system response for a resonator with a quality
factor of 10.

The term for n = 1 in Equation (27) is dominant for high Q and ω ≈ ωd. If we ignore
the small term for n = 0 of the natural oscillations at the frequency −ωd and add the small
factor jωd+α

ω−jα+ωd
to the remaining natural oscillation, we will obtain for the decay

uA(t) ≈ U0HA(ω)
(

ejωT − e−αTe+jωdT
)

e(−α+jωd)(t−T). (28)

The natural oscillations at the frequency ωd consist of two terms. The damping of the
larger one starts at t = T, while the damping of the smaller one has already started at t = 0.
Depending on the phase difference contained in ej(ω−ωd)T , they add up constructively or
destructively.
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(a) (b) (c)

Figure 8. Active power (black solid line) and reactive power (blue dashed line) transferred into the
resonator. The excitation is executed in (a) at resonance frequency, in (b) at the 3 dB frequency and in
(c) at a frequency twice this distance from the resonance. The stimulating signal starts at t = 0 and
stops at t = 100. After t = 100, the power flows from the resonator to the antenna.

(a) (b) (c)

Figure 9. Real part of the driving voltage u0(t) in blue dashed line and real part of the response signal
in black solid line of the resonator specified in Figure 3, however for visualization with a quality
factor of 10. The driving frequency was set to f = f0 in (a), the left 3 dB band edge in (b), and twice the
left 3 dB band edge in (c). The driving signal shows a rectangular envelope in time domain and lasts
Q oscillations, which start at t = 0. The frequency of the response signal approaches the frequency of
the forced oscillation in the driven interval. The phase difference between the driving signal and the
response signal in the case that the exciting frequency is not equal to the angular natural frequency of
the resonator can also be seen. After switching off the driving voltage, the resonator oscillates at the
natural angular frequency.

Equation (28) can also be written as

uA(t) ≈ U0HA(ω)
(

1− e−j(ω−jα−ωd)T
)

ejωTe(−α+jωd)(t−T). (29)

If |α + j(ω−ωd)|T � 1, i.e., we load only for a short period of time, then both terms
will exhibit nearly the same amplitude and mostly cancel each other. In this case, uA(t)
increases with increasing T

uA(t) ≈ U0HA(ω)(α + j(ω−ωd))TejωTe(−α+jωd)(t−T). (30)

On the other hand, if αT > π, then the second term in the brackets of Equation (29) can be
neglected and the equation simplifies to

uA, cut(t) ≈ U0HA(ω)ejωTe(−α+jωd)(t−T). (31)

The response signal of the resonator according to Equation (27) to a rectangular excitation
signal consists of two identical response signals, of which the first two occur at the beginning
and the other two with a negative sign at the end of the excitation. Each pair has a Lorentz-
shaped spectrum around the natural frequency. The time delay in the response signals from
the end of the excitation results in a modulation in the frequency range. Depending on the
phase of this modulation, the spectral components add up positively or destructively. Since
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the time interval between the two prompts and the two delayed response signals is the
same as between the rising and falling edges of the excitation, their joint spectrum also has
the identical zero distribution.

The common spectrum of all response signals and the forced oscillation together is
calculated in the frequency domain by multiplying the sin(ω)/ω function of the spectrum
of the excitation signal, which is centered at the carrier frequency, by the Lorentz curve
of the spectrum of the resonator. The four response signals alone, therefore, result in a
spectrum that corresponds to the “missing” part between the exciting sin(ω)/ω function
and the combined spectrum.

The joint spectral power density of the four response signals was taken from the
excitation spectrum. However, the response signals from the end of the excitation alone can
contain spectral components that were not included in the excitation spectrum if destructive
interference of all Lorentz curves leads to a zero point in the frequency domain. If the
response signals from the beginning of the excitation already have decayed at the end of the
excitation, a response signal at the natural frequency will show up, even if this frequency
was not included in the excitation spectrum.

(a) (b)

(c) (d)

Figure 10. Generation of a response signal at a frequency that was not included in the excitation
spectrum: Figure (a) shows the Lorentz curve of the resonator in red and in blue the spectrum of
an excitation signal at a carrier frequency of f0 · (1 + 0.5/Q) for a length in time domain of Q/ f0.
Red marker was placed on the Lorentz curve at center frequency and at the 3 dB point. Figure (b)
shows the response signal of the resonator to this excitation signal, i.e., the forced oscillation and
the subsequent decay signal. A red mark is placed at the end of the forced oscillation. Figure (c)
shows the spectrum of the decay signals alone and Figure (d) shows the combined spectrum of the
response signals from the beginning and the end of the excitation. All other details corresponded to
the resonator shown in Figure 3.

Figure 10 shows such an example. The carrier of the excitation signal was set to the
6 dB corner frequency of the resonator and the length of the excitation to Q/ f0. The first
zero point of the associated spectrum is, therefore, at the resonance frequency. The top row
shows on the left the spectrum of the excitation signal in blue and the Lorentz curve of the
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resonator in red and on the right the response signal of the resonator to this excitation signal.
The bottom row shows on the left the spectrum of the response signal of the resonator after
switching off the excitation and on the right the joint spectrum of the response signals from
the start and end of the excitation.

If an electromagnetic wave of power Pin is picked up by the antenna between t = 0 and
t = T, an open-source voltage U0 will be generated in the resonator circuit (see Equation (1)).
Because the electrical matching is at resonance frequency in the steady state, the loaded
voltage over RA, uA is half the driving voltage. The power transferred by the antenna from
the incoming electromagnetic wave to the resonator is

Pin =
uA

2

RA
=

U0
2

4RA
.

After switching off the readout signal Pin, a response signal with power Pout is sent
back with

Pout =
uA

2

RA
≈ Pin HA

2(ω)
(

1− e−j(ω−jα−ωd)T
)2

ej2ωTe(−2α+j2ωd)(t−T). (32)

Near resonance, i.e., ω ≈ ωd, the term
(

1− e(jωd−jω−α)T
)

increases linearly with T

for αT < 1 and approaches 1 for αT > π. If we neglect the constant phase rotation ej2ωT

we will obtain for αT ≥ π

Pout ≈ PinHA
2(ω)e−2α(t−T)ej2ωd(t−T). (33)

In this case, the power Pout during decay starts at the same power level as the picked-
up power level Pin. A longer stimulation phase T beyond αT = π does not lead to any
further increase in the response signal.

4. Increasing and Decreasing the Driving Voltage According to a Trapezoidal Window

A sudden switch on and off of the readout signal and, thus, the driving uA(t) is not
always feasible, e.g., due to legal constraints for RF signals in the ISM bands. In order to
reduce the bandwidth of the readout signal, the amplitude can rise and fall according to
a Bartlett window or a trapezoidal window, i.e., a Bartlett window with a flat top. For a
trapezoidal window, the stimulating signal is

u0(t) = U0ejωt ·



t
T1

for 0 ≤ t ≤ T1 range I

1 for T1 ≤ t ≤ T2 range I I
T−t

T−T2
for T2 ≤ t ≤ T range I I I

0 for T ≤ t range IV


. (34)

The response of the system is calculated using the convolution with the impulse
response in Appendix F.

4.1. Interval with a Linear Increase in the Amplitude of the Stimulating Signal

For the range I when the amplitude of the driving signal is increased linearly in time,
the stimulating voltage is given by

u0(t) = U0ejωt · t
T1

. (35)
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The resonator responds to this stimulation with (see Appendix F.2, Equation (A163))

uA(t) =
U0

T1
·
{

t · HA(ω)ejωt +
1

∑
n=0

αA
ωd

(
ωd − (−1)n jα

)(
ω− jα + (−1)nωd

)2

[
ejωt − e−αt−(−1)n jωdt

]}
. (36)

The resulting amplitude of the driven signal now consists of two parts, one of which
is increasing linearly in time and one constant part. The term with the angular natural
frequency for n = 1 is dominant for Q � 1 and ω ≈ ωd. This dominant term of the
angular natural frequency can be expressed as a function of the square of HA(ω) (see
Equation (A167)). If we ignore all vanishingly small terms, Equation (36) simplifies to

uA(t) ≈ U0
t

T1
HA(ω)ejωt + U0

1
αAT1

ωd
ωd + jα

H2
A(ω)

[
e−αt+jωdt − ejωt

]
. (37)

We obtain a forced term with two parts: one increasing with time and one constant. Due
to the continuity of the switch-on process at t = 0, the amplitude of the dominant natural
oscillation is proportional to the square of HA(ω) and, additionally, it is suppressed by
1/αAT1. This natural oscillation is canceled at t = 0 by a forced term of the same power and
opposite sign.

4.2. Interval with a Constant Stimulating Signal

The amplitude of the driving signal is kept constant in range II. The analysis (see
Appendix F.3, Equation (A174)) delivers

uA(t) = U0 · HA(ω)ejωt + U0 ·
1

∑
n=0

αA
T1ωd

(
ωd − (−1)n jα

)(
ω− jα + (−1)nωd

)2 ·(
−e−αt−(−1)n jωdt + ejωT1 e−α(t−T1)−(−1)n jωd(t−T1)

)
. (38)

The resulting amplitude of the driven signal is constant and shows the same amplitude
as in the case where the amplitude is abruptly switched on. We receive two signals at each
of the associated damped angular natural frequencies, one starts to decay at t = 0 and the
other at t = T1. The term of the natural oscillations for n = 1 is dominant for Q � 1 and
ω ≈ ωd. In this case, we can simplify Equation (38) to

uA(t) ≈ U0HA(ω)ejωt

+U0
αA

T1ωd

(ωd + jα)

(ω− jα−ωd)
2

(
−e−αt+jωdt + ejωT1 e−α(t−T1)+jωd(t−T1)

)
. (39)

We obtain two signals oscillating with the angular natural frequency ωd. Depending on
their phase difference ejωT1 , they add up constructively or destructively.

4.3. Interval with a Linear Decrease in the Amplitude of the Stimulating Signal

The signals in range III, where the amplitude of the driving signal is decreased linearly
in time, is similar to the situation in range I, but now with a decreasing driven signal.
The slope of the decreasing is sometimes set faster than the increasing amplitude slope,
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therefore, a different slope was chosen. The response signals of the systems are (see
Appendix F.4, Equation (A183)):

uA(t) = U0
T − t

T − T2
HA(ω)ejωt + U0

αA
ωd

1

∑
n=0

(
ωd − (−1)n jα

)(
ω− jα + (−1)nωd

)2 ·[
1
T1

(
ejωT1 e−α(t−T1)−(−1)n jωd(t−T1) − e−αt−(−1)n jωdt

)
+

+
1

(T − T2)

(
ejωT2 e−α(t−T2)−(−1)n jωd(t−T2) − ejωt

)]
(40)

We have a linearly decreasing driven signal and a constant driven signal, which is
exactly compensated at t = T2 by a damped natural oscillation. At the switching points
t = 0 and t = T1, we obtain two natural oscillations, one at −ωd and one at +ωd, which
start at t = 0 and t = T1 and then die out. The natural oscillation again can be expanded as
a function of the square of HA(ω). If we keep only the dominating terms for Q� 1 and
ω ≈ ωd, Equation (40) simplifies to (see Equation (A186))

uA(t) ≈ U0
T − t

T − T2
HA(ω)ejωt −U0

ωd
(ωd + jα)αA

H2
A(ω) ·[

− 1
T1

e−αt+jωdt +
1
T1

ejωT1 e−α(t−T1)+jωd(t−T1)+

1
(T − T2)

ejωT2 e−α(t−T2)+jωd(t−T2) − 1
(T − T2)

ejωt
]

. (41)

Of most practical interest are the remaining signals after the driving has stopped.

4.4. Switching the Stimulating Signal Off

After the end of the stimulation signal, the resonator oscillates on its natural oscillations
(see Appendix F.5, Equation (A191))

uA(t) = U0
αA
ωd

1

∑
n=0

(
ωd + (−1)n jα

)(
ω− jα− (−1)nωd

)2

[
− 1

T1
e−αt+(−1)n jωdt +

1
T1

ejωT1 e−α(t−T1)+(−1)n jωd(t−T1)+

1
(T − T2)

ejωT2 e−α(t−T2)+(−1)n jωd(t−T2) − 1
(T − T2)

ejωTe−α(t−T)+(−1)n jωd(t−T)
]

. (42)

The linearly decreasing driven part of the signals vanished after switching off the
driving signal at t = T. The constant driven signals, however, transformed into a decaying
natural oscillation at t = T. Thus, at each switching point we obtain two natural oscillations,
one at −ωd and one at +ωd, which start at t = 0, t = T1, t = T2 and t = T, and then die out
exponentially. Depending on their sign and relative phase shift 0, ejωT1 , ejωT2 , ejωT they add
up constructively or destructively.
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(a) (b) (c)

Figure 11. Driving voltage u0(t) and response signal of the resonator specified in Figure 3. In Figure
(a), the stimulating frequency was set to f = f0, in (b) to f = 0.995 f0, and in (c) to f = 0.99 f0. The
stimulating signal shows a trapezoidal envelope in the time domain with a length in the constant
range of Q/ f0. The linearly increasing and decreasing parts are 0.1 ·Q/ f0. A red marker was set in
each graph at the end of the driving interval. All other details are the same as for Figure 6.

Figure 11 shows in blue the driving voltage and in black the corresponding response
signal of the resonator specified in Figure 3 for a driving frequency at resonance frequency,
at the 3 dB band edge and at twice the 3 dB band edge, which are calculated according to
the analytical formulas (36), (38) and (42). Additionally, the result of a numerical calculation
with MATLAB is shown.

For a driving frequency at the 3 dB band edge, or at twice the 3 dB band edge, shorter
stimulations with fewer than Q oscillations lead to higher response signals. Figure 12
shows the response for shorter stimulations at frequencies at the 3 dB band edge and at
twice of it.

(a) (b)

Figure 12. Driving voltage u0(t) and response signal of the resonator specified in Figures 3 and 7.
The driving signal was shortened in time domain, when compared to the settings for Figure 11,
to maximize the response signal. Figure (a) shows the response signal for a driving frequency at
the upper 3 dB band edge, f = 0.995 f0 (left graph), but here the length in the constant range was
shortened to 0.5 ·Q/ f0, and keeping the linearly increasing and decreasing parts at 0.1 ·Q/ f0. Figure
(b) shows the response signal for a driving frequency of f = 0.99 f0 and a shortened constant range of
0.3 ·Q/ f0. A red marker was set in each graph at the end of the driving interval.

Surprisingly, the length (T2 − T1) of the constant stimulation does not seem to play a
direct role in the Equation (42), but only the rate of rise and fall of the stimulation voltage.
However, if the length (T2 − T1) is chosen too short, the destructive interference that occurs
between the individual terms of Equation (42) will lead to a drastic reduction in the overall
response. Furthermore, it is astonishing that the denominators of the individual parts
contain the rise and fall times T1 and T − T2. Since these can be selected freely, it seems
possible that a stronger decay signal might be generated by a clever choice of the rise and
fall rates, compared to the case with hard switching on and off of the driving signal. An
analysis shows that any possible increase in signal strength by shortening the rise and fall
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rates is also deteriorated by a destructive interference of the associated terms of natural
oscillation.

The term with the first large square bracket will be the dominant one of Equation (42)
when Q� 1 and ω ≈ ωd. When the time for constant stimulation is chosen long enough
to fully load the resonator, i.e., (T2 − T1) · α > π, then the decay terms starting at t = 0 and
t = T1 can also be ignored. In this case, Equation (42) simplifies to

uA(t) ≈ U0
αA
ωd

−(ωd + jα)

(ω− jα−ωd)
2 ·
[

1
(T − T2)

ejωTe−α(t−T)+jωd(t−T)

− 1
(T − T2)

ejωT2 e−α(t−T2)+jωd(t−T2)

]
. (43)

uA(t) ≈ U0
αA
ωd

−(ωd+jα)
(T−T2)(ω−jα−ωd)

2

[
1− e−j(ω−ωd−jα)(T−T2)

]
ejωTe−α(t−T)+jωd(t−T) (44)

The two terms might add constructively if their phase difference is π. However, in this case
either the frequency response HA(ω) will be very small (see Appendix F.5, (A198)), i.e., the
driving frequency ω is not within the resonance, or the second term in Equation (44) will
already have nearly faded away. The two terms in Equation (44) will, therefore, always
add destructively. Increasing (T− T2) so that the second term in the square bracket can be
neglected does not help either, as it also reduces the prefactor of the bracket. On the other
hand, if the decrease time (T − T2) is chosen fast enough to ensure

|ω−ωd − jα|(T − T2)� 1,

then we can approximate the exponential function up to the quadratic term and obtain (see
Appendix F.5, (A203))

uA(t) ≈ U0HA(ω)ejωTe−α(t−T)+jωd(t−T) ·[
1− 1

2
(α− jωd + jω)(T − T2) +

1
6
(α− jωd + jω)2(T − T2)

2
]

. (45)

A comparison of the decay signal in the case of applying a trapezoidal window on the
readout signal uA, Tapezoidal(t) to the decay signal in the case of hard switch on and off of
the readout signal uA, cut(t) gives

uA, Tapezoidal(t) ≈ uA, cut(t) ·
[

1− 1
2
(α− jωd + jω)(T − T2)

+
1
6
(α− jωd + jω)2(T − T2)

2
]

. (46)

That is to say, we obtain a decay signal with nearly the same strength as in the case
with hard switch on and off, if the amplitude decrease time (T − T2) is short enough.

4.5. Increasing and Decreasing the Driving Voltage According to a Bartlett Window

The last sections showed that the level of the decay signal depends crucially on the
length of time of the constant excitation and on a sufficiently fast decay of the excitation
signal. How does the situation change if we skip the constant loading and use a driving
signal according to a Bartlett window. The corresponding loading signal is given by

u0(t) = U0ejωt ·


2t
T for 0 ≤ t ≤ T

2 range I
2(T−t)

T for T
2 ≤ t ≤ T range I I

0 for T ≤ t range I I

 (47)
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The response of the system can be calculated by using the results for a trapezoidal
loading signal and adopting the times T1 = T2 = T/2 (see Appendix F.6). Substituting
T1 = T/2 into (36) gives the signals during the increasing of the stimulation

uA(t) = U0
2t
T

HA(ω)ejωt + U0
2αA
Tωd

1

∑
n=0

(
ωd − (−1)n jα

)(
ω− jα + (−1)nωd

)2

[
ejωt − e−αt−(−1)n jωdt

]
. (48)

For the decreasing part, the substitution of T1 = T2 = T/2 in Equation (40) results in

uA(t) = 2U0
T − t

T
HA(ω)ejωt + U0

2
T

αA
ωd

1

∑
n=0

(
ωd − (−1)n jα

)(
ω− jα + (−1)nωd

)2 ·[
2ejω T

2 e−α(t− T
2 )−(−1)n jωd(t− T

2 ) − e−αt−(−1)n jωdt − ejωt
]
. (49)

And, finally, the decaying natural oscillation for t > T, when stimulation is completed,
results by the substitution of T1 = T2 = T/2 into the Equation (42)

uA(t) = U0
2
T

αA
ωd

1

∑
n=0

(
ωd − (−1)n jα

)(
ω− jα + (−1)nωd

)2

[
−e−αt−(−1)n jωdt+

+2ejω T
2 e−α(t− T

2 )−(−1)n jωd(t− T
2 ) − ejωTe−α(t−T)−(−1)n jωd(t−T)

]
. (50)

For the Equations (48)–(50) approximations for Q� 1 and ω ≈ ωd can be estimated, which
are given in Appendix F.6, Equations (A208) and (A212). Neglecting the vanishing small
second term in (50) leads to (see also Equation (A215))

uA(t) ≈ U0
2

T(ω− jα−ωd)
HA(ω)

(
1− e−j(ω−jα−ωd)

T
2

)2
ejωTe−α(t−T)+jωd(t−T) (51)

uA, Bartlett(t) ≈ uA, cut(t)
2

T(ω− jα−ωd)

(
1− e−j(ω−jα−ωd)

T
2

)2
. (52)

uA, Bartlett(t) increases linear with T for small T (see Equation (A220)), and reaches a
maximum at Tα = 2.5 (see Equation (A224)) with

T f = T
ω

2π
=

2.5
π

Q = 0, 8Q.

uA, Bartlett(t)
∣∣
Tα=2.5 ≈ 0.41uA, cut(t) (53)

Figure 13 shows, in blue, the driving voltage and, in black, the corresponding response
signal of the resonator specified in Figure 3 for a driving signal which is weighted in the
time domain with a triangle function (Bartlett window). The driving frequency was set to
resonance frequency at the 3 dB band edge and at twice the 3 dB band edge. The lengths of
the Bartlett windows were optimized to maximum response signal at the time when the
driving signal was switched off.
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(a) (b) (c)

Figure 13. Driving voltage u0(t) and response signal of the resonator specified in Figure 3. The
envelope of the driving signal is weighted in the time domain with a triangle function (Bartlett
window). The driving frequency was set to f = f0 in Figure (a), f = 0.995 f0 in (b), and f = 0.99 f0 in
(c). The length of the Bartlett window was optimized of maximum response signal after switching off
the driving signal. A red marker was set in each graph at the end of the driving interval. All other
details are the same as in Figure 6.

5. Weighting the Driving Voltage by Using a Tukey Window

The driving voltage u0(t) now rises and decreases according to a modified Tukey
window with a flat top and optional different raise and fall-off rates

u0(t) = U0ejωt ·


1
2 ·
(

1− cos πt
T1

)
for 0 ≤ t ≤ T1 range I

1 for T1 ≤ t ≤ T2 range I I
1
2 ·
(

1− cos π(T−t)
(T−T2)

)
for T2 ≤ t ≤ T range I I I

0 for T ≤ t range IV

 (54)

In the rising part of the Tukey weighting, we receive the following signal from the
resonator as a response (see Appendices G and G.2, Equation (A245) )

uA(t) =
1
2

U0
αA
ωd

1

∑
n=0

(
ωd − (−1)n jα

)
(
α + (−1)n jωd + jω

)[(
α + (−1)n jωd + jω

)2 +
(

π
T1

)2
] ·

[
−
(

π

T1

)2
e−αt−(−1)n jωdt +

{(
π

T1

)2
+
(
α + (−1)n jωd + jω

)2
[

1− cos
(

π
t

T1

) ]
− π

T1

(
α + (−1)n jωd + jω

)
sin
(

π
t

T1

) }
ejωt

]
. (55)

For the portion with constant charging of the resonator (range II), we obtain (see
Appendix G.3, Equation (A250))

uA(t) =
1
2

U0
αA
ωd

1

∑
n=0

(
ωd − (−1)n jα

)(
α + (−1)n jωd + jω

) ·
2ejωt −

(
π
T1

)2

(
α + (−1)n jωd + jω

)2 +
(

π
T1

)2 ·

(
e−αt−(−1)n jωdt + ejωT1 e−(α+(−1)n jωd)(t−T1)

)]
. (56)

The solution for the cosine-shaped decrease in the amplitude of the stimulation signal
results in (see Appendix G.4, Equation (A255))
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uA(t) =
1
2

U0
αA
ωd

1

∑
n=0

(
ωd − (−1)n jα

)(
α + (−1)n jωd + jω

) ·−
(

π
T1

)2

(
α + (−1)n jωd + jω

)2 +
(

π
T1

)2

(
e−αt−(−1)n jωdt + ejωT1 e−(α+(−1)n jωd)(t−T1)

)

+
1(

α + (−1)n jωd + jω
)2 +

(
π

(T−T2)

)2

{(
π

(T − T2)

)2
ejωT2 e−(α+(−1)n jωd)(t−T2)

+

[(
π

(T − T2)

)2
+
(
α + (−1)n jωd + jω

)2
[

1− cos
(

π
(T − t)
(T − T2)

) ]
+

π

(T − T2)

(
α + (−1)n jωd + jω

)
sin
(

π
(T − t)
(T − T2)

) ]
ejωt

}]
. (57)

After the end of the stimulation signal, the resonator oscillates with its decaying
natural oscillations (see Appendix G.5, Equation (A260))

uA(t) =
1
2

U0
αA
ωd

1

∑
n=0

(
ωd − (−1)n jα

)(
α + (−1)n jωd + jω

) ·−
(

π
T1

)2

(
α + (−1)n jωd + jω

)2 +
(

π
T1

)2

(
e−αt−(−1)n jωdt + ejωT1 e−(α+(−1)n jωd)(t−T1)

)
+

+

(
π

(T−T2)

)2

(
α + (−1)n jωd + jω

)2 +
(

π
(T−T2)

)2 ·

(
ejωT2 e−(α+(−1)n jωd)(t−T2) + ejωTe−(α+(−1)n jωd)(t−T)

)]
. (58)

Figure 14 shows in blue the driving voltage and in black the corresponding response
signal of the resonator specified in Figure 3 for a driving frequency at resonance frequency,
at the 3 dB band edge and at twice the 3 dB band edge, which are calculated according to
the analytical Equations (55)–(58). Additionally, the result of a numerical calculation with
MATLAB is shown. Figure 15 shows that for stimulation signals at the 3 dB band edge and
at twice of that, the response signal of the resonator is increased also for Tukey-weighted
stimulation signals, when the stimulation interval is shortened.

(a) (b) (c)

Figure 14. Driving voltage u0(t) and response signal of the resonator specified in Figure 3. The
driving signal is weighted in the time domain according to a Tukey window with a length of Q/ f0 in
the constant range. The cosine increasing and decreasing parts are 0.1 ·Q/ f0. The driving frequency
was set to f = f0 in Figure (a), to f = 0.995 f0 in (b), and to f = 0.99 f0 in (c). A red marker was set in
each graph at the end of the driving interval. All other details are the same as for Figure 6.
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(a) (b)

Figure 15. Driving voltage u0(t) and response signal of the resonator specified in Figure 3. The driving
signal was shortened in the time domain when compared to the settings for Figure 14, to maximize
the response signal. Figure (a) shows the response of the resonator for a stimulating frequency at
the upper 3 dB band edge, f = 0.995 f0, where the length in the constant region was shortened to
0.5 ·Q/ f0, but the rising and falling cosine parts of length 0.1 ·Q/ f0 were retained. Figure (b) shows
the response signal for a driving frequency of f = 0.99 f0 and a shortened constant range of 0.3 ·Q/ f0.
A red marker was set in each graph at the end of the driving interval.

At each switching point, we obtain two natural oscillations that start at t = 0, t = T1,
t = T2, and t = T and then die out. The four natural oscillations for n = 1 in Equation (58) are
dominant for resonators with high Q and a stimulation near resonance. If α(T2 − T1) > 1,
the natural oscillations starting at t = 0 and t = T1 can also be ignored, and Equation (58)
can be simplified to

uA(t) ≈
1
2

U0
αA
ωd

(ωd − jα)
(α + jωd + jω)

·

(
π

(T−T2)

)2

(α− jωd + jω)2 +
(

π
(T−T2)

)2 ·

(
ejωT2 e−(α−jωd)(t−T2) + ejωTe−(α−jωd)(t−T)

)
. (59)

A good approximation for this result is (see Appendix G.5, Equation (A264))

uA(t) ≈
1
2

U0HA(ω)
π2
(

1 + e−j(ω−jα−ωd)(T−T2)
)

(T − T2)
2(α− jωd + jω)2 + π2

· ejωTe−(α−jωd)(t−T). (60)

If we expand the fraction and the exponential function in the brackets, we obtain (see
Appendix G.5, Equation (A268))

uA, Tukey(t) ≈ U0HA(ω)

(
1− 1

2
(α− jωd + jω)(T − T2)+

+
(

1
4
− 1

π2

)
(α− jωd + jω)2(T − T2)

2
)

ejωTe−(α−jωd)(t−T). (61)

A comparison of the decay signal in the case of applying a Tukey window on the
readout signal uA, Tukey(t) to the decay signal in the case of hard switch on and off of the
readout signal uA, cut(t) gives

uA, Tukey(t) ≈ uA, cut(t) ·
[

1− 1
2
(α− jωd + jω)(T − T2)

+
(

1
4
− 1

π2

)
(α− jωd + jω)2(T − T2)

2
]

. (62)
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Tukey-windowed excitation signals require a lower bandwidth than a square window
signal. However, their response signals also reach a lower level at the time the readout
signal stops because the additional excitation in the falling edge does not fully compensate
for the exponential decay of the response signal. Figure 16 shows this decrease in the
bandwidth of the stimulation signal together with the resulting additional decrease in the
response signal. Here, cosine-weighted end sections were attached to a constant stimulation
signal at both ends. The stimulation frequencies in the graphs are f0 in the left, 0.995 · f0
in the center and 0.99 · f0 at the right. The lengths of the constant stimulation signals are
set to Q/ f0 for the left graph, 0.75 ·Q/ f0 in the center and 0.3 ·Q/ f0 in the right one. The
spectrum of the stimulation signals contains many small side lobes. Depending on whether
a side lobe contributes to or falls below the -50 dB bandwidth, the resulting bandwidth
jumps up or down.

(a) (b) (c)

Figure 16. Reduction in the required bandwidth and corresponding decrease in the decaying response
signal of the resonator specified in Figure 3 by appending a cosine-weighted edge as a function of the
length of the cosine weighting. The resonator was stimulated in Figure (a) at resonance frequency, f0,
for a length in time domain of Q/ f0 in the constant stimulation range. In Figure (b), the stimulation
signal is set to 0.995 · f0 for a time of 0.75 ·Q/ f0 in the constant range, and in (c) the stimulation is at
0.99 · f0 for 0.3 ·Q/ f0 in the constant range.

Weighting the Driving Voltage by Using Hann Window

In the case of a Hann window, the driving voltage u0(t) rises and decreases according
to a cosine window

u0(t) = U0ejωt ·

 1
2 ·
(
1− cos 2πt

T
)

for 0 ≤ t ≤ T range I

0 for T ≤ t range IV

. (63)

We obtain for t > T (see Appendix G.6, Equation (A272))

uA(t) =
1
2

U0
αA
ωd

1

∑
n=0

( 2π
T
)2(

α + (−1)n jωd + jω
)2 +

( 2π
T
)2

(
ωd − (−1)n jα

)(
α + (−1)n jωd + jω

) ·[
−e−αt−(−1)n jωdt + ejωTe−(α+(−1)n jωd)(t−T)

]
. (64)

We obtain two decay signals, one which is triggered by the start of the loading, with
an amplitude proportional to e−αt, and one which is triggered by the end of the loading,
with an amplitude proportional to e−α(t−T). For resonators with high Q and a stimulation
near resonance, we can skip the small terms for n = 0 and add the small term ωd−ja

α+jω+jωd
and

obtain (Equation (A274))

uA(t) ≈ U0
1
2 HA(ω)

(
( 2π

T )
2

(α−jωd+jω)2+( 2π
T )

2

)(
1− e−j(ω−jα−ωd)T

)
ejωTe−(α−jωd)(t−T). (65)
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This function shows a maximum at the value αT = 0.75 · π = 2.35, i.e., if T is chosen for the
length of 0.75 · Q oscillations. This maximum is equal to 40% of the value we obtain by
hard switching the stimulation on and off:

uA, Hann|Tα=2.35 ≈ 0, 40 · uA, cut|Tα=π . (66)

Figure 17 shows in blue the driving voltage and in black the corresponding response signal
of the resonator specified in Figure 3 for a driving signal which is weighted in the time
domain with a Hann window. The driving frequency was set to resonance frequency, at
the 3 dB band edge and at twice the 3 dB band edge. The length of the Hann windows is
optimized to maximize the response signal at the time when the driving signal is switched
off.

(a) (b) (c)

Figure 17. Driving voltage u0(t) and response signal of the resonator specified in Figure 3. The
driving signal is weighted according to a Hann window with a time length to maximize the response
signal. The driving frequency is in Figure (a) at resonance, in Figure (b) at the upper 3 dB band edge
and twice this frequency distance as for (c).

6. Stimulating a Resonator by Using a Frequency-Modulated Driving Signal

In an up chirp, the instantaneous frequency varies linearly in the time interval TChirp
across the bandwidth BChirp from the angular frequencies ωlow to ωhigh. The rate of change
is called the chirp rate µ, with

µ =
BChirp

TChirp
=

flow − fhigh

TChirp
. (67)

In a down chirp, the instantaneous frequency varies linearly in from fhigh to flow. The
driving voltage u0(t) can be written as

u0(t) = U0 σ(t) ·
{

ej(ωlow+2πµt)·t for upchirp

ej(ωhigh−2πµt)·t for downchirp

}
(68)

We can write for the generated signal uA(t) in the source resistor of the antenna

uA(t) =
∫ ∞

−∞
hA(t− τ) · u0(τ) dτ.

The following analysis is performed for an up chirp. The equations for a down chirp are cor-
responding. The analysis of above integral leads to two Fresnel integrals (Equation (A280))
which cannot be integrated analytically

uA(t) = U0
αA
ωd

[
(ωd − jα)e−αt−jωdt

∫ t

0
e+ατ+j(ωd+ωlow)τ+j2πµτ2

dτ

+(ωd + jα)e−αt+jωdt
∫ t

0
e+ατ−j(ωd−ωlow)τ+j2πµτ2

dτ

]
. (69)
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We can solve this integral numerically or use an approximation method based on the
so-called stationary phase method (see Appendix H). The quadratic terms in the exponents
result in rapidly oscillating phase functions. Since the amplitudes remain constant, time
domains with a rapidly oscillating phase do not contribute to the output of the integral.
Only sections with a slowly varying phase contribute to the output of the integral. This is
only the case if the chirp modulation µτ is close to the resonant frequency +ωd.

Figure 18 shows the contribution of the stimulation chirp signal to the oscillating
signal in the resonator for the resonator characterized in Figure 3 and a chirp function
over a length of T = 400 with a relative bandwidth of 20% centered at center frequency
f0. The left graph shows the real part of the driving voltage with respect to the resonance
frequency, and the right graph the real and imaginary part of the integral over this driving
voltage as a function of t. Figure 18 illustrates this principle of the stationary phase. Only
the part where the chirp modulation µτ hits the resonant frequency, which is the middle in
the left figure, contributes significantly to the response signal. All other oscillations cancel
each other out. This is also illustrated in the right diagram, where only this part leads to a
significant contribution in the integral.

The chirp modulation reaches the angular natural frequency ωd of the resonator at the
time τs, with

τs =
ωd −ωlow

2πµ
. (70)

Our approximation limits the integrals in Equation (69) to this stationary range, where the
phase of the stimulating signal matches the phase of the excited oscillation to ±π

2 . This is
the time interval (see Appendix H, Equations (A286) and (A287))

τs −
1

2
√

µ
≤ τ ≤ τs +

1
2
√

µ
. (71)

The instantaneous frequency f of the chirp in this time interval sweeps between

f0 −
1
2
√

µ ≤ f ≤ f0 +
1
2
√

µ. (72)

Within this stationary range, the frequency of the stimulation signal is set constant to the
resonance frequency. With these approximations, we obtain for the response signal within
the stationary range

(
τs − 1

2
√

µ ≤ t ≤ τs + 1
2
√

µ

)
, Equation (A296))

uA(t) ≈ U0
αA
ωd

ωd + jα
α

(
1− e−α

(
t−τs+ 1

2
√

µ

))
e+jωdt. (73)

The chirp signal starts to stimulate the resonator at the beginning and stops stimulating at
the end of this range. After the stimulation, the resonator decays with (Equation (A302))

uA(t) ≈ U0
αA
ωd

ωd + jα
α

(
1− e−α 1√

µ

)
e−α

(
t−τs− 1

2
√

µ

)
e+jωdt for t >

(
τs +

1
2
√

µ

)
. (74)

The stimulation the resonator with the chirp signal is limited by the time length of the
stationary range ∆τs

∆τs =

√
1
µ

. (75)

The resonator will be fully loaded and, thus, the decay signal will be maximum if α∆τs > π.
A down chirp starts to load the resonator at a frequency of f0 + 0.5

√
µ and stops

loading at f0− 0.5
√

µ. Readout systems using chirped signals often mix down the response
signal with the transmit signal for signal detection. In this case, the maximum response
signal will result at f0 + 0.5

√
µ when using an up chirp and at f0 − 0.5

√
µ when using a

down chirp.
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(a) (b)

Figure 18. Figure (a) shows the real part of the driving voltage generated by a stimulating chirp signal
over a relative bandwidth of 20% centered at resonance frequency f0 and a time length of 400. Figure
(b) shows the integral over this driving voltage, the so-called Euler spiral or Cornu spiral. Only the
center, stationary part around the resonance frequency contributes to the resonant oscillation, all
other parts cancel each other out.

Figure 19 shows the driving voltage u0(t) with the dashed blue line and the response
signal of the resonator specified in Figure 3. The full black line shows the response signal
calculated analytically according to the approximation of stationary phase and the dotted
black line shows the numerical simulation of the response signal using Matlab. The drive
signals are modulated with a linear chirp of length 400. The chirp bandwidths and thus the
chirp rate are varied, whereby in the left graph, the bandwidth is 10% of f0, which results
in an α∆τs = 2. A chirp bandwidth of 20% and thus an α∆τs = 1.4 was used for the middle
and for the right graph, 40% bandwidth with an α∆τs = 1 was used. The bandwidths
of the chirps are centered around the center frequency of the resonator, the chirps reach
the resonance frequency at time position 200. Due to the charging of the resonator in the
synchronous range, the maxima of the responses occur at the end of the synchronous range.
The instantaneous frequencies of the chirps are already more advanced at this point and
are at f0±

√
0.5πµ, depending on the up or down chirp. In the numerical simulations with

MATLAB, the maximum of the response signal is shifted slightly to later times due to the
different wave forms. The red asterisks give the synchronous range and the blue crosses
the maximum of the numerical calculated response.

(a) (b) (c)

Figure 19. Driving voltage u0(t) (in dashed blue line) and response signal (in black line) of the
resonator specified in Figure 3. The driving signal is modulated using a linear chirp with a chirp
rate resulting in α∆τs of 2 in Figure (a), 1.4 in (b), and 1 in (c). The full black line shows the response
signal calculated analytically according to the approximation of stationary phase and the dotted black
line shows the numerical simulation of the response signal using MATLAB. The red asterisk gives the
end of the synchronous range and the blue cross the maximum of the numerical calculated response.



Sensors 2024, 24, 1323 27 of 94

7. Discussion and Summary

In this contribution, the external excitation of a resonator, which is wired to an antenna
in a wireless passive sensor system, and the subsequent decay characteristic of the stored
energy was modeled analytically and numerically, respectively. The resonator is modeled
as a series RLC circuit, the external excitation is given by the readout signal of the wireless
sensor system.

During stimulation, the resonator oscillates in a forced oscillation. At the beginning
and with every change in the stimulation, additional natural oscillations are excited due to
the boundary conditions, since the exciting CW signal is not a solution of the descriptive
differential equation. The physical boundary conditions in the RLC equivalent circuit are
the continuity of the current in the coil and the continuity of the capacitor voltage. Due
to the boundary conditions, natural oscillations, damped cosine and sine oscillations, or
e(α+jωd)t and e(α−jωd)t are always excited together. If the frequency of the exciting signal is
close to the resonance frequency, then when excited with a cosine oscillation, the associated
damped natural cosine oscillation will be several times the quality factor more strongly
excited than the natural sine oscillation. The same applies to an excitation with a complex
exponential function.

At the beginning of the excitation, the natural oscillations have the same amplitude,
but with the opposite sign of the forced oscillation. As the natural oscillations gradually
decay, more and more energy is stored in the resonator. If the exciting frequency and the
frequency of the natural oscillation do not match, beats will occur during the transient
process. The simultaneous occurrence of the natural oscillations and the forced oscillation
characterizes the transient process, which comes to an end as the natural oscillations decay.
Natural oscillations are also generated at the end of the excitation. These take over all the
energy stored in the resonator and the forced oscillation ends immediately.

Resonators are linear, time-invariant systems that react with the same frequencies
as they are excited. Any change in the exciting signal, such as switching on and off, are
non-linear processes that will generate natural oscillations when adjusting to the new state.
This generation of natural oscillations is also independent of whether the change in the
stimulating signal is discontinuous, such as a hard switching on and off, or continuous and
constantly differentiable, as when using a Tukey window.

The natural oscillations have the same temporal symmetry as the excitation signal.
With hard switching on and off, the spectrum of the natural oscillation created by turning off
the excitation is, therefore, a time-delayed and inverted copy of the spectrum of the natural
oscillation that will arise when that excitation was turned on. The joint spectral power
density of all natural oscillations was taken from the excitation spectrum. However, the
individual spectrum of the natural oscillation that results from switching off an excitation
can contain spectral components that were not part of the spectral power density of the
excitation, provided that these spectral components are compensated for by the spectrum
of the natural oscillation that was generated when this excitation was switched on.

The signal responses of the resonator to different temporal waveforms of readout
signals were analyzed analytically and numerically. These signals included a rectangular, a
trapezoidal, and a Tukey window CW signal as well as a frequency-modulated readout
signal with a chirp function. The most efficient way to readout a wireless resonator is to
use a CW signal with a rectangular, hard switched on and off waveform applied for Q
oscillations. If the source resistance of the antenna is matched to the loss resistance of the
resonator, the resonator in this case will sent back a decaying response signal, which begins
at a power level of half the power that was delivered to the resonator by the antenna during
excitation.

Readout signals weighted in the time domain with a trapezoidal or Tukey window
require a lower bandwidth than a rectangular window signal. However, their response
signals also show a lower level at the time the readout signal stops because the additional
excitation in the falling edge does not fully compensate for the exponential drop in the
response signal. A comparison of the amplitude of the decay signals generated by a readout
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signal with a trapezoidal window uA, Tapezoidal(t) or a Tukey window uA, Tukey(t) with the
decay signal in the case of a hard switching on and off of the readout signal uA, cut(t) gives
for a fast roll off (|(α− jωd + jω)(T − T2)| < 1):

uA, Tapezoidal(t) ≈ uA, cut(t)
(

1− 1
2
(α− jωd + jω)(T − T2)

+
1
6
(α− jωd + jω)2(T − T2)

2
)

(76)

uA, Tukey(t) ≈ uA, cut(t)
(

1− 1
2
(α− jωd + jω)(T − T2)

+
(

1
4
− 1

π2

)
(α− jωd + jω)2(T − T2)

2
)

(77)

In this estimation, equal times with constant excitation were used for all three win-
dows. We obtain similar decay signals with both windows however with a lower readout
bandwidth. The term linear in (T − T2) and the quadratic term will not cancel, since this
would require (α− jωd + jω)(T − T2) ≈ 3, where the small term approximation of the
exponential function is no more valid.

Time domain-weighted readout signals without any flat-top component, such as Hann
or triangle-weighted signals, can also be used to readout wireless resonators if their time-
domain length is matched to the quality factor Q of the resonator. Signals without flat-top
components typically require quite a small bandwidth. The amplitude of the decay signals
generated by a readout signal with a triangular or Hann window with a time length of
0.80·Q or 0.75·Q oscillations reaches 40% (−8 dB) of the amplitude of the decay signal
generated by hard switching on and off.

Figure 20 shows a comparison of the examined excitation signals. The schematic
representation of the waveforms in the time and frequency domain uses the same scaling
for all window functions. The data given in the table were calculated using the framework
data presented in Section 2.4 and the stimulation functions introduced in Sections 3–5. The
length of the constant stimulation plateaus for the rectangular, trapezoidal, and Tukey
windows was set to Q/ f0, the resonator then oscillates with 97% of the maximum amplitude.
For the trapezoidal and Tukey windows, additional 10% of this length was used for the
rising edge and 10% for the falling edge. The roll-off characterizes the reduction in the
response signal at the end of the excitation signal compared to a full charge of the resonator.
The rectangular excitation signal provides the highest response signal but at the expense of
a fairly large signal bandwidth. A trapezoidal or cosine-weighted excitation signal requires
significantly less bandwidth at the expense of a 1 dB lower response signal and a slight
increase in the duration of the interrogation signal. The triangular and Hann windows are
more compact in both the time and frequency domain but at the expense of a 6 dB lower
response signal.

characteristic rectangular trapezoidal Tukey triangular Hann 

Time-domain 

     
stimulation 
length 

𝑄/𝑓0 1.2 ∙ 𝑄/𝑓0 1.2 ∙ 𝑄/𝑓0 0.8 ∙ 𝑄/𝑓0 0.75 ∙ 𝑄/𝑓0 

Frequency-
domain 

     
−50 dB 
bandwidth 

200
𝑓0
𝑄

 32
𝑓0
𝑄

 25
𝑓0
𝑄

 28
𝑓0
𝑄

 12.3
𝑓0
𝑄

 

Roll-off 0.41 dB 1.5 dB 1.5 dB 7.7 dB 7.9 dB 

 
Figure 20. Comparison between studied excitation signals.
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If a chirp with the bandwidth BChirp and the length TChirp is used as readout signal, it
will essentially only excite the resonator during the time in which there is synchronization
between the chirp signal and the natural oscillation of the resonator. The duration of this

synchronization is
√

TChirp/BChirp. The strength of the response signal results from the
stimulation of the resonator during this length of time. The maximum of the response
signal will not occur at the time when the chirp signal matches the resonant frequency, but

is delayed by ±0.5
√

TChirp/BChirp depending on whether an up or down chirp was used.

Author Contributions: Conceptualization, L.M.R., T.A., G.G., T.O., W.L. and S.J.R.; methodology,
L.M.R., T.A. and T.O.; software, L.M.R.; validation, L.M.R., T.O.; formal analysis, L.M.R., T.A. and T.O.;
investigation, L.M.R., T.A., G.G., T.O., W.L. and S.J.R.; resources, L.M.R., W.L. and S.J.R.; data curation,
L.M.R. and T.A.; writing—original draft preparation, L.M.R.; writing—review and editing, L.R.,
G.G., T.O., W.L. ad S.J.R.; visualization, L.M.R. and T.A.; supervision, L.M.R.; project administration,
L.M.R.; funding acquisition, L.M.R., W.L. and S.J.R. All authors have read and agreed to the published
version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author.

Acknowledgments: The authors would like to thank Thomas Schaechtele and Dominik Jan Schott
from University of Freiburg for many stimulating discussions and practical advice.

Conflicts of Interest: Author Thomas Ostertag was employed by the RSSI GmbH. The remaining
authors declare that the research was conducted in the absence of any commercial or financial
relationships that could be construed as a potential conflict of interest.

Appendix A. Derivation of the Descriptive Differential Equation

The current i is identical for all elements in a serial circuit, and its value rules the
characteristics of the circuit. Figure 2 shows a schematic of the electrical circuitry simulated
in this analysis. The circuity is analyzed by using Kirchhoff rules, Equations (A1) and (A2),

u0 = uA + uL + uC + uD , (A1)

ic(t) = iL(t) = iD(t) = iA(t) = i(t), (A2)

and the device equations given in Equations (A3)–(A6)

ic(t) = C · duC(t)
dt

, (A3)

uL(t) = L · diL(t)
dt

, (A4)

uD(t) = RD · iD , (A5)

uA(t) = RA · iA. (A6)

If an electromagnetic wave of power Pin(t) is picked up by the antenna, then an open-
circuit voltage u0 is generated in the source impedance RA, which acts as source in the
circuit, with

u0(t) =
√

Pin(t) · RA (A7)

At resonance frequency in the steady state, due to impedance matching, all electromagnetic
power absorbed in the antenna is transferred to the resonator and no power is reflected.
The terminal voltage applied to the resonator is then half of the open-source voltage. The
circuit is a linear time-invariant device which can be analyzed both in the time domain or
in the frequency domain.
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Appendix A.1. Analysis in Time Domain, Differential Equation

If we insert Equations (A4), (A5) and (A6) into Equation (A1) we obtain

u0(t) = RA · iA + L · diL(t)
dt

+ uC + RD · iD (A8)

Derivation of the Equation (A8) with respect to time and inserting Equation (A3) leads to

du0(t)
dt

= RA ·
di(t)
dt

+ L · d2i(t)
dt2 +

i(t)
C

+ RD ·
di(t)
dt

. (A9)

After sorting according to the order of the time derivatives, the descriptive differential
equation of the system, (A10), is obtained [28]:

d2i(t)
dt2 +

RA + RD
L

di(t)
dt

+
i(t)
LC

=
du0(t)

Ldt
(A10)

Equation (A10) can be written in a more generally way using the following abbreviations:

RA + RD
L

= 2α (A11)

1
LC

= ω0
2 (A12)

Using these abbreviations, the differential equation given in Equation (A10) is rewritten by

d2i(t)
dt2 + 2α

di(t)
dt

+ ω0
2i(t) =

1
L

du0(t)
dt

(A13)

This equation can also be expressed as a function of uA by using Equation (A6):

d2uA(t)
dt2 + 2α

duA(t)
dt

+ ω0
2uA(t) =

RA
L

du0(t)
dt

(A14)

The vibration characteristics of the system is described by the quality factor Q and
both the undamped and the damped natural angular frequencies ω0 and ωd, with

ωd =
√

ω02 − α2 (A15)

The quality factor Q is defined by the fraction of the reactance X to the resistance R:

Q =
X
R

=
ω0L

RA + RD
→ α =

ω0

2Q
(A16)

The damping constant α can be replaced with the help of the quality factor Q. For
further analysis, it is helpful to separate the damping constant α into the fraction due to the
loading with the antenna αA and due to internal dissipative losses αD.

αA =
RA
2L

, and αD =
RD
2L

(A17)

Appendix A.2. Homogeneous Differential Equation

To solve the differential Equation (A13), we first solve the homogeneous part iH(t)
with the ansatz: iH(t) = eµt. We insert the ansatz function, cancel the exponential function,
solve the quadratic equation and obtain

µ1,2 = (−α± jωd)
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The general solution of Equation (A13) is given by Equation (A18):

iH(t) = C1e−αt+jωdt + C2e−αt−jωdt (A18)

The actual values of the two complex constants C1 and C2 of the homogeneous solution
result from the boundary conditions. The two solutions of the homogeneous differential
equation are called natural oscillations at the angular natural frequencies of the resonator.
With the help of the addition theorems, both natural oscillations can be combined into one
oscillation with phase. However, in order to simplify further analysis, calculations will
continue to be made with complex exponential functions in this work.

With no external force and no damping, the system would oscillate at its undamped
natural angular frequency ω0 = 1√

LC
. If we have damping in the system, the resonator

can generate damped free oscillations with the damped natural angular frequency ωd =√
ω02 − α2, the amplitude of which decreases proportional to e−αt , where α = RA+RD

2L
and 0 < α < ω0 was assumed. The amplitude A is dropped down to e−π ≈ 4% after Q
oscillations. The quality factor Q also gives the 3 dB bandwidth ∆ω3dB of the resonance:
Q = ∆ω3dB/ωd.

The currents of the two damped natural oscillations induce voltages across the ele-
ments of the circuit. The voltages uAH across RA are given by

uAH(t) = RA · iH(t) (A19)

The power Pout, which is taken from the damped natural oscillations in the source
resistance of the antenna, is radiated back to the reading unit via the antenna.

Pout(t) = R(uAH(t) · iH(t)) = RA ·R
(

iH(t)
2
)

=
R
(

uAH(t)
2
)

RA
(A20)

Appendix A.3. Steady State with Sinusoidal Excitation with Constant Amplitude

With a forced periodic excitation by the voltage u0(t) with constant amplitude U0,

u0(t) = U0ejωt, (A21)

the steady-state current iSt(t) must show a constant amplitude A. Therefore, an exponential
ansatz function

iSt(t) = A · ejωt (A22)

is sufficient to solve Equation (A13), which determines A. If we insert Equations (A21)
and (A22) into Equation (A13), cancel the exponential function and solve for the amplitude
A, we obtain the forced steady-state current iSt(t):

iSt(t) =
−jω

ω2 − 2jaω−ω2
0
· U0

L
· ejωt (A23)

This solution can be written in amplitude and phase. Expanding the fraction with the
complex conjugate of the denominator, we obtain

iSt(t) =
e−j π

2 ·ω ·
(
ω2

0 −ω2 − 2jaω
)(

ω2
0 −ω2 + 2jaω

)
·
(
ω2

0 −ω2 − 2jaω
) · U0

L
· ejωt (A24)

Here, we additional replaced −j with e−j π
2 .

This is a harmonic oscillation with the angular frequencyω, the (real) amplitude

A(ω) =
ω√(

ω2
0 −ω2

)2 + (2aω)2
· U0

L
(A25)
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and the constant phase shift
(

ϕ + π
2
)

with respect to the exciting voltage U0

ϕ(ω) = tan−1 2aω

ω2
0 −ω2

. (A26)

Using the quality factor Q = ω0
2α , we can replace the damping constant a.

ϕ(ω) = tan−1

(
ω0ω

Q
(
ω2

0 −ω2
)) (A27)

iSt(t) =
ω√(

ω2
0 −ω2

)2 +
(

ω0ω
Q

)2
· U0

L
· ej(ωt−ϕ− π

2 ) (A28)

This phase shift can be seen in Figure 9. However, in order to simplify further analysis,
calculations will continue to be made with complex exponential functions in this work.

Appendix A.4. Split into Two Partial Fractions

The solution in Equation (A23) can be split into two partial fractions corresponding to
the two poles of the function:

iSt(t) =
−jω

ω2 − 2jaω−ω2
0
· U0

L
· ejωt (A29)

Determination of the zeros of the denominator:

ω2 − 2jωα−ω0
2 = 0 (A30)

ω1,2 = jα±
√
−α2 + ω02 = jα±ωd (A31)

Determination of the numerators of the two partial fractions:(
A

ω− jα + ωd
+

B
ω− jα−ωd

)
=

−jω

ω2 − 2jωα−ω0
2 (A32)

A · (ω− jα−ωd) + B · (ω− jα + ωd) = −jω (A33)

(A + B)ω− jα(A + B)− (A− B)ωd = −jω (A34)

Comparison of terms with ω:

(A + B)ω = −jω (A35)

A = −j− B (A36)

Reminder:
−jα(A + B)− (A− B)ωd = 0 (A37)

Inserting A:

−jα(−j− B + B)− (−j− B− B)ωd = 0 (A38)

−α + (j + 2B)ωd = 0 (A39)

jωd + 2Bωd = +α (A40)

+2Bωd = +α− jωd (A41)

B = +
1

2ωd
(+α− jωd) (A42)

A = −j− 1
2ωd

(+α− jωd) =
1

2ωd
(+α + jωd) (A43)
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−jω
ω2 − 2jaω−ω2

0
=

1
2ωd

(
− α + jωd

ω− jα + ωd
+

α− jωd
ω− jα−ωd

)
(A44)

iSt(t) =
(
− α + jωd

ω− jα + ωd
+

α− jωd
ω− jα−ωd

)
· U0

2ωdL
· ejωt (A45)

Appendix A.5. Steady-State Analysis in the Frequency Domain

The impedance of the loaded resonator Zl is given by

Zl = RA + RD + jωL +
1

jωC
(A46)

When a voltage u0 is generated in the feeding point of the antenna due to pickup of a
readout signal, then the externally generated voltage uAG at the forced frequency ω across
the source resistance of the antenna is given by the complex voltage divider

uAG = u0 ·
RA

RA + RD + jωL + 1
jωC

(A47)

After inserting the abbreviations in Equations (A11)–(A17) and simplifications, we obtain

uAG = u0 ·
RA
L

RA+RD
L + jω + 1

jωLC

= u0 ·
2αA

2α + jω + ω0
2

jω

= u0 ·
2jωαA

2jωα−ω2 + ω02

uAG = u0 ·
−2jωαA

ω2 − 2jωα−ω02 = u0 ·
αA
ωd

(
− a + jωd

ω− jα + ωd
+

a− jωd
ω− jα−ωd

)
(A48)

Analogously, the generated voltages uCG on the capacitor, uLG on the coil, and uDG on
the loss resistor are:

uCG = u0 ·
1

jωC

RA + RD + jωL + 1
jωC

= u0 ·
1

jωLC
RA+RD

L + jω + 1
jωLC

= u0 ·
ω2

0
jω

2α + jω + ω2
0

jω

uCG = u0 ·
−ω2

0
ω2 − 2jωα−ω2

0
(A49)

uLG = u0 ·
jωL

RA + RD + jωL + 1
jωC

= u0 ·
jω

RA+RD
L + jω + 1

jωLC

= u0 ·
jω

2α + jω + ω2
0

jω

uLG = u0 ·
ω2

ω2 − 2jωα−ω2
0

(A50)

uDG = u0 ·
−2jωαD

ω2 − 2jωα−ω02 (A51)

Appendix B. Calculation of the Impulse Response of the Source Impedance of the
Antenna, hA(t)

The frequency response is given by

HA(ω) = −αA
ωd

(
jωd + a

ω− jα + ωd
+

jωd − a
ω− jα−ωd

)
. (A52)

The impulse response of a linear time-invariant system is given by the inverse Fourier
transform of the frequency response
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h(t) =
σ(t)
2π
·
∫ +∞

−∞
H(ω)ejωtdω (A53)

hA(t) =
σ(t)
2π
·
∫ +∞

−∞

[
−αA

ωd

(
jωd + a

ω− jα + ωd
+

jωd − a
ω− jα−ωd

)]
ejωtdω (A54)

h(t) = −σ(t)
2π

αA
ωd
·
{
(jωd + a)

∫ +∞

−∞

1
ω− jα + ωd

ejωtdω+

(jωd − a)
∫ +∞

−∞

1
ω− jα−ωd

ejωtdω

}
(A55)

Substitution:

u1 = ω− jα + ωd (A56)

u2 = ω− jα−ωd (A57)
du1,2

dω
= 1 → dω = du1,2 (A58)

h(t) = −σ(t)
2π

αA
ωd
·
{
(jωd + a)

∫ +∞

−∞

1
u1

ej(u1+jα−ωd)tdu1+

(jωd − a)
∫ +∞

−∞

1
u2

ej(u2+jα+ωd)tdu2

}
(A59)

h(t) = −σ(t)
2π

αA
ωd
·
{
(jωd + a)e−αt−jωdt

∫ +∞

−∞

1
x

ejxtdx+

(jωd − a)e−αt+jωdt
∫ +∞

−∞

1
x

ejxtdx
}

(A60)

Let f (z) be analytical (holomorphic, i.e., differentiable at every point and expandable
into a power series). Using residual theorem, we obtain∮ f (z)

(z− a)
dz = 2π j f (a) (A61)

∮ ejxt

x
dx = 2π j · e0 = 2π j. (A62)

Before using this result, we have to show that the integral along the half circle in the
upper complex half plane, which is used to close the line integral, does not contribute to
the result. Let the closing half circle c run from x= +R to x=-R, then we can write:

c = R · (cosϕ + jsinϕ )

lim
R→+∞

∫ π

0

1
z

ejztdϕ = lim
R→+∞

∫ π

0

ej(R·(cosϕ +jsinϕ ))t

R · (cosϕ + jsinϕ )
dϕ

= lim
R→+∞

1
R

∫ π

0

e−Rt sinϕ ejRt cosϕ (cosϕ − jsinϕ )

(cosϕ + jsinϕ )(cosϕ − jsinϕ )
dϕ

= lim
R→+∞

1
R

∫ π

0
e−Rt sinϕ ejRt cosϕ (cosϕ − jsinϕ )dϕ

= 0 (A63)

The argument under the integral tends to zero because for any value ϕ an R can be
determined such that the absolute value of the argument becomes less than any given
bound ε. As a result, the limit tends towards zero.

If we insert the result of the residuum into the expression for h(t) we obtain

h(t) = −σ(t)
2π

αA
ωd
·
{
(jωd + a)e−αt−jωdt(2π j) + (jωd − a)e−αt+jωdt(2π j)

}
(A64)

h(t) =
αA
ωd

σ(t)
{
(ωd − jα)e−αt−jωdt + (ωd + jα)e−αt+jωdt

}
(A65)
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Appendix B.1. Proof of the Result #1: Inverse Transform

H(ω) =
∫ +∞

−∞
h(t)e−jωtdt (A66)

HA(ω) =
αA
ωd

∫ +∞

−∞
σ(t)

{
(ωd − ja)e−αt−jωdt + (ωd + ja)e−αt+jωdt

}
e−jωtdt (A67)

HA(ω) =
αA
ωd

∫ +∞

0

{
(ωd − ja)e−αt−jωdt−jωt + (ωd + ja)e−αt+jωdt−jωt

}
dt (A68)

HA(ω) =
αA
ωd

{∫ +∞

0
(ωd − ja)e−αt−jωdt−jωtdt+∫ +∞

0
(ωd + ja)e−αt+jωdt−jωtdt

}
(A69)

HA(ω) =
αA
ωd

{
(ωd − ja)

−α− jωd − jω

{
e−αt−jωdt−jωt

}∞

0
+

+
(ωd + ja)

−α + jωd − jω

{
e−αt+jωdt−jωt

}∞

0

}
(A70)

HA(ω) =
αA
ωd

{
jωd + a

ω + ωd − jα
(−1) +

jωd − a
ω−ωd − jα

(−1)
}

(A71)

HA(ω) = −αA
ωd

(
jωd + a

ω + ωd − jα
+

jωd − a
ω−ωd − jα

)
(A72)

Appendix B.2. Proof of the Result #2: Stimulation with ejωt

g(t) =
∫ ∞

−∞
s(τ) · h(t− τ)dτ (A73)

uA = hA(t) ∗ ejωt (A74)

uA(t) =
∫ ∞

−∞
hA(τ) · ejω(t−τ)dτ (A75)

uA(t) =
∫ ∞

−∞

αA
ωd

σ(t)
[
(ωd − jα)e−ατ−jωdτ +

(ωd + jα)e−ατ+jωdτ
]
· ejω(t−τ)dτ (A76)

uA(t) =
αA
ωd

ejωt
∫ ∞

0
e−ατ

[
(ωd − jα)e−jωdτ+

(ωd + jα)e+jωdτ
]
· e−jωτdτ (A77)

uA(t) =
αA
ωd

ejωt
∫ ∞

0

[
(ωd − jα)e−ατ−j(ω+ωd)τ+

(ωd + jα)e−ατ−j(ω−ωd)τ
]
dτ (A78)

uA(t) =
αA
ωd

ejωt
[
(ωd − jα)

∫ ∞

0
e(−α−jω−jωd)τdτ+

(ωd + jα)
∫ ∞

0
e(−α−jω+jωd)τdτ

]
(A79)

uA(t) =
αA
ωd

ejωt
[

(ωd − jα)
−α− jω− jωd

{
e(−α−jω−jωd)τ

}τ=∞

τ=0
+

(ωd + jα)
−α− jω + jωd

{
e(−α−jω+jωd)τ

}τ=∞

τ=0

]
(A80)

uA(t) =
αA
ωd

ejωt
[

(ωd − jα)
−α− jω− jωd

(−1) +
(ωd + jα)

−α− jω + jωd
(−1)

]
(A81)

uA(t) = −αA
ωd

(
jωd + α

ω− jα + ωd
+

jωd − α

ω− jα−ωd

)
ejωt (A82)
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Appendix C. Calculating the Response of the Resonator, Which Is Connected to an
Antenna, by Solving the Differential Equation for a Driving Voltage Which Is
Switched On and Off

The driving voltage uA(t) is switched on at t = 0 and off at t = T (21).
The general solution for the voltage across the capacitance of the resonator uC is given

by (see Equations (A49) and (19):

uC = u0 ·
−ω2

0
ω2 − 2jωα−ω2

0
+ C̃1e−αt+jωdt + C̃2e−αt−jωdt, (A83)

With (A3), we obtain

i(t) = C · duC(t)
dt

= U0C
−jωω0

2

ω2 − 2jωα−ω02 ejωt +

(−α + jωd)CC̃1e−αt+jωdt + (−α− jωd)CC̃2e−αt−jωdt (A84)

Appendix C.1. Switching the Stimulating Signal On

uC(t) = U0 ·
−ω0

2

ω2 − 2jωα−ω02 ejωt + C̃1e−αt+jωdt + C̃2e−αt−jωdt (A85)

Boundary Conditions: uC(0) = 0

U0
ω0

2

ω2 − 2jωα−ω02 = C̃1 + C̃2 (A86)

i(0) = 0 :

i(0) = U0C
−jωω0

2

ω2 − 2jωα−ω02 + (−α + jωd)CC̃1 + (−α− jωd)CC̃2 = 0 (A87)

U0
ωω0

2

ω2 − 2jωα−ω02 + j(−α + jωd)C̃1 + j(−α− jωd)C̃2 = 0 (A88)

U0ωω0
2

ω2 − 2jωα−ω02 + j(−α + jωd)C̃1 + j(−α− jωd)

(
U0ω0

2

ω2 − 2jωα−ω02 − C̃1

)
= 0 (A89)

U0ωω0
2

ω2 − 2jωα−ω02 +
U0ω0

2 j(−α− jωd)

ω2 − 2jωα−ω02 + j(−α + jωd)C̃1 − j(−α− jωd)C̃1 = 0 (A90)

2ωdC̃1 =
U0ω0

2(ω− ja + ωd)

ω2 − 2jωα−ω02 (A91)

C̃1 =
U0ω0

2(ω− ja + ωd)

2ωd(ω2 − 2jωα−ω02)
(A92)

C̃2 =
U0ω0

2

ω2 − 2jωα−ω02 −
U0ω0

2(ω− ja + ωd)

2ωd(ω2 − 2jωα−ω02)
(A93)

C̃2 = U0
ω0

22ωd −ω0
2(ω− ja + ωd)

2ωd(ω2 − 2jωα−ω02)
(A94)

C̃2 = U0
ω0

2(−ω + ja + ωd )

2ωd(ω2 − 2jωα−ω02)
(A95)

Together:
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uC(t) = U0 ·
−ω0

2

ω2 − 2jωα−ω02 ejωt + U0
ω0

2(ω− ja + ωd)

2ωd(ω2 − 2jωα−ω02)
e−αt+jωdt +

+U0
ω0

2(−ω + ja + ωd )

2ωd(ω2 − 2jωα−ω02)
e−αt−jωdt (A96)

uC(t) = U0
ω0

2

ω2 − 2jωα−ω02 ·
[
−ejωt +

(ω− jα + ωd)

2ωd
e−αt+jωdt−

− (ω− jα−ωd)

2ωd
e−αt−jωdt

]
(A97)

i(t) = U0C
ω0

2

ω2 − 2jωα−ω02 ·
[
−jωejωt +

(−α + jωd)(ω− jα + ωd)

2ωd
e−αt+jωdt−

− (−α− jωd)(ω− jα−ωd)

2ωd
e−αt−jωdt

]
(A98)

uA(t) = U0RAC
ω0

2

ω2 − 2jωα−ω02 ·
[
−jωejωt +

(−α + jωd)(ω− jα + ωd)

2ωd
e−αt+jωdt

− (−α− jωd)(ω− jα−ωd)

2ωd
e−αt−jωdt

]
(A99)

After inserting Equation (A31):

uA(t) = U0RAC
ω0

2

(ω− jα−ωd) · (ω− jα + ωd)
·
[
−jωejωt+

(−α + jωd)(ω− jα + ωd)

2ωd
e−αt+jωdt −

(−α− jωd)(ω− jα−ωd)

2ωd
e−αt−jωdt

]
(A100)

uA(t) = U02αALC
ω0

2

2ωd
·
[

−jω2ωd
(ω− jα−ωd) · (ω− jα + ωd)

ejωt+

(−α + jωd)

(ω− jα−ωd)·
e−αt+jωdt −

(−α− jωd)

(ω− jα + ωd)
e−αt−jωdt

]
(A101)

uA(t) = U0αA
1

ω02
ω0

2

ωd
·
[

−jω2ωd
(ω− jα−ωd) · (ω− jα + ωd)

ejωt+

(−α + jωd)

(ω− jα−ωd)·
e−αt+jωdt − (−α− jωd)

(ω− jα + ωd)
e−αt−jωdt

]
(A102)

After inserting (A44), we obtain

uA(t) = U0
αA
ωd

[(
− a + jωd

ω− jα + ωd
+

a− jωd
ω− jα−ωd

)
ejωt−

a− jωd
ω− jα−ωd

e(−α+jωd)t +
a + jωd

ω− jα + ωd
e(−α−jωd)t

]
(A103)

In the stimulation phase, we have two interfering signals with the natural frequency ωd.
If the driving frequency is near the natural frequency, ω ≈ ωd, then the second term can
be ignored. However, the first interfering term is in the same order of magnitude than the
driven term if damping is small.
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Appendix C.2. Switching the Stimulating Signal Off

For t > T, we add a second voltage with uA(t) = −U0ejωt for t > T. This cancels our
external voltage to zero. This causes new decaying terms to appear, but the damping now
begins at t = T. C̃1 and C̃2 must again be chosen to ensure continuity of voltage and current.
Since the driven voltage and current are equal for switching on and off, we obtain the same
terms with alternating signs for C̃1 and C̃2 like before.

uC(t) = U0
ω0

2

ω2 − 2jωα−ω02 ·
[

ejωt − (ω− jα + ωd)

2ωd
ejωTe−α(t−T)+jωd(t−T)

+
(ω− jα−ωd)

2ωd
ejωTe−α(t−T)−jωd(t−T)

]
(A104)

By adding this terms to the former terms, the external driven term with ejωt cancels,
voltage and current remain continuous. Together, we obtain

uC(t) = U0
ω0

2

ω2 − 2jωα−ω02 ·
[
− (ω− jα + ωd)

2ωd

(
ejωTe−α(t−T)+jωd(t−T) − e−αt+jωdt

)
+

(ω− jα−ωd)

2ωd

(
ejωTe−α(t−T)−jωd(t−T) − e−αt−jωdt

)]
(A105)

uC(t) = U0
ω0

2

(ω− jα + ωd)(ω− jα−ωd)
· [

− (ω− jα + ωd)

2ωd

(
1− e−j(ω−jα−ωd)T

)
ejωTe−α(t−T)+jωd(t−T) +

(ω− jα−ωd)

2ωd

(
1− e−j(ω−jα+ωd)T

)
ejωTe−α(t−T)−jωd(t−T)

]
(A106)

uC(t) = U0
ω0

2

(ω− jα + ωd)(ω− jα−ωd)
· [

− (ω− jα + ωd)

2ωd

(
1− e−j(ω−jα−ωd)T

)
ejωTe−α(t−T)+jωd(t−T) +

(ω− jα−ωd)

2ωd

(
1− e−j(ω−jα+ωd)T

)
ejωTe−α(t−T)−jωd(t−T)

]
(A107)

uC(t) = U0
ω0

2

2ωd
·
[
−1− e−j(ω−jα−ωd)T

ω− jα−ωd
ejωTe−α(t−T)+jωd(t−T)+

1− e−j(ω−jα+ωd)T

ω− jα + ωd
ejωTe−α(t−T)−jωd(t−T)

]
(A108)

uA(t) = U0
αA
ωd

[
+

a− jωd
ω− jα−ωd

(
1− e−j(ω−jα−ωd)T

)
ejωTe−α(t−T)+jωd(t−T)−

− a + jωd
ω− jα + ωd

(
1− e−j(ω−jα+ωd)T

)
ejωTe−α(t−T)−jωd(t−T)

]
(A109)

The first terms of Equations (A108) and (A109) are dominant for ω ≈ ωd:

uC(t) ≈ −U0

ω0
2
(

1− e−j(ω−jα−ωd)T
)

2ωd(ω− jα−ωd)
· ejωTe−α(t−T)+jωd(t−T) (A110)

uA(t) ≈ U0
αA
ωd

a− jωd
ω− jα−ωd

(
1− e−j(ω−jα−ωd)T

)
ejωTe−α(t−T)+jωd(t−T) (A111)
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For small (ω− jα−ωd)T, the exponential function can be expanded in the brackets and
the expression further simplified:

uA(t) ≈ U0
αA
ωd

a− jωd
ω− jα−ωd

j(ω− jα−ωd)TejωTe−α(t−T)+jωd(t−T) (A112)

The amplitude of the decaying signal increases linearly with T for small T. For larger T
and ω ≈ ωd and using a = ω0

2Q we obtain

uA(t) ≈ U0
αA
ωd

ejωTe−α(t−T)+jωd(t−T) (A113)

Appendix C.3. Proofs

Proof of voltage continuity uA at switch-on point t = 0:

uA(0) = U0
αA
ωd

[
− a + jωd

ω− jα + ωd
+

a− jωd
ω− jα−ωd

− a− jωd
ω− jα−ωd

+
a + jωd

ω− jα + ωd

]
= 0 (A114)

Proof of voltage continuity uC on the capacitor at switch-on point t = 0

uC(0) = U0
ω0

2

ω2 − 2jωα−ω02 ·
[
−1 +

(ω− jα + ωd)

2ωd
− (ω− jα−ωd)

2ωd

]
= U0

ω0
2

ω2 − 2jωα−ω02 (1− 1) = 0 (A115)

Proof of the continuity of the voltage uC at the switch-off point t = T:
We obtain for t ≤ T:

uC(T) = U0
ω0

2

ω2 − 2jωα−ω02 ·
[
−ejωT +

(ω− jα + ωd)

2ωd
e−αT+jωdT−

(ω− jα−ωd)

2ωd
e−αT−jωdT

]
(A116)

We obtain for t ≥ T:

uC(T) = U0
ω0

2

ω2 − 2jωα−ω02 ·
[
− (ω− jα + ωd)

2ωd

(
1− e−j(ω−jα−ωd)T

)
ejωT+

(ω− jα−ωd)

2ωd

(
1− e−j(ω−jα+ωd)T

)
ejωT

]
(A117)

uC(T) = U0
ω0

2

ω2 − 2jωα−ω02 ·
[
− (ω− jα + ωd)

2ωd

(
ejωT − e−j(−jα−ωd)T

)
+

(ω− jα−ωd)

2ωd

(
ejωT − e−j(−jα+ωd)T

)]
(A118)

uC(T) = U0
ω0

2

ω2 − 2jωα−ω02 ·
[
− (ω− jα + ωd)

2ωd
ejωT +

(ω− jα + ωd)

2ωd
e−j(−jα−ωd)T

+
(ω− jα−ωd)

2ωd
ejωT − (ω− jα−ωd)

2ωd
e−j(−jα+ωd)T

]
(A119)
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uC(T) = U0
ω0

2

ω2 − 2jωα−ω02 ·
[

ejωT
(
(ω− jα−ωd)

2ωd
− (ω− jα + ωd)

2ωd

)
+

(ω− jα + ωd)

2ωd
e−αT+jωdT − (ω− jα−ωd)

2ωd
e−αT−jωdT

]
(A120)

uC(T) = U0
ω0

2

ω2 − 2jωα−ω02 ·
[
−ejωT +

(ω− jα + ωd)

2ωd
e−αT+jωdT−

(ω− jα−ωd)

2ωd
e−αT−jωdT

]
(A121)

uC(t) is continuous at t = T.
Proof of the continuity of the voltage uA at the switch-off point t = T:

We obtain for t ≤ T:

uA(t) = U0
αA
ωd

[(
− a + jωd

ω− jα + ωd
+

a− jωd
ω− jα−ωd

)
ejωT−

a− jωd
ω− jα−ωd

e(−α+jωd)T +
a + jωd

ω− jα + ωd
e(−α−jωd)T

]
(A122)

uA(t) = U0
αA
ωd

[
− a + jωd

ω− jα + ωd

(
ejωT − e(−α−jωd)T

)
+

+
a− jωd

ω− jα−ωd

(
ejωT − e(−α+jωd)T

)]
(A123)

We obtain for t ≥ T:

uA(T) = U0
αA
ωd

[
+

a− jωd
ω− jα−ωd

(
1− e−j(ω−jα−ωd)T

)
ejωT−

a + jωd
ω− jα + ωd

(
1− e−j(ω−jα+ωd)T

)
ejωT

]
(A124)

uA(T) = U0
αA
ωd

[
a− jωd

ω− jα−ωd

(
ejωT − e−j(−jα−ωd)T

)
−

a + jωd
ω− jα + ωd

(
ejωT − e−j(−jα+ωd)T

)]
(A125)

uA(t) and, therefore, the current is also continuous at t = T.

Appendix D. Calculating the Response of the Resonator, Which Is Connected to an
Antenna, Using Impulse Response for a Driving Voltage Which Is Switched On and
Off

The driving voltage uA(t) is switched on at t = 0 and off at t = T

u0(t) = U0ejωt ·


0 for t < 0 range I
1 for 0 ≤ t ≤ T range I I
0 for T < t range I I I

. (A126)

The voltage across the source resistor of the antenna is given by the convolution of the
stimulating signal with the impulse response of the system:

uA = hA(t) ∗ u0(t) (A127)

uA(t) =
∫ ∞

−∞
hA(t− τ) · u0(τ)dτ (A128)
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If we substitute Equation (15), we obtain

uA(t) =
∫ ∞

∞

αA
ωd

σ(t− τ)
[
(ωd − jα)e−α(t−τ)−jωd(t−τ)+

+(ωd + jα)e−α(t−τ)+jωd(t−τ)
]
· u0(τ)dτ (A129)

Appendix E. Switching the Stimulating Signal On

u0(t) = U0σ(t)ejωt (A130)

uA(t) =
∫ ∞

−∞

αA
ωd

σ(t− τ)
{
(ωd − jα)e−α(t−τ)−jωd(t−τ)+

(ωd + jα)e−α(t−τ)+jωd(t−τ)
}
·U0σ(τ)ejωτdτ (A131)

uA(t) = U0
αA
ωd

[∫ ∞

0
σ(t− τ)(ωd − jα)e−α(t−τ)−jωd(t−τ)ejωτdτ+∫ ∞

0
σ(t− τ)(ωd + jα)e−α(t−τ)+jωd(t−τ)ejωτdτ

]
(A132)

uA(t) = U0
αA
ωd

[
(ωd − jα)e−αt−jωdt

∫ t

0
eατ+jωdτ+jωτdτ+

(ωd + jα)e−αt+jωdt
∫ t

0
eατ−jωdτ+jωτdτ

]
(A133)

uA(t) = U0
αA
ωd

[
ωd − jα

α + jωd + jω
e−αt−jωdt

{
eατ+jωdτ+jωτ

}t

0
+

ωd + jα
α− jωd + jω

e−αt+jωdt
{

eατ−jωdτ+jωτ
}t

0

]
(A134)

uA(t) = U0
αA
ωd

[
ωd − jα

α + jωd + jω
e−αt−jωdt

(
eαt+jωdt+jωt − 1

)
+

ωd + jα
α− jωd + jω

e−αt+jωdt
(

eαt−jωdt+jωt − 1
)]

(A135)

uA(t) = U0
αA
ωd

[
ωd − jα

α + jωd + jω

(
e+jωt − e−αt−jωdt

)
+

ωd + jα
α− jωd + jω

(
e+jωt − e−αt+jωdt

)]
(A136)

uA(t) = −U0
αA
ωd

[(
jωd + α

+ω− jα + ωd
+

jωd − α

+ω− jα−ωd

)
e+jωt−

jωd + α

+ω− jα + ωd
e−αt−jωdt − jωd − α

ω− jα−ωd
e−αt+jωdt

]
(A137)

By inserting Equation (14), we obtain

uA(t) = U0HA(ω)ejωt + U0
αA
ωd

[
a + jωd

ω− jα + ωd
e(−α−jωd)t − a− jωd

ω− jα−ωd
e(−α+jωd)t

]
. (A138)

If the driving frequency is near the angular natural frequency, i.e., ω ≈ ωd, and the quality
factor Q will be high, then the first term of the natural oscillations at the frequency −ωd is
by the factor 4Q smaller than the second one at the frequency +ωd. Equation (A138) can be
expanded and reorganized using Equation (14)
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uA(t) = U0

{
HA(ω)ejωt +

αA
ωd

[
a + jωd

ω− jα + ωd
e(−α−jωd)t +

a + jωd
ω− jα + ωd

e(−α+jωd)t

− a + jωd
ω− jα + ωd

e(−α+jωd)t − a− jωd
ω− jα−ωd

e(−α+jωd)t
]}

(A139)

uA(t) = U0HA(ω)
(

ejωt − e(−α+jωd)t
)

+ U0
αA
ωd

a+jωd
ω−jα+ωd

[
e(−α−jωd)t − e(−α+jωd)t

]
. (A140)

The last terms are 4Q times smaller than the first terms near resonance. If the quality factor
Q is high, the last terms can be neglected and one obtains

uA(t) ≈ U0HA(ω)
(

ejωt − e(−α+jωd)t
)

. (A141)

Appendix E.1. Switching the Stimulating Signal Off

uA(t) =
∫ T

0

αA
ωd

σ(t− τ)
{
(ωd − jα)e−α(t−τ)−jωd(t−τ)

+(ωd + jα)e−α(t−τ)+jωd(t−τ)
}
·U0ejωτdτ (A142)

uA(t) = U0

∫ T

0

αA
ωd

{
(ωd − jα)e−αt−jωdte+ατ+jωdτ+jωτ

+(ωd + jα)e−αt+jωdte+ατ−jωdτ+jωτ
}

dτ (A143)

uA(t) = U0
αA
ωd

[
e−αt−jωdt

∫ T

0
(ωd − jα)e+ατ+jωdτ+jωτdτ

+e−αt+jωdt
∫ T

0
(ωd + jα)e+ατ−jωdτ+jωτdτ

]
(A144)

uA(t) = U0
αA
ωd

[
e−αt−jωdt (ωd − jα)

+α + jωd + jω

{
e+ατ+jωdτ+jωτ

}T

0

+e−αt+jωdt (ωd + jα)
+α− jωd + jω

{
e+ατ−jωdτ+jωτ

}T

0

]
(A145)

uA(t) = U0
αA
ωd

[
e−αt−jωdt (ωd − jα)

+α + jωd + jω

(
e+αT+jωdT+jωT − 1

)
+e−αt+jωdt (ωd + jα)

+α− jωd + jω

(
e+αT−jωdT+jωT − 1

)]
(A146)

uA(t) = U0
αA
ωd

[
(ωd − jα)

+α + jωd + jω

(
ejωTe(−α−jωd)(t−T) − e−αt−jωdt

)
+

(ωd + jα)
+α− jωd + jω

(
ejωTe(−α+jωd)(t−T) − e−αt+jωdt

)]
(A147)

uA(t) = U0
αA
ωd

[
jωd + α

+jα−ωd −ω

(
ejωTe(−α−jωd)(t−T) − e(−α−jωd)(t−T)e−αT−jωdT

)
+

jωd − α

+jα + ωd −ω

(
ejωTe(−α+jωd)(t−T) − e(−α+jωd)(t−T)e−αT+jωdT

)]
uA(t) = U0

αA
ωd

[
− α + jωd

ω− jα + ωd

(
ejωT − e−αT−jωdT

)
e(−α−jωd)(t−T)

+
α− jωd

ω− jα−ωd

(
ejωT − e−αT+jωdT

)
e(−α+jωd)(t−T)

]
(A148)
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Appendix F. Increasing and Decreasing the Stimulation Voltage According to a
Trapezoidal Window

The trapezoidal windowed stimulation signal can be written as (34).

Appendix F.1. General Solution for All Four Time Intervals

With the help of the three variables θ1, θ2, and θ3, which are selected in the following

way:

Range I : θ1 = t, θ2 = T1, θ3 = T2;
Range II: θ1 = T1, θ2 = t, θ3 = T2;
Range III: θ1 = T1, θ2 = T2, θ3 = t;
Range IV: θ1 = T1, θ2 = T2, θ3 = T.

we can describe the stimulating signal in a common representation for all four ranges:

u0(t) = U0

(
t

T1
σ(t)σ(θ1 − t) + σ(t− T1)σ(θ2 − t)

+
T − t

T − T2
σ(t− T2)σ(θ3 − t)

)
ejωt (A149)

If we substitute Equation (15), we obtain

uA(t) =
∫ ∞

−∞

αA
ωd

σ(t− τ)
{
(ωd − jα)e−α(t−τ)−jωd(t−τ) + (ωd + jα)e−α(t−τ)+jωd(t−τ)

}
·

U0

(
τ

T1
σ(τ)σ(θ1 − τ) + σ(τ − T1)σ(θ2 − τ)

+
T − τ

T − T2
σ(τ − T2)σ(θ3 − τ)

)
ejωτdτ (A150)

uA(t) = U0
αA
ωd

[
1
T1

∫ θ1

0
(ωd − jα)e−α(t−τ)−jωd(t−τ)τejωτdτ+∫ θ2

T1

(ωd − jα)e−α(t−τ)−jωd(t−τ)ejωτdτ+∫ θ3

T2

(ωd − jα)e−α(t−τ)−jωd(t−τ) T − τ

T − T2
ejωτdτ+

1
T1

∫ θ1

0
(ωd + jα)e−α(t−τ)+jωd(t−τ)τejωτdτ+∫ θ2

T1

(ωd + jα)e−α(t−τ)+jωd(t−τ)ejωτdτ+∫ θ3

T2

(ωd + jα)e−α(t−τ)+jωd(t−τ) T − τ

T − T2
ejωτdτ

]
(A151)

uA(t) = U0
αA
ωd

[
1
T1

(ωd − jα)e−αt−jωdt
∫ θ1

0
τeατ+jωdτ+jωτdτ+

(ωd − jα)e−αt−jωdt
∫ θ2

T1

eατ+jωdτ+jωτdτ+

1
T − T2

(ωd − jα)e−αt−jωdt
∫ θ3

T2

(T − τ)eατ+jωdτ+jωτdτ+

1
T1

(ωd + jα)e−αt+jωdt
∫ θ1

0
τeατ−jωdτ+jωτdτ+

(ωd + jα)e−αt+jωdt
∫ θ2

T1

eατ−jωdτ+jωτdτ+

1
T − T2

(ωd + jα)e−αt+jωdt
∫ θ3

T2

(T − τ)eατ−jωdτ+jωτ

]
(A152)
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uA(t) = U0
αA
ωd

[
(ωd − jα)e−αt−jωdt

(
1
T1

∫ θ1

0
τeατ+jωdτ+jωτdτ+∫ θ2

T1

eατ+jωdτ+jωτdτ +

T
T − T2

∫ θ3

T2

eατ+jωdτ+jωτdτ −

1
T − T2

∫ θ3

T2

τeατ+jωdτ+jωτdτ

)
+

(ωd + jα)e−αt+jωdt
(

1
T1

∫ θ1

0
τeατ−jωdτ+jωτdτ

+
∫ θ2

T1

eατ−jωdτ+jωτdτ +

T
T − T2

∫ θ3

T2

eατ−jωdτ+jωτdτ −

1
T − T2

∫ θ3

T2

τeατ−jωdτ+jωτdτ

)]
(A153)

Partial integration gives∫
jωt · ejωtdt = tejωt −

∫
ejωtdt = ejωt ·

(
t− 1

jω

)
(A154)

uA(t) = U0
αA
ωd

(ωd − jα)e−αt−jωdt

{ τeατ+jωdτ+jωτ

T1(α + jωd + jω)
− eατ+jωdτ+jωτ

T1(α + jωd + jω)2

}θ1

0

+

{
eατ+jωdτ+jωτ

(α + jωd + jω)

}θ2

T1

+
T

T − T2

{
eατ+jωdτ+jωτ

(α + jωd + jω)

}θ3

T2

+

{
− τeατ+jωdτ+jωτ

(T − T2)(α + jωd + jω)
+

eατ+jωdτ+jωτ

(T − T2)(α + jωd + jω)2

}θ3

T2

 +

(ωd + jα)e−αt+jωdt

{ τeατ−jωdτ+jωτ

T1(α− jωd + jω)
− eατ−jωdτ+jωτ

T1(α− jωd + jω)2

}θ1

0

+

{
eατ−jωdτ+jωτ

(α− jωd + jω)

}θ2

T1

+
T

T − T2

{
eατ−jωdτ+jωτ

(α− jωd + jω)

}θ3

T2

+

{
− τeατ−jωdτ+jωτ

(T − T2)(α− jωd + jω)
+

eατ−jωdτ+jωτ

(T − T2)(α− jωd + jω)2

}θ3

T2

 (A155)
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uA(t) = U0
αA
ωd

[
(ωd − jα)e−αt−jωdt

(α + jωd + jω)

({
τeατ+jωdτ+jωτ

T1
− eατ+jωdτ+jωτ

T1(α + jωd + jω)

}θ1

0
+

{
eατ+jωdτ+jωτ

}θ2

T1
+

T
T − T2

{
eατ+jωdτ+jωτ

}θ3

T2
+{

−τeατ+jωdτ+jωτ

(T − T2)
+

eατ+jωdτ+jωτ

(T − T2)(α + jωd + jω)

}θ3

T2

)
+

(ωd + jα)e−αt+jωdt

(α− jωd + jω)

({
τeατ−jωdτ+jωτ

T1
− eατ−jωdτ+jωτ

T1(α− jωd + jω)

}θ1

0
+

{
eατ−jωdτ+jωτ

}θ2

T1
+

T
T − T2

{
eατ−jωdτ+jωτ

}θ3

T2
+{

−τeατ−jωdτ+jωτ

(T − T2)
+

eατ−jωdτ+jωτ

(T − T2)(α− jωd + jω)

}θ3

T2

)]
(A156)

uA(t) = U0
αA
ωd

{
(ωd − jα)e−αt−jωdt

(α + jωd + jω)

[
θ1eαθ1+jωdθ1+jωθ1

T1
−

eαθ1+jωdθ1+jωθ1

T1(α + jωd + jω)
+

1
T1(α + jωd + jω)

+

eαθ2+jωdθ2+jωθ2 − eαT1+jωdT1+jωT1 +
T

T − T2

(
eαθ3+jωdθ3+jωθ3 − eαT2+jωdT2+jωT2

)
−

θ3eαθ3+jωdθ3+jωθ3

(T − T2)
+

θ3eαθ3+jωdθ3+jωθ3

(T − T2)(α + jωd + jω)
+

T2eαT2+jωdT2+jωT2

(T − T2)
− eαT2+jωdT2+jωT2

(T − T2)(α + jωd + jω)

]
+

(ωd + jα)e−αt+jωdt

(α− jωd + jω)

[
θ1eαθ1−jωdθ1+jωθ1

T1
−

eαθ1−jωdθ1+jωθ1

T1(α− jωd + jω)
+

1
T1(α− jωd + jω)

+

eαθ2−jωdθ2+jωθ2 − eαT1−jωdT1+jωT1 +
T

T − T2

(
eαθ3−jωdθ3+jωθ3 − eαT2−jωdT2+jωT2

)
−

θ3eαθ3−jωdθ3+jωθ3

(T − T2)
+

eαθ3−jωdθ3+jωθ3

(T − T2)(α− jωd + jω)
+

T2eαT2−jωdT2+jωT2

(T − T2)
− eαT2−jωdT2+jωT2

(T − T2)(α− jωd + jω)

]}
(A157)
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uA(t) = U0
αA
ωd

{
(ωd − jα)e−αt−jωdt

(α + jωd + jω)

[(
θ1

T1
− 1

T1(α + jωd + jω)

)
eαθ1+jωdθ1+jωθ1+

1
T1(α + jωd + jω)

+ eαθ2+jωdθ2+jωθ2 − eαT1+jωdT1+jωT1 +(
T

T − T2
− θ3

(T − T2)
+

1
(T − T2)(α + jωd + jω)

)
eαθ3+jωdθ3+jωθ3 +(

− T
T − T2

+
T2

(T − T2)
− 1

(T − T2)(α + jωd + jω)

)
eαT2+jωdT2+jωT2

]
+

+
(ωd + jα)e−αt+jωdt

(α− jωd + jω)

[(
θ1

T1
− 1

T1(α− jωd + jω)

)
eαθ1−jωdθ1+jωθ1+

1
T1(α− jωd + jω)

+ eαθ2−jωdθ2+jωθ2 − eαT1−jωdT1+jωT1 +(
T

T − T2
− θ3

(T − T2)
+

1
(T − T2)(α− jωd + jω)

)
eαθ3−jωdθ3+jωθ3 +(

− T
T − T2

+
T2

(T − T2)
− 1

(T − T2)(α− jωd + jω)

)
eαT2−jωdT2+jωT2

]}
(A158)

uA(t) = U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[(
θ1

T1
− 1

T1(α + jωd + jω)

)
eαθ1+jωdθ1+jωθ1+

1
T1(α + jωd + jω)

+ eαθ2+jωdθ2+jωθ2 − eαT1+jωdT1+jωT1 +(
T − θ3

T − T2
+

1
(T − T2)(α + jωd + jω)

)
eαθ3+jωdθ3+jωθ3 +(

−1− 1
(T − T2)(α + jωd + jω)

)
eαT2+jωdT2+jωT2

]
−

(jωd − α)e−αt+jωdt

(ω− jα−ωd)

[(
θ1

T1
− 1

T1(α− jωd + jω)

)
eαθ1−jωdθ1+jωθ1+

1
T1(α− jωd + jω)

+ eαθ2−jωdθ2+jωθ2 − eαT1−jωdT1+jωT1 +(
T − θ3

T − T2
+

1
(T − T2)(α− jωd + jω)

)
eαθ3−jωdθ3+jωθ3 +(

−1− 1
(T − T2)(α− jωd + jω)

)
eαT2−jωdT2+jωT2

]}
(A159)

Appendix F.2. Interval with a Linear Increase in the Amplitude of the Stimulating Signal

For range I, we obtain θ1=t, θ2=T1, θ3=T2. Substituting these parameters into the
Equation (A159) gives
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uA(t) = U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[(
t

T1
− 1

T1(α + jωd + jω)

)
eαt+jωdt+jωt+

1
T1(α + jωd + jω)

+ eαT1+jωdT1+jωT1 − eαT1+jωdT1+jωT1 +(
T − T2

T − T2
+

1
(T − T2)(α + jωd + jω)

)
eαT2+jωdT2+jωT2 +(

−1− 1
(T − T2)(α + jωd + jω)

)
eαT2+jωdT2+jωT2

]
−

(jωd − α)e−αt+jωdt

(ω− jα−ωd)

[(
t

T1
− 1

T1(α− jωd + jω)

)
eαt−jωdt+jωt+

1
T1(α− jωd + jω)

+ eαT1−jωdT1+jωT1 − eαT1−jωdT1+jωT1 +(
T − T2

T − T2
+

1
(T − T2)(α− jωd + jω)

)
eαT2−jωdT2+jωT2 +(

−1− 1
(T − T2)(α− jωd + jω)

)
eαT2−jωdT2+jωT2

]}
. (A160)

uA(t) = U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[
t

T1
eαt+jωdt+jωt+

jeαt+jωdt+jωt

T1(ω− jα + ωd)
− j

T1(ω− jα + ωd)

]
−

(jωd − α)e−αt+jωdt

(ω− jα−ωd)

[
t

T1
eαt−jωdt+jωt+

jeαt−jωdt+jωt

T1(ω− jα−ωd)
− j

T1(ω− jα−ωd)

]}
(A161)

uA(t) = −U0
αA
ωd

t
T1

{
(jωd + α)

(ω− jα + ωd)
+

(jωd − α)

(ω− jα−ωd)

}
ejωt

−U0
jαA

T1ωd

(jωd + α)e−αt−jωdt

(ω− jα + ωd)
2

[
+eαt+jωdt+jωt − 1

]
−U0

jαA
T1ωd

(jωd − α)e−αt+jωdt

(ω− jα−ωd)
2

[
+eαt−jωdt+jωt − 1

]
(A162)

uA(t) = U0
t

T1
HA(ω)ejωt

+U0
αA

T1ωd

(ωd − jα)

(ω− jα + ωd)
2

[
ejωt − e−αt−jωdt

]
+U0

αA
T1ωd

(ωd + jα)

(ω− jα−ωd)
2

[
ejωt − e−αt+jωdt

]
(A163)

The second term of the angular natural frequency is dominant for Q� 1 and ω ≈ ωd.
With
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(
1

ω− jα−ωd

)2
=

ωd
2

(jωd − α)2αA
2

H2
A(ω)

− ωd
2 + α2

jωωd(jωd − α)2
ωd
αA

HA(ω)− 1

(jωd − α)2

(
jωd + α

ω− jα + ωd

)2
,

(A164)

this dominant term of the angular natural frequency can be expressed in as a function of
the square of HA(ω). We obtain

uA(t) = U0
t

T1
HA(ω)ejωt + U0

αA
T1ωd

(ωd − jα)

(ω− jα + ωd)
2

[
ejωt − e−αt−jωdt

]
+U0

αA(ωd + jα)
T1ωd

[
−ωd

2

(ωd + jα)2αA
2

H2
A(ω) +

ωd
2 + α2

jωωd(ωd + jα)2
ωd
αA

HA(ω)

+
1

(ωd + jα)2

(
jωd + α

ω− jα + ωd

)2
][

ejωt − e−αt+jωdt
]

(A165)

uA(t) = U0
t

T1
HA(ω)ejωt + U0

αA
T1ωd

(ωd − jα)

(ω− jα + ωd)
2

[
ejωt − e−αt−jωdt

]
+U0

[
−ωd

T1(ωd + jα)αA
H2

A(ω) + U0
(ωd + jα)(ωd − jα)
T1 jωωd(ωd + jα)

HA(ω)

+U0
αA

T1ωd(ωd + jα)

(
jωd + α

ω− jα + ωd

)2
][

ejωt − e−αt+jωdt
]

(A166)

uA(t) = U0
t

T1
HA(ω)ejωt −U0

ωd
T1αA(ωd + jα)

H2
A(ω)

[
ejωt − e−αt+jωdt

]
+U0

αA
T1ωd

(ωd − jα)

(ω− jα + ωd)
2

[
ejωt − e−αt−jωdt

]
+U0

[
− (jωd + α)

T1ωωd
HA(ω)

+
αA

T1ωd(ωd + jα)

(
jωd + α

ω− jα + ωd

)2
][

ejωt − e−αt+jωdt
]

(A167)

The first two terms are dominant for Q� 1 and ω ≈ ωd. For Q� 1 and ω ≈ ωd the
equation can, therefore, be simplified to

uA(t) ≈ U0
t

T1
HA(ω)ejωt −U0

ωd
T1αA(ωd + jα)

H2
A(ω)

[
ejωt − e−αt+jωdt

]
. (A168)

We obtain a forced term with two parts, one increasing with time and a constant one.
Due to the continuous switched-on state, we obtain a decay term starting at t = 0, which is
proportional to the square of HA(ω) and which is suppressed by 1/T1αA Since a triangular
or Bartlett window can be generated by the convolution of two rectangular functions, the
appearance of a square of HA(ω) is reasonable.

Appendix F.3. Interval with a Constant Stimulating Signal

For range II we obtain θ1=T1, θ2=t, θ3=T2. Substituting these parameters into the
Equation (A159) gives



Sensors 2024, 24, 1323 49 of 94

uA(t) = U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[(
T1

T1
− 1

T1(α + jωd + jω)

)
eαT1+jωdT1+jωT1

+
1

T1(α + jωd + jω)
+ eαt+jωdt+jωt − eαT1+jωdT1+jωT1

+
(

T − T2

T − T2
+

1
(T − T2)(α + jωd + jω)

)
eαT2+jωdT2+jωT2

+
(
−1− 1

(T − T2)(α + jωd + jω)

)
eαT2+jωdT2+jωT2

]
− (jωd − α)e−αt+jωdt

(ω− jα−ωd)

[(
T1

T1
− 1

T1(α− jωd + jω)

)
eαT1−jωdT1+jωT1

+
1

T1(α− jωd + jω)
+ eαt−jωdt+jωt − eαT1−jωdT1+jωT1

+
(

T − T2

T − T2
+

1
(T − T2)(α− jωd + jω)

)
eαT2−jωdT2+jωT2

+
(
−1− 1

(T − T2)(α− jωd + jω)

)
eαT2−jωdT2+jωT2

]}
. (A169)

uA(t) = U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[(
− 1

T1(α + jωd + jω)

)
eαT1+jωdT1+jωT1

+
1

T1(α + jωd + jω)
+ eαt+jωdt+jωt

]
− (jωd − α)e−αt+jωdt

(ω− jα−ωd)

[(
− 1

T1(α− jωd + jω)

)
eαT1−jωdT1+jωT1

+
1

T1(α− jωd + jω)
+ eαt−jωdt+jωt

]}
(A170)

uA(t) = −U0
αA
ωd

[
(jωd + α)

(ω− jα + ωd)
+

(jωd − α)

(ω− jα−ωd)

]
ejωt

−U0
αA
ωd

(jωd + α)

(ω− jα + ωd)

1
T1(α + jωd + jω)

e−αt−jωdt

+U0
αA
ωd

(jωd + α)e−αt−jωdt

(ω− jα + ωd)

eαT1+jωdT1+jωT1

T1(α + jωd + jω)

−U0
αA
ωd

(jωd − α)

(ω− jα−ωd)

1
T1(α− jωd + jω)

e−αt+jωdt

+U0
αA
ωd

(jωd − α)e−αt+jωdt

(ω− jα−ωd)

eαT1−jωdT1+jωT1

T1(α− jωd + jω)
(A171)
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uA(t) = −U0
αA
ωd

[
(jωd + α)

(ω− jα + ωd)
+

(jωd − α)

(ω− jα−ωd)

]
ejωt

−U0
αA
ωd

(jωd + α)

(ω− jα + ωd)

1
T1(α + jωd + jω)

e−αt−jωdt

+U0
αA
ωd

(jωd + α)ejωT1

(ω− jα + ωd)

1
T1(α + jωd + jω)

e−α(t−T1)−jωd(t−T1)

−U0
αA
ωd

(jωd − α)

(ω− jα−ωd)

1
T1(α− jωd + jω)

e−αt+jωdt

+U0
αA
ωd

(jωd − α)ejωT1

(ω− jα−ωd)

1
T1(α− jωd + jω)

e−α(t−T1)+jωd(t−T1) (A172)

uA(t) = U0HA(ω)ejωt

−U0
αA

T1ωd

(jωd + α)

(ω− jα + ωd)

j
(ω− jα + ωd)

(
−e−αt−jωdt + ejωT1 e−α(t−T1)−jωd(t−T1)

)
−U0

αA
ωd

(jωd − α)

(ω− jα−ωd)

j
T1(ω− jα−ωd)

(
−e−αt+jωdt + ejωT1 e−α(t−T1)+jωd(t−T1)

)
(A173)

uA(t) = U0HA(ω)ejωt

+U0
αA

T1ωd

(ωd − jα)

(ω− jα + ωd)
2

(
−e−αt−jωdt + ejωT1 e−α(t−T1)−jωd(t−T1)

)
+U0

αA
T1ωd

(ωd + jα)

(ω− jα−ωd)
2

(
−e−αt+jωdt + ejωT1 e−α(t−T1)+jωd(t−T1)

)
(A174)

uA(t) = U0HA(ω)ejωt

+U0
αA

T1ωd

(ωd − jα)

(ω− jα + ωd)
2

(
−e−αt−jωdt + ejωT1 e−α(t−T1)−jωd(t−T1)

)
+U0

αA(ωd + jα)
T1ωd

[
ωd

2

(jωd − α)2αA
2

H2
A(ω)− ωd

2 + α2

jωωd(jωd − α)2
ωd
αA

HA(ω)

− 1

(jωd − α)2

(
jωd + α

ω− jα + ωd

)2
](
−e−αt+jωdt + ejωT1 e−α(t−T1)+jωd(t−T1)

)
(A175)

uA(t) = U0HA(ω)ejωt

+U0
αA

T1ωd

(ωd − jα)

(ω− jα + ωd)
2

(
−e−αt−jωdt + ejωT1 e−α(t−T1)−jωd(t−T1)

)
+U0

1
T1

[
− ωd
(ωd + jα)αA

H2
A(ω) +

(ωd + jα)(ωd − jα)
jωωd(ωd + jα)

HA(ω)

+
αA

ωd(ωd + jα)

(
jωd + α

ω− jα + ωd

)2
](
−e−αt+jωdt + ejωT1 e−α(t−T1)+jωd(t−T1)

)
(A176)
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uA(t) = U0HA(ω)ejωt

−U0
ωd

T1αA(ωd + jα)
H2

A(ω)
(
−e−αt+jωdt + ejωT1 e−α(t−T1)+jωd(t−T1)

)
+U0

1
T1

[
+
(ωd − jα)

jωωd
HA(ω) +

αA
ωd(ωd + jα)

(
jωd + α

ω− jα + ωd

)2
]
·

·
(
−e−αt+jωdt + ejωT1 e−α(t−T1)+jωd(t−T1)

)
+U0

αA
T1ωd

(ωd − jα)

(ω− jα + ωd)
2

(
−e−αt−jωdt + ejωT1 e−α(t−T1)−jωd(t−T1)

)
(A177)

The first term of the angular natural frequency is dominant for Q� 1 and ω ≈ ωd. In
this case, the equation simplifies to

uA(t) ≈ U0HA(ω)ejωt

−U0
ωd

T1αA(ωd + jα)
H2

A(ω)
(
−e−αt+jωdt + ejωT1 e−α(t−T1)+jωd(t−T1)

)
. (A178)

Appendix F.4. Interval with a Linear Decrease in the Amplitude of the Stimulating Signal

The parameters for range III are θ1=T1, θ2=T2, θ3=t. If we insert these parameters into
Equation (A159), we obtain

uA(t) = U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[(
T1

T1
− 1

T1(α + jωd + jω)

)
eαT1+jωdT1+jωT1

+
1

T1(α + jωd + jω)
+ eαT2+jωdT2+jωT2 − eαT1+jωdT1+jωT1

+
(

T − t
T − T2

+
1

(T − T2)(α + jωd + jω)

)
eαt+jωdt+jωt

+
(
−1− 1

(T − T2)(α + jωd + jω)

)
eαT2+jωdT2+jωT2

]
− (jωd − α)e−αt+jωdt

(ω− jα−ωd)

[(
T1

T1
− 1

T1(α− jωd + jω)

)
eαT1−jωdT1+jωT1

+
1

T1(α− jωd + jω)
+ eαT2−jωdT2+jωT2 − eαT1−jωdT1+jωT1

+
(

T − t
T − T2

+
1

(T − T2)(α− jωd + jω)

)
eαt−jωdt+jωt

+
(
−1− 1

(T − T2)(α− jωd + jω)

)
eαT2−jωdT2+jωT2

]}
(A179)
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uA(t) = U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[(
1− 1

T1(α + jωd + jω)

)
eαT1+jωdT1+jωT1

+
1

T1(α + jωd + jω)
+ eαT2+jωdT2+jωT2 − eαT1+jωdT1+jωT1

+
(

T − t
T − T2

+
1

(T − T2)(α + jωd + jω)

)
eαt+jωdt+jωt

+
(
−1− 1

(T − T2)(α + jωd + jω)

)
eαT2+jωdT2+jωT2

]
− (jωd − α)e−αt+jωdt

(ω− jα−ωd)

[(
1− 1

T1(α− jωd + jω)

)
eαT1−jωdT1+jωT1

+
1

T1(α− jωd + jω)
+ eαT2−jωdT2+jωT2 − eαT1−jωdT1+jωT1

+
(

T − t
T − T2

+
1

(T − T2)(α− jωd + jω)

)
eαt−jωdt+jωt

+
(
−1− 1

(T − T2)(α− jωd + jω)

)
eαT2−jωdT2+jωT2

]}
(A180)

uA(t) = U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[(
− 1

T1(α + jωd + jω)

)
eαT1+jωdT1+jωT1

+
1

T1(α + jωd + jω)
+
(

T − t
T − T2

+
1

(T − T2)(α + jωd + jω)

)
eαt+jωdt+jωt

+
(
− 1
(T − T2)(α + jωd + jω)

)
eαT2+jωdT2+jωT2

]
− (jωd − α)e−αt+jωdt

(ω− jα−ωd)

[(
− 1

T1(α− jωd + jω)

)
eαT1−jωdT1+jωT1

+
1

T1(α− jωd + jω)
+
(

T − t
T − T2

+
1

(T − T2)(α− jωd + jω)

)
eαt−jωdt+jωt

+
(
− 1
(T − T2)(α− jωd + jω)

)
eαT2−jωdT2+jωT2

]}
(A181)

uA(t) = −U0
αA
ωd

T − t
T − T2

[
(jωd + α)

(ω− jα + ωd)
+

(jωd − α)

(ω− jα−ωd)

]
ejωt

+U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[(
+

j
T1(ω− jα + ωd)

)
eαT1+jωdT1+jωT1

− j
T1(ω− jα + ωd)

+
(
− j
(T − T2)(ω− jα + ωd)

)
eαt+jωdt+jωt

+
(

+
j

(T − T2)(ω− jα + ωd)

)
eαT2+jωdT2+jωT2

]
− (jωd − α)e−αt+jωdt

(ω− jα−ωd)

[(
+

j
T1(ω− jα−ωd)

)
eαT1−jωdT1+jωT1

− j
T1(ω− jα−ωd)

+
(
− j
(T − T2)(ω− jα−ωd)

)
eαt−jωdt+jωt

+
(

+
j

(T − T2)(ω− jα−ωd)

)
eαT2−jωdT2+jωT2

]}
(A182)
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uA(t) = U0
T − t

T − T2
HA(ω)ejωt

+U0
αA(ωd − jα)

ωd

1

(ω− jα + ωd)
2

[
1
T1

ejωT1 e−α(t−T1)−jωd(t−T1)

− 1
T1

e−αt−jωdt − 1
(T − T2)

ejωt +
1

(T − T2)
ejωT2 e−α(t−T2)−jωd(t−T2)

]
+U0

αA(ωd + jα)
ωd

1

(ω− jα−ωd)
2

[
1
T1

ejωT1 e−α(t−T1)+jωd(t−T1)

− 1
T1

e−αt+jωdt − 1
(T − T2)

ejωt +
1

(T − T2)
ejωT2 e−α(t−T2)+jωd(t−T2)

]
(A183)

uA(t) = U0
T − t

T − T2
HA(ω)ejωt

−U0
jαA(jωd + α)

ωd

1

(ω− jα + ωd)
2

[
1
T1

ejωT1 e−α(t−T1)−jωd(t−T1)

− 1
T1

e−αt−jωdt − 1
(T − T2)

ejωt +
1

(T − T2)
ejωT2 e−α(t−T2)−jωd(t−T2)

]
−U0

jαA(jωd − α)

ωd

[
ωd

2

(jωd − α)2αA
2

H2
A(ω) +

(ωd − jα)
ω(ωd + jα)

1
αA

HA(ω)

− 1

(jωd − α)2

(
jωd + α

ω− jα + ωd

)2
][

1
T1

ejωT1 e−α(t−T1)+jωd(t−T1)

− 1
T1

e−αt+jωdt − 1
(T − T2)

ejωt +
1

(T − T2)
ejωT2 e−α(t−T2)+jωd(t−T2)

]
(A184)

uA(t) = U0
T − t

T − T2
HA(ω)ejωt

−U0

[
ωd

(ωd + jα)αA
H2

A(ω)− (ωd + jα)(ωd − jα)
ωωd(ωd + jα)

HA(ω)

+
αA

ωd(ωd + jα)

(
ωd − jα

ω− jα + ωd

)2
]
·

·
[
− 1

T1
e−αt+jωdt +

1
T1

ejωT1 e−α(t−T1)+jωd(t−T1)

+
1

(T − T2)
ejωT2 e−α(t−T2)+jωd(t−T2) − 1

(T − T2)
ejωt

]
+U0

αA(ωd − jα)
ωd(ω− jα + ωd)

2

[
− 1

T1
e−αt−jωdt +

1
T1

ejωT1 e−α(t−T1)−jωd(t−T1)

+
1

(T − T2)
ejωT2 e−α(t−T2)−jωd(t−T2) − 1

(T − T2)
ejωt

]
(A185)

If we ignore all small terms, we obtain

uA(t) ≈ U0
T − t

T − T2
HA(ω)ejωt

−U0
ωd

(ωd + jα)αA
H2

A(ω)

[
− 1

T1
e−αt+jωdt +

1
T1

ejωT1 e−α(t−T1)+jωd(t−T1)

+
1

(T − T2)
ejωT2 e−α(t−T2)+jωd(t−T2) − 1

(T − T2)
ejωt

]
(A186)
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Appendix F.5. Switching the Stimulating Signal Off

The parameters for range IV are θ1=T1, θ2=T2, θ3=T. If we insert these into Equation
(A159), we obtain

uA(t) = U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[(
T1

T1
− 1

T1(α + jωd + jω)

)
eαT1+jωdT1+jωT1

+
1

T1(α + jωd + jω)
+ eαT2+jωdT2+jωT2 − eαT1+jωdT1+jωT1

+
(

T − T
T − T2

+
1

(T − T2)(α + jωd + jω)

)
eαT+jωdT+jωT

+
(
−1− 1

(T − T2)(α + jωd + jω)

)
eαT2+jωdT2+jωT2

]
− (jωd − α)e−αt+jωdt

(ω− jα−ωd)

[(
T1

T1
− 1

T1(α− jωd + jω)

)
eαT1−jωdT1+jωT1

+
1

T1(α− jωd + jω)
+ eαT2−jωdT2+jωT2 − eαT1−jωdT1+jωT1

+
(

T − T
T − T2

+
1

(T − T2)(α− jωd + jω)

)
eαT−jωdT+jωT

+
(
−1− 1

(T − T2)(α− jωd + jω)

)
eαT2−jωdT2+jωT2

]}
(A187)

uA(t) = U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[(
1− 1

T1(α + jωd + jω)

)
eαT1+jωdT1+jωT1

+
1

T1(α + jωd + jω)
+ eαT2+jωdT2+jωT2 − eαT1+jωdT1+jωT1

+
1

(T − T2)(α + jωd + jω)
eαT+jωdT+jωT

+
(
−1− 1

(T − T2)(α + jωd + jω)

)
eαT2+jωdT2+jωT2

]
− (jωd − α)e−αt+jωdt

(ω− jα−ωd)

[(
1− 1

T1(α− jωd + jω)

)
eαT1−jωdT1+jωT1

+
1

T1(α− jωd + jω)
+ eαT2−jωdT2+jωT2 − eαT1−jωdT1+jωT1

+
1

(T − T2)(α− jωd + jω)
eαT−jωdT+jωT

+
(
−1− 1

(T − T2)(α− jωd + jω)

)
eαT2−jωdT2+jωT2

]}
(A188)
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uA(t) = U0
αA
ωd

{
− (jωd + α)e−αt−jωdt

(ω− jα + ωd)

[
j

T1(ω− jα + ωd)
eαT1+jωdT1+jωT1

− j
T1(ω− jα + ωd)

− j
(T − T2)(ω− jα + ωd)

eαT+jωdT+jωT

+
j

(T − T2)(ω− jα + ωd)
eαT2+jωdT2+jωT2

]
− (jωd − α)e−αt+jωdt

(ω− jα−ωd)

[
+

j
T1(ω− jα−ωd)

eαT1−jωdT1+jωT1

− j
T1(ω− jα−ωd)

− j
(T − T2)(ω− jα−ωd)

eαT−jωdT+jωT

+
j

(T − T2)(ω− jα−ωd)
eαT2−jωdT2+jωT2

]}
(A189)

uA(t) = −U0
αA
ωd

(jωd − α)

(ω− jα−ωd)
2

[
− j

T1
e−αt+jωdt +

j
T1

ejωT1 e−α(t−T1)+jωd(t−T1)

+
j

(T − T2)
ejωT2 e−α(t−T2)+jωd(t−T2) − j

(T − T2)
ejωTe−α(t−T)+jωd(t−T)

]
−U0

αA
ωd

(jωd + α)

(ω− jα + ωd)
2

[
− j

T1
e−αt−jωdt +

j
T1

ejωT1 e−α(t−T1)−jωd(t−T1)

+
j

(T − T2)
ejωT2 e−α(t−T2)−jωd(t−T2) − j

(T − T2)
ejωTe−α(t−T)−jωd(t−T)

]
(A190)

uA(t) = U0
αA
ωd

(ωd + jα)

(ω− jα−ωd)
2

[
− 1

T1
e−αt+jωdt +

1
T1

ejωT1 e−α(t−T1)+jωd(t−T1)+

1
(T − T2)

ejωT2 e−α(t−T2)+jωd(t−T2) − 1
(T − T2)

ejωTe−α(t−T)+jωd(t−T)
]

+

+U0
αA
ωd

(ωd − jα)

(ω− jα + ωd)
2

[
− 1

T1
e−αt−jωdt +

1
T1

ejωT1 e−α(t−T1)−jωd(t−T1)+

1
(T − T2)

ejωT2 e−α(t−T2)−jωd(t−T2) − 1
(T − T2)

ejωTe−α(t−T)−jωd(t−T)
]

(A191)

The first term will be the dominant one, when Q� 1 and ω ≈ ωd. With(
1

ω− jα−ωd

)2
=

ωd
2

(jωd − α)2αA
2

H2
A(ω) +

(ωd − jα)
ω(ωd + jα)

1
αA

HA(ω)

− 1

(jωd − α)2

(
jωd + α

ω− jα + ωd

)2
, (A192)

we obtain
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uA(t) = −U0
αA(jωd − α)

ωd

[
ωd

2

(jωd − α)2αA
2

H2
A(ω)

+
(ωd − jα)

ω(ωd + jα)
1

αA
HA(ω)− 1

(jωd − α)2

(
jωd + α

ω− jα + ωd

)2
]
·[

− j
T1

e−αt+jωdt +
j

T1
ejωT1 e−α(t−T1)+jωd(t−T1)

+
j

(T − T2)
ejωT2 e−α(t−T2)+jωd(t−T2) − j

(T − T2)
ejωTe−α(t−T)+jωd(t−T)

]
−U0

αA
ωd

(jωd + α)

(ω− jα + ωd)
2

[
− j

T1
e−αt−jωdt +

j
T1

ejωT1 e−α(t−T1)−jωd(t−T1)

+
j

(T − T2)
ejωT2 e−α(t−T2)−jωd(t−T2) − j

(T − T2)
ejωTe−α(t−T)−jωd(t−T)

]
. (A193)

The term with the square of HA(ω) will be the dominant one for when Q� 1 and ω ≈ ωd.
The equation can, therefore, be simplified to

uA(t) ≈ −U0
αA(jωd − α)

ωd

ωd
2

(jωd − α)2αA
2

H2
A(ω) ·[

− j
T1

e−αt+jωdt +
j

T1
ejωT1 e−α(t−T1)+jωd(t−T1)

+
j

(T − T2)
ejωT2 e−α(t−T2)+jωd(t−T2) − j

(T − T2)
ejωTe−α(t−T)+jωd(t−T)

]
. (A194)

uA(t) ≈ −U0
jωd

j(ωd + jα)αA
H2

A(ω) ·[
− 1

T1
e−αt+jωdt +

1
T1

ejωT1 e−α(t−T1)+jωd(t−T1)

+
1

(T − T2)
ejωT2 e−α(t−T2)+jωd(t−T2) − 1

(T − T2)
ejωTe−α(t−T)+jωd(t−T)

]
(A195)

uA(t) ≈ U0
ωd

(ωd + jα)αA
H2

A(ω)

[
1
T1

e−αt+jωdt − 1
T1

ejωT1 e−α(t−T1)+jωd(t−T1)

− 1
(T − T2)

ejωT2 e−α(t−T2)+jωd(t−T2) +
1

(T − T2)
ejωTe−α(t−T)+jωd(t−T)

]
(A196)

We obtain four terms, starting at t = 0, t =T1, t = T2, and t = T. Depending on their
relative phase shift ejωT1 , ejωT2 , ejωT they add up constructively or destructively. Amazingly,
the length (T2 − T1) of the constant charging plays no direct role in the result, only the slew
rate of rise and fall of the driving voltage. If the length (T2 − T1) is selected high enough,
to ensure the length α(T2 − T1) ≥ π, then the first two terms will be almost faded away
when the driving voltage is switched off. In this case, the result simplifies to

uA(t) ≈ U0
ωd

(T − T2)(ωd + jα)αA
H2

A(ω) ·[
1− e−j(ω−ωd)(T−T2)e−α(T−T2)

]
ejωTe−α(t−T)+jωd(t−T) (A197)

The two terms in the bracket would add constructively, when their phase difference is π:

(ω−ωd)(T − T2) = π
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However, if we insert this relation into the frequency response HA(ω), we obtain for this
case:

HA(ω) = −αA
ωd

(
jωd + a

ω− jα + ωd
+

jωd − a
ω− jα−ωd

)
≈ −αA

ωd

jωd − a
ω− jα−ωd

≈ −αA
ωd

jωd − a
−jα + π

(T−T2)

≈ αA
ωd

ωd + ja

α + jπ
(T−T2)

≈ αA
α

ωd + ja
ωd

α(T − T2)

α(T − T2) + jπ
(A198)

The first two terms in Equation (A198) are in the order of 0.5 and 1. The last term, however,
will be very small, since α(T − T2) must be small to ensure that e−α(T−T2) remains large
enough to make a noticeable contribution to the sum. The two terms will only add
constructively if the readout frequency is far from the natural frequency, which results in
a quite low response signal. Thus, the two terms in the brackets of the equation (A197)
always add destructively.

If the decrease time (T − T2) is chosen small enough to ensure

|ω−ωd − jα|(T − T2)� 1,

we can approximate the exponential function in the bracket of (A197) up to the cubic term
and obtain

uA(t) ≈ U0
ωd

(T − T2)(ωd + jα)αA
H2

A ·[
1− 1 + (α− jωd + jω)(T − T2)−

1
2
(α− jωd + jω)2(T − T2)

2

+
1
6
(α− jωd + jω)3(T − T2)

3
]

ejωTe−α(t−T)+jωd(t−T) (A199)

uA(t) ≈ U0
ωd

(T − T2)(ωd + jα)αA
H2

A(α− jωd + jω)(T − T2) ·[
1− 1

2
(α− jωd + jω)(T − T2) +

1
6
(α− jωd + jω)2(T − T2)

2
]
·

ejωTe−α(t−T)+jωd(t−T) (A200)

uA(t) ≈ U0
ωd

(T − T2)(ωd + jα)αA
HA(ω) ·[

−αA
ωd

(
jωd + a

ω− jα + ωd
+

jωd − a
ω− jα−ωd

)]
·

(α− jωd + jω)(T − T2) ·[
1− 1

2
(α− jωd + jω)(T − T2) +

1
6
(α− jωd + jω)2(T − T2)

2
]
·

ejωTe−α(t−T)+jωd(t−T) (A201)
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uA(t) ≈ U0
ωd

(T − T2)(ωd + jα)αA
HA(ω) ·[

−αA
ωd

j(ωd + ja)
ω− jα−ωd

]
j(ω−ωd − jα)(T − T2) ·[

1− 1
2

j(ω−ωd − jα)(T − T2) +
1
6
(α− jωd + jω)2(T − T2)

2
]
·

ejωTe−α(t−T)+jωd(t−T) (A202)

uA(t) ≈ U0HA(ω)ejωTe−α(t−T)+jωd(t−T) ·[
1− 1

2
(α− jωd + jω)(T − T2) +

1
6
(α− jωd + jω)2(T − T2)

2
]

(A203)

A comparison of the decay signal in the case of applying a trapezoidal window on the
readout signal, uA, Tapezoidal(t), to the decay signal in the case of hard switch on and off of
the readout signal uA, cut(t) gives

uA, Tapezoidal(t) ≈ uA, cut(t) ·(
1− 1

2
(α− jωd + jω)(T − T2) +

1
6
(α− jωd + jω)2(T − T2)

2
)

. (A204)

Equation (A204) seems to suggest that for |ω−ωd − jα|(T − T2) = 3 for uA, Tapezoidal
would result in similarly high signals as for uA, cut if the same length of time of con-
stant stimulation is chosen for both. However, this is not the case because for a value of
|ω−ωd − jα|(T − T2) = 3 the approximation Equation (A199) can no longer be terminated
after the cubic term. We obtain, thus, a decay signal with nearly the same strength as in the
case with the hard switching on and off if the amplitude decrease time (T − T2) decreases
fast enough to ensure

|ω−ωd − jα|(T − T2)� 1 (A205)

Appendix F.6. Case of a Stimulating Signal with a Triangulum Shape

The stimulating case with increasing voltage is identical to Appendix F.2 with T1 = T/2.
We obtain

uA(t) = U0
2t
T

HA(ω)ejωt

+U0
2αA
Tωd

(ωd − jα)

(ω− jα + ωd)
2

[
ejωt − e−αt−jωdt

]
+U0

2αA
Tωd

(ωd + jα)

(ω− jα−ωd)
2

[
ejωt − e−αt+jωdt

]
(A206)
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The second term of the natural angular frequency is dominant for Q� 1 and ω ≈ ωd.
Using the Equation (A164), this dominant term of the angular natural frequency can be
expressed as a function of the square of HA(ω)

uA(t) = U0
2t
T

HA(ω)ejωt

−U0
2ωd

TαA(ωd + jα)
H2

A(ω)
[
ejωt − e−αt+jωdt

]
+U0

2αA
Tωd

(ωd − jα)

(ω− jα + ωd)
2

[
ejωt − e−αt−jωdt

]
+U0

[
−2(jωd + α)

Tωωd
HA(ω) +

2αA
Tωd(ωd + jα)

(
jωd + α

ω− jα + ωd

)2
]
·[

ejωt − e−αt+jωdt
]
. (A207)

The first two terms dominate for Q� 1 and ω ≈ ωd. In this case, we can approximate
the following:

uA(t) ≈ U0
2t
T

HA(ω)ejωt −U0
2ωd

TαA(ωd + jα)
H2

A(ω)
[
ejωt − e−αt+jωdt

]
(A208)

We obtain a forced term with two parts: one increasing with time and a constant one. Due
to the continuous switched-on state, we obtain a decay term starting at t = 0, which is
proportional to the square of HA(ω) and which is suppressed by 1/T1αA Since a triangular
or Bartlett window can be generated by the convolution of two rectangular functions, the
appearance of a square of HA(ω) is reasonable.

The loading case with the decreasing voltage is identical to Appendix F.4 with
T1 = T2 = T/2 for Equation (A185):

uA(t) = 2U0
T − t

T
HA(ω)ejωt

+U0
αA(ωd − jα)

ωd

1

(ω− jα + ωd)
2

[
2
T

ejω T
2 e−α(t− T

2 )−jωd(t− T
2 ) − 2

T
e−αt−jωdt

− 2
T

ejωt +
2
T

ejω T
2 e−α(t− T

2 )−jωd(t− T
2 )
]

+U0
αA(ωd + jα)

ωd

1

(ω− jα−ωd)
2

[
2
T

ejω T
2 e−α(t− T

2 )+jωd(t− T
2 ) − 2

T
e−αt+jωdt

− 2
T

ejωt +
2
T

ejω T
2 e−α(t− T

2 )+jωd(t− T
2 )
]

(A209)

uA(t) = 2U0
T − t

T
HA(ω)ejωt

+U0
2
T

αA(ωd − jα)
ωd

1

(ω− jα + ωd)
2

[
2ejω T

2 e−α(t− T
2 )−jωd(t− T

2 ) − e−αt−jωdt − ejωt
]

+U0
2
T

αA(ωd + jα)
ωd

1

(ω− jα−ωd)
2

[
2ejω T

2 e−α(t− T
2 )+jωd(t− T

2 ) − e−αt+jωdt − ejωt
]

(A210)
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uA(t) = 2U0
T − t

T
HA(ω)ejωt − 2

T
U

0
·[

ωd
(ωd + jα)αA

H2
A(ω)− (ωd + jα)(ωd − jα)

ωωd(ωd + jα)
HA(ω) +

αA
ωd(ωd + jα)

(
ωd − jα

ω− jα + ωd

)2
]
·[

−e−αt+jωdt + 2ejω T
2 e−α(t− T

2 )+jωd(t− T
2 ) − ejωt

]
+

2
T

U0
αA(ωd − jα)

ωd(ω− jα + ωd)
2

[
−e−αt−jωdt + 2ejω T

2 e−α(t− T
2 )−jωd(t− T

2 ) − ejωt
]

(A211)

uA(t) ≈ 2U0
T − t

T
HA(ω)ejωt

− 2
T

U
0

ωd
(ωd + jα)αA

H2
A(ω)

[
−e−αt+jωdt + 2ejω T

2 e−α(t− T
2 )+jωd(t− T

2 ) − ejωt
]

(A212)

We obtain two driven terms at the frequency ω: one proportional to HA(ω) and one
to H2

A(ω). Furthermore, we have two terms at the angular natural frequency ωd: one starts
decaying at t = 0 and the other starts decaying at t = T

2 .
The decay case with switched off stimulating signal is identical to Appendix F.5 with

T1 = T2 = T/2 in Equation (A193). We obtain

uA(t) = U0
αA
ωd

(ωd + jα)

(ω− jα−ωd)
2

[
− 2

T
e−αt+jωdt +

2
T

ejω T
2 e−α(t− T

2 )+jωd(t− T
2 )

+
2
T

ejω T
2 e−α(t− T

2 )+jωd(t− T
2 ) − 2

T
ejωTe−α(t−T)+jωd(t−T)

]
+U0

αA
ωd

(ωd − jα)

(ω− jα + ωd)
2

[
− 2

T
e−αt−jωdt +

j2
T1

ejω T
2 1 e−α(t− T

2 )−jωd(t− T
2 )

+
2
T

ejω T
2 e−α(t− T

2 )−jωd(t− T
2 ) − 2

T
ejωTe−α(t−T)−jωd(t−T)

]
(A213)

uA(t) = U0
2
T

αA
ωd

(ωd + jα)

(ω− jα−ωd)
2

[
−e−αt+jωdt

+2ejω T
2 e−α(t− T

2 )+jωd(t− T
2 ) − ejωTe−α(t−T)+jωd(t−T)

]
+U0

αA
ωd

2
T

(ωd − jα)

(ω− jα + ωd)
2

[
−e−αt−jωdt

+2ejω T
2 e−α(t− T

2 )−jωd(t− T
2 ) − ejωTe−α(t−T)−jωd(t−T)

]
(A214)

The first term will be the dominant one, when Q � 1 and ω ≈ ωd. The equation
simplifies in this case to

uA(t) ≈ −U0
2
T

αA
ωd

(ωd + jα)

(ω− jα−ωd)
2 ejωTe−α(t−T)+jωd(t−T) ·(

1− 2e−j(ω−jα−ωd)
T
2 + e−j(ω−jα−ωd)T

)
. (A215)

uA(t) ≈ U0
2

T(ω− jα−ωd)
HA(ω) ·(

1− e−j(ω−jα−ωd)
T
2

)2
ejωTe−α(t−T)+jωd(t−T) (A216)
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The exponential function in the bracket can be expanded for |(ω− jα−ωd)T| � 1:

uA(t) ≈ U0
2

T(ω− jα−ωd)
HA(ω)(

1− 1 + j(ω− jα−ωd)
T
2

)2
ejωTe−α(t−T)+jωd(t−T) (A217)

uA(t) ≈ U0
2

T(ω− jα−ωd)
HA(ω)(

−(ω− jα−ωd)
2 T2

4

)
ejωTe−α(t−T)+jωd(t−T) (A218)

uA(t) ≈ −U0
1
2

T2(ω− jα−ωd)
2

T(ω− jα−ωd)
HA(ω)ejωTe−α(t−T)+jωd(t−T) (A219)

uA(t) ≈ −U0
1
2

T(ω− jα−ωd)HA(ω)ejωTe−α(t−T)+jωd(t−T) (A220)

uA(t) increases linear with T for small T. For |(ω− jα−ωd)T| ≥ 1 the expansion is no
more valid. For ω = ωd we obtain by using Equation (A216)

uA(t) ≈ U0
2j
Tα

HA(ω)
(

1− e−α T
2

)2
ejωTe−α(t−T)+jωd(t−T) (A221)

To find the optimal length T for a stimulating signal with a triangular envelope in the time
domain, we need to find the maximum of the above equation. To do this, we introduce the
two auxiliary variables:

ũA(t) =
2

Tα

(
1− e−α T

2

)2
and Tα = 2x (A222)

This leads to the following equation, the optimum of which is sought

ũA(x) =
1
x
(
1− e−x)2 (A223)

To find the maximum we determine the zero of the derivative:

dũA(t)
dT

=
1
x2

[
2x
(
1− e−x)e−x −

(
1− e−x)2

]
!= 0 (A224)

Case 1: 1− e−x = 0 e−x = 1 → x = 0
Case 2: x 6= 0 2xe−x − (1− e−x) = 0 → e−x(2x + 1)− 1 = 0

While case 1 results in the trivial case, case 2 results in a maximum at x ≈ 1, 25 with
ũA(x) ≈ 0.41 and Tα = 2.5.

uA, Bartlett(t)
∣∣
Tα=2.5 ≈ 0.41uA, cut(t) (A225)
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Appendix G. Calculating the Response of the Resonator for a Driving Voltage Which
Is Switched On and Off According to a Tukey Window

The driving voltage u0(t) is now not always constant, but rises and decreases according
to a modified Tukey window with flat top and optional different raise and fall off rates (54).

Appendix G.1. General Solution for All Four Time Intervals

With the help of the three variables θ1, θ2, and θ3, which are selected in the following

way:

Range I : θ1 = t, θ2 = T1, θ3 = T2;
Range II: θ1 = T1, θ2 = t, θ3 = T2;
Range III: θ1 = T1, θ2 = T2, θ3 = t;
Range IV: θ1 = T1, θ2 = T2, θ3 = T.

we can describe the stimulating signal

in a common representation for all four ranges:

u0(t) = U0

[
1
2
·
(

1− cos
πt
T1

)
σ(t)σ(θ1 − t) + σ(t− T1)σ(θ2 − t)+

1
2
·
(

1− cos
π(T − t)
(T − T2)

)
σ(t− T2)σ(θ3 − t)

]
ejωt (A226)

Using Euler’s formula,

cos(x) =
1
2
·
(

ejx + e−jx
)

(A227)

we obtain

u0(t) = U0

{ (
1
2
− 1

4
ej π

T1
t − 1

4
e−j π

T1
t
)

σ(t)σ(θ1 − t) + σ(t− T1)σ(θ2 − t)

+

(
1
2
− 1

4
e

j π(T−t)
(T−T2) − 1

4
e
−j π(T−t)

(T−T2)

)
σ(t− T2)σ(θ3 − t)

}
ejωt (A228)

The response signal is given by the convolution of the input signal u0(t) with the impulse
response hA(t) of the resonator:

uA(t) =
∫ ∞

−∞
hA(t− τ) · u0(τ)dτ (A229)

If we insert Equations (15) and (A228) into (A229), we obtain

uA(t) =
∫ ∞

−∞

{
αA
ωd

σ(t− τ)
[
(ωd − jα)e−α(t−τ)−jωd(t−τ) + (ωd + jα)e−α(t−τ)+jωd(t−τ)

]
·

U0

[(
1
2
− 1

4
ej π

T1
τ − 1

4
e−j π

T1
τ
)

σ(τ)σ(θ1 − τ) + σ(τ − T1)σ(θ2 − τ)

+

(
1
2
− 1

4
e

j π(T−τ)

(T−T2) − 1
4

e
−j π(T−τ)

(T−T2)

)
σ(τ − T2)σ(θ3 − τ)

]
ejωτ

}
dτ (A230)
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uA(t) = U0
αA
ωd

(ωd − jα)e−αt−jωdt ·[
1
2

∫ θ1

0
e(α+jωd+jω)τdτ − 1

4

∫ θ1

0
e
(

α+jωd+jω+j π
T1

)
τdτ

−1
4

∫ θ1

0
e
(

α+jωd+jω−j π
T1

)
τdτ +

∫ θ2

T1

e(α+jωd+jω)τdτ

+
1
2

∫ θ3

T2

e(α+jωd+jω)τdτ − 1
4

∫ θ3

T2

e
j +πT
(T−T2) e

(
α+jωd+jω−j π

(T−T2)

)
τ
dτ

−1
4

∫ θ3

T2

e
j −πT
(T−T2) e

(
α+jωd+jω+j π

(T−T2)

)
τ
dτ


+U0

αA
ωd

(ωd + jα)e−αt+jωdt ·[
1
2

∫ θ1

0
e(α−jωd+jω)τdτ − 1

4

∫ θ1

0
e
(

α−jωd+jω+j π
T1

)
τdτ

−1
4

∫ θ1

0
e
(

α−jωd+jω−j π
T1

)
τdτ +

∫ θ2

T1

e(α−jωd+jω)τdτ

+
1
2

∫ θ3

T2

e(α−jωd+jω)τdτ − 1
4

∫ θ3

T2

e
j +πT
(T−T2) e

(
α−jωd+jω−j π

(T−T2)

)
τ
dτ

−1
4

∫ θ3

T2

e
j −πT
(T−T2) e

(
α−jωd+jω+j π

(T−T2)

)
τ
dτ

 (A231)
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uA(t) = U0
αA
ωd

(ωd − jα)e−αt−jωdt

[
1
2

(
e(α+jωd+jω)θ1

(α + jωd + jω)
− 1

(α + jωd + jω)

)

−1
4

 e
(

α+jωd+jω+j π
T1

)
θ1(

α + jωd + jω + j π
T1

) − 1(
α + jωd + jω + j π

T1

)


−1
4

 e
(

α+jωd+jω−j π
T1

)
θ1(

α + jωd + jω− j π
T1

) − 1(
α + jωd + jω− j π

T1

)


+

(
e(α+jωd+jω)θ2

(α + jωd + jω)
− e(α+jωd+jω)T1

(α + jωd + jω)

)

+
1
2

(
e(α+jωd+jω)θ3

(α + jωd + jω)
− e(α+jωd+jω)T2

(α + jωd + jω)

)

−1
4

e
j −πT
(T−T2)

 e

(
α+jωd+jω+j π

(T−T2)

)
θ3(

α + jωd + jω + j π
(T−T2)

) − e

(
α+jωd+jω+j π

(T−T2)

)
T2(

α + jωd + jω + j π
(T−T2)

)


−1
4

e
j +πT
(T−T2)

 e

(
α+jωd+jω−j π

(T−T2)

)
θ3(

α + jωd + jω− j π
(T−T2)

) − e

(
α+jωd+jω−j π

(T−T2)

)
T2(

α + jωd + jω− j π
(T−T2)

)



+U0
αA
ωd

(ωd + jα)e−αt+jωdt

[
1
2

(
e(α−jωd+jω)θ1

(α− jωd + jω)
− 1

(α− jωd + jω)

)

−1
4

 e
(

α−jωd+jω+j π
T1

)
θ1(

α− jωd + jω + j π
T1

) − 1(
α− jωd + jω + j π

T1

)


−1
4

 e
(

α+jωd+jω−j π
T1

)
θ1(

α− jωd + jω− j π
T1

) − 1(
α− jωd + jω− j π

T1

)


+

(
e(α−jωd+jω)θ2

(α− jωd + jω)
− e(α−jωd+jω)T1

(α− jωd + jω)

)

+
1
2

(
e(α−jωd+jω)θ3

(α− jωd + jω)
− e(α−jωd+jω)T2

(α− jωd + jω)

)

−1
4

e
j −πT
(T−T2)

 e

(
α−jωd+jω+j π

(T−T2)

)
θ3(

α− jωd + jω + j π
(T−T2)

) − e

(
α−ωd+jω+j π

(T−T2)

)
T2(

α− jωd + jω + j π
(T−T2)

)


−1
4

e
j +πT
(T−T2)

 e

(
α−jωd+jω−j π

(T−T2)

)
θ3(

α− jωd + jω− j π
(T−T2)

) − e

(
α−jωd+jω−j π

(T−T2)

)
T2(

α− jωd + jω− j π
(T−T2)

)

 (A232)
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uA(t) = U0
αA
ωd

(ωd − jα) ·[(
−1

2
1

α + jωd + jω
+

1
4

1
α + jωd + jω + j π

T1

+
1
4

1
α + jωd + jω− j π

T1

)
e−αt−jωdt

+

(
1
2

1
α + jωd + jω

− 1
4

ej π
T1
θ1

α + jωd + jω + j π
T1

− 1
4

e−j π
T1
θ1

α + jωd + jω− j π
T1

)
ejωθ1 e−(α+jωd)(t−θ1)

− 1
α + jωd + jω

ejωT1 e−(α+jωd)(t−T1) +
1

α + jωd + jω
ejωθ2 e−(α+jωd)(t−θ2)

+

−1
2

1
α + jωd + jω

+
1
4

e
j π

(T−T2)
T2

e
j −πT
(T−T2)

α + jωd + jω + j π
(T−T2)

+
1
4

e
j +πT
(T−T2) e

−j π

(T−T2)
T2

α + jωd + jω− j π
(T−T2)

ejωT2 e−(α+jωd)(t−T2)

+

1
2

1
α + jωd + jω

− 1
4

e
j π

(T−T2)
θ3

e
j −πT
(T−T2)

α + jωd + jω + j π
(T−T2)

− 1
4

e
j +πT
(T−T2) e

−j π

(T−T2)
θ3

α + jωd + jω− j π
(T−T2)

ejωθ3 e−(α+jωd)(t−θ3)


+U0

αA
ωd

(ωd + jα) ·[(
−1

2
1

α− jωd + jω
+

1
4

1
α− jωd + jω + j π

T1

+
1
4

1
α− jωd + jω− j π

T1

)
e−αt+jωdt

+

(
1
2

1
α− jωd + jω

− 1
4

ej π
T1
θ1

α− jωd + jω + j π
T1

− 1
4

e−j π
T1
θ1

α− jωd + jω− j π
T1

)
ejωθ1 e−(α−jωd)(t−θ1)

− 1
α− jωd + jω

ejωT1 e−(α−jωd)(t−T1) +
1

α− jωd + jω
ejωθ2 e−(α−jωd)(t−θ2)

+

−1
2

1
α− jωd + jω

+
1
4

e
j π

(T−T2)
T2

e
j −πT
(T−T2)

α− jωd + jω + j π
(T−T2)

+
1
4

e
−j π

(T−T2)
T2

e
j +πT
(T−T2)

α− jωd + jω− j π
(T−T2)

ejωT2 e−(α−jωd)(t−T2)

+

1
2

1
α− jωd + jω

− 1
4

e
j π

(T−T2)
θ3

e
j −πT
(T−T2)

α− jωd + jω + j π
(T−T2)

− 1
4

e
j +πT
(T−T2) e

−j π

(T−T2)
θ3(

α− jωd + jω− j π
(T−T2)

)
ejωθ3 e−(α−jωd)(t−θ3)

 (A233)
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uA(t) = U0
1
4

αA
ωd

(ωd − jα) ·[(
− 2

α + jωd + jω
+

1
α + jωd + jω + j π

T1

+
1

α + jωd + jω− j π
T1

)
e−αt−jωdt

+

 2
α + jωd + jω

− ejπ θ1
T1

α + jωd + jω + j π
T1

− e−jπ θ1
T1

α + jωd + jω− j π
T1

ejωθ1 e−(α+jωd)(t−θ1)

− 4
α + jωd + jω

ejωT1 e−(α+jωd)(t−T1) +
4

α + jωd + jω
ejωθ2 e−(α+jωd)(t−θ2)

+

(
− 2

α + jωd + jω
− 1

α + jωd + jω + j π
(T−T2)

− 1
α + jωd + jω− j π

(T−T2)

)
ejωT2 e−(α+jωd)(t−T2)

+

 2
α + jωd + jω

− e
−jπ (T−θ3)

(T−T2)

α + jωd + jω + j π
(T−T2)

− e
jπ (T−θ3)

(T−T2)

α + jωd + jω− j π
(T−T2)

ejωθ3 e−(α+jωd)(t−θ3)


+U0

1
4

αA
ωd

(ωd + jα) ·[(
− 2

α− jωd + jω
+

1
α− jωd + jω + j π

T1

+
1

α− jωd + jω− j π
T1

)
e−αt+jωdt

+

 2
α− jωd + jω

− ejπ θ1
T1

α− jωd + jω + j π
T1

− e−jπ θ1
T1

α− jωd + jω− j π
T1

ejωθ1 e−(α−jωd)(t−θ1)

− 4
α− jωd + jω

ejωT1 e−(α−jωd)(t−T1) +
4

α− jωd + jω
ejωθ2 e−(α−jωd)(t−θ2)

+

(
− 2

α− jωd + jω
− 1

α− jωd + jω + j π
(T−T2)

− 1
α− jωd + jω− j π

(T−T2)

)
ejωT2 e−(α−jωd)(t−T2)

+

 2
α− jωd + jω

− e
−jπ (T−θ3)

(T−T2)

α− jωd + jω + j π
(T−T2)

− e
jπ (T−θ3)

(T−T2)(
α− jωd + jω− j π

(T−T2)

)
ejωθ3 e−(α−jωd)(t−θ3)

 (A234)
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uA(t) =
1
4

U0
αA
ωd

(ωd − jα)

 e−αt−jωdt

(α + jωd + jω)
(

α + jωd + jω + j π
T1

)(
α + jωd + jω− j π

T1

) ·
{
−2
(

α + jωd + jω + j
π

T1

)(
α + jωd + jω− j

π

T1

)
+(α + jωd + jω)

[(
α + jωd + jω− j

π

T1

)
+
(

α + jωd + jω + j
π

T1

)]}
+

ejωθ1 e−(α+jωd)(t−θ1)

(α + jωd + jω)
(

α + jωd + jω + j π
T1

)(
α + jωd + jω− j π

T1

) ·
{

2
(

α + jωd + jω + j
π

T1

)(
α + jωd + jω− j

π

T1

)
−(α + jωd + jω)

[
ejπ θ1

T1

(
α + jωd + jω− j

π

T1

)
+ e−jπ θ1

T1

(
α + jωd + jω + j

π

T1

)]}
− 4

α + jωd + jω
ejωT1 e−(α+jωd)(t−T1) +

4
α + jωd + jω

ejωθ2 e−(α+jωd)(t−θ2)

+
ejωT2 e−(α+jωd)(t−T2)

(α + jωd + jω)
(

α + jωd + jω + j π
(T−T2)

)(
α + jωd + jω− j π

(T−T2)

) ·
{
−2
(

α + jωd + jω + j
π

(T − T2)

)(
α + jωd + jω− j

π

(T − T2)

)
−(α + jωd + jω)

[(
α + jωd + jω− j

π

(T − T2)

)
+
(

α + jωd + jω + j
π

(T − T2)

)]}
+

ejωθ3 e−(α+jωd)(t−θ3)

(α + jωd + jω)
(

α + jωd + jω + j π
(T−T2)

)(
α + jωd + jω− j π

(T−T2)

) ·
{

2
(

α + jωd + jω + j
π

(T − T2)

)(
α + jωd + jω− j

π

(T − T2)

)
−(α + jωd + jω)

[
e
−jπ (T−θ3)

(T−T2)

(
α + jωd + jω− j

π

(T − T2)

)

+e
jπ (T−θ3)

(T−T2)

(
α + jωd + jω + j

π

(T − T2)

)]}}
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+
1
4

U0
αA
ωd

(ωd + jα)

 e−αt+jωdt

(α− jωd + jω)
(

α− jωd + jω + j π
T1

)(
α− jωd + jω− j π

T1

) ·
{
−2
(

α− jωd + jω + j
π

T1

)(
α− jωd + jω− j

π

T1

)
+(α− jωd + jω)

[(
α− jωd + jω + j

π

T1

)
+
(

α− jωd + jω− j
π

T1

)]}
+

ejωθ1 e−(α−jωd)(t−θ1)

(α− jωd + jω)
(

α− jωd + jω + j π
T1

)(
α− jωd + jω− j π

T1

) ·
{

2
(

α− jωd + jω + j
π

T1

)(
α− jωd + jω− j

π

T1

)
−(α− jωd + jω)

[
ejπ θ1

T1

(
α− jωd + jω− j

π

T1

)
+ e−jπ θ1

T1

(
α− jωd + jω + j

π

T1

)]}
− 4

α− jωd + jω
ejωT1 e−(α−jωd)(t−T1) +

4
α− jωd + jω

ejωθ2 e−(α−jωd)(t−θ2)

+
ejωT2 e−(α−jωd)(t−T2)

(α− jωd + jω)
(

α− jωd + jω + j π
(T−T2)

)(
α− jωd + jω− j π

(T−T2)

) ·
{
−2
(

α− jωd + jω + j
π

(T − T2)

)(
α− jωd + jω− j

π

(T − T2)

)
−(α− jωd + jω)

[(
α− jωd + jω− j

π

(T − T2)

)
+
(

α− jωd + jω + j
π

(T − T2)

)]}
+

ejωθ3 e−(α−jωd)(t−θ3)

(α− jωd + jω)
(

α− jωd + jω + j π
(T−T2)

)(
α− jωd + jω− j π

(T−T2)

) ·
{

2
(

α− jωd + jω + j
π

(T − T2)

)(
α− jωd + jω− j

π

(T − T2)

)
−(α− jωd + jω)

[
e
−jπ (T−θ3)

(T−T2)

(
α− jωd + jω− j

π

(T − T2)

)

+e
jπ (T−θ3)

(T−T2)

(
α− jωd + jω + j

π

(T − T2)

)]}
(A235)
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uA(t) =
1
4

U0
αA
ωd

(ωd − jα)


[
−2(α + jωd + jω)2 − 2

(
π
T1

)2
+ 2(α + jωd + jω)2

]
· e−αt−jωdt

(α + jωd + jω)
(

α + jωd + jω + j π
T1

)(
α + jωd + jω− j π

T1

)
+

ejωθ1 e−(α+jωd)(t−θ1)

(α + jωd + jω)
(

α + jωd + jω + j π
T1

)(
α + jωd + jω− j π

T1

) ·
[

2(α + jωd + jω)2 + 2
(

π

T1

)2
− ejπ θ1

T1 (α + jωd + jω)2 + j
π

T1
ejπ θ1

T1 (α + jωd + jω)

−e−jπ θ1
T1 (α + jωd + jω)2 − j

π

T1
e−jπ θ1

T1 (α + jωd + jω)

]
− 4

α + jωd + jω
ejωT1 e−(α+jωd)(t−T1) +

4
α + jωd + jω

ejωθ2 e−(α+jωd)(t−θ2)

+

[
−2(α + jωd + jω)2 − 2

(
π

(T−T2)

)2
− 2(α + jωd + jω)2

]
· ejωT2 e−(α+jωd)(t−T2)

(α + jωd + jω)
(

α + jωd + jω + j π
(T−T2)

)(
α + jωd + jω− j π

(T−T2)

)
+

ejωθ3 e−(α+jωd)(t−θ3)

(α + jωd + jω)
(

α + jωd + jω + j π
(T−T2)

)(
α + jωd + jω− j π

(T−T2)

) ·
[

2(α + jωd + jω)2 + 2
(

π

(T − T2)

)2
− (α + jωd + jω)2

(
e
−jπ (T−θ3)

(T−T2) + e
jπ (T−θ3)

(T−T2)

)

−(α + jωd + jω)

(
−j

π

(T − T2)
e
−jπ (T−θ3)

(T−T2) + j
π

(T − T2)
e

jπ (T−θ3)
(T−T2)

)]}

+
1
4

U0
αA
ωd

(ωd + jα)


[
−2(α− jωd + jω)2 − 2

(
π
T1

)2
+ 2(α− jωd + jω)2

]
· e−αt+jωdt

(α− jωd + jω)
(

α− jωd + jω + j π
T1

)(
α− jωd + jω− j π

T1

)
+

ejωθ1 e−(α−jωd)(t−θ1)

(α− jωd + jω)
(

α− jωd + jω + j π
T1

)(
α− jωd + jω− j π

T1

) ·
[

2(α− jωd + jω)2 + 2
(

π

T1

)2
− (α− jωd + jω)2

(
ejπ θ1

T1 + e−jπ θ1
T1

)
−(α− jωd + jω)

(
−j

π

T1
ejπ θ1

T1 + j
π

T1
e−jπ θ1

T1

)]
− 4

α− jωd + jω
ejωT1 e−(α−jωd)(t−T1) +

4
α− jωd + jω

ejωθ2 e−(α−jωd)(t−θ2)

+

[
−2(α− jωd + jω)2 − 2

(
π

(T−T2)

)2
− 2(α− jωd + jω)2

]
· ejωT2 e−(α−jωd)(t−T2)

(α− jωd + jω)
(

α− jωd + jω + j π
(T−T2)

)(
α− jωd + jω− j π

(T−T2)

)
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+
ejωθ3 e−(α−jωd)(t−θ3)

(α− jωd + jω)
(

α− jωd + jω + j π
(T−T2)

)(
α− jωd + jω− j π

(T−T2)

) ·
[

2(α− jωd + jω)2 + 2
(

π

(T − T2)

)2
− (α− jωd + jω)2

(
e
−jπ (T−θ3)

(T−T2) + e
jπ (T−θ3)

(T−T2)

)

−(α− jωd + jω)

(
−j

π

(T − T2)
e
−jπ (T−θ3)

(T−T2) + j
π

(T − T2)
e

jπ (T−θ3)
(T−T2)

)]}
(A236)

uA(t) =
1
4

U0
αA
ωd

(ωd − jα)
(α + jωd + jω)


−2
(

π
T1

)2
e−αt−jωdt(

α + jωd + jω + j π
T1

)(
α + jωd + jω− j π

T1

)
+

ejωθ1 e−(α+jωd)(t−θ1)(
α + jωd + jω + j π

T1

)(
α + jωd + jω− j π

T1

) ·
[
(α + jωd + jω)2

(
2− ejπ θ1

T1 − e−jπ θ1
T1

)
+ 2
(

π

T1

)2
+ (α + jωd + jω)

(
j

π

T1
ejπ θ1

T1 − j
π

T1
e−jπ θ1

T1

)]
−4ejωT1 e−(α+jωd)(t−T1) + 4ejωθ2 e−(α+jωd)(t−θ2)

+

[
−4(α + jωd + jω)2 − 2

(
π

(T−T2)

)2
]
· ejωT2 e−(α+jωd)(t−T2)(

α + jωd + jω + j π
(T−T2)

)(
α + jωd + jω− j π

(T−T2)

)
+

ejωθ3 e−(α+jωd)(t−θ3)(
α + jωd + jω + j π

(T−T2)

)(
α + jωd + jω− j π

(T−T2)

) ·
[
(α + jωd + jω)2

(
2− e

−jπ (T−θ3)
(T−T2) − e

jπ (T−θ3)
(T−T2)

)
+ 2
(

π

(T − T2)

)2

−(α + jωd + jω)

(
−j

π

(T − T2)
e
−jπ (T−θ3)

(T−T2) + j
π

(T − T2)
e

jπ (T−θ3)
(T−T2)

)]}

+
1
4

U0
αA
ωd

(ωd + jα)
(α− jωd + jω)


−2
(

π
T1

)2
e−αt+jωdt(

α− jωd + jω + j π
T1

)(
α− jωd + jω− j π

T1

)
+

ejωθ1 e−(α−jωd)(t−θ1)(
α− jωd + jω + j π

T1

)(
α− jωd + jω− j π

T1

) ·
[
(α− jωd + jω)2

(
2− ejπ θ1

T1 − e−jπ θ1
T1

)
+ 2
(

π

T1

)2
+ (α− jωd + jω)

(
+j

π

T1
ejπ θ1

T1 − j
π

T1
e−jπ θ1

T1

)]

− 4
α− jωd + jω

ejωT1 e−(α−jωd)(t−T1) +
4

α− jωd + jω
ejωθ2 e−(α−jωd)(t−θ2)

+
−4(α− jωd + jω)2 − 2

(
π

(T−T2)

)2(
α− jωd + jω + j π

(T−T2)

)(
α− jωd + jω− j π

(T−T2)

) ejωT2 e−(α−jωd)(t−T2)

+
ejωθ3 e−(α−jωd)(t−θ3)(

α− jωd + jω + j π
(T−T2)

)(
α− jωd + jω− j π

(T−T2)

) ·
[
(α− jωd + jω)2

(
2− e

−jπ (T−θ3)
(T−T2) − e

jπ (T−θ3)
(T−T2)

)
+ 2
(

π

(T − T2)

)2

−(α− jωd + jω)

(
−j

π

(T − T2)
e
−jπ (T−θ3)

(T−T2) + j
π

(T − T2)
e

jπ (T−θ3)
(T−T2)

)]}
(A237)
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uA(t) =
1
4

U0
αA
ωd

(ωd − jα)
(α + jωd + jω)


−2
(

π
T1

)2
e−αt−jωdt(

α + jωd + jω + j π
T1

)(
α + jωd + jω− j π

T1

)
+

ejωθ1 e−(α+jωd)(t−θ1)(
α + jωd + jω + j π

T1

)(
α + jωd + jω− j π

T1

) ·
[
(α + jωd + jω)2

(
2− 2cos

(
π
θ1

T1

) )
+ 2
(

π

T1

)2
+ j

π

T1
(α + jωd + jω)

(
ejπ θ1

T1 − e−jπ θ1
T1

)]
−4ejωT1 e−(α+jωd)(t−T1) + 4ejωθ2 e−(α+jωd)(t−θ2)

+

[
−4(α + jωd + jω)2 − 2

(
π

(T−T2)

)2
]

(
α + jωd + jω + j π

(T−T2)

)(
α + jωd + jω− j π

(T−T2)

) ejωT2 e−(α+jωd)(t−T2)

+
ejωθ3 e−(α+jωd)(t−θ3)(

α + jωd + jω + j π
(T−T2)

)(
α + jωd + jω− j π

(T−T2)

) ·
[
(α + jωd + jω)2

(
2− 2cos

(
π

(T−θ3)

(T − T2)

) )
+ 2
(

π

(T − T2)

)2

+j
π

(T − T2)
(α + jωd + jω)

(
+e
−jπ (T−θ3)

(T−T2) − e
jπ (T−θ3)

(T−T2)

)]}

+
1
4

U0
αA
ωd

(ωd + jα)
(α− jωd + jω)


−2
(

π
T1

)2
e−αt+jωdt(

α− jωd + jω + j π
T1

)(
α− jωd + jω− j π

T1

)
+

ejωθ1 e−(α−jωd)(t−θ1)(
α− jωd + jω + j π

T1

)(
α− jωd + jω− j π

T1

) ·
[
(α− jωd + jω)2

(
2− 2cos

(
π
θ1

T1

) )
+ 2
(

π

T1

)2
+ j

π

T1
(α− jωd + jω)

(
+ejπ θ1

T1 − e−jπ θ1
T1

)]
−4ejωT1 e−(α−jωd)(t−T1) + 4ejωθ2 e−(α−jωd)(t−θ2)

+

 −4(α− jωd + jω)2 − 2
(

π
(T−T2)

)2(
α− jωd + jω + j π

(T−T2)

)(
α− jωd + jω− j π

(T−T2)

)
ejωT2 e−(α−jωd)(t−T2)

+
ejωθ3 e−(α−jωd)(t−θ3)(

α− jωd + jω + j π
(T−T2)

)(
α− jωd + jω− j π

(T−T2)

) ·
[
(α− jωd + jω)2

(
2− 2cos

(
π
(T − θ3)

(T − T2)

) )
+ 2
(

π

(T − T2)

)2

+j
π

(T − T2)
(α− jωd + jω)

(
e
−jπ (T−θ3)

(T−T2) − e
jπ (T−θ3)

(T−T2)

)]}
(A238)
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uA(t) =
1
2

U0
αA
ωd

(ωd − jα)
(α + jωd + jω)


 −

(
π
T1

)2

(α + jωd + jω)2 +
(

π
T1

)2

e−αt−jωdt

+

 (α + jωd + jω)2
(

1− cos
(

π θ1
T1

) )
+
(

π
T1

)2
− π

T1
(α + jωd + jω)sin

(
π θ1

T1

)
(α + jωd + jω)2 +

(
π
T1

)2

ejωθ1 e−(α+jωd)(t−θ1)

−2ejωT1 e−(α+jωd)(t−T1) + 2ejωθ2 e−(α+jωd)(t−θ2)

+

−2(α + jωd + jω)2 −
(

π
(T−T2)

)2

(α + jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α+jωd)(t−T2)

+
ejωθ3 e−(α+jωd)(t−θ3)

(α + jωd + jω)2 +
(

π
(T−T2)

)2 ·

[
(α + jωd + jω)2

(
1− cos

(
π

(T−θ3)

(T − T2)

) )
+
(

π

(T − T2)

)2

+
π

(T − T2)
(α + jωd + jω)sin

(
π
(T − θ3)

(T − T2)

) ]}

+
1
2

U0
αA
ωd

(ωd + jα)
(α− jωd + jω)


 −

(
π
T1

)2

(α− jωd + jω)2 +
(

π
T1

)2

e−αt+jωdt

+

 (α− jωd + jω)2
(

1− cos
(

π θ1
T1

) )
+
(

π
T1

)2
− π

T1
(α− jωd + jω)sin

(
π θ1

T1

)
(α− jωd + jω)2 +

(
π
T1

)2

ejωθ1 e−(α−jωd)(t−θ1)

−2ejωT1 e−(α−jωd)(t−T1) + 2ejωθ2 e−(α−jωd)(t−θ2)

+

−2(α− jωd + jω)2 −
(

π
(T−T2)

)2

(α− jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α−jωd)(t−T2)

+
ejωθ3 e−(α−jωd)(t−θ3)

(α− jωd + jω)2 +
(

π
(T−T2)

)2 ·

[
(α− jωd + jω)2

(
1− cos

(
π
(T − θ3)

(T − T2)

) )
+
(

π

(T − T2)

)2

+
π

(T − T2)
(α− jωd + jω)sin

(
π
(T − θ3)

(T − T2)

) ]}
(A239)
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uA(t) =
1
2

U0
αA
ωd

(ωd − jα)
(α + jωd + jω)


 −

(
π
T1

)2

(α + jωd + jω)2 +
(

π
T1

)2
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Appendix G.2. Interval with Cosine-Shaped Increase in the Amplitude of the Stimulation Signal

For time interval I ,we insert the following parameters into Equation (A241):
θ1 = t, θ2 = T1, θ3 = T2. This leads to the equation
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Appendix G.3. Interval with a Constant Stimulating Signal

For time interval II, we insert the following parameters into Equation (A241):
θ1 = T1, θ2 = t, θ3 = T2. This leads to the equation



Sensors 2024, 24, 1323 78 of 94

uA(t) =
1
2

U0
αA
ωd

(ωd − jα)
(α + jωd + jω)


 −

(
π
T1

)2

(α + jωd + jω)2 +
(

π
T1

)2

e−αt−jωdt

+

1−
(α + jωd + jω)2cos

(
π T1

T1

)
+ π

T1
(α + jωd + jω)sin

(
π T1

T1

)
(α + jωd + jω)2 +

(
π
T1

)2

ejωT1 e−(α+jωd)(t−T1)

−2ejωT1 e−(α+jωd)(t−T1) + 2ejωte−(α+jωd)(t−t)

−

2−

(
π

(T−T2)

)2

(α + jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α+jωd)(t−T2)

+

1−
(α + jωd + jω)2cos

(
π

(T−T2)
(T−T2)

)
− π

(T−T2)
(α + jωd + jω)sin

(
π

(T−T2)
(T−T2)

)
(α + jωd + jω)2 +

(
π

(T−T2)

)2

ejωT2 e−(α+jωd)(t−T2)


+

1
2

U0
αA
ωd

(ωd + jα)
(α− jωd + jω)


 −

(
π
T1

)2

(α− jωd + jω)2 +
(

π
T1

)2

e−αt+jωdt

+

1−
(α− jωd + jω)2cos

(
π T1

T1

)
+ π

T1
(α− jωd + jω)sin

(
π T1

T1

)
(α− jωd + jω)2 +

(
π
T1

)2

ejωT1 e−(α−jωd)(t−T1)

−2ejωT1 e−(α−jωd)(t−T1) + 2ejωte−(α−jωd)(t−t)

−

2−

(
π

(T−T2)

)2

(α− jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α−jωd)(t−T2)

+

1−
(α− jωd + jω)2cos

(
π

(T−T2)
(T−T2)

)
− π

(T−T2)
(α− jωd + jω)sin

(
π

(T−T2)
(T−T2)

)
(α− jωd + jω)2 +

(
π

(T−T2)

)2

ejωT2 e−(α−jωd)(t−T2)

 (A246)



Sensors 2024, 24, 1323 79 of 94

uA(t) =
1
2

U0
αA
ωd

(ωd − jα)
(α + jωd + jω)


 −

(
π
T1

)2

(α + jωd + jω)2 +
(

π
T1

)2

e−αt−jωdt

+

1−
(α + jωd + jω)2cos(π) + π

T1
(α + jωd + jω)sin(π)

(α + jωd + jω)2 +
(

π
T1

)2

ejωT1 e−(α+jωd)(t−T1)

−2ejωT1 e−(α+jωd)(t−T1) + 2ejωt

−

2−

(
π

(T−T2)

)2

(α + jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α+jωd)(t−T2)

+

1−
(α + jωd + jω)2cos(π) − π

(T−T2)
(α + jωd + jω)sin(π)

(α + jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α+jωd)(t−T2)


+

1
2

U0
αA
ωd

(ωd + jα)
(α− jωd + jω)


 −

(
π
T1

)2

(α− jωd + jω)2 +
(

π
T1

)2

e−αt+jωdt

+

1−
(α− jωd + jω)2cos(π) + π

T1
(α− jωd + jω)sin(π)

(α− jωd + jω)2 +
(

π
T1

)2

ejωT1 e−(α−jωd)(t−T1)

−2ejωT1 e−(α−jωd)(t−T1) + 2ejωt

−

2−

(
π

(T−T2)

)2

(α− jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α−jωd)(t−T2)

+

1−
(α− jωd + jω)2cos(π) − π

(T−T2)
(α− jωd + jω)sin(π)

(α− jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α−jωd)(t−T2)

 (A247)



Sensors 2024, 24, 1323 80 of 94
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
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
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Appendix G.4. Interval with Cosine-Shaped Decrease in the Amplitude of the Stimulation Signal

For time interval III, we insert the following parameters into Equation (A241):
θ1 = T1, θ2 = T2, θ3 = t. This leads to the equation
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
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ejωT1 e−(α+jωd)(t−T1)

−2ejωT1 e−(α+jωd)(t−T1) + 2ejωT2 e−(α+jωd)(t−T2)

−

2−
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
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(
π

(T−t)
(T−T2)

)
(α + jωd + jω)2 +

(
π

(T−T2)

)2
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
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 (A255)

Appendix G.5. Switching the Stimulating Signal Off

For range IV, we obtain θ1 = T1, θ2 = T2, θ3 = T. If we insert these parameters into
Equation (A241), we obtain
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
 −

(
π
T1

)2

(α + jωd + jω)2 +
(

π
T1

)2

e−αt−jωd t

+

1− −(α + jωd + jω)2

(α + jωd + jω)2 +
(

π
T1

)2

ejωT1 e−(α+jωd)(t−T1)

−2ejωT1 e−(α+jωd)(t−T1) + 2ejωT2 e−(α+jωd)(t−T2)

−

2−

(
π

(T−T2)

)2

(α + jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α+jωd)(t−T2)

+

1− (α + jωd + jω)2

(α + jωd + jω)2 +
(

π
(T−T2)

)2

ejωTe−(α+jωd)(t−T)


+

1
2

U0
αA

ωd

(ωd + jα)
(α− jωd + jω)


 −

(
π
T1

)2

(α− jωd + jω)2 +
(

π
T1

)2

e−αt+jωd t

+

1− −(α− jωd + jω)2

(α− jωd + jω)2 +
(

π
T1

)2

ejωT1 e−(α−jωd)(t−T1)

−2ejωT1 e−(α−jωd)(t−T1) + 2ejωT2 e−(α−jωd)(t−T2)

−

2−

(
π

(T−T2)

)2

(α− jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α−jωd)(t−T2)

+

1− (α− jωd + jω)2

(α− jωd + jω)2 +
(

π
(T−T2)

)2

ejωe−(α−jωd)(t−T)

 (A257)
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uA(t) =
1
2

U0
αA

ωd

(ωd − jα)
(α + jωd + jω)


 −

(
π
T1

)2

(α + jωd + jω)2 +
(

π
T1

)2

e−αt−jωd t

+

 −
(

π
T1

)2

(α + jωd + jω)2 +
(

π
T1

)2

ejωT1 e−(α+jωd)(t−T1)

+


(

π
(T−T2)

)2

(α + jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α+jωd)(t−T2)

+

1− (α + jωd + jω)2

(α + jωd + jω)2 +
(

π
(T−T2)

)2

ejωTe−(α+jωd)(t−T)


+

1
2

U0
αA

ωd

(ωd + jα)
(α− jωd + jω)


 −

(
π
T1

)2

(α− jωd + jω)2 +
(

π
T1

)2

e−αt+jωd t

+

+

(
π
T1

)2

(α− jωd + jω)2 +
(

π
T1

)2

ejωT1 e−(α−jωd)(t−T1)

+

+

(
π

(T−T2)

)2

(α− jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α−jωd)(t−T2)

+

1− (α− jωd + jω)2

(α− jωd + jω)2 +
(

π
(T−T2)

)2

ejωte−(α−jωd)(t−T)

 (A258)

uA(t) =
1
2

U0
αA

ωd

(ωd − jα)
(α + jωd + jω)


 −

(
π
T1

)2

(α + jωd + jω)2 +
(

π
T1

)2

e−αt−jωd t

+

+
−
(

π
T1

)2

(α + jωd + jω)2 +
(

π
T1

)2

ejωT1 e−(α+jωd)(t−T1)

+

+

(
π

(T−T2)

)2

(α + jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α+jωd)(t−T2)

+

+

(
π

(T−T2)

)2

(α + jωd + jω)2 +
(

π
(T−T2)

)2

ejωTe−(α+jωd)(t−T)


+

1
2

U0
αA

ωd

(ωd + jα)
(α− jωd + jω)


 −

(
π
T1

)2

(α− jωd + jω)2 +
(

π
T1

)2

e−αt+jωd t

+

+

(
π
T1

)2

(α− jωd + jω)2 +
(

π
T1

)2

ejωT1 e−(α−jωd)(t−T1)

+

+

(
π

(T−T2)

)2

(α− jωd + jω)2 +
(

π
(T−T2)

)2

ejωT2 e−(α−jωd)(t−T2)

+


(

π
(T−T2)

)2

(α− jωd + jω)2 +
(

π
(T−T2)

)2

ejωte−(α−jωd)(t−T)

 (A259)
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uA(t) =
1
2

U0
αA
ωd

(ωd − jα)
(α + jωd + jω)

−
(

π
T1

)2

(α + jωd + jω)2 +
(

π
T1

)2

(
e−αt−jωdt + ejωT1 e−(α+jωd)(t−T1)

)

+

(
π

(T−T2)

)2

(α + jωd + jω)2 +
(

π
(T−T2)

)2

(
ejωT2 e−(α+jωd)(t−T2) + ejωTe−(α+jωd)(t−T)

)
+

1
2

U0
αA
ωd

(ωd + jα)
(α− jωd + jω)

−
(

π
T1

)2

(α− jωd + jω)2 +
(

π
T1

)2

(
e−αt+jωdt + ejωT1 e−(α−jωd)(t−T1)

)

+

(
π

(T−T2)

)2

(α− jωd + jω)2 +
(

π
(T−T2)

)2

(
ejωT2 e−(α−jωd)(t−T2) + ejωte−(α−jωd)(t−T)

) (A260)

At each switching point, we obtain two natural oscillations that start at t = 0, t = T1, t =
T2 and t = T, and then die out. The latter four are dominant for resonators with high Q and
a stimulation near resonance. If α(T2 − T1) > π also the 5th and 6th term can be ignored,
and Equation (A260) simplifies to

uA(t) ≈ U0
1
2

αA
ωd

(ωd + jα)
(α− jωd + jω)


(

π
T−T2

)2[
(α− jωd + jω)2 +

(
π

T−T2

)2
]
(ejωT2 e−(α−jωd)(t−T2) + ejωTe−(α−jωd)(t−T)

)
. (A261)

We can add the small term ωd−ja
α+jω+jωd

for resonators with high Q and a stimulation near
resonance and obtain

uA(t) ≈ U0
1
2

αA
ωd

(
ωd − ja

α + jω + jωd
+

ωd + ja
α + jω− jωd

)
·

(
π

T−T2

)2[
(α− jωd + jω)2 +

(
π

T−T2

)2
]
(ejωT2 e−(α−jωd)(t−T2) + ejωTe−(α−jωd)(t−T)

)
(A262)

With the frequency response HA(ω) of Equation (14),we obtain

uA(t) ≈ U0
1
2

HA(ω)
π2
(

ejωT2 e−(α−jωd)(t−T2) + ejωTe−(α−jωd)(t−T)
)

(T − T2)
2(α− jωd + jω)2 + π2

(A263)

uA(t) ≈ U0
1
2

HA(ω)

π2
(

1 + e−j(ω−jα−ωd)(T−T2)
)

ejωTe−(α−jωd)(t−T)

(T − T2)
2(α− jωd + jω)2 + π2

 (A264)

The factor 1/2 in the decay signal is compensated by the factor
(

1 + e−j(ω−jα−ωd)(T−T2)
)

which is nearly 2 for small T − T2. However, since the term
(

π2

(T−T2)
2(α−jωd+jω)2+π2

)
is

always smaller than 1, the decay signal will also be smaller than in the case where the
driving signal was hard switched off. If

|(ω− jα−ωd)(T − T2)| � 1
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We can write

1

1 + (T−T2)
2

π2 (α− jωd + jω)2
≈ 1− (T − T2)

2

π2 (α− jωd + jω)2 (A265)

and

e−(α−jωd+jω)(T−T2) ≈ 1− (α− jωd + jω)(T − T2) +
1
2
(α− jωd + jω)2(T − T2)

2 (A266)

Substituting these approximations into Equation (A264) leads to

uA, Turkey(t) ≈ U0
1
2

HA(ω)

(
1− 1

π2 (T − T2)
2(α− jωd + jω)2

)
·(

2− (α− jωd + jω)(T − T2) +
1
2
(α− jωd + jω)2(T − T2)

2
)

ejωTe−(α−jωd)(t−T). (A267)

uA, Turkey(t) ≈ U0HA(ω) ·
(

1− 1
2
(α− jωd + jω)(T − T2)+(

1
4
− 1

π2

)
(α− jωd + jω)2(T − T2)

2
)

ejωTe−(α−jωd)(t−T) (A268)

A comparison of the decay signal in the case of applying a Tukey window on the
readout signal uA, Turkey(t) to the decay signal in the case of hard switch on and off of the
readout signal uA, cut(t) gives

uA, Turkey(t) ≈ uA, cut(t)
{

1− 1
2
(α− jωd + jω)(T − T2)

+
(

1
4
− 1

π2

)
(α− jωd + jω)2(T − T2)

2
}

(A269)

Appendix G.6. Calculating the Response of the Resonator for a Cosine Windowed Stimulating
Signal

The driving voltage u0(t) rises and decreases according to a Hann window (cosine
window) (63).

The corresponding decay signal is given by the Tukey case, Equation (A260), but with
T1 = T2 = T/2:

uA(t) = −1
2

U0
αA
ωd

(ωd − jα)
(α + jωd + jω)

−
( 2π

T
)2
(

e−αt−jωdt + ejω0.5Te−(α+jωd)(t−0.5T)
)

(α + jωd + jω)2 +
( 2π

T
)2

+

( 2π
T
)2

(α + jωd + jω)2 +
( 2π

T
)2

(
ejω0.5Te−(α+jωd)(t−0.5T) + ejωTe−(α+jωd)(t−T)

)}

+
1
2

U0
αA
ωd

(ωd + jα)
(α− jωd + jω)

−
( 2π

T
)2
(

e−αt+jωdt + ejω0.5Te−(α−jωd)(t−0.5T)
)

(α− jωd + jω)2 +
( 2π

T
)2

+

( 2π
T
)2

(α− jωd + jω)2 +
( 2π

T
)2

(
ejω0.5Te−(α−jωd)(t−0.5T) + ejωte−(α−jωd)(t−T)

)}
(A270)
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uA(t) =
1
2

U0
αA
ωd

(ωd − jα)
(α + jωd + jω)

( 2π
T
)2

(α + jωd + jω)2 +
( 2π

T
)2 ·[

−e−αt−jωdt − ejω0.5Te−(α+jωd)(t−0.5T) + ejω0.5Te−(α+jωd)(t−0.5T) + ejωTe−(α+jωd)(t−T)
]

+
1
2

U0
αA
ωd

(ωd + jα)
(α− jωd + jω)

( 2π
T
)2

(α− jωd + jω)2 +
( 2π

T
)2 ·[

−e−αt+jωdt − ejω0.5Te−(α−jωd)(t−0.5T) + ejω0.5Te−(α−jωd)(t−0.5T) + ejωte−(α−jωd)(t−T)
]

(A271)

uA(t) =
1
2

U0
αA
ωd

(ωd − jα)
(α + jωd + jω)

( 2π
T
)2

(α + jωd + jω)2 +
( 2π

T
)2

[
−e−αt−jωdt + ejωTe−(α+jωd)(t−T)

]

+
1
2

U0
αA
ωd

(ωd + jα)
(α− jωd + jω)

( 2π
T
)2

(α− jωd + jω)2 +
( 2π

T
)2

[
−e−αt+jωdt + ejωte−(α−jωd)(t−T)

]
(A272)

We obtain two decay signals, one which is triggered by the start of the loading, with
an amplitude proportional to e−αt, and one which is triggered by the end of the loading,
with an amplitude proportional to e−α(t−T). For resonators with high Q and a stimulation
near resonance we can skip the first, small term and add the small term ωd−ja

α+jω+jωd
and obtain

uA(t) ≈ U0
1
2

αA
ωd

(
ωd − ja

α + jω + jωd
+

ωd + ja
α + jω− jωd

)
·( ( 2π

T
)2

(α− jωd + jω)2 +
( 2π

T
)2

)(
ejωte−(α−jωd)(t−T) − e−αt+jωdt

)
(A273)

With the frequency response HA(ω) of Equation (14), we obtain

uA(t) ≈ U0
2 HA(ω)

(
( 2π

T )
2

(α−jωd+jω)2+( 2π
T )

2

)(
1− e−(α−jωd+jω)T

)
ejωTe−(α−jωd)(t−T) (A274)

uA(t) ≈ U0
2 HA(ω)

(
1

1+ 1
(2π)2

(α−jωd+jω)
2
T2

)(
1− e−(α−jωd+jω)T

)
ejωTe−(α−jωd)(t−T) (A275)

For ω = ωd, this function has a maximum at Tα = 0.75 · π = 2.35, i.e., if T is chosen
for the length of 0.75 · Q oscillations. In this case, the amplitude of the decaying natural
frequency is 39.68% of the value that we would obtain if the excitation was switched on
and off hard for Q oscillations:

uA, Hann|Tα=2.35
uA, cut|Tα=π

≈ 0, 40 (A276)

Appendix H. Using a Frequency-Modulated Signal to Stimulate the Resonator

In an up chirp, the instantaneous frequency varies linearly in the time interval TChirp
across the bandwidth BChirp from the angular frequencies ωlow to ωhigh. The rate of change
is called the chirp rate µ, with

µ =
BChirp

TChirp
=

flow − fhigh

TChirp

In a down chirp, the instantaneous frequency varies linearly in from fhigh to flow. The
driving voltage u0(t) can be written as (68).
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We can write for an up chirp

uA(t) =
∫ ∞

−∞
hA(t− τ) · u0(τ)dτ

u0(t) = U0 σ(t)ej(ωlowt+2πµt2)

uA(t) =
∫ ∞

−∞

αA
ωd

σ(t− τ)
{
(ωd − jα)e−α(t−τ)−jωd(t−τ) + (ωd + jα)e−α(t−τ)+jωd(t−τ)

}
·

U0 σ(τ)ej(ωlowτ+2πµτ2)dτ (A277)

uA(t) = U0
αA
ωd

∫ t

0

{
(ωd − jα)e−α(t−τ)−jωd(t−τ) + (ωd + jα)e−α(t−τ)+jωd(t−τ)

}
·

ej(ωlowτ+2πµτ2)dτ (A278)

uA(t) = U0
αA
ωd

(ωd − jα)
∫ t

0
e−α(t−τ)−jωd(t−τ)+j(ωlowτ+2πµτ2)dτ

+U0
αA
ωd

(ωd + jα)
∫ t

0
e−α(t−τ)+jωd(t−τ)+j(ωlowτ+2πµτ2)dτ (A279)

uA(t) = U0
αA
ωd

(ωd − jα)e−αt−jωdt
∫ t

0
e+ατ+j(ωd+ωlow)τ+j2πµτ2

dτ

+U0
αA
ωd

(ωd + jα)e−αt+jωdt
∫ t

0
e+ατ−j(ωd−ωlow)τ+j2πµτ2

dτ (A280)

The analysis of above integrals leads to a Fresnel integral. The Fresnel integral
∫ ∞
−∞ e+jτ2

dτ
can be integrated by shifting both limits to + and - infinity. However, by doing so, the time
dependence of the result is lost. In order to preserve the time dependence, a technique
similar to the stationary phase approximation is used for an approximation for the above
integrals. The rapidly oscillating phase functions

ϕ1(τ) = (ωd + ωlow)τ + 2πµτ2 (A281)

and
ϕ2(τ) = −(ωd −ωlow)τ + 2πµτ2 (A282)

appear in the exponent of the exponential functions. Since the amplitudes remain nearly
constant, time domains with a rapidly oscillating phase do not contribute to the output of
the integral, sections with a slowly varying phase do contribute to the output of the inte-
gral. The phase function varies slowly when the chirp modulation matches the resonance
frequency +ωd. This holds for the synchronous point τs with

τs =
ωd −ωlow

2πµ
(A283)

At this point in time, the stimulation with the chirp synchronizes with the natural
frequency of the resonator. The resonator is stimulated shortly before and shortly after this
synchronous point. For further analysis, the parabolas in the phase functions ϕ1(τ) and
ϕ2(τ) in Equations (A281) and (A282) are now developed around the synchronous point in
time. We skip ϕ1 and the corresponding integral of Equation (A280) since only the second
part with ϕ2(τ) is dominant. For ϕ2(τ), we obtain

−(ωd −ωlow)τ + 2πµτ2 = 2πµ(τ − τs)
2 + (ωd −ωlow)τ −

(ωd −ωlow)
2

2πµ
(A284)

The constant and linear terms of this equation describe the phase shift of the natural
oscillation compared to the starting point of the chirp. The instantaneous frequency of the
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chirp is synchronous with the natural oscillation as long as the quadratic term in the phase
function remains below π

2 :

2πµ(τ − τs)
2 =

π

2
(A285)

This results in the lower limit of the synchronous range τs1

τS1 = τs −
√

1
4µ

, (A286)

and in the upper limit τS2

τS2 = τs +

√
1

4µ
. (A287)

At this point in time, the stimulus signal contains the following instantaneous frequen-
cies ωChirp,1s and ωChirp,2s

ωChirp = ωlow + 2πµt (A288)

ωChirp,S1 = ωlow + 2πµ

(
τs −

√
1

4µ

)
= ωd − π

√
µ (A289)

ωChirp,S2 = ωlow + 2πµ

(
τs +

√
1

4µ

)
= ωd + π

√
µ. (A290)

The integral is now limited to this synchronous time interval and the instantaneous
frequency of the chirp is replaced by the frequency at the stationary point, i.e., 2πµτ = ωd.
For t < τS2, we obtain

uA(t) ≈ U0
αA
ωd

(ωd − jα)e−αt−jωdt
∫ t

τS1

e+ατ+jωdτ+jωdτdτ

+U0
αA
ωd

(ωd + jα)e−αt+jωdt
∫ t

τS1

e+ατ+jωdτ−jωdτdτ (A291)

uA(t) ≈ U0
αA
ωd

(ωd − jα)e−αt−jωdt
∫ t

τS1

e+ατ+j2ωdτdτ

+U0
αA
ωd

(ωd + jα)e−αt+jωdt
∫ t

τS1

e+ατdτ (A292)

uA(t) ≈ U0
αA
ωd

ωd − jα
α + j2ωd

e−αt−jωdt
{

e+ατ+j2ωdτ
}t

τS1

+U0
αA
ωd

(ωd + jα)
α

e−αt+jωdt{e+ατ}t
τS1

(A293)

uA(t) ≈ U0
αA
ωd

jωd + α

−2ωd + jα
e−αt−jωdt

(
e+αt+j2ωdt − e+ατS1+j2ωdτS1

)
U0

αA
ωd

ωd + jα
α

e−αt+jωdt(e+αt − e+ατS1
)

(A294)

uA(t) ≈ U0
αA
ωd

jωd + α

−2ωd + jα

(
e+jωdt − e−α(t−τS1)−j2ωd(t−2τS1)

)
+U0

αA
ωd

ωd + jα
α

(
e+jωdt − e−α(t−τS1)+jωdt

)
(A295)

The second term in the above equation is by far the larger one, so we can omit the first
one and simplify the equation

uA(t) ≈ U0
αA
ωd

ωd + jα
α

(
1− e−α(t−τS1)

)
e+jωdt. (A296)
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For small α(t− τS1), we can further approximate to

uA(t) ≈ U0
αA
ωd

ωd + jα
α

α(t− τS1)e+jωdt. (A297)

The chirp signal begins to stimulate the resonator with an instantaneous frequency
of ωChirp,S1 at time τs1. The factor

(
1− e−α(t−τs1)

)
in Equation (A296) grows linearly with

t− τs1 for small α(t−τs1) and approaches 1 for large α(t− τs1).
For t > τS2, the loading stops and we obtain

uA(t) ≈ U0
αA
ωd

(ωd − jα)e−αt−jωdt
∫ τS2

τS1

e+ατ+jωdτ+jωdτdτ

+U0
αA
ωd

(ωd + jα)e−αt+jωdt
∫ τS2

τS1

e+ατ+jωdτ−jωdτdτ (A298)

uA(t) ≈ U0
αA
ωd

ωd − jα
α + j2ωd

e−αt−jωdt
{

e+ατ+j2ωdτ
}τS2

τS1

+U0
αA
ωd

(ωd + jα)
α

e−αt+jωdt{e+ατ}τS2
τS1

(A299)

uA(t) ≈ U0
αA
ωd

jωd + α

−2ωd + jα
e−αt−jωdt

(
e+ατS2+j2ωdτS2 − e+ατS1+j2ωdτS1

)
+U0

αA
ωd

ωd + jα
α

e−αt+jωdt(e+ατS2 − e+ατS1) (A300)

uA(t) ≈ U0
αA
ωd

jωd + α

−2ωd + jα

(
e−α(t−τS2)−j2ωd(t−2τS2) − e−α(t−τS1)−j2ωd(t−2τS1)

)
+U0

αA
ωd

ωd + jα
α

(
e−α(t−τS2)+jωdt − e−α(t−τS1)+jωdt

)
(A301)

The second term is by far the larger one, so we can omit the first one and obtain

uA(t) ≈ U0
αA
ωd

ωd + jα
α

(
1− e−α(τS2−τS1)

)
e−α(t−τS2)e+jωdt. (A302)

The chirp signal stops stimulating the resonator at the instantaneous frequency
ωChirp,S2 at time τs2. After the excitation ends, the oscillation in the resonator decays.
The duration for exciting the resonator with the chirp signal is given by τs2 − τs1:

τs2 − τs1 =
1
√

µ
(A303)

The resonator is maximally stimulated when α(τS2 − τS1) > π. Using the quality
factor Q we can write

α(τS2 − τS1) =
ω0

2Q
1
√

µ
(A304)

A maximum decay signal is obtained when the chirp rate µ is chosen as follows

ω0

2Q
1
√

µ
≥ π (A305)

µ ≤ ω0
2

Q2
1

4π2 =
f0

2

Q2 (A306)

A down chirp begins stimulating the resonator at the instantaneous frequency of
ωChirp,S2 and stops stimulating at ωChirp,S1. Readout systems that use chirped signals often
mix down the response signal with the transmitted signal for signal processing. In this case,
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the maximum response signal occurs when using an up chirp at ωChirp,S2 and when using
a down chirp at ωChirp,S1.
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