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Abstract: Resonators are passive time-invariant components that do not produce a frequency shift.
However, they respond to an excitation signal close to resonance with an oscillation at their natural
frequencies with exponentially decreasing amplitudes. If resonators are connected to antennas, they
form purely passive sensors that can be read remotely. In this work, we model the external excitation
of a resonator with different excitation signals and its subsequent decay characteristics analytically as
well as numerically. The analytical modeling explains the properties of the resonator during transient
response and decay behavior. The analytical modeling clarifies how natural oscillations are generated
in a linear time-invariant system, even if their spectrum was not included in the stimulation spectrum.
In addition, it enables the readout signals to be optimized in terms of duration and bandwidth.

Keywords: resonator; transient phenomenon; quality factor; wireless sensor; passive sensor; chipless
sensor; analogue sensor; resonant sensor; read-out of resonant sensor

1. Introduction

Wireless passive sensors are used for applications where conventional battery-based,
RFID based, or energy harvesting-based radio technology cannot be operated or only
with extensive efforts. The technology is based on the wireless readout of a battery- and
IC-free passive sensor node. The instrumentation system consists of a reader unit and a
passive sensor node, which are connected via transducers to a wireless link, like a radio,
inductive, capacitive or ultrasound link as seen in Figure 1. The reading units are similar
to radar systems and various architectures such as time-domain sampling, frequency-
domain sampling, and hybrids have been presented in the literature [1-3]. Three types
of passive sensor nodes are described in the literature: (i) delay lines, (ii) resonators, and
(iii) mixer types.

In a delay line, the readout signal is stored for a predefined time interval and then sent
back to the reader in one or several pulses [4]. In a resonator type, the readout signal excites
a resonator, the oscillation of which decays after the readout signal is switched off [5]. A
mixer type either generates a harmonic of the readout signal [6] or mixes two frequencies
to an intermediate frequency [7,8]. The mixer type can be combined with a resonator,
whereby the mixer demodulates a modulated carrier signal to the modulation frequency
for stimulation, which then causes a resonator to oscillate. For reading, the modulation
of the interrogation signal is switched off and the oscillating resonator modulates the
source resistance of the connected transducer and thus generates a modulated backscatter

signal [8].
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The separation between the response signal and the readout signal as well as its
ambient echoes is implemented in the time domain in the case of delay lines and resonators
and in the frequency domain in the mixer types.

The key function of the delay line and the resonator is that they can store the signal
as an analog excitation for a period long enough such that all ambient echoes of the
readout signal have already decayed. An excellent choice for such an analogous storage
is a resonator with a high quality factor Q, whose decay time is considerably longer than
the power delay profile of the radio channel. When reading out wired or inductively
coupled resonators, they will be usually operated in forced oscillation and the narrow-band
absorbed power loss at resonance is measured. However, absorption is strongly influenced
by the wireless channel and can no longer be evaluated when measuring in the far field. To
readout wireless resonators in the far field, an analog storage in the resonant oscillation of
the resonators is used [5].

Readout Backscattered
Signal Signal
))--> - (((
Reader Unit Passive Sensor Node
Transducer Transducer

Figure 1. Schematic of a wireless passive sensor system of delay line or resonator type: A reader
sends out a readout signal over a transducer into a wireless channel to a passive sensor node. There,
this signal is picked up with the help of a second transducer and then stored in a delay line or in a
high Q resonator. When the readout signal is turned off, a part of the signal, which has been stored as
an excitation in the passive battery- and IC-free sensor node, will be sent out as backscattered signal,
which is picked up by the reader unit and evaluated.

In order to wirelessly poll the information from the far field, the resonator is excited
by a readout signal from the reader unit. Electromagnetic, inductive, capacitive, or acoustic
channels [9,10] have been used as wireless channel for the far field transmission of the
readout and the backscattered decaying signal. While excited, the resonator also oscillates
in a forced oscillation in this configuration, but when released, its oscillation will decay
with its natural frequency. A part of the energy of the decaying oscillation supplies the
response signal, which is scattered back to the reading device and can be recorded and
analyzed there. If the resonance frequency is influenced by a physical quantity, this quantity
can be determined wirelessly in the reading unit.

In the literature, LC-resonators [11,12], spiral resonators [13], ceramic dielectric
resonators [8,14], RF cavity resonators [15,16], coplanar [14,17] and air-filled substrate-
integrated waveguide resonators [18], bulk [10], and surface acoustic wave (SAW) res-
onators [4,19-22] have been investigated as resonant sensors in passive wireless sensor
technology to measure temperature [10,22], pressure [4], torque [19,23], strain [14,15,18,21],
mass flow [14], corrosion of reinforced steel [24], pH [12], food quality [25], along with
other physical parameters.

Due to the low complexity of the sensor node and due to the operation without any
battery and without any electronic circuity, the instrumentation technique is considered
to be maintenance-free, robust, and can be operated in harsh environments. The read
distance of RFID-based sensor systems is determined by the distance at which power can
no longer be extracted from the rectifier, which leads to a threshold value for the read
distance. A passive wireless sensor, consisting of a resonator connected to an antenna,
is a linear time-invariant system and the readout distance is limited only by the receiver
noise, which blocks detection of the response signal from distances beyond the maximum
readout distance.

In the scientific literature, the dependences of the resonator response signal on the
carrier frequency, the pulse period, the duration of the readout signal and the distance
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to the reader device, as well as on the modulation spectrum of the physical quantity to
be measured have been analyzed numerically and experimentally [26-28]. However, an
analytical model is still missing.

In this manuscript, we analytically analyze the magnitude of the decaying signal
which results from the electrical parameters of the resonator and the temporal waveform
of the readout signal. Furthermore, we clear the generation of the signal with the angular
natural frequency w, out of the readout signal with the frequency w within the linear
time-invariant system. For this purpose, we develop a simple electrical equivalent circuit
of the resonator. We calculate the backscattered signals that result from a CW readout
signal whose envelope in the time domain corresponds to a rectangular, a trapezoidal, a
Tukey window, or which results from a frequency-modulated readout signal with a chirp
function. In all analyses, the readout signal with the frequency w starts at t = 0 and ends
att = T. A first decaying signal with frequency w; always starts at the beginning of the
stimulation at ¢ = 0, but in most cases the decaying signal from the end of stimulation at
t =T is of interest.

2. Modeling the Resonator in a Wireless Readout by Using a Series RLC Circuit Model

The passive wireless sensor node consists of an antenna connected to a resonator. In
this analysis, the antenna is simulated by a voltage source ug with real internal resistance
Ry, see Figure 2. When the antenna feeds an incoming signal into the resonator, R 4 will
act as source resistance. On the other hand, if the antenna radiates part of the resonator
oscillation, R 4 will act as sink resistance. In both cases, R4 converts power. It is assumed
that the quality factor of the antenna is much smaller than the quality factor of the resonator.
Therefore, R 4 is assumed to be constant within the frequency band of interest. RF matching
elements are considered part of the resonator. The terminal voltage of the antenna, which is
wired to the resonator, is given by 1y — u 4. The resonator is modeled by a serial resonance
circuit with capacity C, inductance L, and dissipative losses modeled by a resistor Rp.
Additional parallel capacitances which often shows up, e.g., in a Butterworth—van-Dyke-
equivalent circuit model of a SAW or BAW resonator, are treated as part of the antenna. On
the other hand, all ohmic losses in the antenna are taken into account in Rp. Impedance
matching at resonant frequency is assumed meaning R4 = Rp.

y ==

Figure 2. Electrical circuit for analyzing a wireless readout resonator. The antenna is modeled by a
voltage source 1 with internal resistance R 4 and the resonator with a series circuit of L, C, and Rp.

If an electromagnetic wave of effective power P, (t) with the angular frequency w is
picked up by the antenna, an open-circuit voltage u(t) with amplitude Uy will be created
in the internal impedance R 4, which acts as a source in the circuit:

ug(t) = /2 Piy(t) - Ry - €l = Uy - e/t 1)
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The circuit is a linear time-invariant device, which can be analyzed both in the time
domain or the frequency domain. The descriptive differential equation of the system is
given by (see Appendix A, Equation (A10)) [28]

dzi(t) N Rao+Rp dl(i’) N @ _ dug(t)

d# L dt ' LC ~ Ldt @

By using the following abbreviations:

RA+RD 2 1 X woL wo
2 = —_— = — = 2 _ x2 == — — = —, 3
o [ W0t = TE Wi = Vwom — Q R~ R.i+Rp “=20 3)

Equation (2) can be written in a more general way

1 dug(t)
L dt

d?i(t) o di(t)

a2 T, + w02i(t) =

)

This equation can also be expressed as a function of # 4 by using the real source impedance
R4 of the antenna (see Appendix A, Equation (A14))

2
doua(t)  , dualt)

Ry dug(t)
dr? dt '

+ wozuA(t) =7 4

®)

The vibration characteristics of the system is described by the quality factor Q and
both the undamped and damped natural angular frequencies wy and w; respectively. The
quality factor is defined by the fraction of the reactance X to the resistance R. For further
analysis, it is helpful to separate the damping constant « into a fraction due to the loading
with the antenna a4 and due to internal dissipative losses ap

_ Ry _Rp
np = ZL,andaD— oL (6)
2.1. Natural Oscillation with No External Excitation
The general solution iy (t) of the homogeneous part of Equation (4) is given by:
iH(i’) — Cleﬂxtﬂ‘wdt + Czefzxtfjwdt' 7)

The actual values of the two complex constants C; and C, of the homogeneous solution
result from the boundary conditions. The two solutions of the homogeneous differential
equation are called natural oscillations at the natural angular frequencies of the resonator.
When the resonator is stimulated, it produces damped free oscillations with the damped
natural angular frequencies +w;, whose amplitudes decrease in proportion to e~*, where
0 < a < wp was assumed. The amplitudes drop to e~ ~ 4% after Q oscillations. The
spectrum of a decaying damped resonator is described by a Lorentz curve.

The currents of the two damped natural oscillations induce voltages across the ele-
ments of the circuit. The voltage 14 across R4 due to the natural oscillations is given by

uap(t) = Ra - ig(t). 8)

Due to the real nature of the source resistance, the antenna’s current and voltage are in
phase. The power P,,, which is taken from the damped natural oscillations in the source
resistance of the antenna, is radiated back to the reader unit via the antenna

2
Puat(t) = y9Muan (1) i (1)} = 122200 ©)

Half of the energy stored in the natural oscillation is radiated back to the reader unit via
the antenna due to electrical matching.
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2.2. Steady State with Sinusoidal Excitation with Constant Amplitude
With a forced periodic excitation by the voltage 1((t) with constant amplitude Uy

up(t) = Upe™", (10)

the steady-state current ig;(t) results in (see Appendix A, Equation (A45))

. X+ jwy X — jwg Up jcwt
H)y=|(— . vt 11
fsi (1) ( w_j"‘+wd+w—j“_wd> 2wyl ¢ an

When the open-circuit voltage ug is generated in the feeding point of the antenna
due to picking up of a readout signal, then the steady-state voltage u 4 across the source
resistance of the antenna at the forced frequency w will be given by the complex voltage
divider R

A
Uapg = Up- - (12)

RA+RD+ja;L+].w—

After inserting the abbreviations of Equation (3) and simplifications (see (A48)), we obtain

a a+jwg a— jwy
=y 2 = . 13
tac =t wd( w—ja+wd+w—ja—wd> 13

Equations (11) and (13) essentially reflect the same relationship, with Equation (11) being
derived from a solution of the differential equation and Equation (13) from the steady state,
but this is not surprising for linear time-invariant systems. From Equation (13), we obtain
the frequency response Hy (w) of the source resistance of the antenna, which is connected
in series to the resonator with

Hy(w)= "4 _%a(__0%jws 8- jws (14)
A Uy wg\ w—jatwy; w—je—wy)

The frequency response can be inverse Fourier transformed to calculate the impulse
response of the source impedance of the antenna (see Appendix B, Equation (A65))

ha(t) = %U(t){(wd — ja)e Mt 4 (wy +joc)e_”‘t+j“’dt}. (15)

For t = 0, this results in a value for /14 (0) of

Ra  wo

hA(O) = OCA = mﬁ

(16)
Figure 3 shows exemplary the frequency response H,(f) and the corresponding impulse
response h4(t) of an example resonator with center frequency of 1 and a loaded quality
factor Q of 100. Thereby, electrical matching was assumed, i.e., R4 = Rp.
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Figure 3. (a) Frequency response H4(f) according to Equation (14) in dB, (b) zoomed-in frequency
response in linear scale, and (c) impulse response 5 4(t) according to Equation (15) of an example
resonator. For the example resonator, the center frequency was set to 1 and the quality factor Q to
100. Electrical matching was applied (R4 = Rp). In graph (b), 3 markers were placed, (i) at center
frequency, (ii) at the upper 3 dB band edge and (iii) at twice this frequency spacing from center
frequency. The impulse response given in (c) shows in red (full line) quation (15) and in blue (dashed
line) the IFFT from H 4 (f) calculated with MATLAB [29], with the latter being shifted downwards by 1
dB to become visible. The impulse response would show heavy oscillations due to the 2 contributions
at £wy. To suppress these oscillations, only one part corresponding to +w,; was used in the formula
and also for Matlab. In the impulse response calculated with MATLAB we see aliasing since no
weighting was applied in the frequency response before inverse Fourier transforming.

2.3. Boundary Conditions, Transient Phenomenon, and Decay Properties

The voltage uc of the capacitor C and the current i in the coil L correspond to the stored
energy in the resonator. Therefore, the values of the voltage u¢ and of the coil current i must
be continuous by any change in the externally applied voltage u(t). The current i, on the
other hand, also defines the voltage u 4 () at the source resistance, which, therefore, must
remain continuous with any change in the externally applied voltage. The two damped
natural oscillations must compensate any discontinuity in the forced oscillations due to
the externally applied voltage u(t). Since both the voltages across the resistances and the
voltage across the capacitor C must remain continuous, any discontinuity in the external
open-circuit voltage u(f) is entirely applied at the coil. These boundary conditions are
required for a direct solution of the differential equation, while they will be automatically
fulfilled when solving the differential equation by convolving with the impulse response.

The actual voltages in the circuitry consist of both the generated voltages at the forced
frequency w due to the external voltage 1 and the voltages induced due to the currents of
the two natural oscillations +w,. The voltage u 4 across the source resistance of the antenna

Up =UaGg+Uuag (17)

corresponds to both the power which is fed into the resonator by the antenna (1 4¢) and
the power which is sent back to the reader (1 4y). In both cases, R4 acts as a lossless
transformer that converts electromagnetic power into electrical power and back. Since both
contributions are included in the impulse response, it is, therefore, sufficient for further
analysis to concentrate on 14 when calculating the response signal via the impulse response.
If we insert Equations (7) and (13) into Equation (17), we will obtain

up(t) = 4 (‘

_wd

a+jwy N a— jwy

t) + Ry Cie @it L R, Cpe®—wat (18
w—ja+wg w—j(x—wd>u0() aCre ACoe (18)

To calculate the response signal by solving the differential equation while taking
the boundary conditions into account, it is more advantageous to start from the voltage
across the capacitor uc. The current resulting from Equation (18) must be zero as an initial
condition for the stored energy of the coil. Integration of this current, therefore, does not
result in any further initial condition for the capacitor voltage. The voltage uc results
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analogously from the externally generated voltage ucg (see (A49)) and from the voltage
ucy induced by the two natural oscillations

2
Y%
w? = 2jwa — wi

— —at+jwgt | C2e*“t*]""dt, (19)

Uc =uUcg+ucy =up- +C~1€
where the two constants C; and C, differ from C; and C; in Equation (18).

The resonator reacts to every change in the stimulus signal with natural oscillations
that ensure the boundary conditions. When these natural oscillations subside, the transi-
tion process settles into the steady state. The resonator reacts analogously to the end of
stimulation with associated natural oscillations. During the transient process, there is not
only a flow of power from the antenna into the resonator but also a return flow from the
resonator to the antenna due to the natural oscillations.

At the beginning of the excitation, no current flows. 1,4 (t) is then very small, and
almost the entire open-circuit voltage is fed into the resonator. The current flow only
will build up slowly when the resonator begins to oscillate. Since current and voltage
change over time during the transient process, the impedance with which the antenna is
loaded also changes. During the decay process, the power flows from the resonator into
the antenna and is radiated.

The terminal voltage of the antenna, which is wired to the resonator, is given by
up — uac- The power fed into the resonator P.4(t) is given by

Ppaa(t) = (uo(t) = a (1)) - iss" (1) = (uo(t) — ag (1)) - “45-. 20)

The active power is given by its real part, %{Pfed(t)}, and the reactive power by its
imaginary part J (Pfed (t))
Now that all the necessary formulas are collected to model the resonator connected in

series with an antenna, several waveforms can be analyzed that could be used to excite the
resonator.

2.4. Analytical and Numerical Analysis

To compare the analytical analyses with numerical ones, simulations were carried
out using MATLAB [29]. The same formulas, signals, and parameters of the resonator
were used in MATLAB as in the analytical calculation. The different window functions
used as stimulation signals were implemented in the time domain. For the analytical
calculations, the convolution of the stimulation signals with the impulse response of the
resonator were calculated analytically; for Section 3, the relevant differential equation was
also solved directly, given in Appendix C. To present the results, the parameters of the
example resonator, fo = 1 and Q = 100, were inserted into the formulas obtained and the
outputs were displayed graphically.

For the MATLAB results, the convolutions were calculated numerically by Fourier
transforming the excitation signals, multiplying them by the transfer function of the res-
onator as given in Equation (14) and depicted in Figure 3a,b, and then transforming the
results back to time domain via IFFT. It is important that the frame data for the numerical
simulation are chosen to be sufficiently large in both the time domain and the frequency
domain so that aliasing is avoided. In the depicted examples, the resonator has a center
frequency of 1 and a quality of 100. To avoid aliasing, the system was modeled with
8192 points and a bandwidth of 10, measured in units of the resonant frequency. This choice
ensures sufficient decay of the signals in both the time domain and the frequency domain.

The curves from the numerical calculation lie indistinguishably on the analytically
calculated curves in all graphics. To make them visible, the numerically calculated curves
were shifted downwards by 0.01 and plotted as red dots. In Figure 3c, the numerically
calculated curve was shifted downwards by 1 dB. The simultaneous drawing of the analyti-
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cally and numerically calculated graphs initially makes it easier to check the analytically
calculated formulas.

The numerical simulation can be coded much faster than the analytical calculations,
but it only solves this specific example. The analytical formulas, on the other hand, solve the
general problem and show the physical processes involved in the transient behavior during
excitation and in the generation of the decaying natural oscillations from the excitation
spectrum. In addition, they enable optimization of the readout of a resonator.

3. Switching the Readout Signal On and Off

The readout signal and, thus, the driving voltage u(t) is switched on at f = 0 and off
att=T:

‘ 0 fort<O0 range [
up(t) = Upe* - { 1 for0<t<T rangell (21)
0 forT <t range 111

The response of the resonator to this stimulation can be analyzed in the time domain either
by solving the differential equation (see Appendix C) or by calculating the convolution of
the stimulation signal with the impulse response of the resonator (see Appendix D).

3.1. Switching On
After the switching on, in range II, we obtain (see Equations (A103) and (A137))

MA(t) — U()aA|:(— a+jwq 4 a—jwq )ejwt

wy w—jrtw; w-—ja—w,
_ AW (amjuogt ﬂ—.fwewwd)t} 22)
w —ja+w, w—ja—wy

By inserting Equation (14), we obtain

B = UnH o ()o@t + U XA | AFTWa (camjw)t _ A= JWd  (—asjwt] (o
ua(t) = UgHa(w)e +U0wd w_].“+wd€ w—jzx—wde (23)

We immediately obtain the signal for the steady state with sinusoidal excitation, plus two
natural oscillations, which together compensate the current in the coil and the voltage in
the capacitor. We always obtain both natural oscillations to satisfy the boundary conditions
because the excitation occurs with a CW signal, the natural oscillations, however, are
damped oscillations, i.e., the driving frequency w is not an eigenvalue of the differential
equation. At the beginning, the sum of the natural oscillations at the frequency *w; are
at the same amplitude but opposite sign as the forced oscillation at frequency w. As the
natural oscillations gradually decay, the oscillations transition to the stationary state and
more and more energy is stored in the resonator.

If the driving frequency is near the angular natural frequency, i.e., w = wy, and the
quality factor Q will be high, then the first term of the natural oscillations at the frequency
—wy is by the factor 4Q smaller than the second one at the frequency +w;. Since our driving
frequency is +w, the main part of the induced natural oscillation is at the frequency +w.
However, a small component at the frequency —wy is also required to satisfy the boundary
conditions.

If w =~ wyand Q > 1, Equation (23) can be approximated (see (A141)) to

ua(t) =~ UpHyp(w) (ej“’t — e(_‘“j‘*’d)t). (24)

Since w is not equal to wy in general, a beat might be obtained from the constant forced
oscillation and the decaying natural oscillations, which can be seen in Figure 6¢. The two
terms will add constructively when their difference in angular phase is 7

(w—wy)t=m. (25)
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For example, if the resonator is excited at the 3 dB band edge w — w; = %Aw&m, this will
result in the optimal excitation length T, ,, for the driving voltage of Q oscillations, as is
chosen in Figure 6b. We see this effect somewhat in Figure 6b, where the response signal,
when the excitation signal is switched off, will show an amplitude of 0.36952, i.e., 7% more
than we would expect if we only considered their ratio in H(f). However, if the frequency
distance is twice the span, e.g., w — w; = Awsgp, the optimal excitation length for the
driving voltage is %Q oscillations, as can be seen in Figure 6¢. In this case, a stimulation
half as long or shorter would result in a significantly higher response signal: 0.27187 for a
length of driving voltage of 0.5 - Q oscillations when compared to the shown 0.21465 for
Q oscillations. A length of driving voltage of 0.42 - Q oscillations would finally result in a
response signal of 0.27877, as can be seen in Figure 9.

This characteristic can also be explained in the frequency domain: the shorter an
excitation signal is in the time domain, the broader the main lobe of its spectrum. Therefore,
if the carrier frequency of the interrogation signal moves slightly away from the resonance
frequency, the position of the resonance frequency will slide downward along the main
lobe of the excitation spectrum. In order to pump as much power as possible into the
forced oscillation and thus maximize the amplitude of the decay signal, it is, therefore,
advantageous to shorten the interrogation signal and, consequently, broaden the main lobe
of the spectrum.

At the beginning of the excitation, the current is very small and it is in phase with
the applied voltage. As the excitation progresses, the phase shift between the current in
the resonator and the voltage applied to the resonator builds up and reaches the value
specified in Equation (A26), as can be seen in Figure 4 for three excitation frequencies.
The impedance, seen by the source impedance of the antenna, is in the beginning very
high, near open end. Figure 5 shows the evolution of the reflection coefficient during the
transient phase. With a stimulation at center frequency, the impedance evolves from open
to the matched condition along the real axis. With a stimulation frequency next to center
frequency, the impedance evolves from open to its steady state value, with frequencies
higher than the resonance frequency in the inductive plane and with frequencies lower
than resonance in the capacitive one.

100 ¢
90 -
80 -
70 -
60 -
50 -
40+
30 -

20 -

Phaseshift between U and | in degree

10

0

0 20 40 60 80

time
Figure 4. Phase shift in degrees between the voltage applied to the resonator and the current in the
resonator for three frequencies below the resonance frequency as a function of the time since the
start of the stimulation. The time is measured in units of the inverse resonance frequency. The solid
black line shows the phase shift for a frequency at the lower 3 dB frequency while the red dotted
line and dashed blue line show the phase shifts at two and three times this frequency offset from the
resonance frequency, respectively.
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405~

(b) (c)

Figure 5. Time-dependent reflection coefficient S11 at the port between antenna and resonator, (a) for
resonance frequency, (b) for a frequency at the 3 dB corner, and (c) at a frequency twice this distance
from the resonance. After switching off the stimulation, the voltage and current is in phase, the

resonator, however, now acts as source.

Since the impedance is very high at the start of stimulation, only a small fraction of
the power offered by the source is injected into the resonator, as can be seen in Figure 8
according to Equation (20). The active power is shown by the solid black curve and the
reactive power by the dashed blue curve. The excitation is performed in Figure 8a at
resonance frequency, in Figure 8b at the 3 dB frequency and in Figure 8c at a frequency
twice the distance from the resonance. When excited with a resonant frequency, only active
power will be transmitted which reaches 100% of the available power after Q oscillations.
When excited next to the resonance frequency, an increasing amount of reactive power will
be transferred and the active power absorption remains well below 100%.

3.2. Switching Off
Fort > T, we add a second voltage with

ug(t) = —UgelTelwt=T), (26)

This cancels the external voltage u to zero. The same terms of natural oscillations as in
range II show up, however, with alternate signs and time and phase shifted because they
now start at t = T. The phase shows the phase shift of wT of the external voltage between 0
and T, and then it increases with w,(t — T'). We obtain (see Equations (A109) and (A148))
when the stimulation is switched off
ua(t) = —Up- 24 ¥, % (efwT _ e(fafH)”fwd)T)e(—a—<—1)”jwd)<t—T>. 27)
Figure 6 shows in blue the driving voltage and in black the corresponding response
signal of the resonator specified in Figure 3 for a driving frequency at resonance frequency
at the 3 dB band edge and at twice the 3 dB band edge, which are calculated according to
the analytical formulas (22) and (27). Additionally, the result of a numerical calculation
with MATLAB is shown. For a driving frequency at twice the 3 dB band edge, a length of
driving voltage of less than 0.5 - Q is preferred, since then the constant forced oscillation and
the decaying natural oscillations interfere constructively. The maximum response signal is
obtained with 0.42 - Q oscillations for the driving signal, which result after switching off
the driving signal in a response signal of 0.27877, as can be seen in Figure 7.
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driving voltage ug(t) - - -
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—

~

i
(100, 0.21477 )

response signal u, 1)
riving voltage uy(t) - - -
o
T
T
>
response signal ()
driving voltage ug(t) - - -
response signal ()

Figure 6. Driving voltage u((t) in blue dashed line and response signal in black solid line of the
resonator specified in Figure 3. The stimulating frequency was set to f = fj in (a), f = 0.995f in (b),
and f = 0.99fj in (c). The stimulating signal shows a rectangular envelope in time domain and lasts
Q oscillations, which start at ¢ = 0. The response signals are calculated according to Equations (22)
and (27) and are shown at a scale enlarged by a factor of 2 when compared to the scale of the driving
voltage. The red dotted line shows the result of a numerical calculation with MATLAB, shifted down
by 0.01 to become visible. A red marker was set in each graph at the end of the driving interval.

0.8

0.6

0.4

driving voltage u(t) - - -
response signal u ,(t)

0.2

0 50 100 150 200 250 300
time

Figure 7. Driving voltage uq(t) in blue dashed line and response signal in black solid line of the
resonator specified in Figure 3. The driving signal shows a rectangular envelope in the time domain
and lasts 0.42Q oscillations, which start at f = 0. The driving frequency is the same as in Figure 6

right graph, f = 0.99fj.

To visualize the transient and decay response, Figure 9 shows the real parts of the
exciting voltage and the corresponding system response for a resonator with a quality
factor of 10.

The term for n = 1 in Equation (27) is dominant for high Q and w ~ wy. If we ignore
the small term for n = 0 of the natural oscillations at the frequency —w; and add the small

Lﬂ‘d to the remaining natural oscillation, we will obtain for the decay

factor e

ua(t) = UgHy(w) (ej“’T - e*"‘TeJrj“’dT)e(*‘”j“’d)(t*T). (28)
The natural oscillations at the frequency w; consist of two terms. The damping of the
larger one starts at f = T, while the damping of the smaller one has already started at t = 0.
Depending on the phase difference contained in ¢/(“~«#)T, they add up constructively or
destructively.
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Figure 8. Active power (black solid line) and reactive power (blue dashed line) transferred into the
resonator. The excitation is executed in (a) at resonance frequency, in (b) at the 3 dB frequency and in
(c) at a frequency twice this distance from the resonance. The stimulating signal starts at t = 0 and
stops at £ = 100. After t = 100, the power flows from the resonator to the antenna.

[ fhans
] wv‘f\ﬁﬁw»~"*o

response signal u ,(t)
response signal u ()

response signal u
driving voltage u(t)- - -
driving voltage u(t)-- -

Figure 9. Real part of the driving voltage u(f) in blue dashed line and real part of the response signal
in black solid line of the resonator specified in Figure 3, however for visualization with a quality
factor of 10. The driving frequency was set to f = fj in (a), the left 3 dB band edge in (b), and twice the
left 3 dB band edge in (c). The driving signal shows a rectangular envelope in time domain and lasts
Q oscillations, which start at ¢ = 0. The frequency of the response signal approaches the frequency of
the forced oscillation in the driven interval. The phase difference between the driving signal and the
response signal in the case that the exciting frequency is not equal to the angular natural frequency of
the resonator can also be seen. After switching off the driving voltage, the resonator oscillates at the
natural angular frequency.

Equation (28) can also be written as

uA(t) ~ UgHa(w) (1 - e—f'(w—f“—wci”)ef'wTe(—“fwd)(f—T). (29)
If |a+j(w—wy)|T < 1, ie., we load only for a short period of time, then both terms
will exhibit nearly the same amplitude and mostly cancel each other. In this case, 1 4(t)
increases with increasing T
ua(t) ~ UpHa (w) (& + j(w — wy)) Tel@Te(=a+iwa) (t=T) (30)
On the other hand, if «T > 7, then the second term in the brackets of Equation (29) can be
neglected and the equation simplifies to
Ua, cut(t) = UgHa (w)el“Tel=+iwa)(t=T) (31)
The response signal of the resonator according to Equation (27) to a rectangular excitation
signal consists of two identical response signals, of which the first two occur at the beginning
and the other two with a negative sign at the end of the excitation. Each pair has a Lorentz-
shaped spectrum around the natural frequency. The time delay in the response signals from

the end of the excitation results in a modulation in the frequency range. Depending on the
phase of this modulation, the spectral components add up positively or destructively. Since
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the time interval between the two prompts and the two delayed response signals is the
same as between the rising and falling edges of the excitation, their joint spectrum also has
the identical zero distribution.

The common spectrum of all response signals and the forced oscillation together is
calculated in the frequency domain by multiplying the sin(w)/w function of the spectrum
of the excitation signal, which is centered at the carrier frequency, by the Lorentz curve
of the spectrum of the resonator. The four response signals alone, therefore, result in a
spectrum that corresponds to the “missing” part between the exciting sin(w)/w function
and the combined spectrum.

The joint spectral power density of the four response signals was taken from the
excitation spectrum. However, the response signals from the end of the excitation alone can
contain spectral components that were not included in the excitation spectrum if destructive
interference of all Lorentz curves leads to a zero point in the frequency domain. If the
response signals from the beginning of the excitation already have decayed at the end of the
excitation, a response signal at the natural frequency will show up, even if this frequency
was not included in the excitation spectrum.
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Figure 10. Generation of a response signal at a frequency that was not included in the excitation
spectrum: Figure (a) shows the Lorentz curve of the resonator in red and in blue the spectrum of
an excitation signal at a carrier frequency of fp - (1+0.5/Q) for a length in time domain of Q/fo.
Red marker was placed on the Lorentz curve at center frequency and at the 3 dB point. Figure (b)
shows the response signal of the resonator to this excitation signal, i.e., the forced oscillation and
the subsequent decay signal. A red mark is placed at the end of the forced oscillation. Figure (c)
shows the spectrum of the decay signals alone and Figure (d) shows the combined spectrum of the
response signals from the beginning and the end of the excitation. All other details corresponded to
the resonator shown in Figure 3.

Figure 10 shows such an example. The carrier of the excitation signal was set to the
6 dB corner frequency of the resonator and the length of the excitation to Q/ fo. The first
zero point of the associated spectrum is, therefore, at the resonance frequency. The top row
shows on the left the spectrum of the excitation signal in blue and the Lorentz curve of the
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resonator in red and on the right the response signal of the resonator to this excitation signal.
The bottom row shows on the left the spectrum of the response signal of the resonator after
switching off the excitation and on the right the joint spectrum of the response signals from
the start and end of the excitation.

If an electromagnetic wave of power P;, is picked up by the antenna between ¢ = 0 and
t = T, an open-source voltage Uy will be generated in the resonator circuit (see Equation (1)).
Because the electrical matching is at resonance frequency in the steady state, the loaded
voltage over R 4, u 4 is half the driving voltage. The power transferred by the antenna from
the incoming electromagnetic wave to the resonator is

p -’ _ U
T R4 4R,

After switching off the readout signal P;;,, a response signal with power Py is sent
back with

2 . 2, ,
Pout = % ~ PMHAZ((U) (1 _ efj(wf]rxfwd)T> ol20T p(—204j2wy) (t=T) (32)

Near resonance, i.e., w ~ wy, the term (1 — eliwa ’j“””‘)T) increases linearly with T

for aT < 1 and approaches 1 for aT > 7. If we neglect the constant phase rotation e/2*T
we will obtain for aT > 7T

Pout = PinHAz(w)e*Z“(t*T)ejz“’d(t*T). (33)

In this case, the power Py, during decay starts at the same power level as the picked-
up power level P;,,. A longer stimulation phase T beyond aT = 7 does not lead to any
further increase in the response signal.

4. Increasing and Decreasing the Driving Voltage According to a Trapezoidal Window

A sudden switch on and off of the readout signal and, thus, the driving 1 4(t) is not
always feasible, e.g., due to legal constraints for RF signals in the ISM bands. In order to
reduce the bandwidth of the readout signal, the amplitude can rise and fall according to
a Bartlett window or a trapezoidal window, i.e., a Bartlett window with a flat top. For a
trapezoidal window, the stimulating signal is

A for0<t<T range |

1 forTy <t <T, rangell
Tt forT, <t<T range I1]
0 forT <t range IV

up(f) = qu’jwt . (34)

The response of the system is calculated using the convolution with the impulse
response in Appendix F.

4.1. Interval with a Linear Increase in the Amplitude of the Stimulating Signal

For the range I when the amplitude of the driving signal is increased linearly in time,
the stimulating voltage is given by

; t
Mo(t) = UQEJWt . ?1 (35)
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The resonator responds to this stimulation with (see Appendix F.2, Equation (A163))

_U J. ot v % (wa— (D) 1 e (1)t
ua(t) T, {t Hp(w)e +}gwd (w—jzx+(—1)”wd)2[e e } . (36)

The resulting amplitude of the driven signal now consists of two parts, one of which
is increasing linearly in time and one constant part. The term with the angular natural
frequency for n = 1 is dominant for Q > 1 and w =~ wy. This dominant term of the
angular natural frequency can be expressed as a function of the square of Hy(w) (see
Equation (A167)). If we ignore all vanishingly small terms, Equation (36) simplifies to

1 Wi 2 —at+jwyt jwt
_— —H aHjwat oWt | 37
xaTy wy+ju a(w) {e ¢ } (37)

t 4
up(t) = UOﬂHA(w)e]“’t + Uy

We obtain a forced term with two parts: one increasing with time and one constant. Due
to the continuity of the switch-on process at t = 0, the amplitude of the dominant natural
oscillation is proportional to the square of H4 (w) and, additionally, it is suppressed by
1/ 4 T1. This natural oscillation is canceled at t = 0 by a forced term of the same power and
opposite sign.

4.2. Interval with a Constant Stimulating Signal

The amplitude of the driving signal is kept constant in range II. The analysis (see
Appendix F.3, Equation (A174)) delivers

1 (1)
= w—ja+(—1)"wy

(_e*“t*(*l)"fwdf + ejWTle*lx(f*Tl)*(*Un]'wti(f*Tl)) . (38)

5

The resulting amplitude of the driven signal is constant and shows the same amplitude
as in the case where the amplitude is abruptly switched on. We receive two signals at each
of the associated damped angular natural frequencies, one starts to decay at t = 0 and the
other at t = T1. The term of the natural oscillations for n = 1 is dominant for Q > 1 and
w =~ wy. In this case, we can simplify Equation (38) to

uas(t) =~ UpHgu (w)ej“’t

iy 4 (wy + ja) i (_e—at+jwdt +eijle—zx(t—Tl)+jwd(t—Tl)). (39)
Twi (0 — ja — wy)

We obtain two signals oscillating with the angular natural frequency w;. Depending on
their phase difference e/“T1, they add up constructively or destructively.

4.3. Interval with a Linear Decrease in the Amplitude of the Stimulating Signal

The signals in range III, where the amplitude of the driving signal is decreased linearly
in time, is similar to the situation in range I, but now with a decreasing driven signal.
The slope of the decreasing is sometimes set faster than the increasing amplitude slope,
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ua(t)

therefore, a different slope was chosen. The response signals of the systems are (see
Appendix F.4, Equation (A183)):

_ . —(=1)"%
T t HA((U)E]wt'FUO[XiA ((A)d ( ) ][X) 5
T — T2 Wy n=0 (a) — jzx + (—1)"wd)

[;‘1 (ejWTle*ﬂé(t*Tl)*(fl)"jwd(f*Tl) _ e*“t*(*l)n]'“’dt) +

1 ; " ‘
jwTy ,—a(t—To)—(—1)"jwy (t—Tp) _ jwt
+ T-1) (e 2e 2 a\lmi2) — ¢ )} (40)

ua(t) = U

We have a linearly decreasing driven signal and a constant driven signal, which is
exactly compensated at t = T, by a damped natural oscillation. At the switching points
t = 0 and t = T1, we obtain two natural oscillations, one at —w, and one at +w,, which
start at f = 0 and ¢ = T1 and then die out. The natural oscillation again can be expanded as
a function of the square of Hy (w). If we keep only the dominating terms for Q > 1 and
w = wy, Equation (40) simplifies to (see Equation (A186))

T—t

jwt Wy 2 .
T— TzHA(w)e to (wd +jzx)ocA HA(w)

leﬂxtﬂ‘wdt + leijl e*d(t*T1)+ju}d(t*Tl)+
T T

#eJ‘WTze—“(f—Tz)ﬂ'wd(f—Tz) __1
(T-Ty) (T-Ty)

MA(i’) ~ U

et (41)

Of most practical interest are the remaining signals after the driving has stopped.

4.4. Switching the Stimulating Signal Off

After the end of the stimulation signal, the resonator oscillates on its natural oscillations
(see Appendix F.5, Equation (A191))

U4 (wa +(=1)"ja) L a1y egt . L T (=T (1) e (T
Wi 420 (w — jo— (—1)"wd)2 h 1
1 . n. 1 . n-
= pwh—a(t=-T)+(-1)"jw(t-T2) _ ___ = jwT,—a(t=T)+(-1)"jw(t-T)
(T—Tz)e e (T Tz)e e . (42)

The linearly decreasing driven part of the signals vanished after switching off the
driving signal at t = T. The constant driven signals, however, transformed into a decaying
natural oscillation at t = T. Thus, at each switching point we obtain two natural oscillations,
one at —w,; and one at +w,;, which startatt =0, t =Ty, t = T, and t = T, and then die out
exponentially. Depending on their sign and relative phase shift 0, elvTh , ef‘*’TZ, elwT they add
up constructively or destructively.
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Figure 11. Driving voltage u((f) and response signal of the resonator specified in Figure 3. In Figure
(a), the stimulating frequency was set to f = fo, in (b) to f = 0.995fj, and in (c) to f = 0.99fy. The
stimulating signal shows a trapezoidal envelope in the time domain with a length in the constant
range of Q/ fo. The linearly increasing and decreasing parts are 0.1 - Q/ f. A red marker was set in
each graph at the end of the driving interval. All other details are the same as for Figure 6.

Figure 11 shows in blue the driving voltage and in black the corresponding response
signal of the resonator specified in Figure 3 for a driving frequency at resonance frequency,
at the 3 dB band edge and at twice the 3 dB band edge, which are calculated according to
the analytical formulas (36), (38) and (42). Additionally, the result of a numerical calculation
with MATLAB is shown.

For a driving frequency at the 3 dB band edge, or at twice the 3 dB band edge, shorter
stimulations with fewer than Q oscillations lead to higher response signals. Figure 12
shows the response for shorter stimulations at frequencies at the 3 dB band edge and at
twice of it.
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Figure 12. Driving voltage u((t) and response signal of the resonator specified in Figures 3 and 7.
The driving signal was shortened in time domain, when compared to the settings for Figure 11,
to maximize the response signal. Figure (a) shows the response signal for a driving frequency at
the upper 3 dB band edge, f = 0.995f; (left graph), but here the length in the constant range was
shortened to 0.5 - Q/ fo, and keeping the linearly increasing and decreasing parts at 0.1 - Q/ fo. Figure
(b) shows the response signal for a driving frequency of f = 0.99fy and a shortened constant range of
0.3- Q/fo. A red marker was set in each graph at the end of the driving interval.

Surprisingly, the length (T, — T ) of the constant stimulation does not seem to play a
direct role in the Equation (42), but only the rate of rise and fall of the stimulation voltage.
However, if the length (T, — T1) is chosen too short, the destructive interference that occurs
between the individual terms of Equation (42) will lead to a drastic reduction in the overall
response. Furthermore, it is astonishing that the denominators of the individual parts
contain the rise and fall times T; and T — T,. Since these can be selected freely, it seems
possible that a stronger decay signal might be generated by a clever choice of the rise and
fall rates, compared to the case with hard switching on and off of the driving signal. An
analysis shows that any possible increase in signal strength by shortening the rise and fall
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rates is also deteriorated by a destructive interference of the associated terms of natural
oscillation.

The term with the first large square bracket will be the dominant one of Equation (42)
when Q > 1 and w ~ w,. When the time for constant stimulation is chosen long enough
to fully load the resonator, i.e., (T, — T7) - « > 7, then the decay terms starting at t = 0 and
t = Tq can also be ignored. In this case, Equation (42) simplifies to

walt) ~ U _—(Wati®) .{( U T pa(t=T)4juoy (tT)

67d(w—joc—a)d)Z T—-Ty)
1 . .
_e]szea(tT2)+]wd(tT2):| . 43
. (43)

The two terms might add constructively if their phase difference is 7r. However, in this case
either the frequency response H 4 (w) will be very small (see Appendix E5, (A198)), i.e., the
driving frequency w is not within the resonance, or the second term in Equation (44) will
already have nearly faded away. The two terms in Equation (44) will, therefore, always
add destructively. Increasing (T — Ty) so that the second term in the square bracket can be
neglected does not help either, as it also reduces the prefactor of the bracket. On the other
hand, if the decrease time (T — T5) is chosen fast enough to ensure

@ —wg —jal(T— T2) <1,

then we can approximate the exponential function up to the quadratic term and obtain (see
Appendix E.5, (A203))

MA(t) ~ UOHA(w)gijgf’J‘(th)*']‘wd(t*T) .

1 . . 1 . .
1- E(a —jwg+jw)(T —Ty) + g(zx — jwy +]w)2(T —T,)*|. (45)

A comparison of the decay signal in the case of applying a trapezoidal window on the
readout signal u 4, Typezoidal (t) to the decay signal in the case of hard switch on and off of
the readout signal 4, ¢, (t) gives

1 . .
Uy, TaPezoidal(t) ~Up, cut(t) : {1 - E(‘x — JWd +]w)(T - TZ)

b jog + )T~ To)?. (46)

That is to say, we obtain a decay signal with nearly the same strength as in the case
with hard switch on and off, if the amplitude decrease time (T — T,) is short enough.

4.5. Increasing and Decreasing the Driving Voltage According to a Bartlett Window

The last sections showed that the level of the decay signal depends crucially on the
length of time of the constant excitation and on a sufficiently fast decay of the excitation
signal. How does the situation change if we skip the constant loading and use a driving
signal according to a Bartlett window. The corresponding loading signal is given by

% forOgtS% range |
ug(t) = Upe!" - Z(Tift) for L <t+<T rangell (47)

0 forT <t range 1
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The response of the system can be calculated by using the results for a trapezoidal
loading signal and adopting the times T; = T, = T/2 (see Appendix F.6). Substituting
T1 = T/2 into (36) gives the signals during the increasing of the stimulation

2t ' 204 & (wy— (—1)"ja) , VRS
ug(t) = Uy=Hy(w)e/®t + Uy=—4 plwt _ pmat=(=1)%jwat| (48
a(t) = Up Ha(w) "oy L (@ jat (-1)"wy)? [ } (48)

For the decreasing part, the substitution of T; = T, = T /2 in Equation (40) results in

_ ) 1 —(=1)"%
T tHA(w)e/“”+U0%DLA (s = (1)) 5
Twi ;13 (w—ja+ (—1)"wy)

{Zejw%eﬂx(tfg)7(71)'1jwd(t7%) _ e ut—(=1)"jwat _ ejwt} ) (49)

LIA(t) = ZUO

And, finally, the decaying natural oscillation for t > T, when stimulation is completed,
results by the substitution of Ty = T, = T/2 into the Equation (42)

“Ai (wa — (=1)"ja) {_e—at—(—l)"jwdt_i_
wd)z

0
+20F (=) =V (1= 8) _ gfoToalt=T)=(1jeat=D)] (50

For the Equations (48)—(50) approximations for Q > 1 and w =~ wy can be estimated, which
are given in Appendix F.6, Equations (A208) and (A212). Neglecting the vanishing small
second term in (50) leads to (see also Equation (A215))

. . 2 . .
uA(t) ~ Uy 2 )HA(CL)) (1 _ e—](w—]lx—wd)%) e]wTe—a(t—T)+]wd(t—T) (51)

T(w — jo — wa)
2 TP T 2
MA, Bartlett(t> ~ MA, Cllt(t) m (1 —e ](‘U jx (Ud) 2 ) . (52)

UA, Bartlett(t) increases linear with T for small T (see Equation (A220)), and reaches a
maximum at Ta = 2.5 (see Equation (A224)) with

w 25
T = Ti = — = .
f=T5 ="2Q=080Q
Ug, Bartlett(t) ‘Ta:?_.S ~ 0-41“/1, cut(t) (53)

Figure 13 shows, in blue, the driving voltage and, in black, the corresponding response
signal of the resonator specified in Figure 3 for a driving signal which is weighted in the
time domain with a triangle function (Bartlett window). The driving frequency was set to
resonance frequency at the 3 dB band edge and at twice the 3 dB band edge. The lengths of
the Bartlett windows were optimized to maximum response signal at the time when the
driving signal was switched off.
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Figure 13. Driving voltage u((t) and response signal of the resonator specified in Figure 3. The
envelope of the driving signal is weighted in the time domain with a triangle function (Bartlett
window). The driving frequency was set to f = fp in Figure (a), f = 0.995f; in (b), and f = 0.99fj in
(c). The length of the Bartlett window was optimized of maximum response signal after switching off
the driving signal. A red marker was set in each graph at the end of the driving interval. All other
details are the same as in Figure 6.

5. Weighting the Driving Voltage by Using a Tukey Window

The driving voltage uo(t) now rises and decreases according to a modified Tukey
window with a flat top and optional different raise and fall-off rates

%- (1—cos%> for0<t<T; rangel

j <t <
up(t) = Upelt - : 1 e forTy <t <T, rangell (54)
z.(1—cosm) forT, <t<T rangelll
0 for T <t range [V

In the rising part of the Tukey weighting, we receive the following signal from the
resonator as a response (see Appendices G and G.2, Equation (A245) )

1 — (=17
) - luolx—AZ (wqg — (=1)"ja) . -
1=0 (g + (—1)"jwy + jw) [(a+(—1)n]wd +jw)” + (Tll) ]

l (;)HJ ; { (;) lor (e eje) 1 —eos(n )|

_TE(DHF (—1)"jewy +jw)sin<7‘c;1) }ejwt]. (55)

1

For the portion with constant charging of the resonator (range II), we obtain (see
Appendix G.3, Equation (A250))

2
1 _(_1\"s ) It
ug(t) = EUQ‘X*A (wd (n,l) ]DC) . | 2piwt — <T1> 5
2wy (a4 (—1)"jwy + jw) (a+ (=1)"jwg +jw)2+ <T£>
1
<efact7(f1)"]wdt +eijle*(M(fl)”]‘wd)(t*Tl))}' (56)

The solution for the cosine-shaped decrease in the amplitude of the stimulation signal
results in (see Appendix G.4, Equation (A255))
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1oag s (wa—(=1)"a)
ual(t U
alt) 2 wdz( +(—1)"jwy + jw)
(£)
B T (e—at—(—l)”jwdt +eijle—(uc+(—1)”jwd)(t—Tl))
" . N\2 2\2
(v + (—1)"jwg +jw)” + (T—l)
2
. 1 2{< . ”T > PJ0T g (w4(~1)" e ) (- T2)
) . \2 -
(& + (=1)"jeou + jeo)* + (757 ) (T-T)
2
7T n. . \2 (T — t) > ]
| =) +(a+(-1) jws+jw) |1 —cos| T—~
[((T—T2)> (o (=1 oa + ) { ( (T-Tz)
T 1\ : : (T — t) jwt
+7(T—T2) (a+(—1)"jwy +]w)sm<7'c(T_T2)> }e . (57)
After the end of the stimulation signal, the resonator oscillates with its decaying
natural oscillations (see Appendix G.5, Equation (A260))
1. & wd - ( 1)"ja)
t =Uy .
ualt) 2 wdnz(;) (a+(—1)"jewy + jw)
(ﬂ)z
T (e—zxt—(—l)"jwdt +eijle—(vc+(—1)”jwd)(t—Tl))+
" . N\2 7\ 2
(v + (—1)"jwg +jw)” + (Tl)
2
T
+ ((T—T2)>

driving voltage () - - -

2
(a+(—1)"jewy +jw)2 + (ﬁ)
(eijze— (a+(=1)"jwa ) (t=T2) | eJ'WTe—(“‘r(—l)"fwd)(f—T))} ]

(58)

Figure 14 shows in blue the driving voltage and in black the corresponding response
signal of the resonator specified in Figure 3 for a driving frequency at resonance frequency,
at the 3 dB band edge and at twice the 3 dB band edge, which are calculated according to
the analytical Equations (55)—(58). Additionally, the result of a numerical calculation with
MATLAB is shown. Figure 15 shows that for stimulation signals at the 3 dB band edge and
at twice of that, the response signal of the resonator is increased also for Tukey-weighted
stimulation signals, when the stimulation interval is shortened.
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Figure 14. Driving voltage u((t) and response signal of the resonator specified in Figure 3. The
driving signal is weighted in the time domain according to a Tukey window with a length of Q/fj in
the constant range. The cosine increasing and decreasing parts are 0.1 - Q/ fo. The driving frequency
was set to f = fy in Figure (a), to f = 0.995f; in (b), and to f = 0.99fy in (c). A red marker was set in

each graph at the end of the driving interval. All other details are the same as for Figure 6.
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Figure 15. Driving voltage u(t) and response signal of the resonator specified in Figure 3. The driving
signal was shortened in the time domain when compared to the settings for Figure 14, to maximize
the response signal. Figure (a) shows the response of the resonator for a stimulating frequency at
the upper 3 dB band edge, f = 0.995f), where the length in the constant region was shortened to
0.5- Q/ fo, but the rising and falling cosine parts of length 0.1 - Q/ fo were retained. Figure (b) shows
the response signal for a driving frequency of f = 0.99fy and a shortened constant range of 0.3 - Q/ fy.
A red marker was set in each graph at the end of the driving interval.

At each switching point, we obtain two natural oscillations that startat t =0, t = Ty,
t =Ty, and t = T and then die out. The four natural oscillations for # = 1 in Equation (58) are
dominant for resonators with high Q and a stimulation near resonance. If a(T, — Ty) > 1,
the natural oscillations starting at t = 0 and ¢ = Tj can also be ignored, and Equation (58)
can be simplified to

. 2

EU()“—A (wg —ja) . ((T*Tz))
. . 5
2700 O 0 (oo v o)+ (g )

(efct)Tze—(“—fwd)(f—Tz) ¥ ef‘UTe—(“—fwd)(f—T)) . (59)

uA(t) ~

A good approximation for this result is (see Appendix G.5, Equation (A264))

1 2 (1 + e—]’(w—ja—aid)(T—Tz))

ua(t) =~ SUoHa(w)

5 5 cel0Te—(a—jwa)(t=T) — (g0)
(T—T)" (a — jwy + jw)” + 772

If we expand the fraction and the exponential function in the brackets, we obtain (see
Appendix G.5, Equation (A268))

1 . .
ua, Tukey(t) =~ UoHa(w) (1 - E(zx — jwg + jw)(T — Tp)+

1 1 . . iwT —(a—i _
+<4 — 712> (0 — jwy +]w)2(T - Tz)z) 0T (a—jwa)(t=T) (1)

A comparison of the decay signal in the case of applying a Tukey window on the
readout signal u 4, Tykey (t) to the decay signal in the case of hard switch on and off of the
readout signal 14 () gives

1 . .
Ug, Tukey(t) N Uy, cut(t) : {1 - E(‘X —]Wq +]w)(T - TZ)

+<i ‘;)w—jwdﬂ'w)%T—Tz)Z : (62)
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Tukey-windowed excitation signals require a lower bandwidth than a square window
signal. However, their response signals also reach a lower level at the time the readout
signal stops because the additional excitation in the falling edge does not fully compensate
for the exponential decay of the response signal. Figure 16 shows this decrease in the
bandwidth of the stimulation signal together with the resulting additional decrease in the
response signal. Here, cosine-weighted end sections were attached to a constant stimulation
signal at both ends. The stimulation frequencies in the graphs are fj in the left, 0.995 - f
in the center and 0.99 - fj at the right. The lengths of the constant stimulation signals are
set to Q/ fo for the left graph, 0.75 - Q/ fy in the center and 0.3 - Q/ fy in the right one. The
spectrum of the stimulation signals contains many small side lobes. Depending on whether
a side lobe contributes to or falls below the -50 dB bandwidth, the resulting bandwidth
jumps up or down.
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Figure 16. Reduction in the required bandwidth and corresponding decrease in the decaying response
signal of the resonator specified in Figure 3 by appending a cosine-weighted edge as a function of the
length of the cosine weighting. The resonator was stimulated in Figure (a) at resonance frequency, fo,
for a length in time domain of Q/fy in the constant stimulation range. In Figure (b), the stimulation
signal is set to 0.995 - fj for a time of 0.75 - Q/ fp in the constant range, and in (c) the stimulation is at
0.99 - fo for 0.3 - Q/ fo in the constant range.

Weighting the Driving Voltage by Using Hann Window

In the case of a Hann window, the driving voltage u((t) rises and decreases according
to a cosine window

27t

1
wolt) = Uod"- 7-(1—cos?F) for0<t<T rangel ©3)
0 forT <t range [V
We obtain for t > T (see Appendix G.6, Equation (A272))
1 gy (%)’ (wa = (=1)"ja)
ua(t) = ZUo— 5 5 r—
2 W43 (w+ (—1)"jewg + jw)” + (3F) (a+ (=1)"jwq + jw)
[_efatf(fl)”]‘wdt +eije*(lXJr(fl)"]'wd)(th)} . (64)

We obtain two decay signals, one which is triggered by the start of the loading, with
an amplitude proportional to e~*, and one which is triggered by the end of the loading,
with an amplitude proportional to e~#(*=T). For resonators with high Q and a stimulation

near resonance, we can skip the small terms for # = 0 and add the small term % and
obtain (Equation (A274))
uA(t) = UolHA(w) L)Z (1 — efj(“)*/'“*“)d)T) g]"‘/Tg*("‘*jwd)(f*T) (65)
: (a—jwg+jeo)+ (3 ) '
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This function shows a maximum at the value «aT = 0.75 - 7t = 2.35, i.e., if T is chosen for the
length of 0.75 - Q oscillations. This maximum is equal to 40% of the value we obtain by
hard switching the stimulation on and off:

UA, Hann ‘Ta:2.35 ~0, 40 - Uy, cut‘T,x:W (66)
Figure 17 shows in blue the driving voltage and in black the corresponding response signal
of the resonator specified in Figure 3 for a driving signal which is weighted in the time
domain with a Hann window. The driving frequency was set to resonance frequency, at
the 3 dB band edge and at twice the 3 dB band edge. The length of the Hann windows is

optimized to maximize the response signal at the time when the driving signal is switched
off.
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Figure 17. Driving voltage u(t) and response signal of the resonator specified in Figure 3. The
driving signal is weighted according to a Hann window with a time length to maximize the response
signal. The driving frequency is in Figure (a) at resonance, in Figure (b) at the upper 3 dB band edge
and twice this frequency distance as for (c).

6. Stimulating a Resonator by Using a Frequency-Modulated Driving Signal

In an up chirp, the instantaneous frequency varies linearly in the time interval Tcp;yp
across the bandwidth By, from the angular frequencies wq; to wygy. The rate of change
is called the chirp rate p, with

Benirp  fiow — fnigh
_ _ g

= (67)
Tenirp

TChirp

In a down chirp, the instantaneous frequency varies linearly in from fj;g), to fio- The
driving voltage 1((t) can be written as

gj(wluzv+27rl4t)'t

ug(t) = Up o (t) - { i (whign—27tpt ) (68)

for upchirp
e]

for downchirp

We can write for the generated signal u 4 () in the source resistor of the antenna

uA(t):/_o:ohA(t—T)-uo(T)dT.

The following analysis is performed for an up chirp. The equations for a down chirp are cor-
responding. The analysis of above integral leads to two Fresnel integrals (Equation (A280))
which cannot be integrated analytically

t
uA(t) — lloi (wd _ ]oc)e at—jwgt e+1xr+](wd+wlaw)r+]2ny'r dr
Wy 0

. t . ;
+(wd+juc)e_"‘t+]“’dt/ e+ar—](wd—wlow)r+]2ny1'2dT ) (69)
0
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We can solve this integral numerically or use an approximation method based on the
so-called stationary phase method (see Appendix H). The quadratic terms in the exponents
result in rapidly oscillating phase functions. Since the amplitudes remain constant, time
domains with a rapidly oscillating phase do not contribute to the output of the integral.
Only sections with a slowly varying phase contribute to the output of the integral. This is
only the case if the chirp modulation ut is close to the resonant frequency +wj.

Figure 18 shows the contribution of the stimulation chirp signal to the oscillating
signal in the resonator for the resonator characterized in Figure 3 and a chirp function
over a length of T = 400 with a relative bandwidth of 20% centered at center frequency
fo- The left graph shows the real part of the driving voltage with respect to the resonance
frequency, and the right graph the real and imaginary part of the integral over this driving
voltage as a function of t. Figure 18 illustrates this principle of the stationary phase. Only
the part where the chirp modulation 7 hits the resonant frequency, which is the middle in
the left figure, contributes significantly to the response signal. All other oscillations cancel
each other out. This is also illustrated in the right diagram, where only this part leads to a
significant contribution in the integral.

The chirp modulation reaches the angular natural frequency wy of the resonator at the
time T, with
Wq — Wigw

ks 2ty

(70)

Our approximation limits the integrals in Equation (69) to this stationary range, where the
phase of the stimulating signal matches the phase of the excited oscillation to + 7. This is
the time interval (see Appendix H, Equations (A286) and (A287))

<+ (71)

_L<T
2y = T 2 /p

The instantaneous frequency f of the chirp in this time interval sweeps between

Ts

fo— VA S S < fot 5 Vi ™)

Within this stationary range, the frequency of the stimulation signal is set constant to the
resonance frequency. With these approximations, we obtain for the response signal within

the stationary range (TS — ﬁ <t< T+ ﬁ) , Equation (A296))

. A A
uA(t) ~ UOZ%ZC%ITW <1 e a(t Ts+2\/ﬁ>)e+]wdt. (73)

The chirp signal starts to stimulate the resonator at the beginning and stops stimulating at
the end of this range. After the stimulation, the resonator decays with (Equation (A302))

N4 Wy+jn e\ a1 L
uA(t)%qud]<1e ”‘ﬁ)e () gt for £ > (TS+

wy o (74)

)

The stimulation the resonator with the chirp signal is limited by the time length of the

stationary range AT
1
ATS = —. (75)
K

The resonator will be fully loaded and, thus, the decay signal will be maximum if aAts > 7.

A down chirp starts to load the resonator at a frequency of fo +0.5,/p and stops
loading at fop — 0.5,/#. Readout systems using chirped signals often mix down the response
signal with the transmit signal for signal detection. In this case, the maximum response
signal will result at fp +0.5,/s# when using an up chirp and at fy — 0.5,/p when using a
down chirp.
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Figure 18. Figure (a) shows the real part of the driving voltage generated by a stimulating chirp signal

real part of driving voltage u o(()
o
imaginary part of uA(l) inegn. 79

over a relative bandwidth of 20% centered at resonance frequency fy and a time length of 400. Figure
(b) shows the integral over this driving voltage, the so-called Euler spiral or Cornu spiral. Only the
center, stationary part around the resonance frequency contributes to the resonant oscillation, all
other parts cancel each other out.

Figure 19 shows the driving voltage ug(t) with the dashed blue line and the response
signal of the resonator specified in Figure 3. The full black line shows the response signal
calculated analytically according to the approximation of stationary phase and the dotted
black line shows the numerical simulation of the response signal using Matlab. The drive
signals are modulated with a linear chirp of length 400. The chirp bandwidths and thus the
chirp rate are varied, whereby in the left graph, the bandwidth is 10% of fy, which results
in an @At = 2. A chirp bandwidth of 20% and thus an «Ats = 1.4 was used for the middle
and for the right graph, 40% bandwidth with an #aAt; = 1 was used. The bandwidths
of the chirps are centered around the center frequency of the resonator, the chirps reach
the resonance frequency at time position 200. Due to the charging of the resonator in the
synchronous range, the maxima of the responses occur at the end of the synchronous range.
The instantaneous frequencies of the chirps are already more advanced at this point and
are at fo £ 1/0.57t, depending on the up or down chirp. In the numerical simulations with
MATLAB, the maximum of the response signal is shifted slightly to later times due to the
different wave forms. The red asterisks give the synchronous range and the blue crosses
the maximum of the numerical calculated response.
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Figure 19. Driving voltage u((t) (in dashed blue line) and response signal (in black line) of the
resonator specified in Figure 3. The driving signal is modulated using a linear chirp with a chirp
rate resulting in #Ats of 2 in Figure (a), 1.4 in (b), and 1 in (c). The full black line shows the response
signal calculated analytically according to the approximation of stationary phase and the dotted black
line shows the numerical simulation of the response signal using MATLAB. The red asterisk gives the
end of the synchronous range and the blue cross the maximum of the numerical calculated response.
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7. Discussion and Summary

In this contribution, the external excitation of a resonator, which is wired to an antenna
in a wireless passive sensor system, and the subsequent decay characteristic of the stored
energy was modeled analytically and numerically, respectively. The resonator is modeled
as a series RLC circuit, the external excitation is given by the readout signal of the wireless
sensor system.

During stimulation, the resonator oscillates in a forced oscillation. At the beginning
and with every change in the stimulation, additional natural oscillations are excited due to
the boundary conditions, since the exciting CW signal is not a solution of the descriptive
differential equation. The physical boundary conditions in the RLC equivalent circuit are
the continuity of the current in the coil and the continuity of the capacitor voltage. Due
to the boundary conditions, natural oscillations, damped cosine and sine oscillations, or
el@Hjwa)t and e(®~jwa)t are always excited together. If the frequency of the exciting signal is
close to the resonance frequency, then when excited with a cosine oscillation, the associated
damped natural cosine oscillation will be several times the quality factor more strongly
excited than the natural sine oscillation. The same applies to an excitation with a complex
exponential function.

At the beginning of the excitation, the natural oscillations have the same amplitude,
but with the opposite sign of the forced oscillation. As the natural oscillations gradually
decay, more and more energy is stored in the resonator. If the exciting frequency and the
frequency of the natural oscillation do not match, beats will occur during the transient
process. The simultaneous occurrence of the natural oscillations and the forced oscillation
characterizes the transient process, which comes to an end as the natural oscillations decay.
Natural oscillations are also generated at the end of the excitation. These take over all the
energy stored in the resonator and the forced oscillation ends immediately.

Resonators are linear, time-invariant systems that react with the same frequencies
as they are excited. Any change in the exciting signal, such as switching on and off, are
non-linear processes that will generate natural oscillations when adjusting to the new state.
This generation of natural oscillations is also independent of whether the change in the
stimulating signal is discontinuous, such as a hard switching on and off, or continuous and
constantly differentiable, as when using a Tukey window.

The natural oscillations have the same temporal symmetry as the excitation signal.
With hard switching on and off, the spectrum of the natural oscillation created by turning off
the excitation is, therefore, a time-delayed and inverted copy of the spectrum of the natural
oscillation that will arise when that excitation was turned on. The joint spectral power
density of all natural oscillations was taken from the excitation spectrum. However, the
individual spectrum of the natural oscillation that results from switching off an excitation
can contain spectral components that were not part of the spectral power density of the
excitation, provided that these spectral components are compensated for by the spectrum
of the natural oscillation that was generated when this excitation was switched on.

The signal responses of the resonator to different temporal waveforms of readout
signals were analyzed analytically and numerically. These signals included a rectangular, a
trapezoidal, and a Tukey window CW signal as well as a frequency-modulated readout
signal with a chirp function. The most efficient way to readout a wireless resonator is to
use a CW signal with a rectangular, hard switched on and off waveform applied for Q
oscillations. If the source resistance of the antenna is matched to the loss resistance of the
resonator, the resonator in this case will sent back a decaying response signal, which begins
at a power level of half the power that was delivered to the resonator by the antenna during
excitation.

Readout signals weighted in the time domain with a trapezoidal or Tukey window
require a lower bandwidth than a rectangular window signal. However, their response
signals also show a lower level at the time the readout signal stops because the additional
excitation in the falling edge does not fully compensate for the exponential drop in the
response signal. A comparison of the amplitude of the decay signals generated by a readout
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signal with a trapezoidal window u 4, Tupezoidal (t) or @ Tukey window 14, 1k () with the
decay signal in the case of a hard switching on and off of the readout signal 14, c,(t) gives
for a fast roll off (|(a — jwy + jw)(T — To)| < 1):

1 . .
Uy, Tapezoidal(t) T Up, cut(t) <1 - E(D‘ — JWq +]w)(T - TZ)

g0+ jo (T~ o) 7o

ua, mtes(0) ()1 38— g ) (T = )
#3786 Je+je (T - T2 )

In this estimation, equal times with constant excitation were used for all three win-
dows. We obtain similar decay signals with both windows however with a lower readout
bandwidth. The term linear in (T — T;) and the quadratic term will not cancel, since this
would require (¢ — jwy + jw)(T — Tp) ~ 3, where the small term approximation of the
exponential function is no more valid.

Time domain-weighted readout signals without any flat-top component, such as Hann
or triangle-weighted signals, can also be used to readout wireless resonators if their time-
domain length is matched to the quality factor Q of the resonator. Signals without flat-top
components typically require quite a small bandwidth. The amplitude of the decay signals
generated by a readout signal with a triangular or Hann window with a time length of
0.80-Q or 0.75-Q oscillations reaches 40% (—8 dB) of the amplitude of the decay signal
generated by hard switching on and off.

Figure 20 shows a comparison of the examined excitation signals. The schematic
representation of the waveforms in the time and frequency domain uses the same scaling
for all window functions. The data given in the table were calculated using the framework
data presented in Section 2.4 and the stimulation functions introduced in Sections 3-5. The
length of the constant stimulation plateaus for the rectangular, trapezoidal, and Tukey
windows was set to Q/ fo, the resonator then oscillates with 97% of the maximum amplitude.
For the trapezoidal and Tukey windows, additional 10% of this length was used for the
rising edge and 10% for the falling edge. The roll-off characterizes the reduction in the
response signal at the end of the excitation signal compared to a full charge of the resonator.
The rectangular excitation signal provides the highest response signal but at the expense of
a fairly large signal bandwidth. A trapezoidal or cosine-weighted excitation signal requires
significantly less bandwidth at the expense of a 1 dB lower response signal and a slight
increase in the duration of the interrogation signal. The triangular and Hann windows are
more compact in both the time and frequency domain but at the expense of a 6 dB lower
response signal.

characteristic | rectangular trapezoidal Tukey triangular Hann
stimulation Q/f 1.2-Q/fo 1.2-Q/fo 0.8-Q/f, 0.75-Q/f,
length

Frequency- \ q
" e | b ]
—50dB fo fo fo fo fo
bandwidth 2005 325 255 285 12.35
Roll-off 0.41dB 1.5dB 1.5dB 7.7 dB 7.9dB

Figure 20. Comparison between studied excitation signals.
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If a chirp with the bandwidth Bcy;,, and the length Tcy;,, is used as readout signal, it
will essentially only excite the resonator during the time in which there is synchronization
between the chirp signal and the natural oscillation of the resonator. The duration of this

synchronization is /Tcpirp/Bchirp- The strength of the response signal results from the

stimulation of the resonator during this length of time. The maximum of the response
signal will not occur at the time when the chirp signal matches the resonant frequency, but

is delayed by £0.5, / Tcpirp / Bcpirp depending on whether an up or down chirp was used.
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Appendix A. Derivation of the Descriptive Differential Equation

The current i is identical for all elements in a serial circuit, and its value rules the
characteristics of the circuit. Figure 2 shows a schematic of the electrical circuitry simulated
in this analysis. The circuity is analyzed by using Kirchhoff rules, Equations (A1) and (A2),

Up = Up+Up+UCc+UpD, (Al)
ic(t) ip(t) =ip(t) =ia(t) = i(t), (A2)

and the device equations given in Equations (A3)-(A6)
duc(t)

i) = =g (A3)
ur(t) = L-dlét(t), (A4)
up(t) = Rp-ip, (A5)
MA(l’) = Ry -ig. (A6)

If an electromagnetic wave of power Py, (t) is picked up by the antenna, then an open-
circuit voltage u( is generated in the source impedance R 4, which acts as source in the
circuit, with

ug(t) = \/Pin(t) - Ra (A7)

At resonance frequency in the steady state, due to impedance matching, all electromagnetic
power absorbed in the antenna is transferred to the resonator and no power is reflected.
The terminal voltage applied to the resonator is then half of the open-source voltage. The
circuit is a linear time-invariant device which can be analyzed both in the time domain or
in the frequency domain.
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Appendix A.1. Analysis in Time Domain, Differential Equation
If we insert Equations (A4), (A5) and (A6) into Equation (A1) we obtain
. dip (¢ .
Mo(t)=RA~lA+L'%p+MC+RD-ZD (A8)

Derivation of the Equation (A8) with respect to time and inserting Equation (A3) leads to

dug(t) .. di(t) il dZi(t) .\ it) TR di(t)

a4 ar thge fe TR g (49

After sorting according to the order of the time derivatives, the descriptive differential
equation of the system, (A10), is obtained [28]:

a2 L dt IC  Lat

d?i(t) .\ Ra+Rpdi(t) i(t)  dug(t) (A10)

Equation (A10) can be written in a more generally way using the following abbreviations:

Ra+Rp _,. (A11)
L
1 2

Using these abbreviations, the differential equation given in Equation (A10) is rewritten by

d?i(t) di(t) 2. Ldug(t)
12 + 2 a wp<i(t) = T d (A13)
This equation can also be expressed as a function of u 4 by using Equation (A6):
dPua(t) , dua(t) R dug(t)
dtz +2u dr + W uA(t) = T it (A14)

The vibration characteristics of the system is described by the quality factor Q and
both the undamped and the damped natural angular frequencies wy and wy, with

wyg =V wy? — a? (A15)

The quality factor Q is defined by the fraction of the reactance X to the resistance R:

X woL wo
_X_ _ Wo Al
R Ra+Rp %720 (Al6)

Q

The damping constant & can be replaced with the help of the quality factor Q. For

further analysis, it is helpful to separate the damping constant « into the fraction due to the
loading with the antenna a 4 and due to internal dissipative losses ap.

Rp
2L

Ry
= ——, and ap =

aa= 57 (A17)

Appendix A.2. Homogeneous Differential Equation

To solve the differential Equation (A13), we first solve the homogeneous part if(t)
with the ansatz: iy (t) = e#!. We insert the ansatz function, cancel the exponential function,
solve the quadratic equation and obtain

pi2 = (—a =+ jwy)
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The general solution of Equation (A13) is given by Equation (A18):
ipg(t) = Cre~ @it 4 Cyp=nt=jwat (A18)

The actual values of the two complex constants C; and C; of the homogeneous solution
result from the boundary conditions. The two solutions of the homogeneous differential
equation are called natural oscillations at the angular natural frequencies of the resonator.
With the help of the addition theorems, both natural oscillations can be combined into one
oscillation with phase. However, in order to simplify further analysis, calculations will
continue to be made with complex exponential functions in this work.

With no external force and no damping, the system would oscillate at its undamped
natural angular frequency wy = % If we have damping in the system, the resonator

can generate damped free oscillations with the damped natural angular frequency wy =
Vv wo? — a2, the amplitude of which decreases proportional to e~* , where a = RA;LRD
and 0 < & < wp was assumed. The amplitude A is dropped down to e™" ~ 4% after Q
oscillations. The quality factor Q also gives the 3 dB bandwidth Awj;p of the resonance:
Q = Awsyp/wy.

The currents of the two damped natural oscillations induce voltages across the ele-
ments of the circuit. The voltages 1 4y across R4 are given by

uap(t) = Ra -ip(t) (A19)

The power P,,t, which is taken from the damped natural oscillations in the source
resistance of the antenna, is radiated back to the reading unit via the antenna.

m(”AH(t)2>

%, (A20)

Pout(t) = R(uan(t) -in(t)) = Ra '%(iH(t)z) =

Appendix A.3. Steady State with Sinusoidal Excitation with Constant Amplitude
With a forced periodic excitation by the voltage u(t) with constant amplitude Uy,

u(t) = Upel", (A21)

the steady-state current ig;(f) must show a constant amplitude A. Therefore, an exponential
ansatz function ‘
ig(t) = A- el (A22)

is sufficient to solve Equation (A13), which determines A. If we insert Equations (A21)
and (A22) into Equation (A13), cancel the exponential function and solve for the amplitude
A, we obtain the forced steady-state current ig;(f):

—jw Uo jet

isy () = (A23)

w? —2jaw —w? L

This solution can be written in amplitude and phase. Expanding the fraction with the
complex conjugate of the denominator, we obtain

e 7w (WE — w? — 2jaw) Uy

- el (A24)
Wy

iSt(t) = (

— w? +2jaw) - (w3 — w? —2jaw) L

Here, we additional replaced —j with e~/ .
This is a harmonic oscillation with the angular frequency w, the (real) amplitude

w o

Alw) =
\/(w(z) — w2)2 + (2aw)? L

(A25)
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and the constant phase shift (¢ + ) with respect to the exciting voltage Uy

2aw
=tan ! ——— . A26
¢(w) = tan PR (A26)
Using the quality factor Q = 5¢, we can replace the damping constant a.
— wow
- tan ! A27
¢(w) an (Q(w%—w2)> (A27)
iss(t) = w o i(wt—g-7) (A28)

Jid -t () "

This phase shift can be seen in Figure 9. However, in order to simplify further analysis,
calculations will continue to be made with complex exponential functions in this work.

Appendix A.4. Split into Two Partial Fractions

The solution in Equation (A23) can be split into two partial fractions corresponding to
the two poles of the function:

. —jw UO ;
)= e

Determination of the zeros of the denominator:

w? — 2jwn — wy? 0 (A30)

wip=jat -2 +we? = jatwy (A31)

Determination of the numerators of the two partial fractions:

( A, B )— —jw (A32)

w—jatwg W= jr—wy wZ—ijtx—woz

A (w—ja—wy)+B-(w—ja+wy) = —jw (A33)
(A+B)w—ja(A+B)—(A—Blwy = —jw (A34)
Comparison of terms with w:
(A+Bw = —jw (A35)
A = —j—B (A36)
Reminder:
—ja(A+B)— (A—B)wy; =0 (A37)
Inserting A:
—ja(—j—B+B)—(—j—B—B)wy; = 0 (A38)
—a+ (j+2B)wy; = 0 (A39)
jwg+2Bwy; = +a (A40)
+2Bw; = +a—jwy (A41)
1 .
B = +m(+a — jwy) (A42)
A——'—L(+ —jwy) = L(+ +jwy) (A43)
=-J 2wy &—Jjwq) = 20, &+ jwy
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—jw S 0 Y S ey (Add)
2 - 2jaw — w3 2w\ w—jrtwy w—ja—wy
; a+jwd “_jwd Up jwt
)y = (- . el A4
st (t) < w—ja+wd+w—jzx—wd> 2wyL ¢ (A45)
Appendix A.5. Steady-State Analysis in the Frequency Domain
The impedance of the loaded resonator Z, is given by
1
Z =Ra+Rp+jwL+-— A4
Zr=Ra+Rp+jwl+soe (A46)

When a voltage ug is generated in the feeding point of the antenna due to pickup of a
readout signal, then the externally generated voltage u 4 at the forced frequency w across
the source resistance of the antenna is given by the complex voltage divider

Ra

Upc = U A47
AG 0 RA+RD+]a;L+]wC ( )

After inserting the abbreviations in Equations (A11)-(A17) and simplifications, we obtain

Ra

20 2jwu
L A JWA A
Uac = U g :u0~7:u0- ;
A+RD 2jwa — w? + wo?
+]“’+]ch 20+ jow + S / 0
—2jwu o a+jw a—jw
Uag = Uo- e Jd T ) (A48)
—2jwax — wy wy w—ja+twy w—ja—wy

Analogously, the generated voltages uc¢ on the capacitor, u; g on the coil, and upg on

the loss resistor are:
2

1 1 “n
u u jwC u jwLC u jw
CG = 0- =Ug - RaiR =Uy ————— 2
RA+RD+]wL+]wC A+D+]cu+]wLC 20c+]w+]j
2
—w
ucg = ity ——m O (A49)
— 2jwa — wp
U = Uo- JwL =Up- o =ug- e
- - R R . - 2
RA+RD+]°‘)L+JwC %'F]w'i_ja%c sz+jw+‘]%0
2
w
Uurg = Uo- W — Dion — 2 (A50)
jwa — wg
—2jwap
u = up- - A51
DG 0 ~Zjon — wg? (A51)

Appendix B. Calculation of the Impulse Response of the Source Impedance of the
Antenna, h4(t)

The frequency response is given by

HA(w)z—“A( Jwata | Jwi— & ) (A52)
Wy \w—Jje+w; wW—Jx—wy

The impulse response of a linear time-invariant system is given by the inverse Fourier
transform of the frequency response
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+0o .
) = % /_  H@)e ' dew (A53)
ha(t) = @./m _daf jwara | jwa—a V| etg,, (A54)
A 21 Jwo wig\w—ja+wy w—ja—wy
— ,@M . 1 /+oo ; jwt
h(t) = 27 g {(]wd+a) . w—ja+wde dw+
+00 1 .
1 _ Y (%]
(jwg —a) Lm w—jzx—wde dw} (A55)
Substitution:
U = w—ja+wy (A56)
Uy = w—ja—wy (A57)
du
d:f = 1 —dw=dup, (A58)
- _aBaa [ /‘*""i (i 4a—wg)t
h(t) = 7wy {(]wd+a) . ule dui+
+00 3 X
(jwy —11)/ ule](”zﬂ"‘“"d)tduz} (A59)
—0o0 2
. +00 .
h(t) = —(;(:x-{(jwd+a)e“t]‘“dt /_oo %ef"tdx+
jwy — a)e” Wt " 1e]"‘tdx A60
(jwq —a) . (A60)

Let f(z) be analytical (holomorphic, i.e., differentiable at every point and expandable
into a power series). Using residual theorem, we obtain

?{ (g(_zl)dz = 2mjf(a) (A61)
ejxt
?{de = 2mj-€¥ = 2nm;j. (A62)

Before using this result, we have to show that the integral along the half circle in the
upper complex half plane, which is used to close the line integral, does not contribute to
the result. Let the closing half circle ¢ run from x= +R to x=-R, then we can write:

¢ = R-(cosp +jsing)
7 i (R:(cosg +jsing ))t

T .
. Lozt _ .
Rligloo 0 2¢ d¢ Rligloo 0 R-(cosg +jsinq))d(P
 ,—Rtsing ,jRt cosp _ ai
L LR (g —ing),
R—+c0 R Jo  (cosg + jsing )(cosg — jsing )

7T . .
= lim %/ e Rtsing piRECOS¢ (005 — jsing )de
0

R—+0c0

0 (A63)

The argument under the integral tends to zero because for any value ¢ an R can be
determined such that the absolute value of the argument becomes less than any given
bound ¢. As a result, the limit tends towards zero.

If we insert the result of the residuum into the expression for /(t) we obtain

) =~ G5 (g e 2r) + g — ae I 2) | (A6)
nt) = %‘Zv(t){(wd — e o (o + et (A65)
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Appendix B.1. Proof of the Result #1: Inverse Transform

+00 .

H(w) = / h(t)e it dt (A66)
+00 . . .

Hy(w) = %Lw (r(t){(wd—ja)e*"‘tﬂ“’dt+(wd +ja)e*“t+]‘”dt}e*]“’tdt (A67)

H ( _ “7/1 e o\ et —jwgt—jwt -\ ,—&t+jwgt—jwt dt A68

a@) = 2 [ (g e  (wg+ jaje (A6)

Hy(w) = aal [ (wy — ja)e~ - Iwat=jwt gpy
A = ws Lo d—]

+00 . .
/ (wa + ja)e“”]“’dtfwtdt} (A69)
0

_ A (wd _ja) —at—jwgt—jwt 0
Halw) = wd{—a—jwd—jw{e }0+

+W{eat+jwdtjwt}°°} (A70)

—a+jwy — jw 0
_ oA jwata jwi—a
Hatw) = SA{ Ty STt ) (a7)
Ha(w) = —2A( Jwite | jwi—a (A72)
A wg\w+wy —ju  w—wy—ju

Appendix B.2. Proof of the Result #2: Stimulation with el*!

g = [ st - (A73)
up = ha(t) x el (A74)
us(t) = /jo ha(t) - etTdr (A75)
MA(t) = /j:o %U(t) [(wd —ja)efmfj‘*’dT.g_
(wd +ja)efaT+jwdT} . ejw(th)dT (A76)
ua(t) = Z—‘Z@j“’t /Ooo e T [(wd — ja)e*/‘wdw
(wy +jo¢)e+j“’”} e lvTdr (A77)
uA(t) = %‘Z@jwt /Ooo [(wd . jlx)eflxrfj(wﬂud)"l'_f_
(wq +ja)e T (“”“’d”} dt (A78)
uall) = 2| (g jn) [ eIy
(wg +ja) /oo e(_"‘_j“”j“’d)TdT} (A79)
0
ua(t) = Soior| LI __f(cajomjugr)
A wy -0 — jw — jwy =0
W{e(—zx—jwﬂwdﬁ}T‘w] (AS0)
-0 — jw + jw, =0
walt) = S| LI gy, Q] g
Wy - — jw — jwy —0— jw + jw,
ua(t) = —“A( JoarX , _J¥d R )ej“’t (A82)
wi\w—ja+w; w-—jr—w,
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Appendix C. Calculating the Response of the Resonator, Which Is Connected to an
Antenna, by Solving the Differential Equation for a Driving Voltage Which Is
Switched On and Off

The driving voltage 1 4 (t) is switched on at t = 0 and off at t = T (21).
The general solution for the voltage across the capacitance of the resonator uc is given
by (see Equations (A49) and (19):

—w? . ) 5 )
TR —— R P S (A83)
w? = 2jwa — w§
With (A3), we obtain
. duc(t)
t) = .
i(t) C =3
2
—Jwwo jwt
- U,C j
O~ w2 = 2jwa — sze i
(—a + jwy)CCre vl 4 (—q — jw,)CCoe™ M It (A84)

Appendix C.1. Switching the Stimulating Signal On

uc(t) = Up - eIVt 4 CemtHwat 4 Gyt —jwat (A85)

w? — 2jwa — wy?

Boundary Conditions: uc(0) =0

LUOZ

to w? — 2jwa — wp? =G+G (A86)
i(0)=0
; 2
. —Jwwq . ~ X ~
i(0) = LIOCW2 — ijwtx — 2 +(—a+jwy)CCr+ (—a — jwy)CCy = 0 (A87)
2
wo . . 5 . . ~
Uo7 i — gz T8 jwa)Crtj(—a = jwa) o = 0 (ASS)
Upwwg? Upwo?

W2 — 2jeon — w? +j(—a+jwy)C +j(—uc—jwd)<w2 Er—— —-C ] = 0(A89)

Upwewy? . Upwo?j(—a — jwg)

w? = 2jwa — wy?  w? = 2jwn — wp? #imak oG —j(-a—jwa)G =0 (A%0)

. Upwo® (w — ja + wg)
deC1 = W2 — 2](4]0( — (UOZ (A91)

5 Upwo*(w — ja+wy)
G = A92
! 2wy (w? = 2jwa — wp?) (A92)

. Upwy? Upwo? (w — ja+wy)
C = — A93
2 w? = 2jwa — wp?  2wy(w? — 2jwa — wp?) (A93)

& - U wp?2wy — wo?(w — ja+wy)
27 T 0 (w? = 2jwa — wy?)

(A94)

. wo(—w+ja+wy )
020w4(w? = 2jwa — wy?)

(A95)

Together:
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H = U _C‘JO2 jot 411 wOZ (w —ja+ wd) —at+jwgt
uclh) = t- wz—ijoc—woze " Ode(wZ—ijoc—wo2)e "
2 .
wo (_w+]a+wd ) —at—jwyt
A
o 2wy (w? = 2jwa — woz)e (A96)
2 .
wo wt (W —ja+wa) it
1 = N ) R S A A Jwat
uc(t) Uowz — 2jwa — wp? [ o 2wy ¢
(w —ja— wd) —at—jwgt
—_ = A97
20, e (A97)
2 , 4 i .
i(t) — uocwz 2;‘:30‘ — . |:_]~we]wt+ ( 0‘+]wd>2(:j ]D‘+wd)e—zxt+]wdt_
- — wo d
(e jwd)z(;v —jo — wq) ezxtjwdt] (A98)
d
wOZ . jwt (*Ix"']’wd)(w*]’“"'wd) —at+jwyt
MA(t) = UORACwZ “jwn = . . —](,de] + 20, e Jwa
_(_‘X _jwd)z(:‘)]_ja_wd)eatjwdt] (A99)
d
After inserting Equation (A31):
ua(t) = URAC wo’ : [—jwej“’t+
(w—ja —wy) - (W —ja+wq)
(_“ +jwd)<w — j“ + wd) o atFjwat
2wy
(—IX — ]wd) ((,U — jOC — wd) e*txtfjwdt (AlOO)
de
ua(t) = U()Z[XALCwio2 . —jw2w ety
2w [(w—jo—wg) - (W — jo+wy)
(—a+ jwy) o tHjwat _
(w — jo — wa)-
(_[X — ]wd) e*txtfjwdt (A101)
(w — ja+wy)
1 wp? { —jw2wy ;
us(t) = Upag—s— - , , ety
Al = ot o [ wa) - (= ja+ )
— w4 —at+jwgt TR W —at—jwyt
(—atjwa) (—a —jwa) , (A102)
(w —ja — wy): (w —ja+wg)
After inserting (A44), we obtain
MA(i’) = U()“A|:<— a-'-,]CUd + ai.]CUd )ej‘*’t—
wy w—jatw; w-—jr—wy
%ewww N mewwm] (A103)
- — Y - d

In the stimulation phase, we have two interfering signals with the natural frequency wj.
If the driving frequency is near the natural frequency, w ~ wy, then the second term can
be ignored. However, the first interfering term is in the same order of magnitude than the

driven term if damping is small.
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uc(t)

uc(t) =

Appendix C.2. Switching the Stimulating Signal Off

For t > T, we add a second voltage with u4(t) = —Uge/“* for t > T. This cancels our
external voltage to zero. This causes new decaying terms to appear, but the damping now
begins at t = T. C; and C, must again be chosen to ensure continuity of voltage and current.
Since the driven voltage and current are equal for switching on and off, we obtain the same
terms with alternating signs for C; and C; like before.

s wp? N gt _ (@0 = o+ W) oo —a(t=T)4js (t-T)
w? = 2jwa — wy? 2wy
+ (w —z](f’;d— W) eije—a(t—T)—jwd(t—T):| (A104)
By adding this terms to the former terms, the external driven term with elwt cancels,
voltage and current remain continuous. Together, we obtain
Uy wp? o (w — ja+wgy) (eije—a(t—T)+jwd(t—T) _ e—vct+jwdt)+
w? = 2jwa — wy? 2wy
(w —ja— wd) jwT ,—a(t—T)—jwy (t—T) —at—jwgt
20 (e e e ) (A105)
sz [
0 - . :
(w = jo+ wg)(w — ja — wq)
(w—ja+wq) (1 _ efj(wfjafwd)T) o @T p=a(t=T)+jwy(t=T)
de
(w —2104 — wy) (1 3 e—j(w—ja+wd)T)eije—oc(t—T)—jwd(t—T):| (A106)
Wy
CUOZ [
0 T . :
(w = jo+ wg)(w — ja — wq)
(w—ja+wyg) (1 B efj(wszxfwd)T) T pt(t=T)4jcog(E=T)
2wy
(w —jou— wd) (1 . e]‘(wja+wd)T)eijezx(tT)jwd(tT):| (A107)
Za)d
(w0 |1 e TR (e Ty T,
2w, w—jx —wy

—i(w—i T
1—¢ J(fd jotwg) eije,x(tT)]’wd(tT)] (A108)
W — ja+wy
uO‘LA [Jr a f]'wd (1 _ e—j(w—ja—wd)T)eije—zx(t—T)+jwd(t—T)_
wi| w—ja—w,
__atjws (1- ef(ijd)f)emea(tT>fwd<tT>] (A109)
w —ja+wy

The first terms of Equations (A108) and (A109) are dominant for w ~ wy:

we? (1 _ @*f(w*]'“*wd)T)

¢ ~ — . ij 70((t7T)+]'wd(t7T) All
uc(t) Uy 2g(w —ja—wy) e/le (A110)
ua(t) ~ O‘LA a— jwg (1 _ efj(a;fjafwd)T> el p=a(t=T)wjwa(t=T)  (A117)
Wy w — jx—wy
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uc(T)

uc(T)

uc(T)

For small (w — ja — w,;)T, the exponential function can be expanded in the brackets and
the expression further simplified:
—a(t—T)+jwy(t—T)

o a—jw
MA(t) ~ LIO—A /Y

i — ja ) T Te

(A112)

The amplitude of the decaying signal increases linearly with T for small T. For larger T
and w ~ wy and using a = ‘2% we obtain

ua(t) ~ Up A efwTea(t=T)+jwa(t=T) (A113)
Wy
Appendix C.3. Proofs
Proof of voltage continuity u 4 at switch-on point ¢ = 0:
ua(0) = Up4 | - 2Jd e S R } ~0 (Al14)
wi| w—jatw; w-jr-w; wW—jKk—w; w-—ja+w,
Proof of voltage continuity uc on the capacitor at switch-on point t = 0
2 . .
wo (W —jetws) (W= jo—wq)
0) = U -1 -
uc(0) 02— 2jwa — wp? " 2w, 2wy
2
wo
= U 1-1)=0 A115
OwZ—ijac—aJoz( ) ( )
Proof of the continuity of the voltage uc at the switch-off point t = T:
We obtain for t < T:
2 .
wo Wt | (W= j0+@Wa) _oTiju,T
) = U | 0T X IR T ) p—aTHjw T
uc(T) 00?2 = 2jwa — wy? { o 2wy ¢
((U — ].0( — wd)e—th—jwdT (A116)
2wd
We obtain for t > T:
2 .
wo (w _]D‘+wd) —j(w—ja—wy)T\ ,jwT
- 1 — g j(w—ja—wg)T ,j
o w? — 2jwa — wy? { 2wy ( ¢ )e -
(w —jo — wg) —j(w—ja+wy)TY jwT
r, (1 e )e (A117)
2 .
wp (w—ja+ws) (ioT  i(—ja—cwy)T
U, - joT _ o=i(—ja—ws
02— 2jwa — wp? { 2wy (6 ¢ )+
(w —jo — wg) joT _ —j(—jatwy)T
20, (e e ) (A118)
wp? [ (w—jatws) ior (W —jr+W0a) ija—wp)T
Uy - vt + e
w? — 2jwa — wy? 2wy 2w,
+ (w — ja — wgq) il _ (w —jo — wg) e (—jarwa)T (A119)
de de
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uc(T)

uc(T)

Uy Nojor (W —ja—wa) (@ —jutwa),
Wg—aﬂjwﬂ _ (“’Zf’;d“’d)e—ﬂ—fwﬂ} (A120)
i .
wo it (w —](X+(Ud) —aT+jwyT
= U ol e vroe
0w2—2jw(x—w02 { et 2wy ‘
Wﬁ"“we—aT—jwdT} (A121)
de

uc(t) is continuous at t = T.
Proof of the continuity of the voltage 1,4 at the switch-off point ¢ = T
We obtain for t < T:

MA(t) UQ“A|:<— a+jwgy i a—Jjwq )eij_

wy w-jrtw; w—ja—wy,

0= JjWd_ (~asjw)T . OF]Wa e(—a—jwd)T] (A122)
w—ju—wy w—ju+w,

wat) = Ut {_ﬂﬂwaz (T — ol

wy| w—ja+w,

. 0 jws (7 - e(aﬂ‘wm)] (A123)
w—ja—w,

We obtain for t > T:

_atjws (1 _ e_f(w_f"‘+wd)T)efwT (A124)
w—ju+w,
MA(T) = U 067A u (e](‘UT — eij(ijaiwd)T) —
Wy |w —ja—wy
_Atjws (o7 - ej(jwd)T)} (A125)
w — ](X + wd

14 (t) and, therefore, the current is also continuous at t = T.

Appendix D. Calculating the Response of the Resonator, Which Is Connected to an
Antenna, Using Impulse Response for a Driving Voltage Which Is Switched On and
Off

The driving voltage u4(t) is switched onat f =0 and offatt = T

‘ 0 fort<0 range |
up(t) = Upe“'-{ 1 for0<t<T rangell (A126)
0 forT <t range 1]

The voltage across the source resistor of the antenna is given by the convolution of the
stimulating signal with the impulse response of the system:

Uuap

ua(t)

]’lA(t) * Mo(t) (A127)
/ "t = 1) - ug(v)dt (A128)
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If we substitute Equation (15), we obtain
I N () —iw s (—
ug(t) = A w—‘ZJ(t - T) [(wd — ja)e T mjwalt=T)
+(wg + ja)e*““*ﬂﬂ'wu(f*ﬂ] ug(T)dT (A129)
Appendix E. Switching the Stimulating Signal On
up(t) = Upo(t)elt (A130)
® CN (=T —icw s (t—
ua(t) = [ ot { (@ —jape ety
(wy +jac)e_“(t_7)+j“’d(t_7)} Ugo(T)e/TdT (A131)
ua(t) = U, A / o(t — T)(wg — ja)e =D jw0alt=T) pf0T gy
Wy /0
/0 o(t—1)(wy +joc)e_”‘(t_r)”“’d(t_r)ej“”d'c} (A132)
— “714 [ _ia\p—at—jwgt ! KT+jwWT+HjWwT
ua(t) = U (wg — ja)e e dt+
wy | JO
(Wd +]‘a)efoct+jwdt /t earjwdT+ijdT:| (A133)
0
ap | wg—j ot —jwat { paTHw THWwT
t - A —a JT Jwd JWqTH]
ua(t) uowd | &+ jwy +]a) {e } "
w4 + ]“ 71xt+]wdt {ezx'r ]wdT+]wr (A134)
& — jwg + jw
_ XA [ Wy 7]"‘ —at—jwgt [ at+jwgt+jwt
ua(t) uowd | &+ jwy +]we (e 1)+
wg +ja o Mt+jwgt (euct jwgt+jwt 1):| (A135)
X — jwg + jw
_ XA Wy _]‘x +jwt _ —at—jwgt
#alt) Uowd Lx+jwd +jw (e ¢ )+
(,Ufj +ju . <e+jwt _ ezxt+jwdt>:| (A136)
X — jwg + jw
ua(ty = —Up-2 [( Joat® )0 % )Bﬂw—
wy [ \+tw—ja+w; +w—jo—wy
]'(/Jd"f' & e~ —jwgt _ ]wd —& eat+jwdt] (A137)
+w — jo+ wy w—jx —wy

By inserting Equation (14), we obtain

' ra | a+jws o) a— jwg
t) = UpH jot ¢ =4 |~ 74 Jog)t _ = J77d
ualt) oHa(w)e™ + Owd [w—joc+wde w—ja—wy

e(—“fwd)f} . (A138)
If the driving frequency is near the angular natural frequency, i.e., w =~ wy, and the quality
factor Q will be high, then the first term of the natural oscillations at the frequency —wj is
by the factor 4Q smaller than the second one at the frequency +w,. Equation (A138) can be
expanded and reorganized using Equation (14)
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ua(t) = LIO{HA(W)ef“’t +24 {Wie(“jwd)t o PHIOd (i)
wg [ w— ja+wy, w— ja+w,
__AFO8 (asjeg)t _ ‘lif%ie<—a+fwd>t] } (A139)
w —jo+w, w —jo—wy
ua(t) = UpHa(w) (ef“’t - e(*"‘”"‘}d)t) + UO":)—‘ZFT;{;{Z% [e(*”‘*f“’d)t - e(*”‘*f“’d)‘}. (A140)

The last terms are 4Q times smaller than the first terms near resonance. If the quality factor
Q is high, the last terms can be neglected and one obtains

ua(t) & UgHa () (¢/F = e05ia)t) (A141)

Appendix E.1. Switching the Stimulating Signal Off

T .

ua(t) w0y

+wg + ]'D‘)e*"‘(t*’f)*']'wd(t*"f)} Upel“Tdt (A142)

u (t) = U T“A ( s —at—jwgt FAT+HjW T+HWT
A - M @ wg — ja)e €

+(wd + ]-[x)e—at+jwdte+ar—jwdr+jwr}dT (A143)

¢ _ U‘LA —at—jwgt T s +DéT+jwdT+ijd
ua(t) = Up™2le [ (i = ja)e T

‘ T o
+eMHwat / (wg+ ]'06)€+”_]“"”T+]‘”d7} (A144)
0

aal D Wi — 1o . . T
m (t) _ UOQTA o at—jwat ( d' J ) {e+tx1'+]wdr+]w1'}
al T+ jwy + Jw 0

+e”‘f+jwdtW{emrjwdﬂjwr}T] (A145)
+o — jwg + jw 0
MA(t) = uoai e*txtfjwdtw (€+aT+]'wdT+ij _ 1)
(] T+ jwg + jw
+e*l¥f+]'wdtw (e+aT7jwdT+ij _ 1)] (A146)
+o — jwg + jw
MA(t) = UOM _M (eije(—a—jwd)(t—T) . e_"‘t_jwdt)
wy | +a+jwy + jw

o L) (T () -T) _ e«fﬂ‘wdt)] (A147)
ta — jwy + jw

MA(t) = uoz]i ]:Ud7+0: (eije(iaijwd)(th) — e(fafjwd)(th)efaTijwdT)
d _+]0( wy w

+M7—“ (eije(—wwd)(t—T) _ e(—aﬂwd)(t—T)e—aTﬂwdT)]
+Ho+wy—w

MA(t) = UO% [_W (eij _ e—aT—jwdT)e(—,x_jwd)(t_T)
il w—ja+wy

X jwa (eij _ em]’wﬂ)e(w%)(tn] (A148)
w—jo—wy
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Appendix F. Increasing and Decreasing the Stimulation Voltage According to a
Trapezoidal Window

The trapezoidal windowed stimulation signal can be written as (34).

Appendix F.1. General Solution for All Four Time Intervals

With the help of the three variables 61, 05, and 03, which are selected in the following
Rangel: 0;=t, 0, =Ty, 03=Ty;
Range II: 0,=T1, 6=t 03 = Tp;
Rangelll: 01=Ty, 0,=T, 0O3=¢
Range Iv: 91 = Tlr 92 = Tz, 93 =T.

we can describe the stimulating signal in a common representation for all four ranges:

uw(t) = uo(Ttlaa)a(elt)+a(ttr1)a(ezt)

T—t

ToT,

o(t—To)o(03 — t))ej‘*’t (A149)

If we substitute Equation (15), we obtain

uA(t) = / %J(t - T){((Ud — jtx)eflx(t*'r)*]‘wd(tf’r) + ((Ud +ja)efa(t*'f)+]‘wd(t7r)} .
—oo Wy
Ho <;10(T)U(91 —1)+0(t=T1)o(02 — 1)
T-t jwT
T o(t—Ty)o(03 — ) )f“Tdt (A150)
— 12
9 5 .
uA(t) = U()Z—A |:,1]_: 1 (wd — ja)e*“(t*'r)*]wd(tfr)Te]wTdT-i_
d 1J0
/92 (wg — ]'lX)e_”‘(t_T)_fwd(t—T)eijdT+
Ty
- : T—1 .
i —a(t—1)—jwa(t-7) L — T jwt
/Tz (wd ]Dé)e T Tze dot
1 /61 ‘ ‘
T, 0 (wd +]'(x)e*tx(tfr)ﬂwd(tfr)Te]wTdT+
1
02

(Wd +ja)efa(tf"f)ﬂwd(tfr)eijdT+

h
/93 T

wg + ja)e tEDHjwalt=T) 2 pjwot gy A151
. (wg + jar) T (A151)
ap |1 : O\ ,—at—jwgt % AT+Hjw T+HjwT
uas(t) = Up—|=(wy — ja)e *71vd T TTIVaTH YT d Ty
wy | Th 0
) 0 . .
(wd _ ja)e*“t*]wdt / 2 erx'r+]wd'r+]wrd,r+
Ty
. O3 . ,
Wi — in e—at—]wdt/ T — 7)eXTHwWaTHWT g4
s (@ = o) (7=
. 0 . .
l(wd +]a)efzxt+]wdt / ! T T JWATHWT gy
Ty 0
. 0 ) .
(wd +]-“)e—oct+]wdt/T 2 AT TIWATHWT Jry
1
. 03 ) .
7(“’(1 +]‘[x)e*“t+]wdt / (T _ T)ezx'rfjwdrﬂw'r (A152)
T-T T
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u N —at—i 1 1 , ,
MA(t) UO(‘TIZ (wd_]a)e wt ]wdt(Tl/O TN THWATHWT 1y

/ 2 eth+jwdT+ijdT+
JTq
T /63 ear+jwdr+jwrd,r _
T—-TJm,
1 O3 AT+Hjw T+HjwT

/ TATTIWaTHVT T ) 4+
T—-T T

. , 1 01 , ,
(wy + jor)e it (T / T T I0aTHWT g
170

0, . .
+ / AT WA THWT g 4

T
T 93 aT—i .

/ AT THWT g
T-T,Jr,
! / - re”fwd”fwwfﬂ (A153)
T-1 T

Partial integration gives

. . . . 1
/jwt el = tel@t — /e]“’tdt = e/t (t — ]w> (A154)
. . . . 04
) AT+HW T+HjWT AT+HjW T+HjwT
MA(t) _ uoai (wd - ]‘a)e*“t*]wdt Te : : B e ‘ — N
W Ti(a+jwg+jw)  Ty(a+jwy +jw)

0
eucr+jwdr+jwr 02 T esz+jwdT+ij 03
- , + +
{(“deﬂw)}n T—Tz{( }

X+ jwg + jw)

T,
TATHWaTHWT PATH W THWT i
- ——— + +
(T = Do)(a+jwa+jew) (T =Tp)(+jwy+jw) |
o o 0,
) TN T jwaTHWT AT JwaTHWT
(wy + jo)evtHiwat , — — +
Ti(a —jwa+jw)  Ty(a - jwg +jw)” |,

{ AT W THWT }82 .\ T { AT jwaTHWT }93 .
(0 —jwg+jw) J o T—=To | (x—jws+jw) |,
TeAT—jWaTHWT PAT—jwWaT+HwT %
- - +
(T=To) (& — jwg+jw) " (T~ To)(a — jewg + jow)?

(A155)
T;
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ua(t) =

14
UO 7’4
Wy

(wd _ ja>e—at—jwdt T THWTHWT PN THW THjWT 01
(& +jwg + jew) Ty T (o + jwg + jw)

0
02 T
4+ —
Tl T - T2
{ T THWITHWT PATHWTHWT }63
- +
(T-T2) (

i 05
{elXT ]wdT+]wr} +

{ezxr+jwd1'+jwr }
T

- - +
T—T)(a+jwy+jw) T,

01

(wd +ja)efat+jwdt {TeaTjwdT+ij AT JWTHWT }
(0 — jwg + jw) T Ty (a — jwg + jw)
{eoc"ffjwdTﬂ'wT}ez + T
Tl T - T2

{ AT —jwaTHwT PN T—jwyT+jwT }93> ] (A156)
_ + S
(T—T,) (T—T)(a — jwy +jw) | r,

0

AT —jw T+HjwT 03
{e jwat] } +
T,

U ay (wd 7]'06)e—at—jwdt eleoc91+jwd91+jw91
(& +jwg +jw) T
etx91+jwd61+jw61 1

up(t) = o5

Ti (& + jwg + jw) " Ty (& + jwg + jw) "
pt02+jwaO2+jw8y _ paTi+jwgTi+jwTy |
T
T-T
93ea63+jwd63+jw63 esezxe3+jwd93+jw93
(T—1) (T-D)(a+jwg+jw)
TzeaT2+jwdT2+ij2 eaT2+jwdT2+ij2 ]

(eoce3+jwd93+jw63 _ eaT2+jwdT2+ij2) _

(T—Tz) (T— Tz)(DC +jwd +ja))
(wd +]'a)e—1xt+jaidt [elezxel—jwdeﬁjwel
(& — jwg + jw) T
eael—jwd61+jw61 1

Ti(— jwg +jw) * Ta(— joog +j)
et02—jwiOr+jwOy _ oy —jwyTi+jwTy
T
T-T
e3ea937jwd63+jw63 p03—jw03+jwO3
T-To)  (T-T)a—jwi+jw)
Tzesz27jwdT2+ij2 eucTzfjwdTﬁijz

(ezx63—jwd93+]‘w93 . eszz—jwdT2+ij2) .
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) ot —jawgt
ua(t) = LIOD‘—A (wd_]f")e a' o ﬁ_; #01+/wa01+jwO: |
wy (0 + jwy + jw) 1 Ti(a+jwy+jw)

1
Ti(a +jwg + jw)

( r 0 1 >6a93+jwd63+jw63 N
T—T2 (T—Tz) (T—Tz)(a+jwd +]w)

_r .. 1 ATt oty |
T—T2 (T— Tz) (T— Tz)(tx +jwd +ja])
+ (wd +]'?()e—vét‘+]wdt |:(91 B 1 ‘ )eael—jwd91+]’w91+
(& —jwg+jw) [\T1 Ti(a—jwg+jw)
1
Ty (a — jwg + jw)

< T _ 93 + 1 )ea93jwde3+jw93 +
T-T, (T-T) (T-T)(a—jws+jw)

(_ T + Tz _ 1 )eﬂsz—ja}dT2+ij2:| }
T—T2 (T— Tz) (T— Tz)(zx—jwd +]C(J)

+ eoc62+jwd92+jw92 _ eaT1+jwdT1+ij1 +

aezfjwd62+jw62 IXTl 7jwdT1+ij1 +

+e —e

(A158)

; —at—jwt
MA(t) = uoz]i _ (](E)d +_DC‘)e H i _ ; ea61+jwd61+jw91+
d W — ja+wg) i Ti(a+jwg+jw)

1
Ty (a + jwy + jw)

T — 93 + 1 e/x93+jwd63+jwe3 +
T—-T, (T—Tz)(zx+jwd+jw)

+ea92+jwd62+jw92 _ esz1+jwdT1+ja1T1 +

(_1 _ 1 )eaT2+jwdT2+ij2:| _
(T—T)(a+jwy+jw)

(]wd — lx)eilxt*-det |:<el _ 1 >ea61jwd91+jw91+
(w—jo—wy) T, Ti(a—jwg+jw)
1
T — jwg + jw)

(T—ea . L )eaegjwd93+jw93+
T—-T, (T—T)(a—jws+jw)

_1_ 1 aTy—jwyTr+jwTy
(- ) (A159)

Appendix F.2. Interval with a Linear Increase in the Amplitude of the Stimulating Signal

4+ e¥02—jwiOrtjwOy _ aTi—jwTi+jwTy

For range I, we obtain 01=t, 8,=T7, 03=T,. Substituting these parameters into the
Equation (A159) gives
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; —at—jwyt
uA(t) — UQ“fA o (]wd+‘x?e wiv i _ ‘1 : erxt+jwdt+jwt+
ar (w = ja+wy) T Ti(a+jwg+jw)
1 + eth1+jwdT1+ij1 _ eth1+jwdT1+ij1 +
Ty (o + jwg + jw)
-1 1 ATt To+jw T,
T—-T (T—T)(a+jw;+jw)
_1 _ 1 esz2+jwdT2+ij2 _
(T—T)(a+jwy+jw)
(jwd — “)e_at+jwdt i _ 1 ezxt—jwdt+jwt+
(w — ja — wq) i Ti(a—jwg + jw)
‘1 . +61XT1 7]'wdT1+]'aJT1 _ eﬂtTl 7jwdT1+ij1 +
Ty (a — jwg + jw)
T — T2 + ]‘ elXTz*ja)dT2+]'UJT2 +
T—T2 (T—Tz)(ﬂé—jwd +]CU)
1 . ,
—1— aTy—jw TrtjwTy | L
(- = ) (160
; —at—jowgt
uug(t) = UOZJA{ <](EJZ]+ a].);fw ];Ud [;e“t+j“’dt+f‘*’t+
d - d 1
jeat+jwdt+jwt ]
Ty(w—ja+wy) Ti(w _j"‘+wd)] -
(fc(uj]— l}éa)ce”‘:]‘)"dt |:’1€etxtjwdt+jwt+
- — Wy 1
]'euctfjwdtﬂ'wt ] ] }
- — ; Alé6l
Ti(w—jo—ws) Ti(w—ja—w,) (Ale])
uat) = —upfatf Gwars) . (oa=a) | jer
wy Ty | (w—ja+wy) (w—ju—wg)
Ti«:}x (jz‘}d + vf)E‘“t‘;‘;’d* [+eat+jwdt+jwt B 1}
Wi (W —ja+wy
; ; —at+jwgt
’1{“(3 (]E‘)d — DC)(? “ ])L;d |:+elxt7jwdt+jwt _ 1] (A162)
Wi (w— ja— wy
t )
ua(t) = UomHa(w)el!
Ty
+Up XA (wq — ja) [ejwt . efzxtfjwdt}
Tiwg (w — ja+wg)?
+Up XA (wd +j0() |:€jalt _ e*”‘t+jwdt:| (A163)

Tiwg (w — ju — wy)?

The second term of the angular natural frequency is dominant for Q > 1 and w ~ wj.

With
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2 2
(o) - W)
w—jh—wy (jwq — &) ap?
wir+e? w 1 iwi+a \?
LW O () - — 2( Js )
jwwg(jwg —a)” ®a (jwg —a)" \W = Ja+wy

(Al64)

this dominant term of the angular natural frequency can be expressed in as a function of
the square of H(w). We obtain

t ' ap  (wg—jo) jwt _ —at—jwgt
up(t) = Up—=—Hy(w)e! + U, plwt _ pmat—jwq
Alh) = Uop-Ha(w) oled(w_jde)z[ }
; 2 2, .2
+U0“A(wd+]a) (.Udz Hj (w) + .Wd—ﬂx.z&HA(w)
Thwy (wg +ja) ay? jwwg(wg + ja)” ®a
. 2
N 1 _ ( ]wfi +a ) [ejwt . efrxtﬂ'wdt} (A165)
(wg +ja)” \@W = Ja+wy
t ' XA (wyq — ja) jwt —at—jwgt
us(t) = Up=—Hz(w)e! + 1, et — eI
a®) °Ty a(w) "Tiwg (w—jzx+wd)2[ ]
—wyg 2 (wg + ja) (wg — jar)
| g P U T
. 2
+u0 XA : ]wd +uo [ejwt _ e—at+jwdt] (A166)
Twg(wg +jo) \w — ja+w,
t . w . .
N = Uy—H jot 11 d H2 jwt _ —at+jwgt
MA<) OTl A(w)e OTltxA(wd+joc) A(w) [6 ¢ :|

+Up XA (wd —le) - [ejwt _ e—at—jwdt}
Thwi (w — ja+wy)

 (jwg +a)
+U0[ TldeHA(w)

. 2
oA (JUIEE A fojer _pmatvieut] - (A167)
Tiwg(wg +ja) \w — ja+w,

The first two terms are dominant for Q > 1 and w ~ wy. For Q > 1 and w = wy the
equation can, therefore, be simplified to

t .
up(t) = Uy=—Hy(w)e“t — U, d

HZ jwti —zxt+jwdt . A168
T 0T oy (wy + ja) Aw) [e ¢ ] ( )

We obtain a forced term with two parts, one increasing with time and a constant one.
Due to the continuous switched-on state, we obtain a decay term starting at f = 0, which is
proportional to the square of H4(w) and which is suppressed by 1/Tja 4 Since a triangular
or Bartlett window can be generated by the convolution of two rectangular functions, the
appearance of a square of H4(w) is reasonable.

Appendix F.3. Interval with a Constant Stimulating Signal

For range II we obtain 01=T7, 6,=t, 03=T,. Substituting these parameters into the
Equation (A159) gives
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ua(t)

uA(t)

> ezx T1 +jwd T1 +j(41 T1

ulad (jowg +a)e @t 1/T 1
Owd (w—ja+wy) T Th(a+jwy+jw)
+ '1 : + ezxt+jwdt+jwt _ eacT1+jwdT1+ij1
Ty (a + jwg + jw)
T-T
+ + . .
T—-T, (T—T)(a+jw;+jw)

1

1 ) A Ta+jwg To+jwT,

+<_1_(T—Tww+ﬁw+ﬁw

(jwd _ a)e—“tﬂ'wdf [<T1 B
T Ti(a—jwg+jw)

at—jwyt+jwt eszl —jwaT1+jwTy

(W —jo—wg)
1

+ " "
T (a — jwg + jw)

+e

) elX Tz +j(4)d T2 +ja) Tz :|

1 ) elXTl —jwd Tl +ij1

1 ) elXTz 7]'(47‘1 T2+ij2

J(T-T,
T—T,

(T — To)(a — jwg + jw)

(A169)

-1 : : eﬂth—]'wdeﬂaJTz] }
( (T_T2)(D‘_]wd+]w)>

= o (w — ja+wy)

1

Wy

+T1(1X + jwg + jw)

wg [ (jwg+a)e Mt o 1
T (& + jwg + jw)

) eﬂt Tl +jwd Tl +jw Tl

+ eat+jwdt+jwt]

(W —ja—wq)
1

(jwd _ “)e—txt+jwdt {( 1
T (

elXTl —jwdTl +j(4)T1
& — jwy + jw)

+ e”‘tjwdt+th:| } (A170)

+ " "
T (a — jwg + jw)

ua(t) = -

[ Ge)

(jwd - D‘) elwt
wy | (w—ja+wy) (w—jo—wy)

ay (jwg+a) 1

e—rxt—]wdt

B OJd(w—ja+wd) Ty (& + jwy + jw)

+u07

+U,

Ywi (W —jou—wy)

XA (]wd +0€)e—ﬂlt—]‘wdt elXT1+jwdT1+ij1
T (& + jwg + jw)

wg  (w—ja+wy)

oA (jwd - 06) 1 —at+jwyt

O wy (w = jo = wg) Ty (& — jewg + j)

—at+jwgt  paTy—jwgTi+jwTy

: : A171
Th(a — jwg + jw) ( )

xa (jwg —ae
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aal (wate)  (wa—a) ] jor

walth = o o —jarwn) T @ ja—w)
. %A (jwd + OC) 1 efuctfjwdt
Owd (w—ja+wy) Th(a+jwy + jw)
ULt (jwg +a)eh 1 —a(t-Ty)—jwa(t—Th)
0 - - —e
wy (w—ja+wy) Tr(a+jwg +jw)
XA (jwd - D‘) 1 efat+jwdt
wy (W —jo —wy) Ty (& — jwy + jw)
ap (jwg — o)/t 1 —a(t=Ty)+jwy (t=Ty)
+Uyg— - - —e 1)*]@d 1 A172
Ywi (w—jo—wy) Ty (a — jwg + jw) (A172)
ug(t) = UpHa(w)el!
_ UCA (](,Ud + 0() ] <_efﬂét7]‘wdt + eij] e*&(t*]})*]‘&%(t*’]}))
Thwy (w—ja+wy) (w— jo+wy)
—U Déi (](Ud — “) ] (_efott+jwdt + ejWTle*“(t*Tl)"'].wd(t*Tl)) (A173)
wy (w—jo—wy) Ty (w — jo — wy)

ug(t) = UpHa(w)el!
+u0 D‘A ((Ud _]DC) 5 (_eﬂxtfjwdt + eja)T]e*ﬂ(t*Tl)fjwd(thl))
Twg (w — jo+wy)
R (wg + jo) i (_eftxtﬂ'wdt +eijlefoc(thl)ﬂ‘wd(thl)) (A174)
Thwa (0 — ja — wy)

ug(t) = UpHa(w)e!
+U0 D‘A (wd _]DC) 5 (_efrxtfjwdt + e]‘leeflx(fle)*jwd(thl))
Thwg (w — ja+wy)
: 2 2 2
xalwyg + 710 w, Wi+ u w,
R Rl e )
1Wa | (jwg — &) aa jowg(jwg — a)” *A
. 2
B 1 ( ]C(Jd +u ) (_e—at+jwdt + eijle—a(t—T1)+j(ud(t—T1)) (A].75)
(jwg —a)* \w — ja+w,
ug(t) = UpHa(w)e!
+UO [XA ((Ud — ]“) (_eflxtfjwdt + eijlefﬂ(thl)fjwd(thl))

Tiwg (w — ja+wy)?
1 |:_( Wy H2 (w)+(wd+ja)(wd_j“)H (w)

+UOT71 wg+ja)as A jwwg(wg + jeo)

: 2
+ XA ( Jwg +u ) ] (_e*”‘tﬁwdt i eij]efa(t7T1)+]'wd(t7T1)> (A176)

wg(wg +ja) \w — ja+w,
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ug(t) = UpHa(w)e!
Wy
—Uy———
OTlocA(wd+]oc)

Qa0 (]’wd+a )2]

jwwy wy(wg +ja) \w — ja+w,

H[z4 ((,U) (_efzxtﬂ'wdt + eijlele(thl)+jwd(t7T1))

1
ui
+ OTl

. (_e—vct+jwdt + eijle—zx(t—Tl)+jwd(t—T1))

U, XA (wd _jOC) . (_eﬂxtfjwdt +efWTle*“(t*Tl)*fwd(t*Tl)> (A177)
Thwa (w — ja+wy)

The first term of the angular natural frequency is dominant for Q > 1 and w = wy. In
this case, the equation simplifies to
UpH 4 (w)el!

(Ll;l 2 —at+jwyt jwT 713((t71 )+‘OJ (t*T)
—H — JWa ] 1 1)%]Wq 1 . Al 7
OTl ( ] ) A(w)( e + e e ) ( 8)

1%

us(t)

Appendix F.4. Interval with a Linear Decrease in the Amplitude of the Stimulating Signal

The parameters for range III are 8,1=T}, 6,=T,, 03=t. If we insert these parameters into
Equation (A159), we obtain

uA(t) — UO@ _ (](Ud + Dc)e_at_det E _ ; eaT1+jwdT1+ij1
wy (w—ja+wy) 7 Ti(a+jw+jw)

1
+T1(oc + jwg + jw)

Tt 1 at+jwyt+jwt
+<T 5" <TT2><zx+jwd+jw>>e

+ eﬂth+jwdT2+ijz _ erxT1+jwdT1+ij1

+ <_1 _ 1 . , )eLXT2+jwdT2+ij2:|
(T = T2) (& + jwg + jw)

_ (jwg — a)€7“t+jwdt KTl _ 1 )e“lewdTﬁjWTl
(w—je—wg) [\Ti  Ti(a~jwa+jw)
1
+ . -
Tl(OC —]wd+]w)

T—t 1 at—jewgt+jwt
+ + , , et T watHjw
(T—Tz (T_TZ)(“_]‘Ud+]W))

_1_ 1 aTy—jwyTo+jwTy
(- Tma e (A179)

+ et 2—jwaTa+jwTy _ paTy—jwgTi+jwTy
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; —at—jewgt
ws(t) = UO‘XA{—(]de”X.)e at—jowy |:<1_;I~.)ethl+jwdT1+jWT]
Wy (w — jo+wg) T (& + jwg + jw)

1
T (a jeog + jw)

T—t 1 at+jwgt+jwt
+(T—T2 * (T—Tz)(zx+jwd+jw))e

+ eth2+jwdT2+ij2 _ eaT1+jwdT1+ij1

1 . .
of-1- : : eaT2+]wdT2+]wT2]
( (T—Tz)(“’f]wdﬂw))

(g — Of)efzxt-%jwdt 1 1 ‘ AT —jw Ti+jwTy
(w — ja — wy) (o — jwg + jw)

1
+ - -
Ti(a — jwg + jw)

T—t 1 at—jewgttjwt
+ + ‘ ‘ oM~ jwat+jw
(T—Tz (T_TZ)(‘X_]Wd"‘]w))

. 1 «Ty—jwyTa+jwT
+( ! (T—Tz)(oc—jwd+jcu))e (A150)

+ EDC T2 7]’6«1,1 Tz +jw T2 _ elX T] 7]'(4]d T] +jw T1

. —at—jwgt
ualt) = U A _(]wd+a?e Mrwat o ‘1 ) e TitjwaTi+jwTs
Wy (w — ja+wg) Ty (o + jwg + jw)

. 1 T—t N 1 ptHjwat+jwt
Ti(a+jwg+jw) \T—To (T—To)(a+jwg+jw)

+(_ 1 ' ‘ )eaT2+jwdT2+j‘*’T2]
(T — To) (& + jewg + o)
B (jwd . D‘)eiatﬂwdt {(_ 1 >eucT1jwdT1+ijl
(W —jo — wy) T1(a — jwa +jw)

1 T—t 1 at—jwgt+jwt
+ - — + + - . et —jwattjw
(& — jwq + jw) <T—Tz (T—Tz)(a—deﬂw))

B 1 Ty —jewy Ty+jwT,
+( (T—Tz)(a—jwd+jw)>e (A1

_ oy ra Tt Gegre) (=) ]
ua(t) = uowdT—Tz{(W—]‘“"'wd)+(w_j“_wd) ‘
wg [ (jwg+a)e v ] Ty +jwgTy+jwTy
+u0wd{ (w — ja+wy) TTiw—jarws) )
I B + (_ J )e"‘”jwdﬂjwt
T (w — ja+ wy) (T = To)(w = ja+ wg)
j le2+jwdT2+jWT2:|
+(+ - ¢
( (T — Tz)(w—]a+wd)>
s (i
(w — ja — wq) Tifw = jo = wa)
e ] Jert -t
T (w — jo — wy) (T - To)(w — ja — wy)
]' aTz—jwdT2+]'wT2:| }
N | . A182
( (T—Tz)(w_]“_wd)) o
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T—t

T—-T,

+uO“A(wd —ja) 1 5 [1 jwTy p—a(t=T)—jwa(t=T1)
wy (w—ja+wy)

ua(t) = Uo Hy (w)el!

T

L weg b et 1 eijzesz)jwd(th)}

e
T (T —Ty) (T—-T)
IXA(wd +jlx) 1 |:1eijleLX(tT1)+jwd(tT])
W (w — ja — wy)?

U
+Up Tl

e

_l —at+jwgt 1 oWt 4 1 eijzezx(th)ﬂ'wd(th)]
Ty (T-Tp) (T-T)

T—t
T-T,
—Uu jaa(jws + &) 1 [1 joTy p—a(t=T1)—jwy(t=Ty)
0 - 5 e

Wi (w—ja+wy)

MA(t) = U HA(a))ef‘*’t

Ty
1 t—jowyt 1 jcot
) jwat elvt 4
T (T — Tz) (T — Tz)
i (jwyg — wy2 wy—jx) 1
—u,! A(jwq — o) o ZHIZL;(W R ]') ERT
Wy (jwg —a) ay w(wg + ja) ap

eja)Tze—D((t—Tz)—jwd(t—Tz):|

- 2
1 ( jwa +a ) {1ejwne—au—n)ﬂwd(t—n)
(]'wd_“)Z w—ju+w, Ty

1 —at+jwgt 1 vt 4 1 olwT2 p—a(t=T2)+jwy (t—T2)

T, (T— D) (T-T)

T—t
T—T,
B wy 2,y (wa+ja)(wg — ja)
U {(wd +]'0<)0¢AHA<W) wwg(wg + ja) Halw)

+ XA a)d—jac 2 )
wi(wg +jo) \w — ja+w,

. [1 —attjwgt 4 le]'WTle—“(t_Tl)+jwd(t_Tl)

ua(t) = U Ha(w)el!

¢ T,

4 e]lLJTze—l’é(f—Tz)+]wd(f—Tz) _ e]wt:|
(T—-T) (T-T)
D‘A (wd — ]DC) |:_ 1 e*&t*jwdt + ieij] e*ﬂ((t*T])f]‘wd(th])

+UO —
wilw—ja+wy)?*l T Ty

1 , . 1 ‘
b pJwT—a(t=To)—jwa(t=T2) _ e]“’t]
(T-T2) (T-Ty)

If we ignore all small terms, we obtain

T—t
T-T,

uas(t) =~ U Ha(w)elt

—Uy “d H? (w) _ie*wﬂ'wdf + ie]'wﬂ e~ (t=T1)+jwy(t=Th)
(wg + jac)an Ty 1

1 , . 1 .

b T ma(t=Ty)Hjwa(t=To) _ = jwt

(T-To) (T-Ty)

(A183)

(A184)

(A185)

(A186)
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Appendix F.5. Switching the Stimulating Signal Off

The parameters for range IV are 6,=T1, 0,=T5, 03=T. If we insert these into Equation

(A159), we obtain
u (t) — uoai _ (](Ud + a)e*“t*jwdt B _ 1 eD(T1+jwdT1+jaJT1
A wy (w — ja+wy) 1 Ti(a+jws+jw)
T L ) + T2+ To4jwTy _ T+ T+ Ty
1(&+ Jwg + Jw
(I-T . 1 ’ ) T THeT
T—-T, (T—T)(a+jw;+jw)
1 . ‘
+f —1— i i eaT2+]wdT2+]wT2}
( (T = Tp) (a + jewy +Jw))
_ (jwd - D“)eia”]wdt |:<T1 _ 1 : )eaT1 —jwiTi+jwTy
(w —jo — wq) T Th(a—jwg+jw)
+T (0( ]L +]w) +esz27jwdT2+ij2 _ e“TlfjwdTl"'jw’T]
1(& — Jwyg
(T-T 1 ‘ ) T—jwgT+jeT
T—-T (T—T)(a—jws+jw)
1 . .
+ (_1 _ - . eaTz—]wdT2+]wT2 (A187)
(T —To)(a — jewg +]CU))
: —at—jwyt
ua(t) = UpAd- (wa )T LAL aTijegTivje Ty
Wy (W —jo+wg) Ty (& + jwg + jw)
L aTjeTareTy _ Ty TieTy
Ty (& + jwy + jw)
+ 1 eth+jwdT+ij
(T —To)(a+ jwy + jw)
1 . .
11— aTo+jwyTr+jwTy
( (T — o) (a+ jeog +],w))e
_ (jewg — “)eiatﬂ‘wdt 1_ 1 T —jwaTi+jwTy
(w—ja—wy) Ti(a — jwg + jw)
+ 1 +eﬂéT2—fwdT2+fWT2 _ eaTl—jwdT1+ij1
Ty (a — jwg + jw)
+ 1 : : eanjwdTJrij
(T = T2)(a — jwg + jw)

1 _ 1 aTr—jwiTo+jwT,
( ! <T—Tz><a—jwd+jw>)e (A188)
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. 7 t7 t .
uA(t) - U xa ) (]wd +a.)e e ]‘ e Ti+jwiTi+jwTh
wy (w—ja+wy) T (w — joa+wy)

Ti(w—ja+wy) (T—T)(w—je+wy)

J J 2 THjwg T+jwT

+ ( ] elXT2 +jwd T2+ij2:|

T — Tz)(a} —jzx+a)d)

(jowg — a)e it [+ ] oTi—jwg Ty HjwTy
(w—ja—wy) [ Th(w-ja—wy)

j ] A T—jwaT+jwT

N(w —jo—ws) (T=T)(w—ju—wg)

j NTZ —ja}d T2 +jw Tz
+(T—T2)(w—]'tx—wd)e (A189)

aq  (jwq—w) { ] —atsjwgt | ] jwT —a(t—Ty)+jwy (t—Ty)
ualt = Uu,—+—~r-4==__7 (Lo Jwd +7€] le 1)+]wWq 1
alt) Wi (w—ju—wy)?*l T Ty

_J jwTpa(t-Taweg(t-Te) _ ] jwT a(tT>+fwd<tT>]
+ (4 e e e

(T—Tz) (T—Tz)
_uoai (]wd +DC) |:_ ] —at—jwdt + ieijle—ﬂ((t—Tl)—jwd(t—Tl)

—¢€
Wi (w—ja+wg)*l T T

I el =T —jwgt=To) _ ] jwT —a(t=T)—jwa(t=T)
+(T—T2)e e d (T—Tz)e e d } (A190)

uat) = ugtA_(Watjw) [_1eat+jwdt o LT pma(t=T) g (t-Ty)
Wi (w—ja—wy)?l T T

(T 1 T )eijzefa(f7T2)+]'wd(t7T2) _ (T 1 T )ejWTe“(tT)+jwd(tT):| +
-1 — 12

+Up™A (wg — ja) |:_1e—zxt—jwdt v LT a(t-T) —jwg(t-Tr)
Wi (w—ja+wg)*l T T

(TlT)eijze—a(t—Tz)—fwd(f—Tz) — MefWTe_“(t_T)_f“’d(t_T)} (A191)
-1 -1

The first term will be the dominant one, when Q > 1 and w ~ w;. With

2 2 .
( ,1> SRR Hﬁ(w)+7(wd ) L Hy(w)
W—Jr—wy (jwg — a)"ap? w(wg +jo) ap
. 2
B 1 2( ]%l“" > / (A192)
(](Ud—lx) (U*]U('F(Ud

we obtain
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& (jwq — @) wg 2
ua(t) = —-U Hy(w
A0 el [gwd_a)z“z (@)
. . 2
+7(wd—]r'x) N Hjp(w) — 1 2( JWa t & ) )
w(wyg +jo) oy (jwg — a)* \w — ja+wy

{_ J_p—attjwqt | ] jwTr p—a(t=T)+jwa(t=Th)
1 1

T jeTat-Ty)wut-To) _ ] jeT “(tT)Jf]'Wd(tT)}
+ elvi2e evle
(T-T>) (T-Ty)
_uoaiA (](Ud + lx) 5 _Le—at—jwdt + Le]‘le e—tX(t—Tl)—jwd(t—Tl)
Wi (w—ja+wy) Ll T 1
# jwTh ,—a(t—Ta)—jwa(t=T2) _ # jwT ”‘(tT)jwd(tT)]
+ e e e e . A193
(T—Ty) (T-T) )

The term with the square of H(w) will be the dominant one for when Q > 1 and w ~ wj.
The equation can, therefore, be simplified to

: 2
14 wyg— K w
MA(t) ~ Up A(] d ) : d . HZ( ,)_
d (jwa —a) ap?

|:_]eﬂét+jwdt+]eijleﬂé(tT1)+jwd(tT])
1 1

+(TJ'T>efszea<th>+jwd<th> _ (TJ'T)efwTea(tT>+jwd(tT>} (A194)
-T -T
jwq 2
H o~ Uy 2 (w)-
uA( ) uoj(wd"'j“)IXA A(w)
1 —at+jwyt 1 jwTy ,—a(t—Ty )+jwy (t—Ty)
[ ¢ rqdhe
+(TlT)eJ'szeﬂc(th)+J'wd(sz) _ qlT)eJ'WTelX(fT)ﬂ'waz(fT)] (A195)
-1 -1
~ (Ud 2 i 7ﬂét+jwdt _ i ijl 7a(t7Tl)+]'wd(t7T1)
ualt) = * (wa +]'0¢)D¢AHA(W) T o
7 1 . )eijze—a(t—T2)+jwd(t—T2) g 1 . )eije—a(t—T)+jwd(t—T)] (A196)
-1 -1

We obtain four terms, starting at t = 0, t =T, t = T, and t = T. Depending on their
relative phase shift /1, /T2, e/T they add up constructively or destructively. Amazingly,
the length (T, — Tj) of the constant charging plays no direct role in the result, only the slew
rate of rise and fall of the driving voltage. If the length (T, — T ) is selected high enough,
to ensure the length a(T, — T;) > 7, then the first two terms will be almost faded away
when the driving voltage is switched off. In this case, the result simplifies to

~ Wy 2 .
wal) = T g jaas )
[1 - e—f(w—wd)(T—Tz)e—fx(T—Tz)} ef@T g=a(t=T)+jwy(t=T) (A197)

The two terms in the bracket would add constructively, when their phase difference is 7

(=wg)(T-Ty) =7
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However, if we insert this relation into the frequency response Hy (w), we obtain for this
case:

Halw) = -S4( fourt ., Joizt )
wig\w—ja+w; w—ju—wy

Ky jwg—a

%

Wy w — ju — wy
X4 jwy—a
s e
Wa —]x+ 7o)

Xy wy+ja

Q

%

w J7
d o+ =

apwgtja a(T—Tp)
o wy afT—T)+jr

Q

(A198)

The first two terms in Equation (A198) are in the order of 0.5 and 1. The last term, however,
will be very small, since a(T — T,) must be small to ensure that e=*(T~T2) remains large
enough to make a noticeable contribution to the sum. The two terms will only add
constructively if the readout frequency is far from the natural frequency, which results in
a quite low response signal. Thus, the two terms in the brackets of the equation (A197)
always add destructively.

If the decrease time (T — T3 ) is chosen small enough to ensure

lw—wy —ja|(T-T) <1,
we can approximate the exponential function in the bracket of (A197) up to the cubic term
and obtain

Wy 12

ualt) ~ U gy s jayn 4

[1 1 (@ jeog + ) (T = Ta) = 2 (o — juog + jeo) (T — T)?

+%(D¢ — jwy + jw) (T = Tp)? | ef@Te~a(t=T)+jwa(t=T) (A199)
N Wy 200 ; T
ua(t) =~ U o5 (g + o)z H (& = jwg +jw)(T = Ta)
1, 1,
[1 — 5 (= fuog + jeo)(T = Ty) + 2 (& = jeoy + joo) (T = Ty)?
oI wT p=a(t=T)+jewy (t=T) (A200)
w
us(t) =~ U d Hp(w) -

(T = To)(wa + ja)xa
o jwg+a N jwg—a _
wig\w—jae+wy; w—jx—wy

(& — jewg + jw)(T = Ta) -

1 . . 1 . .
1 50— o jo)(T = Ta) g o oy +jo) (T = To)?

eije—zx(t—T)+jwd(t—T) (A201)
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~ wq
ual) ~ Uy, v jayan

_ag j(wg+ja)
Wy w — ja—wy

Hp(w) -

jlw—wg —je) (T —Ty) -

[1 - %J’(w —wy— ja)(T—Tp) + %(rx — jewg +jew)*(T — TZ)Z] '

o WT p=a(t=T)+jwy(t=T) (A202)

MA(t) ~ UOHA (w)ejWTefp‘(th)+jwd(t*T) .
1 1
{1 = 5 (e = jwg +jw)(T = To) + (& — jwg + jw) (T~ Tz)Z] (A203)
A comparison of the decay signal in the case of applying a trapezoidal window on the

readout signal, U4, Tapezoidal (1), to the decay signal in the case of hard switch on and off of
the readout signal u 4 ¢ (t) gives

Ug, Tapezoidal(t) Uy, cut(t) ’

(1 — %(a — jwg +jw)(T — Ty) + %(oc — jwg + jw)*(T — TZ)Z). (A204)
Equation (A204) seems to suggest that for |w —wy —ja|(T — T2) = 3 for ua, Tupezoidal
would result in similarly high signals as for u4, ¢ if the same length of time of con-
stant stimulation is chosen for both. However, this is not the case because for a value of
|w —wy — ja|(T — Ty) = 3 the approximation Equation (A199) can no longer be terminated
after the cubic term. We obtain, thus, a decay signal with nearly the same strength as in the
case with the hard switching on and off if the amplitude decrease time (T — T,) decreases

fast enough to ensure
|lw—wy—ja(T-T) <1 (A205)

Appendix F.6. Case of a Stimulating Signal with a Triangulum Shape

The stimulating case with increasing voltage is identical to Appendix F2 with Ty = T/2.
We obtain

2t ;
ua(t) = UoHa (w)e'!

A 200 (wy— ju) . [ejwt _ e—at—jwdt]
Twi (w — ja+wy)

+Uj 20y (wg+ju)

ejwt _ e_"‘t+jwdt (A206)
Twg (w — ja — wy)? [ }
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The second term of the natural angular frequency is dominant for Q > 1 and w ~ wy.
Using the Equation (A164), this dominant term of the angular natural frequency can be
expressed as a function of the square of H(w)

2 .
ua(t) = UO%HA(W)QM

204 o et

__H |: jwt uct+]wdt}
OTa, (wq +ju) alw)le ¢

+Up 204 (wg — ju) 5 [ejwt _ efzxtfjwdt}
Tws (w — ja+wy)

2(j 2 ' 2
|- (]wd+oc)HA(w)+ X ( jwa +a ) '
Twwy Twyi(wg +jo) \w —ja+w,
[ejwt _ e—txt+jwdt:| . (A207)
The first two terms dominate for Q >> 1 and w =~ wj. In this case, we can approximate
the following:
UA(t) ~ Up 2 Hop ()et — Up——224 2 () [efwf - e—“”fwdf} (A208)
T Tap(wy + ju)

We obtain a forced term with two parts: one increasing with time and a constant one. Due
to the continuous switched-on state, we obtain a decay term starting at t = 0, which is
proportional to the square of H4(w) and which is suppressed by 1/T;a 4 Since a triangular
or Bartlett window can be generated by the convolution of two rectangular functions, the
appearance of a square of H4(w) is reasonable.

The loading case with the decreasing voltage is identical to Appendix F.4 with
T; = T, = T /2 for Equation (A185):

T—t :
ua(t) = 2Up T Ha(w)el!
+uotxA(wd—jtx> 1 {2 jol ga(t= 1) —jewa(t-F) _ 2 —at—joost
wy (w—ja+wy)* LT T
_%ejwt N iengea(tg)jwd(tg)]
+anA(wd +ja) 1 {2 jwh ga(t=3)tjwa(-F) _ 2 —atrjoost
wq (w—ja— wd)z T T
_%ejwt . ;ejwzewzwwd(tz)} (A209)
T—t ,
us(t) = ZUOTHA((U)EJWt
oy 2 alwd = jo) 1 [2ejw%efa(t7%)fjwd(t7%) _ pat—jwgt _ ejwt}
T Wy (w—ja+ wd)2
+u0%rxA(a(Jj + jo) : . 1 )2 [2ejw%efa(tf%)+jwd(t7%) _ o jwat _ ejwt} (A210)
d w—ja—wy
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T—t

MA(t) = 22Uy

, 2
H ot — Z 1 -
Alw)e 4,

wwy(wy + ja) wy(wg +ja) \w —ja+w,

. . . 2

[_efoctﬂwdt 200 % pma(t=F ) +wa(t-1) _ efwf}

2

T

uA(t) ~

us(t)

Uy

wp(wy — ]04) [7e—¢xt—jwdt +2€jw%e—rx(t—g)—jwd(t—%) _ ejwt} (A211)
wa(w — jou+wg)*

T —t .
ZUOTHA(w)ef“’t

2 Wy 2 —at+jwgt jwk —a(t=1)+jwa (t-1) jwt
Ty Gy Ha) et oot (Rl — o] (az12)

We obtain two driven terms at the frequency w: one proportional to Hy (w) and one
to H3 (w). Furthermore, we have two terms at the angular natural frequency wy: one starts
decaying at f = 0 and the other starts decaying at t = 1.

The decay case with switched off stimulating signal is identical to Appendix E.5 with
Ty = T, = T/2 in Equation (A193). We obtain

XA (wd +j“) {_2 —at+jwyt + Eejw%eﬂx(tfg)ﬂ‘wd(tf%)
Wi (w — ja — wy)? T

)
+%ejw%eﬂx(t7%>+jwd(t7%> - Zeije—zx(t—T)+jwd(t—T):|

+u0a7A(a)d.—7j“)2 |:26_0‘t_jwdt + Eengle_a(t_%)_jwd(t_%)
Wi (w—ju+wg) L T T
N % ook oa(t-1) —jewa(t-F) _ % ije—vc(t—T)—jwd(t—T)] (A213)

OE“A (wd +j’X> |:7e—zxt+jwdt
T Wi (w - ju — wy)?
+2€ngeﬂx(t7%)+jwd(t7%) _ eijeﬂx(th)+jwd(t7T)}

ua(t) =

®p2  (wa—ja) [—e
wi T (w —j(x+wd)2
s2ebee(1=E)joa(1=3) _ goTea-1)-s-T))  (a214)

—at—jwgt

+U0

The first term will be the dominant one, when Q > 1 and w ~ wjy. The equation
simplifies in this case to

204 (wg+ja) I T p=a(t=T)+jewq (t=T) .

us(t) ~ —U
. T (w - ja - wg)’
(1 _ peilw—je—wa) e*ﬂw*f“*“’d)T). (A215)
2
ua(t) ~ U Hp(w)-

T(w — jo — wq)
(1 B efj(wf]’afwd)%)zejaITe*DC(t*T)+jwd(t*T) (A216)
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The exponential function in the bracket can be expanded for |(w — ja — wy)T| < 1:

2
ua(t) =~ UOmHA(w)
2
(1 —1+j(w—ja— wd)g) el 0T p=e(t=T)+jwq(t=T) (A217)
ut) ~ U= ) Ha(w)
(_( w— ju — wd )e]wT —a(t=T)+jwy (t—T) (A218)
u (t) ~ —U 1 Tz(w — j“ — wd)zH (w)eijeﬂx(th)ﬂ'wd(th) (A219)
A 2 T(w—ja—wy) 4
us(t) =~ —Uo%T(aJ — ja — wg)Hp(w)elT et t=T)+jwq(t=T) (A220)

u(t) increases linear with T for small T. For |(w — ja — wy)T| > 1 the expansion is no
more valid. For w = w; we obtain by using Equation (A216)

i 2. .
uap(t) = UO%HA(CU) (1 - e_‘"%) el T g=a(t=T)+jwy(t=T) (A221)

To find the optimal length T for a stimulating signal with a triangular envelope in the time
domain, we need to find the maximum of the above equation. To do this, we introduce the
two auxiliary variables:

2

(1 ~05)?and Ta =2 (A222)
TD( e ) an K = 2X

ia(t) =
This leads to the following equation, the optimum of which is sought
_ 1 2
fig(x) = ;(1 —e ) (A223)

To find the maximum we determine the zero of the derivative:

dviz(t) 1 X\ — —x\27 !

A = S —e e - (1—e)] 20 (A224)
Casel: 1—e*=0 e *=1 — x=0
Case2: x#0 2xe ¥ —(1—e¥)=0 — e *(2x+1)—-1=0

While case 1 results in the trivial case, case 2 results in a maximum at x ~ 1,25 with
ia(x) ~ 041 and Ta = 2.5.

Ua, Burtlett(t) |T“=2.5 ~ 0-41uA, cut(t) (A225)
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Appendix G. Calculating the Response of the Resonator for a Driving Voltage Which
Is Switched On and Off According to a Tukey Window

The driving voltage u(t) is now not always constant, but rises and decreases according
to a modified Tukey window with flat top and optional different raise and fall off rates (54).

Appendix G.1. General Solution for All Four Time Intervals

With the help of the three variables 01, 02, and 03, which are selected in the following
RangeI: 01 =t, 0, =T, 03=Ty
RangelIl: ©01=T;, 0x=t, 03 = Tp;
Rangelll: 0;=T;, 0,=T, 03=t;
Range IVv: 61 = Tl, 92 = Tz, 93 =T.

we can describe the stimulating signal

in a common representation for all four ranges:

w(t) = uo[;. (1—cos7T”)a(t)a(el—t)+a(t—T1)a(ez—t)+

1

(1 cos™ =8 s - et

5 <1 cos(TT2)>(T(t Ty)o (63 t)}e (A226)

Using Euler’s formula,
1 /. 4
== . (ef¥ 4 ¥
cos(x) 7 (e +e ) (A227)

we obtain

uo(t) = uo{ (1 _ LR iejﬁt) (D)o (0y — ) +0(t — Ty)o (8 — 1)

. 1(T—t) _ . m(T—t) .
N (1 _limsy 1, f(TT2)>a(t —Ty)o(63 — t)}efwf (A228)

The response signal is given by the convolution of the input signal u(¢) with the impulse
response hi4 () of the resonator:

ua(t) = /w ha(t— ) - ug(v)dt (A229)

—00

If we insert Equations (15) and (A228) into (A229), we obtain
uA(t) = / {aAg'(t _ T) |:(wd _ jw)eilx(tf’r)fjwd(ti’r) + (a)d +ja)efa(t7"f)+]’wd(t7r):| .
Uy [( L) ieanlT> o(t)o(01 —1)+0(T—T1)o(62 — 1)

1 1 jn(Tfr) 1 _]-n(Tf'r) .
+ 2 — e (T 7) — 1° (T-12) (T — Tp)o(03 — T) | &/¥7 3dT (A230)
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ua(t) = Uoé(wd—J“)e wgt
1/61 (zx+jw,,,+jw)rd_(7l/ele(a+jwd+jw+j%)rdr
2 4Jo

uc+ 02 ; ;
jwgtjw— ]Tl) dT+/ e("‘+]‘”d+7“’)TdT
T

0y j_+aT <+' +i ,'L)
e](T,Tz)e atjwgtjw ](Tsz) Td’l'

T;

1
/ :x+]wd+]w Tdr — /
4

WL
"2

0 :—nT i i S
_1 / 3 e] =) e(a+]wd+]w+] =) )TdT
4 )1,

a N b
+Up =2 (wy + ja)e t+iwat .
wq

{1 / o pa—jwrriwytgr L / O gl )7
4 Jo

2
1 & —jwg+jw— ]Tl) d’L’+/62 el&—jwaHjw)T 10
Ty

ST
1/ (a—jwogtjw)t g _ 1 /93 ) (“ﬁwmwﬂ'ﬁ%dr
2 4

T;
(A231)

Oa : —nT o
_1/ SEJ(T*TZ)E(Q ]wd+]w+]7(T7T2)>rdT
4 ),
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_ XA N —ab—jwgt 1
uA(t) Uowd(wd ]04)8 [2<(a+jwd+jw) (a+]'a)d+]'w)

ela+jwg+jw)0q 1 )

1 <0C+]'Wd+jw+j%>el 1
4 (Dé+jwd+jw+j%) (a+jwd+jw+j%)

1 <a+jwd+jwfj%1)91 1
W\ (evjwrrjo—iF)  (avjwssjoo—if)
< platjwg+jw)0s ettty )

(a+jwg +jw)  (a+jwg + jw)

1 ( e(tx+jwd+jw)93 e(“+jwd+jw)T2
(

2 a+jwg+jw)  (a+jwg+jw)
Ry e<“+jwd+jw+j r’%z))93 - e<“+jwd+jw+j (T%Tz» &
4 (a+jwd+].‘0+]‘ﬁ) (a+jwd+jw+jﬁ>
_L e ((osirrio—izeZes Jos B ((ortesrioiteZs )
4 (a+de+jw—ff%) ("‘*fwd”w_jﬁ)

XA \ —attiwgt | 1 el@—jwi+jw)O 1
+U =2 (wy + jo)e ¥Hwat | Z - N i i
Owd( d+ja) [2<(a]wd+]w) (& — jwg + jw)

1 <o<7jwd+jw+jT—”l)91 1
4 (tx—jwd+jw+j%) (Oé—jwd+jw+j%)

1( (oc+jwd+jwfjf’;)61 1 )
4 ([X—]'(Ud-i'j(d—j%) (“—jwd+jw_j%)

< ela—jwa+jw)0; ela—jwatj)Ty >
1

o —jwg+jw) (0 — jwg+jw)

1 ( e(txfjwd+jw)63 e("‘*]'“]d"']'w)TZ
(

2\ @ jwg+jw) (@ — jwg+jw)
T B O =) I G =
_Ze (T-T) : - - - . . .
(a—]wd+]“]+](1"—77t1"2)) ("‘_]wdﬂwﬂ(T—LTz))
B (=) I G e = vy
i 7 (A232)

(= jeoatjor—jrpy) (o= jwa+jo = jorpy)
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x .
ua(t) = Uoé(wd_]“)'

1 1 1 1 1 1 —at—jogt
-5 - — + - —— - T - — |e
2a+jwgtjw  datjwgtjotjn datjwg+jo —

i _izg

JMrooro o1 Jh 1 e 08 g (@tjuos) (t61)

20+ jwy + jw 4oc+jwd+jw+j% 4o¢+ja),;,+]'cufj%1
1 en e T 4w, (avjws) (1-02)

&+ jwg + jw a+ jwg + jw
e e iatey it T
1 | 1 | +1 e.(T Tz)' ¢ (T TziI +1 ¢ .(T Tz)e' (r 'Tz) n I0 T2 p— (a+jewa) (t=T2)
2+ jwg +jw 40¢+]cu(,,+]w+]m 40¢+]a;,,,+]wf]m

: T s —naT : +nT o T
1 1 e] (1-15) 936] (1-15) 1 e] (T-1) ](T—TZ) 03

ejw93e—(zx+jwd)(t—93)

1
§a+jwd+jw 71a+jwd+jw+jf”m 7Za+jwd+jw—jﬁ

XA .
+LI0(Ud (wq + ja)

71 1 +1 1 +1 1 e_“t-"jwdt
- - - - 77 - - 7
20— jwi+jw  da—jwgtjotjn da—jwg+jw—

01 —j7 61
Sloov o e ey e (-00)
20 —jwgtjo  da—jogtjwtjf da—jwg+jo—j
1 el ejen-T) L w6y, (ajwn) (t-02)
& — jwg + jw & — jwg + jw
i R i T R ey
1 1 1 et elrm) 1 e (7 7 () w2 p—(a—jwa) (t=T2)

+ T

- = - — + - - - - + — ; ; -
2 — jwg + jw 4a—]wd+]w+]ﬁ 4&—]wd+]w—]m

;_+nT ;

6] (1-15) 6’7] (1-15) 03

(A233)

: T ;_—nT
11 1 ST/
22— jwg+jw 4

L O A GO g (a1
&= JWq WO gy 4(0‘*1'“%1”“’*]'%)
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ua(t) = Uog (s = ja)-

_ 2 + 1 + 1 —af—jwgt
: ; : ; T : ) T
0(+]C()d+]w 0C+]C()d+]w+]T] UC+]CUd+](U—]T1

e/’ﬂ% 7]'71%1
+ 2 - ! — e 1 /w01 p— (a+jwy) (t—01)
X+ jwy + jw o¢+jcud+jw+jTﬂ1 o¢+jcud+jw—jTﬂ1
4 el e)(t-Ty) % w8y (atjwg)(t-02)
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ofo—2 v 1 )whe et )
Mtjwgtjo  wtjwgtjw oty e+ jwg+jw = iy
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2 e () ¢ (TT)

ol@03 p— (atjwy) (t—03)

rx+jwd+jw_¢x+jwd+jw+jr"m _a+jwd+jw—]ﬁ

1DCA .
+U02Lw—d(wd +ja) -

_ 2 + 1 + 1 efzxt+jwdt
; ; - ; T ; ; T
N —jwgHjw &= jwgtjwt &= jwg+jo =]

e]'n%l —jn?r—l
N 2 _ ! _ e 1 P81 o (8 —jeoy) (1)
o — jwg + jw uc—ja)‘,l+jw+jT£l a—jwd+jw—j%
A eTiaje)(t-T) % jwBy,—(ajwg)(t-02)
X — jwg + jw X — jwg +jw
NS T———— e T TG
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2 ARGy ¢ (1)

) - e/003 = (a—jwa) (1=03) | (AD34)

&= jwg+jw &= jwg+jw gy (oc—jqu +jw =ty
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e~ at—jwgt

ua(t) = iuox(wd—f“){(
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Appendix G.2. Interval with Cosine-Shaped Increase in the Amplitude of the Stimulation Signal

For time interval I ,we insert the following parameters into Equation (A241):
01 =t, 0, = T1, 03 = Tp. This leads to the equation
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Appendix G.3. Interval with a Constant Stimulating Signal

For time interval II, we insert the following parameters into Equation (A241):
01 =Ty, 02 =t, 03 = Tp. This leads to the equation
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Appendix G.4. Interval with Cosine-Shaped Decrease in the Amplitude of the Stimulation Signal

For time interval III, we insert the following parameters into Equation (A241):
01 =Ty, 02 = Ty, 03 = t. This leads to the equation
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+1U0ai (wd +]D‘) (Tl) efat+jwdt
2 —jwa+] ) . 2
wg (& — jwg + jw) (tx—]wd+]a))2+(%)
2
T
o (Tl) . efwT p—(a—jwa)(t=Tr)
(2 — jewa + jw) + ()
_0piwTi p=(a—jws)(t=T1) | »,jwTs ,—(a—jwy)(t=T2)
(i)
2 (I-T) | eemeem e =T

7T

(& — jewa +je)? + (@)

o, (& — jeog +jw)2cos(7r((TT__Tt2))) — iy (% — jewa +jw)sin(7r((TT__7€2))) ot

(0~ g + jo)* + (e )
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2
. (T
MA(l’) _ lu lXA (wd 7]“) <T1 ) - efatfjwdt

2 4 (& + jwg + jw) (tx+jwd+jw)2+<%)

+ 5 eij1 ef(tx+jwd)(t7T1)
(a+jwg + ]w (%)

2
(T- TZ)) ef@0T2 p— (atjwy) (t=T2)
2
tx+]wd +jw)? <<TfT2)>

(o + jowy +]w)2cos (ni((TT:TtZ)) ) - 7<TfT2> (a+jwy + jw)sin(ni((TT:é))) ot
e

2
(o + jowy +jw)2 + <ﬁ)

~(7)°
+7U0 XA (wd +]0‘) l —at+jwgt

e
— 2
a = JO |\ (w jeog +j)* + ()

elwTh o= (a—jwq)(t=Th)
s

(& — jwy + jw)? <T1>

2
(T- Tz)) 0Tz p— (a—jcwa) (t=T2)
2 T 2
e (1)

(0 — jwg + ]w)zcos<n7((TT:Tt2))) — 7(Tsz) (0 — jwg + jw)sin(ni((TT:T?)) ot

(A254)
. . \2 P 2
(& — jwg + jw)” + (W)
' (#)
ua(t) = lu XA (wq — ju) _ T (eftxtfjwdt+eij1ef(1x+jwd)(t7Tl)>
. : 5
2 T wy (a+jwg + jw) (a+jwd+]'aJ)2+<%>
(i)
+ (T-To) 0Tz o= (a+jewa) (t=T2)
(& + jwy + jw)* + (ﬁ)
2 _ . N -
. <7(Tsz)> + (w+jwy +jcu)2 [1 — cos(n ((TT77E2))> ] + 7(TfT2) (& +jwy +]w)s1n(n7(<TT7;3)) ot
2
(& + jowg + jw)* + (ﬁ)
)2
+1u &a (wq +jo) _ (Tl> <eftxt+jwdt " ejWTle*(“*fwd)(f*Tl))
— i 2
2wy (a0 — jwg + jw) (a—jwd+jw)2+<%>
- \2
+ ( (T-T) ) JT2 p=(—jea) (t=T2)
2
(o jeoq + jeo) + (257 )
2
)+ (= jwg + jw)? |1 —cos( L R (« — jwy + jw)sin AL I
+ ((T TZ)) [ ( (r TZ)) } (r TZZ) ( (r TZ)) e]wt (A255)

(&= jwoa + o) + (777 )

Appendix G.5. Switching the Stimulating Signal Off

For range IV, we obtain 81 = T1, 0, = T2, 63 = T. If we insert these parameters into
Equation (A241), we obtain
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1, 8 (i) (&)’

ua(t) = = ‘ / —at—jwgyt
alt) 20wy (a+ jwg + jw) (zx+jwd+jw)2+(T£)2
1

[4

. . \2 I n . . . T
+jwg + )+ F(a+jws + 7+
B (& + jwg + jw) cos(nT1> 7y (@ + jwg ]u})sm(nrl) STy g @40 (~T3)

(o + jowgy +ja))2 + (%)2

—ef0T1 p=(a+jwa) (t=T1) 4 9ojwTs p—(a+jwq)(t=T2)

2
T
5_ ((T*Tz)) plwT2 p—(a+jwg) (t=T2)
2
(& + jeog + jew)* + <4(T—7TT2) )

. . \2 (T-T) . . . T—
B (a0 + jwg + jw) cos(ni(T7T2)> — 7(TfT2) (@ + jwy +]w)sm(n (Tsz)) ST g (i) (T)

2
(& + jowg + jw)* + (ﬁ)

—at+jwgt

1u ap (wy+ja) *<Tll>2

(& = jeou + j0)? + ()

2 wid(zxfjwd+jw)

. . \2 T r . SN T
— jwg + jw ) + (e —jwg +jw T
(& — jwg +jw) COS( Tl) T (& — jwg +] )sm( Tl) oI@T1 p—(a—jwy) (t=Ty)

+|1- 5
(a0 — jwy +jw)2+ (%)

_ef0T1 p=(a—jwg)(t=T1) 4 9pjwTs p—(a—jwa)(t=T2)

2
T
5 <(T*T2)> elwT2 p—(a—jwy) (t=T2)
2
. . \2
(& — jwa + jw)” + ((TfT2)>
. .2 (T-T) . - . . . (T-T)
N (& — jwa + jw) COS(”(Tsz)) o ]w‘j]w)sm(n(FTz)) elot = (a=jeog) (t=T) (A256)
. . 2
(2 — jeoa + o) + (757 )
2
T
L, apg  (wg—ja) 7<T7> —at—j
MA(t) = Euozd(a+jwd+jw) : — 2 e at—jwgt
(& + jowg + jw)™ + (T—1>
. . 2
o1 —etjwitjw) |ttt
(o + jewy +]'w)2+ (%
_2elwTh p=(atjwy) (t=T1) | ppjwTy p—(atjwy)(t=T2)
()
- (T-T3) /0T o= (ajwy) (1= T2)
2
(+ jewg + jw)? + (Tsz)
. 2
1= (& + jowg + jw) 0T o= (@+joog ) (t=T)
(@ + jwg +jew)? + ( (Tsz))
2
. (=
+1U0 ap  (wg+ja) ( T ) ettt
2 T wy (&= jwg +jw) ) .2 2
(0 — jwg + jw)” + (%)
B O Gt 7 5 ) R RN ARy
2
(@ — jwy +jw)2 + (%
_2elwT p=(a—jwg)(t=T1) 4 9piwT2 p—(a—jwy)(t=T2)
()
” (T-Ty) o/ @0T2 o= (a=jwg)(t=T)
2
(o — jeg + jw)? + (4(]"?1"2))
. L2
o (& — jwa +jw) > | e tmiwnt-) (A257)

(2= jwoa + j) + (57 )
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2
. (r
ua(t) = luo’LA (wa — ja) (Tl> e~ t=jwat
wy (& + jwg + jw) (oc+]wd+]w)2+(T—”1>
+ plwTh = (a+jewy)(t=Th)
(& + jowg + jw)? (%)
>2
. (T— Tz) . 9Tz p—(atjwy) (t=T2)
(& + jewg +]w ((T:[Tz))
. (a+ jewg +jw)? T = (a+jewy) (t=T)
(+ jwg + jw)* + (4(742) )
2
—(x
+7u0 an  (wg+ja) ( Ty ) e—atHjwgt
— 2
2wy (& — jwg + jw) (afjwd+jw)2+(%)
2
of@0T1 p—(a—jwy) (t=Ty)
& — jwg +Jw) (%)
2
(T— Tz)) eJwT o= (a—jwy) (t=T2)
2
o — jwg + jw)* + <‘(TfT2)>
2
(a — jwq + jw) | efete=@jwa)(t=T) (A258)
— jwa +]‘U) ((TI[TZ)>
2
. (r
uAlt) = iU . (wa — ja) (%) et
2wy (a+ jwg + jw : ; 2
d jwa + je) (a+]wd+]w)2+<%>
2
e/@T1 o= (akjwy) (b= Ty)
ac+]wd+]w Y+ (Tll)
2
(T- Tz)) @@ T2 o= (akjwy) (t=T2)
2
a+1wd +jw) + (w25
2
(T Tz)) oJ@T g (atjwy) (t=T)
2
a+1wd +jw)’ + ()
2
(z
+7U0 an (wg+ja) (Tl ) et
— 2
2 T wy (= jwg +jw) (Dé*j(dd'i-]'(d)z‘*'(%)
2
elwTh p=(a—jwg) (t=T1)
~ juou +]w> (%)
2
(T— Tz)) olwT2 o= (a—jwg) (t=T7)
2
(= jwg + jw)* + (ﬁ)
>2
(T- Tz) . elwt p—(a—jwg)(t=T) (A259)
(= jwg +]w <(TirT2))
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2
. s
us(t) = EUOW*A (wd — ]a) - (Tl) 5 (ef“t*fwdt + el e*(“ﬂ'wd)(f*Tl))
2wy (a+ jwg + jw) (06+jwd+jw)2+(Tﬂ>
1

+

2
s
((T—T2)> 5 (eijzef(ﬂc+jwd)(t7T2) + eijef(Mjwd)(th))

e e [ ()

270 (a— i ' . , 2
wg (& — jwg + jw) (a_]wﬁ]w)a(%)

e_at"'jwdt + eijl e_(a_jwd)(t_Tl))

2
s
+ ((T—ZZ)) . (e]'WTze*(Dé*]'wd)(t*Tz) " ejwtef(zxfjwd)(th)> (A260)
(& — jwg + jw)™ + (ﬁ)

At each switching point, we obtain two natural oscillations that startatt =0,¢ =Ty, t =
T, and t = T, and then die out. The latter four are dominant for resonators with high Q and
a stimulation near resonance. If a(T, — T7) > 7 also the 5th and 6th term can be ignored,
and Equation (A260) simplifies to

2
. _T
ua(t) ~ uol’xj (wd +]"‘)‘ (T*TZ) . (eJ'WTze—(“—jwd)(f—Tz) .,.efoTe—(“—fwd)(t—T))' (A261)
2wy (D‘_]wd"']w) {(“_]'wd"']'w)z"‘(]"nj‘) ]
-T

wy—ja
a+jw+jwy

We can add the small term
resonance and obtain

for resonators with high Q and a stimulation near

wa(t) ultxA( wg—ja_  wgtja >

Ode K+jw+jwy  a+jw — jwy

2
o
( =12 ) : (ef‘*’Tze*(“*jwd)(t*Tz) + e]'wTe*(Dé*]‘wd)(f*T)) (A262)
[(zx — jwa+jw) + (12 ) }

With the frequency response Hy (w) of Equation (14),we obtain

1 2 (gi(UTze*(“*]'wd)(t*Tz) + eijef(affwdxth))
MA(t) ~ UOEHA(CU) (T— Tz)z(oc—ja]d+jw)2+7'[2 (A263)
1 71'2 (1 + efj(“’*j’xfwd)(TfTZ)) e]"‘-’Tef(“fjwd)(th)
uap(t) =~ UOEHA((U) ( T Tz)z(“ —jwd+jw)2+7r2 ) (A264)

The factor 1/2 in the decay signal is compensated by the factor (1 + e jlw—ja—wa) (T_TZ))

which is nearly 2 for small T — T,. However, since the term ( 5 Ll 5 ) is
(T—-To)" (a—jwg+jw) +m?

always smaller than 1, the decay signal will also be smaller than in the case where the
driving signal was hard switched off. If

[(w —ja—w)(T - To)| <1
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Uy, Turkey(t) =~

ua(t)

_lpea (wa—j)

+

We can write

1 (T —T,)?
~1-— 5
7T

(@ — jewg +jew)?

. . N2
= (& — jeoa + o) (A265)

1+ —

and
e (jwatjo)(T-T2) 5 1 — (a — jowy + jw) (T — Ty) + %([x — jwg+jw)H(T—Tp)*  (A266)

Substituting these approximations into Equation (A264) leads to

UO%HA(w) (1 - %(T —T)?(a — jwy +jw)2) )

(z — (@ — jwg + jw) (T — Ty) + %((x — jwg + jw)*(T — Tz)z)ej“’Te(“j“’d)(tT). (A267)

1 . .
ua, Turkey(t) =~ UoHa(w) - (1 - E(rx — jwg +jw)(T — Tp)+

1 1 ‘ .
<4 - 712) (& — jwg + jw)*(T — T2)2> T~ (a=jwa)(t=T) (A268)

A comparison of the decay signal in the case of applying a Tukey window on the
readout signal u 4 kaey(t) to the decay signal in the case of hard switch on and off of the
readout signal 14 () gives

1 . .
ua, tket) %, {1 50— g o) (T = T2

1 1 . .
+(4 - n2>(a—]wd +jw)*(T — Tz)z} (A269)
Appendix G.6. Calculating the Response of the Resonator for a Cosine Windowed Stimulating
Signal

The driving voltage ug(t) rises and decreases according to a Hann window (cosine
window) (63).

The corresponding decay signal is given by the Tukey case, Equation (A260), but with
Tl = T2 = T/2

T

{ (2n>2(e—at—jwdt + eij.STe—(a+jwd)(t—0‘5T))

200, (@ + jwg + j) (a+ jeog +jw)* + ()’

(27)? . . . .
4 T (e]wO.STe—(a+]wd)(t—0.5T) 4 e]wTe—(aﬂwd) (t—T))
(+ juog +je)? + (3F)°

N

7'[)2 (e—txt+jwdt " ejw0.5Te—(a—jwd)(t—0.5T)>

lll g (wg+ja) {(T

2wy (& = jwg + jw) (& — jwy +jw)2+(2T”)2
272
+ (T) - (2 )2 (ejw0.5Te—(¢x—jwd)(t—0.5T) + e]'wte—(vc—jwd)(t—T)) (A270)
(= jwg +jw)” + (5F
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1 oA

up(t) = Euow*d

(g — ja) ()

(& +jwa + ) (a + juwy + jw)? + (2%)2

{_eﬂxtfjwdt _ pJ@W05T = (atjwg) (£-0.5T) | ,jw0.5T p—(atjewy) (t—0.5T) +eijef(lx+jwd)(t7T):|

1

14
+qufA

(wg+ja) ()

27w (& = jwg +jW) (4 — jwy + jw)? + (2*”)2

{_

1
EU

1

2

T
efrxt+jwdt _ eij.STef(afjwd)(th.ST) + eja)O.STef(zxfjwd)(tfo.ST) + ejwtef(zxfjwd)(th)} (A271)

. 2
XA (wd — ]D‘) (ZTT() [_efuctfjwdt + eijef(aﬂ‘wd)(th)}
wy (a+ jwy + jw) (0 + jewg + jew)? + (zTn)Z
. 2
XA (wd +]‘X)' (ZTH) [_efat+ja)dt " ejwtef(ucfjwd)(th)} (A272)
w (= jwr+ ) (& — ooy + jw)? + (F)}

We obtain two decay signals, one which is triggered by the start of the loading, with
an amplitude proportional to e~*, and one which is triggered by the end of the loading,
with an amplitude proportional to e~*(*=T). For resonators with high Q and a stimulation

near resonance we can skip the first, small term and add the small term % and obtain
1 . .
ua(t) Uo“( I L R )
2wg\a+jw+jwy  a+jw — jwy
()" o A
. T . . (ejwtef(afjwd)(th) _ e*txtﬂwdt) (A273)
(0 — jwg +jw)” + (5F)
With the frequency response Hy (w) of Equation (14), we obtain
() ~ B H () ()’ <1 _ ef(a—jwd-;-/‘a))T) ofwT p—(a—jewg) (t=T) (A274)
4 2EAIN (gt ()
~ Uy 1 _ o (a—jwa+jw)T \ pjwT ,— (a—jwy) (t—T)
ua(t) 2 Ha(w) (1+(2711)2(ocjwd+jw)2T2> (1 ¢ ’ )e ¢ ’ (A275)

For w = wy, this function has a maximum at Ta = 0.75 - 7t = 2.35, i.e., if T is chosen
for the length of 0.75 - Q oscillations. In this case, the amplitude of the decaying natural
frequency is 39.68% of the value that we would obtain if the excitation was switched on
and off hard for Q oscillations:

u
ua, Hamnlrapzs 0,40 (A276)
”A, cut ‘ Ta=71

Appendix H. Using a Frequency-Modulated Signal to Stimulate the Resonator

In an up chirp, the instantaneous frequency varies linearly in the time interval Tcy;p
across the bandwidth By, from the angular frequencies wy;, to wgy. The rate of change
is called the chirp rate p, with

_ BChirp _ flow - fhigh
TChirp TChirp

In a down chirp, the instantaneous frequency varies linearly in from fye, to fior- The
driving voltage u(t) can be written as (68).
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We can write for an up chirp

ua(t) = /oo ha(t — 1) - up(T)dT

—00

Mo(t) = Uy O'(t)ej(‘*’lowt+27ryt2)

up(t) = / Z—Aa(t - T){(wd — ja)e T mwalt=T) oy (@, +jac)ef“(t77)+j“’d(t4)} :
—oo Wy
Up o(1)el (Wiou™2HT) g (A277)
MA(t) _ uoj:i /t{(wd _]-a)efa(tfr)fjwd(tfl’) + (wd +ja)e*“(t77)+]'wd(t7"r)} .
d J0
ej(wlan+27T]4T2)dT (A278)
uug(t) = ani(wd —ja) /tEfa(tfr)77“"1“4”]‘(“’10”””2"”#)d'r
wy 0
+Up =2 (wy + o) / el et (e Tr2mie) g (A279)
d 0
ug(t) = Uo“i(wd — jo)e et /t€+“T+j(wd+wl°1”)”jzn}”zdT
wy J0
XA N —abtjwgt ! AT — Wy —Wiog ) TH2TUT?
+u0w7(wd +]0()€ JWa / e Jwq low JeTTH aTt (A280)
d 0

The analysis of above integrals leads to a Fresnel integral. The Fresnel integral [*_e*/ e
can be integrated by shifting both limits to + and - infinity. However, by doing so, the time
dependence of the result is lost. In order to preserve the time dependence, a technique
similar to the stationary phase approximation is used for an approximation for the above
integrals. The rapidly oscillating phase functions

P1(7) = (Wg + Wor ) T + 27T (A281)

and
P2(T) = —(wy — Wig) T+ 2TpT? (A282)

appear in the exponent of the exponential functions. Since the amplitudes remain nearly
constant, time domains with a rapidly oscillating phase do not contribute to the output of
the integral, sections with a slowly varying phase do contribute to the output of the inte-
gral. The phase function varies slowly when the chirp modulation matches the resonance
frequency +wy. This holds for the synchronous point 7; with

Wy — Wigy

Ts = W (A283)

At this point in time, the stimulation with the chirp synchronizes with the natural
frequency of the resonator. The resonator is stimulated shortly before and shortly after this
synchronous point. For further analysis, the parabolas in the phase functions ¢;(7) and
@2(7) in Equations (A281) and (A282) are now developed around the synchronous point in
time. We skip ¢; and the corresponding integral of Equation (A280) since only the second
part with ¢, (7) is dominant. For ¢, (), we obtain

(@i = wipw)*

—(wg — Wioy) T+ 27'51”2 =27tp(T — Ts)2 + (Wi — Wiy )T — 2mn

(A284)

The constant and linear terms of this equation describe the phase shift of the natural
oscillation compared to the starting point of the chirp. The instantaneous frequency of the
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chirp is synchronous with the natural oscillation as long as the quadratic term in the phase
function remains below 7:

27p(T — )% = g (A285)

This results in the lower limit of the synchronous range 7,3
1

Y et (A286)

/1
Tgp = Tg + @ (A287)

At this point in time, the stimulus signal contains the following instantaneous frequen-
cies c‘)Chirp,ls and wChirp,Zs

and in the upper limit 7sp

Wehirp = Wiy + 27Tt (A288)

[1

Wehirp,s1 = Wiow + 27y (Ts - 4#) =wy — ﬂ\/ﬁ (A289)
1

WChirp,52 = Wiow +27TH (Ts +4 / 4#) = wg + /Y. (A290)

The integral is now limited to this synchronous time interval and the instantaneous
frequency of the chirp is replaced by the frequency at the stationary point, i.e., 2yt = w,.
For t < T5p, we obtain

t
o SN i ' ‘
ua(t) ~ Up—2(wy— ja)e ™ ]wdt/ T
wy Ts1
N o t o
U™ (g + jo)e Tt / P TUTHWAT—jWaT g (A291)
wy Ts1
t
o SN b ‘
uA(t) ~ UOfA(CUd_]a)e wt ]wdt/ €+zxr+]2wd1'dT
wy Ts1
o D\t !
FUp XA (g + ja)e it / T (A292)
wy Ts1
Kg wy—ju j ' t
a(t) ~ wad%]efzxtf]wdt{emTﬂdeT}
40+ 2wy 51
(Wi +ja) i
U A (a8 arvjio oyt (A293)
wy o s1
ualt) m Up 2 LU pmatmot (bt _ grata ot
wy 2wy + ju
Kq wy+ju -
uoidi]e_“tﬂwdt(e%t*EMTSl) (A294)
wy 1
np  jwg+u gt _ —a(t—Tgy)—j2w,(t—2
ua(t) =~ Ofﬁ(f’w”’ — e~ o(t=Ts1) —j2wa(t-2751)
Wy —2wg +jx
e (A295)
Wy 14

The second term in the above equation is by far the larger one, so we can omit the first
one and simplify the equation

ua(t) ~ UO‘;—‘ZWTW (1 - e*“U*Tsﬂ)e*f‘*’df. (A296)
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For small a(t — Ts1), we can further approximate to

g wy+jo

ua(t) ~ Uowd o

a(t — Tg )etivat, (A297)
The chirp signal begins to stimulate the resonator with an instantaneous frequency
of wepirp,s1 at time 5. The factor (1 — e’“(t’fsl)) in Equation (A296) grows linearly with

t — T4 for small a(t—151) and approaches 1 for large a(f — 741).
For t > Tgp, the loading stops and we obtain

XA N —at—jogt [2 ratHjwgTHwgT
uas(t) ~ Up—(wy—ju)e Jwd e JeaTrieat qr
(Ud Ts1
XA - N\ ,—attjwgt 152 +aTH W T—jwyT
+Up—= (wy + ja)e d e dTJCdT T (A298)
wy Ts1
K Wy — 0 i ' T2
ua(t) = oid%]e wt ]“'dt{e’r“”]z‘”ﬂ}
Wy a+j2wy 51
ap (wg+ja) i
+u07A Me zxt+]wdt{e+ar}‘rfsz (A299)
Wy X 51
WA~ Up™A Pt oy (eramsztizeamss — gratsiei2ents: )
) i
wy Wy +jx
+u00‘7A Wy + ]“e—atﬂ'wdt(emrsz — g*tTst) (A300)
wy 14
ua(t) =~ ODLAM (e*vé(f*Tsz)*]'de(f*ZTsz) — e*“(f*TSﬂ*JQ“’d(t*zTSl))
wy —2wg + ju
pUp AWt (e—zx(t—Tsz)+jwdt _ e—vé(f—TSI)+fwdt> (A301)
wy 24

The second term is by far the larger one, so we can omit the first one and obtain

Xp Wy +ju

ua(t) = Up o

(1 _ e*"‘(TSZ*TSI))e*"‘(t*TSZ)e‘*']‘wdt' (A302)

The chirp signal stops stimulating the resonator at the instantaneous frequency
Wehirp,s2 at time Ty. After the excitation ends, the oscillation in the resonator decays.
The duration for exciting the resonator with the chirp signal is given by 75 — T.1:

1
T2 =Tl = —= (A303)

VI

The resonator is maximally stimulated when a(ts; — Tg;) > 7. Using the quality
factor Q we can write

wo 1
a(Tgy — Tg1) = =—=— (A304
(52 = Ts1) 20 Vi )

A maximum decay signal is obtained when the chirp rate y is chosen as follows
w 1 (A305)
20V~

2 4 2

wo 1 _Jo (A306)

P> = 2

A down chirp begins stimulating the resonator at the instantaneous frequency of
Wehirp,s2 and stops stimulating at wcyrp,s1- Readout systems that use chirped signals often
mix down the response signal with the transmitted signal for signal processing. In this case,
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the maximum response signal occurs when using an up chirp at wcyrp,s2 and when using
a down chirp at wepirp,s1-
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