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Abstract: The Jones matrix and the Mueller matrix of the coherent Rayleigh backscattering (RB)
in single-mode fibers (SMFs) have been derived recently. It has been shown that both matrices
depict two polarization effects—birefringence and polarization-dependent loss (PDL)—although the
SMF under investigation is purely birefringent, having no PDL. In this paper, we aim to perform
a theoretical analysis of both matrices using polar decomposition. The derived sub-Jones/Mueller
matrices, representing birefringence and PDL, respectively, can be used to investigate the polarization
properties of the coherent RB. As an application of the theoretical results, we use the derived formulas
to investigate the polarization properties of the optical signals in phase-sensitive optical time-domain
reflectometry (φ-OTDR). For the first time, to our knowledge, by using the derived birefringence–
Jones matrix, the common optical phase of the optical signal in φ-OTDR is obtained as the function
of the forward phase and birefringence distributions. By using the derived PDL–Mueller matrix, the
optical intensity of the optical signal in φ-OTDR is obtained as the function of the forward phase
and birefringence distributions as well as the input state of polarization (SOP). Further theoretical
predictions show that, in φ-OTDR, the common optical phase depends on only the local birefringence
in the first half of the fiber section, which is occupied by the sensing pulse, irrelevant of the input
SOP. However, the intensity of the φ-OTDR signal is not a local parameter, which depends on the
input SOP and the birefringence distribution along the entire fiber section before the optical pulse.
Moreover, the PDL measured in φ-OTDR is theoretically proven to be a local parameter, which is
determined by the local birefringence and local optical phase distributions.

Keywords: optical polarization; fiber optics; Rayleigh backscattering; Jones matrix; Mueller matrix;
phase-sensitive optical time-domain reflectometry

1. Introduction

In recent years, phase-sensitive optical time-domain reflectometry (φ-OTDR) has at-
tracted more and more attention from various research communities due to the overwhelm-
ing advantages over traditional sensors. φ-OTDR was proposed firstly for distributed
intrusion sensing [1,2]. Since then, it has been used for structure health monitoring [3],
partial discharge locating and detecting [4], railway monitoring [5], downhole measure-
ment [6], traffic monitoring [7], pipeline leakage detection and localization [8], earthquake
detection [9], rising bubble measurement [10], and many other applications [11]. In par-
ticular, by using submarine fiber-optic cables, φ-OTDR is used for hydroacoustic signal
detection [12], submarine structural characterization [13], coastal safety [14], water column
and sediment monitoring [15], near-field target localization in shallow water [16], etc. In
addition to the commonly used telecommunication fiber-optic cables, φ-OTDR technol-
ogy has also been verified in datacenter bidirectional fiber links [17], submarine power
cables [18], and backscattering-enhanced fiber [2].

The sensing optical signal in φ-OTDR originates from the coherent Rayleigh backscat-
tering (RB) in single-mode fibers (SMFs). Therefore, the properties of the coherent RB in
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SMFs are of great importance for understanding the principles and improving the perfor-
mances of φ-OTDR. The polarization properties of the coherent RB play an important role
in φ-OTDR because the φ-OTDR signal is determined by the optical phase and the state
of polarization (SOP) of the coherent RB. However, only preliminary works have been
reported to study the polarization-related issues in φ-OTDR. Yixin Zhang et al. found that
local birefringence changes in SMF lead to the generation of polarization-dependent noise
and failure to identify multipoint vibration events [19]. Sterenn Guerrier et al. presented
a simple and incomplete calculation of the round-trip Jones matrix in φ-OTDR [20,21].
Since the detailed result is not presented, the polarization effects are not considered in the
reported physical models of φ-OTDR [22,23]. To understand the polarization properties
of the coherent RB when the incident light is perfectly coherent, we recently derived the
Jones matrix and the Mueller matrix that govern the polarization properties of the coherent
RB [24]. With these matrices, we theoretically predicted and then experimentally verified
the properties of the SOP and the degree of polarization (DOP) of the coherently super-
posed RB light [24]. However, the polarization properties of the optical signals detected in
φ-OTDR have not yet been investigated in detail, especially the relationship between the
distributions of optical phase and fiber birefringence, and the common optical phase and
optical power (intensity), which are two optical signals usually detected in φ-OTDR.

This paper is a continuation of the previous works reported in [24]. In this paper, fur-
ther theoretical calculation is performed using polar decomposition methods to decompose
the known Jones matrix and Mueller matrix into sub-matrices that describe birefringence
and PDL, respectively. For the first time, to our knowledge, with the derived birefringence–
Jones matrix, the common optical phase can be explicitly expressed as the function of
the distributions of fiber birefringence and optical phase. With the derived PDL–Mueller
matrix, the optical power can also be depicted by the input SOP and the distributions of
fiber birefringence and optical phase.

This paper is organized as follows: In Section 2, the polar decomposition of the Jones
matrix is performed, then the common optical phase of the coherent RB is derived. In
Section 3, the polar decomposition of the Mueller matrix is conducted. In Section 4, the
polarization properties of the intensity and the common optical phase in φ-OTDR are
analyzed based on the formulas obtained in Sections 2 and 3.

2. Polar Decomposition of the Jones Matrix of the Coherent RB

Assuming that there are N Rayleigh scatterers in the SMF under investigation, as
illustrated in Figure 1, the Jones matrix JRTS, which governs the polarization properties of
the coherent RB, has been derived as [24]

JRTS =

[
t1 t2
t2 t3

]
(1)

Figure 1. The SMF under investigation. There are N Rayleigh scatterers distributed along the z
direction of the SMF. The forward Mueller matrix describing the fiber section from the input end to
the k-th Rayleigh scatterer is M.
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The matrix elements in Equation (1) are [24]
t1 = q8 + p9 + i(q9 − p8)
t2 = −q7 + ip7
t3 = −q8 + p9 + i(q9 + p8)

(2)

where i =
√
−1. The notations in Equation (2) are defined as [24]

pj =
N
∑

k=1
ckmjkcos 2φk

qj =
N
∑

k=1
ckmjksin 2φk

→
p = [p7 p8 p9],

→
q = [q7 q8 q9]

j = 7, 8, 9 (3)

where the subscript k stands for the k-th Rayleigh scatterer in the SMF; ck =
√

γke−ρk ,
ρk is the fiber attenuation, and γk is the RB reflection coefficient; φk is the optical phase.
The items mjk, j = 7, 8, 9 are the matrix elements of the forward Mueller matrix M at the
fourth row and the second, third and fourth column, respectively [24]. The details of M are
described in Appendix A.

It has been demonstrated that any Jones matrix can be interpreted as a cascade of
a retarder (optical element with birefringence) and a diattenuator (optical element with
PDL) [25]. Therefore, JRTS can be decomposed as [25,26]

JRTS = UH (4)

where U is a unitary matrix satisfying U+U = I, “+” denotes the conjugate transpose and I
is the identity matrix; H is a Hermitian matrix satisfying H+ = H. Therefore, U represents
birefringence and H represents PDL. By using the polar decomposition method proposed
in [26], we calculate U and H as follows:

Due to H+ = H, the Hermitian matrix H can be expanded in terms of four basic Pauli
spin matrices [26]

H =
3

∑
j=0

hjσj =

[
h0 + h1 h2 − ih3
h2 + ih3 h0 − h1

]
(5)

where four Pauli spin matrices are defined as σ0 =

[
1 0
0 1

]
, σ1 =

[
1 0
0 −1

]
, σ2 =

[
0 1
1 0

]
,

and σ3 =

[
0 −i
i 0

]
in this paper; hj, j = 0, 1, 2, 3 are the four expansion coefficients. The

square of H is calculated as

H2 =
(

h0
2 + h2

)
σ0 + 2h0

3

∑
j=1

hjσj (6)

where h2 = ∑3
j=1 hj

2. On the other hand, Equation (4) leads to

W = JRTS
+JRTS = H+U+UH = H+IH = H2 =

3

∑
j=0

wjσj (7)

A comparison between Equations (6) and (7) leads to

H2 =
(

h0
2 + h2

)
σ0 + 2h0

3

∑
j=1

hjσj = JRTS
+JRTS =

[
t1t∗1 + t2t∗2 t∗1t2 + t∗2t3
t1t∗2 + t2t∗3 t2t∗2 + t3t∗3

]
(8)
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where the superscript “*” denotes the conjugate of a complex number. From Equation (2),
the matrix elements in Equation (8) are computed as

t1t∗1 + t2t∗2 = p2
7 + p2

8 + p2
9 + q2

7 + q2
8 + q2

9 + 2(q8 p9 − p8q9)
t2t∗2 + t3t∗3 = p2

7 + p2
8 + p2

9 + q2
7 + q2

8 + q2
9 − 2(q8 p9 − p8q9)

t∗1t2 + t∗2t3 = 2(p7q9 − q7 p9)− 2i(q7 p8 − p7q8)
t1t∗2 + t2t∗3 = 2(p7q9 − q7 p9) + 2i(q7 p8 − p7q8)

(9)

The terms p2
7 + p2

8 + p2
9 + q2

7 + q2
8 + q2

9, 2(q8 p9 − p8q9), 2(p7q9 − q7 p9), and 2(q7 p8 − p7q8)
in Equation (9) can be expressed as wj, j = 0, 1, 2, 3, respectively, and further calculated by
substituting Equation (3) into Equation (9). The results are as follows:

w0 =
∣∣∣→p ∣∣∣2 + ∣∣∣→q ∣∣∣2 = p2

7 + p2
8 + p2

9 + q2
7 + q2

8 + q2
9

=
N
∑

k,l=1
ckcl(m̂k·m̂l)cos 2∆φkl

=
N
∑

k=1
c2

k +
N
∑

k,l=1;k ̸=l
ckcl(m̂k·m̂l)cos 2∆φkl

w1 = 2(q8 p9 − p8q9) =
N
∑

k,l=1
ckcl(m8km9l − m8lm9k)sin 2∆φkl

w2 = 2(p7q9 − q7 p9) =
N
∑

k,l=1
ckcl(m9km7l − m9lm7k)sin 2∆φkl

w3 = 2(q7 p8 − p7q8) =
N
∑

k,l=1
ckcl(m7km8l − m7lm8k)sin 2∆φkl

(10)

where ∆φkl = φk − φl , and m̂k = [m7k m8k m9k]. Based on Equation (A3) and Equation (A5)
in Appendix A, |m̂k| = 1. The properties of wj, j = 0, 1, 2, 3 are further investigated and
shown in Appendix B.

From Equations (8)–(10), it has(
h0

2 + h2
)

σ0 + 2h0
3
∑

j=1
hjσj

=

[
h0

2 + h2 + 2h0h1 2h0(h2 − ih3)

2h0(h2 + ih3) h0
2 + h2 − 2h0h1

]
=

[
w0 + w1 w2 − iw3
w2 + iw3 w0 − w1

] (11)

Equation (11) brings four equations relating to hj, j = 0, 1, 2, 3, with wj, j = 0, 1, 2, 3.
Then, hj, j = 0, 1, 2, 3 can be expressed in terms of wj, j = 0, 1, 2, 3 as

h0 =
√

w0+w+
√

w0−w
2

hj =
wj
2h0

, j = 1, 2, 3

h =
√

w0+w−
√

w0−w
2

w =

√
3
∑

j=1
wj

2 = 2
∣∣∣→q ×→

p
∣∣∣

(12)

From Equation (5), the inverse matrix of H is calculated as

H−1 =

[
h0 − h1 −(h2 − ih3)

−(h2 + ih3) h0 + h1

]
h2

0 − h2
(13)
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Then, from Equation (4), it has

U = JRTSH−1 =

[
t1(h0 − h1)− t2(h2 + ih3) t2(h0 + h1)− t1(h2 − ih3)
t2(h0 − h1)− t3(h2 + ih3) t3(h0 + h1)− t2(h2 − ih3)

]
h2

0 − h2
(14)

Eventually, the Jones matrix JRTS has been decomposed into a unitary matrix U in the
form of Equation (14) and a Hermitian matrix H in the form of Equation (5). The matrix
elements in U and H have been expressed in terms of the optical phase φ and the forward
Muller matrix elements mj, j = 7, 8, 9 through Equations (2), (3), (10), and (12).

Since the unitary matrix U represents the birefringence effect, it should be expressed
in the general form of [27]

U = eiε
[

u1 u2
−u∗

2 u∗
1

]
(15)

where ε is the common optical phase, and u1u∗
1 + u2u∗

2 = 1. Hence, the determinant of U
should be

det(U) = e2iε(u1u∗
1 + u2u∗

2) = e2iε (16)

On the other hand, from Equation (14), the determinant of the birefringence sub-Jones
matrix U is computed as

det(U) =
t1t3 − t2

2
h2

0 − h2
= eiτ (17)

where

tanτ =
2(p7q7 + p8q8 + p9q9)

p2
7 − q2

7 + p2
8 − q2

8 + p2
9 − q2

9
=

∑N
k,l=1 ckcl(m̂k·m̂l)sin 2(φk + φl)

∑N
k,l=1 ckcl(m̂k·m̂l)cos 2(φk + φl)

(18)

The detailed steps to calculate Equations (17) and (18) are shown in Appendix C. From
Equations (15) and (16), it has

ε =
τ

2
(19)

This means that the common optical phase of the coherent RB should be ε = τ/2,
which is the optical signal measured in the phase-based φ-OTDR for quantitative strain
measurement [28]. Equation (18) presents how ε is determined by the optical phase distri-
bution φk and the birefringence distribution m̂k in the SMF. To the best of our knowledge,
it is the first time that such a formula is obtained when the fiber birefringence is taken
into consideration. When the fiber birefringence is not considered, it can be demonstrated,
as shown in Appendix D, that Equation (18) aligns with the known equation without
birefringence terms.

3. Polar Decomposition of the Mueller Matrix of the Coherent RB

The corresponding Mueller matrix MRTS of the coherent RB has already been obtained
as [24]

MRTS =


w0 w1 w2 w3
w1 v11 v12 v13
w2 v12 v22 v23
−w3 −v13 −v23 −v33

 (20)
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The matrix elements w0, w1, w2, and w3 have already been defined in Equation (10).
The rest of the matrix elements are [24]

v11 = −p2
7 − q2

7 + p2
8 + q2

8 + p2
9 + q2

9

=
N
∑

k=1
c2

k
(
1 − 2m2

7k
)
+

N
∑

k,l=1;k ̸=l
ckcl(m̂k·m̂l − 2m7km7l)cos 2∆φkl

v22 = p2
7 + q2

7 − p2
8 − q2

8 + p2
9 + q2

9

=
N
∑

k=1
c2

k
(
1 − 2m2

8k
)
+

N
∑

k,l=1;k ̸=l
ckcl(m̂k·m̂l − 2m8km8l)cos 2∆φkl

v33 = p2
7 + q2

7 + p2
8 + q2

8 − p2
9 − q2

9

=
N
∑

k=1
c2

k
(
1 − 2m2

9k
)
+

N
∑

k,l=1;k ̸=l
ckcl(m̂k·m̂l − 2m9km9l)cos 2∆φkl

v12 = −2(p7 p8 + q7q8)

= −2
N
∑

k=1
c2

k(m7km8k)− 2
N
∑

k,l=1;k ̸=l
ckcl(m7km8l)cos 2∆φkl

v13 = −2(p7 p9 + q7q9)

= −2
N
∑

k=1
c2

k(m7km9k)− 2
N
∑

k,l=1;k ̸=l
ckcl(m7km9l)cos 2∆φkl

v23 = −2(p8 p9 + q8q9)

= −2
N
∑

k=1
c2

k(m8km9k)− 2
N
∑

k,l=1;k ̸=l
ckcl(m8km9l)cos 2∆φkl

(21)

The Mueller matrix MRTS in Equation (20) can also be decomposed into an orthogo-
nal Mueller matrix MU representing birefringence and a symmetric Mueller matrix MH
representing PDL as [29]

MRTS = MUMH (22)

Two sub-matrices MU and MH can be computed using the method proposed in [29] or
directly converted from the corresponding sub-Jones matrices U and H, respectively. The
PDL–Mueller matrix MH is

MH =


h2

0 + h2 2h0h1
2h0h1 h2

0 + 2h2
1 − h2

2h0h2 2h0h3
2h1h2 2h1h3

2h0h2 2h1h2
2h0h3 2h1h3

h2
0 + 2h2

2 − h2 2h2h3
2h2h3 h2

0 + 2h2
3 − h2

 (23)

The definitions of h and hj, j = 0, 1, 2, 3 can be found in Equation (12). Here, more
relationships are given:

h2
0 + h2 = w0, h2

0 − h2 =
√

w2
0 − w2

2h0hj = wj j = 1, 2, 3
2hjhk =

wjwk

w0+
√

w2
0−w2

j, k = 1, 2, 3
(24)

With equations in Equations (12) and (24), MH can also be expressed as

MH =



w0 w1 w2 w3

w1

√
w2

0 − w2 +
w2

1

w0+
√

w2
0−w2

w1w2

w0+
√

w2
0−w2

w1w3

w0+
√

w2
0−w2

w2
w1w2

w0+
√

w2
0−w2

√
w2

0 − w2 +
w2

2

w0+
√

w2
0−w2

w2w3

w0+
√

w2
0−w2

w3
w1w3

w0+
√

w2
0−w2

w2w3

w0+
√

w2
0−w2

√
w2

0 − w2 +
w2

3

w0+
√

w2
0−w2


(25)
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The birefringence Mueller matrix MU is

MU =


(
h2

0 − h2)2 0 0 0
0 η11 η12 η13
0 η21 η22 η23
0 −η31 −η32 −η33


(
h2

0 − h2
)2 (26)

where the factors ηjk, j, k = 1, 2, 3 are defined as

η11 =
(
h2

0 + 2h2
1 − h2)v11 − 4h2

0h2
1 + 2h1h2v12 + 2h1h3v13

η22 =
(
h2

0 + 2h2
2 − h2)v22 − 4h2

0h2
2 + 2h1h2v12 + 2h2h3v23

η33 =
(
h2

0 + 2h2
3 − h2)v33 − 4h2

0h2
3 + 2h1h3v13 + 2h2h3v23

η12 =
(
h2

0 + 2h2
2 − h2)v12 − 4h2

0h1h2 + 2h1h2v11 + 2h2h3v13
η21 =

(
h2

0 + 2h2
1 − h2)v12 − 4h2

0h1h2 + 2h1h2v22 + 2h1h3v23
η13 =

(
h2

0 + 2h2
3 − h2)v13 − 4h2

0h1h3 + 2h1h3v11 + 2h2h3v12
η31 =

(
h2

0 + 2h2
1 − h2)v12 − 4h2

0h1h3 + 2h1h2v23 + 2h1h3v33
η23 =

(
h2

0 + 2h2
3 − h2)v23 − 4h2

0h2h3 + 2h1h3v12 + 2h2h3v22
η32 =

(
h2

0 + 2h2
2 − h2)v23 − 4h2

0h2h3 + 2h1h2v13 + 2h2h3v33

(27)

4. Phase and Intensity Measurement in φ-OTDR

As discussed in [24], the derived formulas in Sections 2 and 3 are rigorously valid
when the incoming probe is a continuous wave (CW) light with an infinite long coherence
length. In φ-OTDR, the coherent RB is generated by the incoming pulsed light with a finite
coherence length, as shown in Figure 2. However, the derived formulas can still be applied
to φ-OTDR to study its features in the sense of the first-order approximation. In this section,
we investigate the properties of the common optical phase and the intensity (optical power)
of the φ-OTDR signal using the polar decomposition results in Sections 2 and 3.

Figure 2. An optical pulse is travelling in the SMF. The pulse width is ∆z. The falling edge and the
leading edge of the optical pulse are at the fiber length z and z + ∆z, respectively.

When the optical pulse resides in the fiber section from z to z + ∆z (∆z is the pulse
width), only the Rayleigh scatterers in the fiber section from z to z + ∆z/2 contribute to
the coherent RB light corresponding to the fiber position z. If the sequence numbers of the
Rayleigh scatterer at z and z+∆z/2 are denoted as Nz and Nz+∆z/2, respectively, all derived
formulas in Sections 2 and 3 and Appendices A–E are still valid after changing the lower
bound and upper bound of the summation from 1 and N to Nz and Nz+∆z/2, respectively.
Note that 1 ≤ Nz < Nz+∆z/2 ≤ N. For instance, wj, j = 0, 1, 2, 3 in Equation (10) are
expressed as
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

w0(z) =
N

z+ ∆z
2

∑
k,l=Nz

ckcl(m̂k·m̂l)cos 2∆φkl

w1(z) =
N

z+ ∆z
2

∑
k,l=Nz

ckcl(m8km9l − m8lm9k)sin 2∆φkl

w2(z) =
N

z+ ∆z
2

∑
k,l=Nz

ckcl(m9km7l − m9lm7k)sin 2∆φkl

w3(z) =
N

z+ ∆z
2

∑
k,l=Nz

ckcl(m7km8l − m7lm8k)sin 2∆φkl

(28)

The notations in Equation (28) have been defined in the context from Equation (1) to
Equation (10).

4.1. Optical Power

In φ-OTDR, the optical power corresponding to the fiber position z, based on Equa-
tion (20) or Equation (25), can be obtained as

P(z) = Sout0(z) =
3

∑
j=0

wj(z)Sinj (29)

where [Sin0 Sin1 Sin2 Sin3] is the input Stokes vector, representing the input SOP at the fiber
input end. wj(z), j = 0, 1, 2, 3 are in the forms of Equation (28).

From Equation (29), it can be noticed that P(z) depends on the input SOP (Sin0 Sin1 Sin2
Sin3). When the input SOP is fixed, P(z) is determined by wj(z), j = 0, 1, 2, 3. From
Equation (28), w0(z) is decided by m̂k·m̂l and cos 2∆φkl . Because ∆φkl is the phase difference
between two Rayleigh scatterers in the fiber section from z to z + ∆z/2, it is not affected by
any phase variation in the fiber section before z and after z+∆z/2. Further, as demonstrated
in Appendix E, m̂k·m̂l is also not affected by any birefringence variation in the fiber section
before z and after z + ∆z/2. Therefore, w0(z) is a local parameter that is only sensitive to
the local phase and birefringence variations within the first half of the optical pulse. The
experimental verification of this conclusion has been reported in [19].

However, wj(z), j = 1, 2, 3 are affected by the birefringence variation before the fiber
position z because the direction of the vector m̂k·m̂l is rotated by the birefringence variation
before z.

Further, from Equation (A8) in Appendix B, the parameter w(z) =
√

∑3
j=1 wj

2 is also
a local parameter that is immune to the birefringence variation and the phase variation
before z and after z + ∆z/2. Since w0(z) and w(z) are local parameters, the PDL, which is
defined as PDL(dB) = 10log10

w0+w
w0−w [30], is also a local parameter.

To measure w0(z) in φ-OTDR, two optical power measurements P1(z) and P2(z) need
to be performed with two orthogonal input SOPs [Sin0 Sin1 Sin2 Sin3] and [Sin0 − Sin1 − Sin2
−Sin3], respectively [19]. Then, w0(z) can be calculated from

w0(z) =
P1(z) + P2(z)

2Sin0
(30)

To measure w(z) or PDL in φ-OTDR, four optical power measurements Pj(z), j =
1, 2, 3, 4 need to be performed with four different SOPs [1 1 0 0], [1 − 1 0 0], [1 0 1 0], and
[1 0 0 1], respectively [30]. Then, it has{

w0(z) =
P1(z)+P2(z)

2

w(z) =
√

(P1−P2)
2+(P3−P1−P2)

2+(P4−P1−P2)
2

2

(31)
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If the perturbations applied to the SMF are relatively weak, for instance, the dynamic
strain is 1 µε [19], so that only the optical phase variations are obvious, and the birefringence
variations can be neglected, wj(z), j = 0, 1, 2, 3 can be local parameters. In this case, P(z)
can also be considered as a local parameter, which is why the intensity-based φ-OTDR can
realize distributed vibration sensing. The dependency of the parameters to the variations
in the birefringence and the optical phase before z is summarized in Table 1.

Table 1. The dependency of the parameters to the variations in the birefringence and the optical
phase before z.

P w0 wj, j=1,2,3 w PDL ε

Birefringence Yes No Yes No No No
Phase No No No No No Yes

4.2. Optical Phase

The optical phase of the φ-OTDR signal is of great importance because it is used to
calculate the local strain variation [28]. When the optical pulse location is from z to z + ∆z,
the common optical phase ε(z) measured at the fiber input end should be

ε(z) = 2φz −
τ(z)

2
= 2φz −

tan−1

 ∑
N

z+ ∆z
2

k,l=Nz
ckcl(m̂k ·m̂l)sin 2(∆φk+∆φl)

∑
N

z+ ∆z
2

k,l=Nz
ckcl(m̂k ·m̂l)cos 2(∆φk+∆φl)


2

(32)

where ∆φk = φk − φz and ∆φl = φl − φz. φz is the optical phase at the fiber position z. It is
evident that τ(z) is a local parameter, which is completely determined by the optical phase
distribution ∆φk + ∆φl and the birefringence distribution m̂k·m̂l within the first half of the
optical pulse.

In a phase-based φ-OTDR, we usually measure the optical phases at two adjacent
fiber locations z1 and z2 at two neighboring times T1 and T2, then the phase difference is
calculated as [28]

∆φ = [ε(z2, T2)− ε(z1, T2)]− [ε(z2, T1)− ε(z1, T1)] (33)

If a perturbation is happening in the fiber section from z1 + ∆z/2 to z2, it has

τ(z2, T2) = τ(z2, T1), τ(z1, T2) = τ(z1, T1) (34)

With Equation (34), Equation (33) becomes

∆φ = 2{[φz2(T2)− φz1(T2)]− [φz2(T1)− φz1(T1)]} (35)

Different from the measurement of the optical power in φ-OTDR, even the strong
perturbations, which can alter the fiber birefringence, will not affect the measurement of
∆φ as long as two fiber sections are not disturbed—one is from z1 to z1 + ∆z/2, the other is
z2 to z2 + ∆z/2. Moreover, ∆φ is also not affected by the variation in the input SOP.

5. Conclusions

Polar decompositions of the Jones matrix and the Mueller matrix of the coherent RB
in SMFs are performed. The derived sub-matrices reveal the relationships between the
polarization properties of the coherent RB and the distributions of the optical phase and
fiber birefringence. These theoretical formulas can be used to investigate the influences of
the coherent RB in fiber-optic communication and sensing systems. As an application of the
derived sub-matrices in φ-OTDR, they are used to investigate the polarization properties
of the common optical phase and the intensity of the φ-OTDR signal. It is theoretically
demonstrated, in φ-OTDR, that (1) the common optical phase is immune from the input
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SOP variation and the birefringence variation in the fiber section before the probing pulse
position; (2) the intensity is affected by the input SOP and the birefringence variation in the
fiber section before the pulse position, like the case in polarization-OTDR. However, when
the vibrations applied to SMFs are weak, for example, 1 µε [19], the intensity can be still
considered as a local parameter for distributed vibration sensing; (3) two parameters, w0
and PDL, are not affected by the input SOP variation and the birefringence variation in the
fiber section before the pulse position, which are local parameters that can be measured
through a polarimetric φ-OTDR. To confirm the existence of the PDL effect in the coherent
RB, an experiment is performed using a short SMF. The experimental configuration and
results are shown in Appendix F.
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Appendix A

As shown in Figure 1, the Mueller matrix M depicts the polarization properties of the
fiber section from the SMF input end to the k-th Rayleigh scatterer. As the SMF is purely
birefringent, M can be expressed as

M = e−ρ


1 0 0 0
0 m1 m2 m3
0 m4 m5 m6
0 m7 m8 m9

 (A1)

where ρ stands for fiber attenuation. Because eρM is an orthogonal matrix, the sub-matrix
elements can be written as those of a birefringent element (retarder) [31]m1 m2 m3

m4 m5 m6
m7 m8 m9

 = cos δ·I + (1 − cos δ)r̂r̂ − sin δ·r̂× (A2)

where δ is the retardance of the retarder; I is the 3 × 3 identity matrix; r̂ = [r1 r2 r3] is a unit
vector, representing the fast axis of the retarder in Stokes space; r̂r̂ is a dyadic, and r̂× is the
cross-product operator. To highlight this, three matrix elements at the fourth row are

m7 = (1 − cos δ)r1r3 + r2sin δ
m8 = (1 − cos δ)r2r3 − r1sin δ
m9 = cos δ + (1 − cos δ)r2

3

(A3)

On the other hand, these Mueller matrix elements can also be expressed in terms of
three Euler angles ψ, θ, and ϕ in the form [32]
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m1 m2 m3
m4 m5 m6
m7 m8 m9


=

 cos θcos ϕ sin ψsin θcos ϕ − cos ψsin ϕ cos ψsin θcos ϕ + sin ψsin ϕ
cos θsin ϕ sin ψsin θsin ϕ + cos ψcos ϕ cos ψsin θsin ϕ − sin ψcos ϕ
−sin θ sin ψcos θ cos ψcos θ

 (A4)

Three Euler angles ψ, θ, and ϕ denote the rotation angles about the s1-axis, the s2-axis,
and the s3-axis in the Stokes space, respectively. Using three Euler angles, three matrix
elements at the fourth row can be expressed in a simpler form, compared to Equation (A3).

m7 = −sin θ
m8 = sin ψcos θ
m9 = cos ψcos θ

(A5)

Appendix B

From Equations (3) and (10), it can be obtained that

→
q ×→

p =
[w1 w2 w3]

2
(A6)

Based on the well-known mathematical inequalities, it has

w0 =
∣∣∣→p ∣∣∣2 + ∣∣∣→q ∣∣∣2 ≥ 2

∣∣∣→p ∣∣∣·∣∣∣→q ∣∣∣ ≥ 2
∣∣∣→q ×→

p
∣∣∣ = w =

√√√√ 3

∑
j=1

w2
j (A7)

w can also be expressed in terms of the optical phase and the elements of the forward
Mueller matrix. It has

w =

√
3
∑

j=1
wj

2

=

√√√√√ N
∑

k,l,g,j=1
ckclcgcj

 (m8km9l − m8lm9k)
(
m8gm9j − m8jm9g

)
+

(m9km7l − m9lm7k)
(
m9gm7j − m9jm7g

)
+

(m7km8l − m7lm8k)
(
m7gm8j − m7jm8g

)
sin 2∆φklsin 2∆φgj

=

√
N
∑

k,l,g,j=1
ckclcgcj

[
(m̂k·m̂l)·

(
m̂g·m̂j

)]
sin 2∆φklsin 2∆φgj

=

√
N
∑

k,l,g,j=1
ckclcgcj

[(
m̂k·m̂g

)(
m̂l ·m̂j

)
−

(
m̂k·m̂j

)(
m̂l ·m̂g

)]
sin 2∆φklsin 2∆φgj

(A8)

To obtain Equation (A8), we used the vector equation
(
→
a ×

→
b
)
·
(
→
c ×

→
d
)

=
(→

a ·→c
)

(→
b ·

→
d
)
−

(
→
a ·

→
d
)(→

b ·→c
)

.

The difference between w2
0 and w2 is calculated and shown below, as follows:

w2
0 − w2 =

(
p2

7 + p2
8 + p2

9 − q2
7 − q2

8 − q2
9
)2

+ 4(p7q7 + p8q8 + p9q9)
2

=

[
N
∑

k,l=1
ckcl(m̂k·m̂l)cos 2(φk + φl)

]2

+

[
N
∑

k,l=1
ckcl(m̂k·m̂l)sin 2(φk + φl)

]2

=
N
∑

k,l,g,j=1
ckclcgcj(m̂k·m̂l)

(
m̂g·m̂j

)
cos 2

(
∆φkg + ∆φl j

) (A9)
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Appendix C

From Equation (14), the determinant of U is

det(U) = det
(

JRTSH−1
)
= det(JRTS)·det

(
H−1

)
(A10)

From Equation (1), the determinant of JRTS is

det(JRTS) = t1t3 − t2
2 (A11)

From Equation (13), the determinant of H−1 is

det
(

H−1
)
=

(h0 − h1)(h0 + h1)− (h2 − ih3)(h2 + ih3)(
h2

0 − h2
)2 =

h2
0 − h2

1 − h2
2 − h2

3(
h2

0 − h2
)2 =

1
h2

0 − h2
(A12)

Therefore, from the above three equations, it has

det(U) =
t1t3 − t2

2
h2

0 − h2
(A13)

From Equation (2), the numerator of Equation (A13) is

t1t3 − t2
2 = [q8 + p9 + i(q9 − p8)][−q8 + p9 + i(q9 + p8)]− (−q7 + ip7)

2

= p2
7 + p2

8 + p2
9 − q2

7 − q2
8 − q2

9 + 2i(p7q7 + p8q8 + p9q9)
(A14)

From Equations (10) and (12), the denominator of Equation (A13) is

h2
0 − h2 =

√
w2

0 − w2 =

√(
p2

7 + p2
8 + p2

9 − q2
7 − q2

8 − q2
9
)2

+ 4(p7q7 + p8q8 + p9q9)
2 (A15)

According to Equations (A14) and (A15), it is obvious that the modulus of det(U) is

|det(U)| =
∣∣t1t3 − t2

2

∣∣
h2

0 − h2
= 1 (A16)

Hence, det(U) can be expressed in the form of

det(U) = eiτ (A17)

Using the real part and the imaginary part of Equation (A14), the angle τ can be
calculated from

tanτ =
2(p7q7 + p8q8 + p9q9)

p2
7 + p2

8 + p2
9 − q2

7 − q2
8 − q2

9
(A18)

From Equation (3), it can be obtained that

2(p7q7 + p8q8 + p9q9) = 2
9
∑

j=7

[(
N
∑

k=1
ckmjkcos 2φk

)(
N
∑

l=1
clmjlsin 2φl

)]
= 2

N
∑

k,l=1
ckclcos 2φksin 2φl(m7km7l + m8km8l + m9km9l)

= 2
N
∑

k,l=1
ckclcos 2φksin 2φl(m̂k·m̂l)

=
N
∑

k,l=1
ckcl(cos 2φksin 2φl + cos 2φlsin 2φk)(m̂k·m̂l)

=
N
∑

k,l=1
ckcl(m̂k·m̂l)sin 2(φk + φl)

(A19)
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p2
7 + p2

8 + p2
9 − q2

7 − q2
8 − q2

9

=
N
∑

k,l=1
ckclcos 2φkcos 2φl(m7km7l + m8km8l + m9km9l)

−
N
∑

k,l=1
ckclsin 2φksin 2φl(m7km7l + m8km8l + m9km9l)

=
N
∑

k,l=1
ckcl(cos 2φkcos 2φl − sin 2φksin 2φl)(m̂k·m̂l)

=
N
∑

k,l=1
ckcl(m̂k·m̂l)cos 2(φk + φl)

(A20)

Finally, it has

tanτ =
∑N

k,l=1 ckcl(m̂k·m̂l)sin 2(φk + φl)

∑N
k,l=1 ckcl(m̂k·m̂l)cos 2(φk + φl)

(A21)

Appendix D

When there is no birefringence effect in the SMF, it has

m̂k = [0 0 1], k = 1, · · · , N (A22)

Then, Equation (18) is simplified to

tanτ =
∑N

k,l=1 ckclsin 2(φk + φl)

∑N
k,l=1 ckclcos 2(φk + φl)

(A23)

On the other hand, in this case, the electrical field of the coherent RB can be calcu-
lated as

E = |E|eiε =
N
∑

k=1
cke2iφk =

N
∑

k=1
ck(cos 2φk + isin 2φk)

=
N
∑

k=1
ckcos 2φk + i

N
∑

k=1
cksin 2φk

(A24)

Then, the optical phase ε is

tan ε =
∑N

k=1 cksin 2φk

∑N
k=1 ckcos 2φk

(A25)

In the next step, the following equation is calculated as follows:

tan 2ε = 2tan ε
1−tan2 ε

=
2

∑N
k=1 cksin 2φk

∑N
k=1 ckcos 2φk

1− ∑N
k=1 cksin 2φk

∑N
k=1 ckcos 2φk

· ∑N
l=1 cl sin 2φl

∑N
l=1 cl cos 2φl

=

2(∑N
k=1 cksin 2φk)(∑N

l=1 clcos 2φl)
(∑N

k=1 ckcos 2φk)(∑N
l=1 clcos 2φl)−(∑N

k=1 cksin 2φk)(∑N
l=1 clsin 2φl)

=

∑N
k,l=1 ckcl(sin 2φkcos 2φl+sin 2φlcos 2φk)

∑N
k,l=1 ckcl(cos 2φkcos 2φl−sin 2φksin 2φl)

=
∑N

k,l=1 ckclsin 2(φk+φl)

∑N
k,l=1 ckclcos 2(φk+φl)

(A26)

Comparing Equation (A26) with Equation (A23), it also has τ = 2ε. Hence, Equa-
tion (18) can be simplified to the known optical phase when the fiber birefringence is not
considered. It also confirms the correctness of Equation (18).

Appendix E

In this Appendix, we demonstrate that m̂k·m̂l , k, l = 1, · · · , N is solely determined by
the local birefringence between the k-th Rayleigh scatterer and the l-th Rayleigh scatterer.
In this case, we only need to use the sub-Mueller matrix of the forward Mueller matrix M
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in Equation (A1) for calculation. The forward sub-Mueller matrices at the k-th Rayleigh
scatterer and the l-th Rayleigh scatterer are, respectively,

mk =

m1k m2k m3k
m4k m5k m6k
m7k m8k m9k

 (A27)

ml =

m1l m2l m3l
m4l m5l m6l
m7l m8l m9l

 (A28)

Because the SMF is purely birefringent, it has

mkmT
k = mT

k mk = I (A29)

where the subscript “T” denotes the matrix transpose.
The forward sub-Mueller matrix of the fiber section from the k-th Rayleigh scatterer to

the l-th Rayleigh scatterer can be expressed as

mkl =

m1kl m2kl m3kl
m4kl m5kl m6kl
m7kl m8kl m9kl

 (A30)

It also has
ml = mklmk (A31)

Then, the following equations can be obtained:
m7l = m7klm1k + m8klm4k + m9klm7k
m8l = m7klm2k + m8klm5k + m9klm8k
m9l = m7klm3k + m8klm6k + m9klm9k

(A32)

With Equation (A32), it has

m̂k·m̂l = m7km7l + m8km8l + m9km9l
= m7k(m7klm1k + m8klm4k + m9klm7k)+

m8k(m7klm2k + m8klm5k + m9klm8k)+
m9k(m7klm3k + m8klm6k + m9klm9k)

= m7kl(m1km7k + m2km8k + m3km9k)+
m8kl(m4km7k + m5km8k + m6km9k)+
m9kl

(
m2

7k + m2
8k + m2

9k
)

= m9kl = cos ψklcos θkl

(A33)

Note that Equations (A5) and (A29) have been used to achieve Equation (A33). Equa-
tion (A33) means that m̂k·m̂l , k, l = 1, · · · , N only depends on the element m9kl of the local
Mueller matrix mkl .

Using Equations (7), (10) and (18) can be written in the new forms of

w0 =
N

∑
k,l=1

ckclm9klcos 2∆φkl =
N

∑
k,l=1

ckclcos ψklcos θklcos 2∆φkl (A34)

tanτ =
∑N

k,l=1 ckclm9klsin 2(φk + φl)

∑N
k,l=1 ckclm9klcos 2(φk + φl)

=
∑N

k,l=1 ckclcos ψklcos θklsin 2(φk + φl)

∑N
k,l=1 ckclcos ψklcos θklcos 2(φk + φl)

(A35)
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Appendix F

To verify the theoretical prediction that the coherent RB has a PDL effect in a purely
birefringent SMF, an experiment is performed. In the experiment, a CW light is used to
sense a short SMF. The experimental setup is plotted in Figure A1.

Figure A1. The experimental setup to measure the PDL of coherent RB using a CW light and a 15 m
long SMF. DAQ card: data acquisition card.

The linewidth of the narrow linewidth laser (NLL) used in the experiment is 1.8 kHz
and the output CW power is 50 mW. This means that the coherence length of the NLL is
greater than 100 km. The deterministic polarization controller (DPC) is an SOP scanner
that can generate 1666 uniformly distributed SOP points on a 5-degree grid on the Poincaré
sphere within 0.28 s. The PDL of the optical circulator (OC) is 0.04 dB from port 1 to port
2, and 0.02 dB from port 2 to port 3, which are negligible compared to the PDL under
measurement. The fiber under test is a 15 m long standard SMF; its proximal and distal
ends are properly treated to eliminate Fresnel reflections. In the first step, the DPC is not
working and port 3 of the OC is connected to an optical spectrum analyzer. From the
measured optical spectrum, it can be confirmed that the stimulated Brillouin scattering
(SBS) light is negligible compared to the coherent RB light. Then, port 3 of the OC is connected
to the photodetector and the DPC starts the SOP scans which are triggered and controlled by
a developed computer program. During each SOP scan, the computer program records the
optical power evolution P. When an SOP scan is completed, the PDL can be calculated using
the maximum and minimum readings of P, i.e., PDL (dB) = 10lg Pmax

Pmin
. In the measurement,

the SOP scans are repeated continuously for 1000 cycles; the 1000 measured PDL values are
shown in Figure A2. The measurement results confirm that the coherent RB in an SMF has an
intrinsic PDL effect. From Equation (10), the PDL value is jointly determined by the optical
phase differences between Rayleigh backscatters and the fiber birefringence distribution.
Since both optical phase and fiber birefringence are sensitive to ambient temperatures and
vibrations, the measured PDL values also vary with time, as shown in Figure A2.

Figure A2. The measurement results of PDL values in 1000 independent measurements using a CW
light and a 15 m long SMF.



Sensors 2024, 24, 1760 16 of 17

References
1. Taylor, H.F.; Lee, C.E. Apparatus and Method for Fiber Optic Intrusion Sensing. U.S. Patent 5 194 847, 16 March 1993.
2. Wellbrock, G.A.; Xia, T.J.; Huang, M.F.; Fang, J.; Chen, Y.H.; Narisetty, C.; Peterson, D., Jr.; Moore, J.M.; Scarpaci, A.; Westbrook, P.;

et al. Perimeter intrusion detection with backscattering enhanced fiber using telecom cables as sensing backhaul. In Proceedings
of the OFC 2022, San Diego, CA, USA, 6–10 March 2022.

3. Zahoor, R.; Cerri, E.; Vallifuoco, R.; Zeni, L.; De Luca, A.; Caputo, F.; Minardo, A. Lamb wave detection for structural health
monitoring using a ϕ-OTDR system. Sensors 2022, 22, 5962. [CrossRef]

4. Zhou, Z.X.; Liu, H.; Zhang, D.W.; Han, Y.S.; Yang, X.Y.; Zheng, X.F.; Qu, J. Distributed partial discharge locating and detecting
scheme based on optical fiber Rayleigh backscattering light interference. Sensors 2023, 23, 1828. [CrossRef] [PubMed]

5. Muñoz, F.; Urricelqui, J.; Soto, M.A.; Rodriguez, M.J. Finding well-coupled optical fiber locations for railway monitoring using
distributed acoustic sensing. Sensors 2023, 23, 6599. [CrossRef]

6. Gurevich, B.; Tertyshnikov, K.; Bóna, A.; Sidenko, E.; Shashkin, P.; Yavuz, S.; Pevzner, R. The effect of the method of downhole
deployment on distributed acoustic sensor measurements: Field experiments and numerical simulations. Sensors 2023, 23, 7501.
[CrossRef]

7. An, Y.; Ma, J.H.; Xu, T.W.; Cai, Y.P.; Liu, H.Y.; Sun, Y.T.; Yan, W.F. Traffic vibration signal analysis of DAS fiber optical cables with
different coupling based on an improved wavelet thresholding method. Sensors 2023, 23, 5727. [CrossRef] [PubMed]

8. Yan, B.Q.; Fan, C.Z.; Xiao, X.P.; Zeng, Z.C.; Zhang, K.Q.; Li, H.; Yan, Z.J.; Sun, Q.Z. High-accuracy localization of pipeline
microleakage by using distributed acoustic sensor. In Proceedings of the CLEO 2023, San Jose, CA, USA, 7–12 May 2023.

9. Li, J.X.; Kim, T.; Lapusta, N.; Biondi, E.; Zhan, Z.W. The break of earthquake asperities imaged by distributed acoustic sensing.
Nature 2023, 620, 800–806. [CrossRef] [PubMed]

10. Titov, A.; Fan, Y.L.; Kutun, K.; Jin, G. Distributed acoustic sensing (DAS) response of rising Taylor bubbles in slug flow. Sensors
2022, 22, 1266. [CrossRef]

11. Wang, Z.; Lu, B.; Ye, Q.; Cai, H. Recent progress in distributed fiber acoustic sensing with φ-OTDR. Sensors 2020, 20, 6594.
[CrossRef] [PubMed]

12. Matsumoto, H.; Araki, E.; Kimura, T.; Guo, F.J.; Shiraishi, K.; Tonegawa, T.; Obana, K.; Arai, R.; Kaiho, Y.; Nakamura, Y.; et al.
Detection of hydroacoustic signals on a fiber-optic submarine cable. Sci. Rep. 2021, 11, 2797. [CrossRef]

13. Cheng, F.; Chi, B.X.; Lindsey, N.J.; Dawe, T.C.; Ajo-Franklin, J.B. Utilizing distributed acoustic sensing and ocean bottom fiber
optic cables for submarine structural characterization. Sci. Rep. 2021, 11, 5613. [CrossRef]

14. Zhan, Z.W. Submarine fiber seismic sensing as a critical tool for coastal safety. In Proceedings of the SubOptic 2023, Bangkok,
Thailand, 13–16 March 2023.

15. Buisman, M. Monitoring water column and sediments using DAS. In Proceedings of the 2023 IEEE International Workshop on
Metrology for the Sea, Learning to Measure Sea Health Parameters (MetroSea), La Valletta, Malta, 4–6 October 2023.

16. Cao, W.H.; Cheng, G.L.; Xing, G.X.; Liu, B. Near-field target localization based on the distributed acoustic sensing optical fiber in
shallow water. Opt. Fiber Technol. 2023, 75, 103198. [CrossRef]

17. Ip, E.; Huang, Y.K.; Wang, T.; Aono, Y.; Asahi, K. Distributed acoustic sensing for datacenter optical interconnects using
self-homodyne coherent detection. In Proceedings of the OFC 2022, San Diego, CA, USA, 6–10 March 2022.

18. Lv, A.Q.; Li, J. On-line monitoring system of 35 kV 3-core submarine power cable based on φ-OTDR. Sens. Actuator A Phys. 2018,
273, 134–139. [CrossRef]

19. Zhang, Y.; Xu, Y.; Shan, Y.; Sun, Z.; Zhu, F.; Zhang, X. Polarization dependence of phase-sensitive optical time-domain re-
flectometry and its suppression method based on orthogonal-state of polarization pulse pair. Opt. Eng. 2016, 55, 074109.
[CrossRef]

20. Guerrier, S.; Dorize, C.; Awwad, E.; Renaudier, J. A dual-polarization Rayleigh backscatter model for phase-sensitive OTDR
applications. In Proceedings of the Optical Sensors and Sensing Congress, San Jose, CA, USA, 25–27 June 2019.

21. Guerrier, S.; Dorize, C.; Awwad, E.; Renaudier, J. Introducing coherent MIMO sensing, a fading-resilient, polarization-independent
approach to φ-OTDR. Opt. Express 2020, 28, 21081–21094. [CrossRef] [PubMed]

22. Masoudi, A.; Newson, T.P. Analysis of distributed optical fiber acoustic sensors through numerical modelling. Opt. Express 2017,
25, 32021–32040. [CrossRef]

23. Zhang, Y.; Liu, J.; Xiong, F.; Zhang, X.; Chen, X.; Ding, Z.; Zheng, Y.; Wang, F.; Chen, M. A space-division multiplexing method for
fading noise suppression in the φ-OTDR system. Sensors 2021, 21, 1694. [CrossRef] [PubMed]

24. Dong, H.; Zhang, H.L.; Hu, D.J.J. Polarization properties of coherently superposed Rayleigh backscattered light in single-mode
fibers. Sensors 2023, 23, 7769. [CrossRef]

25. Lu, S.Y.; Chipman, R.A. Homogenous and inhomogeneous Jones matrices. J. Opt. Soc. Am. A 1994, 11, 766–773. [CrossRef]
26. Whitney, C. Pauli-algebraic operators in polarization optics. J. Opt. Soc. Am. 1971, 61, 1207–1213. [CrossRef]
27. Jones, R.C. A new calculus for the treatment of optical systems II. Proof of three general equivalence theorems. J. Opt. Soc. Am.

1941, 31, 493–499. [CrossRef]
28. He, Z.Y.; Liu, Q.W. Optical fiber distributed acoustic sensors: A review. J. Lightw. Technol. 2021, 39, 3671–3686. [CrossRef]
29. Lu, S.Y.; Chipman, R.A. Interpretation of Mueller matrices based on polar decomposition. J. Opt. Soc. Am. A 1996, 13, 1106–1113.

[CrossRef]
30. Craig, R.M. Accurate spectral characterization of polarization-dependent loss. J. Lightw. Technol. 2003, 21, 432–437. [CrossRef]

https://doi.org/10.3390/s22165962
https://doi.org/10.3390/s23041828
https://www.ncbi.nlm.nih.gov/pubmed/36850426
https://doi.org/10.3390/s23146599
https://doi.org/10.3390/s23177501
https://doi.org/10.3390/s23125727
https://www.ncbi.nlm.nih.gov/pubmed/37420892
https://doi.org/10.1038/s41586-023-06227-w
https://www.ncbi.nlm.nih.gov/pubmed/37532935
https://doi.org/10.3390/s22031266
https://doi.org/10.3390/s20226594
https://www.ncbi.nlm.nih.gov/pubmed/33218051
https://doi.org/10.1038/s41598-021-82093-8
https://doi.org/10.1038/s41598-021-84845-y
https://doi.org/10.1016/j.yofte.2022.103198
https://doi.org/10.1016/j.sna.2018.02.033
https://doi.org/10.1117/1.OE.55.7.074109
https://doi.org/10.1364/OE.396460
https://www.ncbi.nlm.nih.gov/pubmed/32680155
https://doi.org/10.1364/OE.25.032021
https://doi.org/10.3390/s21051694
https://www.ncbi.nlm.nih.gov/pubmed/33804580
https://doi.org/10.3390/s23187769
https://doi.org/10.1364/JOSAA.11.000766
https://doi.org/10.1364/JOSA.61.001207
https://doi.org/10.1364/JOSA.31.000500
https://doi.org/10.1109/JLT.2021.3059771
https://doi.org/10.1364/JOSAA.13.001106
https://doi.org/10.1109/JLT.2003.808761


Sensors 2024, 24, 1760 17 of 17

31. Jopson, R.M.; Nelson, L.E.; Kogelnik, H. Measurement of second-order polarization-mode dispersion vectors in optical fibers.
IEEE Photonics Technol. Lett. 1999, 11, 1153–1155. [CrossRef]

32. Diebel, J. Representing Attitude: Euler Angles, Unit Quaternions, and Rotation Vectors. Available online: https://www.astro.rug.
nl/software/kapteyn-beta/_downloads/attitude.pdf (accessed on 28 January 2024).

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1109/68.784234
https://www.astro.rug.nl/software/kapteyn-beta/_downloads/attitude.pdf
https://www.astro.rug.nl/software/kapteyn-beta/_downloads/attitude.pdf

	Introduction 
	Polar Decomposition of the Jones Matrix of the Coherent RB 
	Polar Decomposition of the Mueller Matrix of the Coherent RB 
	Phase and Intensity Measurement in -OTDR 
	Optical Power 
	Optical Phase 

	Conclusions 
	Appendix A
	Appendix B
	Appendix C
	Appendix D
	Appendix E
	Appendix F
	References

