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Abstract: The Jones matrix and the Mueller matrix of the coherent Rayleigh backscattering (RB)
in single-mode fibers (SMFs) have been derived recently. It has been shown that both matrices
depict two polarization effects—birefringence and polarization-dependent loss (PDL)—although the
SMF under investigation is purely birefringent, having no PDL. In this paper, we aim to perform
a theoretical analysis of both matrices using polar decomposition. The derived sub-Jones/Mueller
matrices, representing birefringence and PDL, respectively, can be used to investigate the polarization
properties of the coherent RB. As an application of the theoretical results, we use the derived formulas
to investigate the polarization properties of the optical signals in phase-sensitive optical time-domain
reflectometry (@-OTDR). For the first time, to our knowledge, by using the derived birefringence—
Jones matrix, the common optical phase of the optical signal in ¢-OTDR is obtained as the function
of the forward phase and birefringence distributions. By using the derived PDL-Mueller matrix, the
optical intensity of the optical signal in @-OTDR is obtained as the function of the forward phase
and birefringence distributions as well as the input state of polarization (SOP). Further theoretical
predictions show that, in ¢-OTDR, the common optical phase depends on only the local birefringence
in the first half of the fiber section, which is occupied by the sensing pulse, irrelevant of the input
SOP. However, the intensity of the ¢-OTDR signal is not a local parameter, which depends on the
input SOP and the birefringence distribution along the entire fiber section before the optical pulse.
Moreover, the PDL measured in ¢-OTDR is theoretically proven to be a local parameter, which is
determined by the local birefringence and local optical phase distributions.

Keywords: optical polarization; fiber optics; Rayleigh backscattering; Jones matrix; Mueller matrix;
phase-sensitive optical time-domain reflectometry

1. Introduction

In recent years, phase-sensitive optical time-domain reflectometry (¢-OTDR) has at-
tracted more and more attention from various research communities due to the overwhelm-
ing advantages over traditional sensors. @-OTDR was proposed firstly for distributed
intrusion sensing [1,2]. Since then, it has been used for structure health monitoring [3],
partial discharge locating and detecting [4], railway monitoring [5], downhole measure-
ment [6], traffic monitoring [7], pipeline leakage detection and localization [8], earthquake
detection [9], rising bubble measurement [10], and many other applications [11]. In par-
ticular, by using submarine fiber-optic cables, ¢-OTDR is used for hydroacoustic signal
detection [12], submarine structural characterization [13], coastal safety [14], water column
and sediment monitoring [15], near-field target localization in shallow water [16], etc. In
addition to the commonly used telecommunication fiber-optic cables, ¢-OTDR technol-
ogy has also been verified in datacenter bidirectional fiber links [17], submarine power
cables [18], and backscattering-enhanced fiber [2].

The sensing optical signal in ¢-OTDR originates from the coherent Rayleigh backscat-
tering (RB) in single-mode fibers (SMFs). Therefore, the properties of the coherent RB in
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SMFs are of great importance for understanding the principles and improving the perfor-
mances of @-OTDR. The polarization properties of the coherent RB play an important role
in @-OTDR because the ¢-OTDR signal is determined by the optical phase and the state
of polarization (SOP) of the coherent RB. However, only preliminary works have been
reported to study the polarization-related issues in ¢-OTDR. Yixin Zhang et al. found that
local birefringence changes in SMF lead to the generation of polarization-dependent noise
and failure to identify multipoint vibration events [19]. Sterenn Guerrier et al. presented
a simple and incomplete calculation of the round-trip Jones matrix in ¢-OTDR [20,21].
Since the detailed result is not presented, the polarization effects are not considered in the
reported physical models of ¢-OTDR [22,23]. To understand the polarization properties
of the coherent RB when the incident light is perfectly coherent, we recently derived the
Jones matrix and the Mueller matrix that govern the polarization properties of the coherent
RB [24]. With these matrices, we theoretically predicted and then experimentally verified
the properties of the SOP and the degree of polarization (DOP) of the coherently super-
posed RB light [24]. However, the polarization properties of the optical signals detected in
@-OTDR have not yet been investigated in detail, especially the relationship between the
distributions of optical phase and fiber birefringence, and the common optical phase and
optical power (intensity), which are two optical signals usually detected in ¢-OTDR.

This paper is a continuation of the previous works reported in [24]. In this paper, fur-
ther theoretical calculation is performed using polar decomposition methods to decompose
the known Jones matrix and Mueller matrix into sub-matrices that describe birefringence
and PDL, respectively. For the first time, to our knowledge, with the derived birefringence—
Jones matrix, the common optical phase can be explicitly expressed as the function of
the distributions of fiber birefringence and optical phase. With the derived PDL-Mueller
matrix, the optical power can also be depicted by the input SOP and the distributions of
fiber birefringence and optical phase.

This paper is organized as follows: In Section 2, the polar decomposition of the Jones
matrix is performed, then the common optical phase of the coherent RB is derived. In
Section 3, the polar decomposition of the Mueller matrix is conducted. In Section 4, the
polarization properties of the intensity and the common optical phase in @-OTDR are
analyzed based on the formulas obtained in Sections 2 and 3.

2. Polar Decomposition of the Jones Matrix of the Coherent RB

Assuming that there are N Rayleigh scatterers in the SMF under investigation, as
illustrated in Figure 1, the Jones matrix Jrrs, which governs the polarization properties of
the coherent RB, has been derived as [24]
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Figure 1. The SMF under investigation. There are N Rayleigh scatterers distributed along the z
direction of the SMF. The forward Mueller matrix describing the fiber section from the input end to
the k-th Rayleigh scatterer is M.
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The matrix elements in Equation (1) are [24]

t1 = gs + po +i(g9 — ps)
ty = —q7 +ip7 ()
ts = —qs + po +i(qo + ps)

where i = v/ —1. The notations in Equation (2) are defined as [24]

N
p] = kz Ckm]'kCOS 2§0k
=1

N P —
q] = kzl CijkSin Zqﬂk ] = 7,89 (3)

— —
p = [p7 ps pol, 9 = [q7 qs 99]

where the subscript k stands for the k-th Rayleigh scatterer in the SMF; ¢, = /e %,
0k is the fiber attenuation, and 1y is the RB reflection coefficient; ¢y is the optical phase.
The items Mk, j =7,8,9 are the matrix elements of the forward Mueller matrix M at the
fourth row and the second, third and fourth column, respectively [24]. The details of M are
described in Appendix A.

It has been demonstrated that any Jones matrix can be interpreted as a cascade of
a retarder (optical element with birefringence) and a diattenuator (optical element with
PDL) [25]. Therefore, Jrrs can be decomposed as [25,26]

Jrrs = UH (4)

where U is a unitary matrix satisfying U™ U = I, “+” denotes the conjugate transpose and I
is the identity matrix; H is a Hermitian matrix satisfying Ht = H. Therefore, U represents
birefringence and H represents PDL. By using the polar decomposition method proposed
in [26], we calculate U and H as follows:

Due to HT = H, the Hermitian matrix H can be expanded in terms of four basic Pauli
spin matrices [26]

3 .
o o ho+hy hy—ihs
H= ]g hjej = {hz +ihs ho—In ©)
- . . 10 1 0 01
where four Pauli spin matrices are defined as o9 = [0 1} , 01 = [O _1] , 00 = [ 1 0} ,

and o3 = 0

square of H is calculated as

_1] in this paper; hj, j =0,1,2,3 are the four expansion coefficients. The

3
H? = (h02 + hZ) oy + Zh()]; l’l](T] (6)

where 1?2 = 213:1 h ]-2. On the other hand, Equation (4) leads to
3
W =Jrrs Jrrs = HTUTUH =H'IH = H* = ) wjo; )
j=0

A comparison between Equations (6) and (7) leads to

HE bt i+ i

bts + oty bt + b3t ®)

3
H? = (h02 + hZ) o0 +2ho)_ hjoj = Jrrs " Jrrs =
=
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where the superscript “*” denotes the conjugate of a complex number. From Equation (2),
the matrix elements in Equation (8) are computed as

tt] + bty = p2 + pg + p3 + a5 + a3 + 95 + 2(qspo — psqo)

ot + tat5 = p7 + P + 5 + 45 + 45 + 45 — 2(9sPo — Psdo) o)
tita + t5ts = 2(p799 — q7p9) — 2i(q7ps — p7qs)

ht5 + taty = 2(p7q9 — q7p9) + 2i(q7ps — p74s)

The terms p3 + p3 + p3 + a3 + 93 + 93, 2(qspo — psqo), 2(p799 — q7p9), and 2(q7ps — prqs)
in Equation (9) can be expressed as wj, j =0,1,2,3, respectively, and further calculated by

substituting Equation (3) into Equation (9). The results are as follows:

2 L2
w =|p AR R R TR
N
lell cxey (g 1iy)cos 28 gy
N N
=Y C% + Y e (M-t cos 2A gy
k=1 k= Tkl
N ‘ (10)
wy = 2(q8p9 — psqo) = klZﬂ ciCy(mgiimo; — mgitigr)sin 2A @y
N
wy = 2(prge — q7p9) = klzl cicy (mogmz; — moymzy )sin 2A @y
‘N
w3 = 2(q7ps — p79s8) = klzl ckcy (mypmgy — myymgy)sin 2A @y

where Agy = ¢ — ¢, and 1ty = [myy mg, moi]. Based on Equation (A3) and Equation (A5)
in Appendix A, [ri| = 1. The properties of w;, j = 0,1,2,3 are further investigated and
shown in Appendix B.

From Equations (8)—(10), it has

3
(l’lo2 + hz) oo +2hy Y hjo’j
=1

11
]’l()2 +h2+ 2hohy 2]’[0(’12 — lh3) | wotw;  wy—iw3 (11)
2ho(hy + ih3) hoz +h?— 2hohy T |wy +iws wg — wy

Equation (11) brings four equations relating to h], j=0,1,23,withw;, j =0,1,2,3.
Then, hj, j =0,1,2,3 can be expressed in terms of w;, j =0,1,2,3 as
]’l 1/w0+w+\/w07w
2

=gk, =123
h— \/W*\/woiw (12)

:1/‘2wj2:2‘q x?‘
j=1

From Equation (5), the inverse matrix of H is calculated as

{ ho—hy  —(ha— ihs)}
1 —(hz + ih3) ho + Iy
H! = e

(13)
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Then, from Equation (4), it has

tl(ho—hl) —fz(l’l2+ih3) tz(l’l0+h1) —tl(hz—ihg)
ta(ho — ) — t3(ha +ih3) t3(ho +h1) — ta(ha — ih3)
]’l% —h?

U=JrrsH ' = 14)

Eventually, the Jones matrix Jrrs has been decomposed into a unitary matrix U in the
form of Equation (14) and a Hermitian matrix H in the form of Equation (5). The matrix
elements in U and H have been expressed in terms of the optical phase ¢ and the forward
Muller matrix elements m;, j = 7,8,9 through Equations (2), (3), (10), and (12).

Since the unitary matrix U represents the birefringence effect, it should be expressed
in the general form of [27]

ie| U1 U2
U=e [—uﬁ “J (15)
where ¢ is the common optical phase, and ujuj + uou; = 1. Hence, the determinant of U
should be
det(U) = e (uyui + upu}) = e* (16)

On the other hand, from Equation (14), the determinant of the birefringence sub-Jones
matrix U is computed as
tty — 2
det(U) — thz — eZT (17)

where

2(prg7 + psds + pogo) L1 ckc1 (rit-riy)sin2(gp + 1)

PG5+ ps— a3+ p5— a5 Lpi—y ckci (i )cos 2(pr + )

tant = (18)

The detailed steps to calculate Equations (17) and (18) are shown in Appendix C. From

Equations (15) and (16), it has
T
€= 5 (19)

This means that the common optical phase of the coherent RB should be ¢ = 7/2,
which is the optical signal measured in the phase-based ¢-OTDR for quantitative strain
measurement [28]. Equation (18) presents how ¢ is determined by the optical phase distri-
bution ¢, and the birefringence distribution #; in the SMEF. To the best of our knowledge,
it is the first time that such a formula is obtained when the fiber birefringence is taken
into consideration. When the fiber birefringence is not considered, it can be demonstrated,
as shown in Appendix D, that Equation (18) aligns with the known equation without
birefringence terms.

3. Polar Decomposition of the Mueller Matrix of the Coherent RB

The corresponding Mueller matrix Mgrs of the coherent RB has already been obtained
as [24]
wo w1 w2 w3
w1 12 713 (20)
w2 U12 022 023
—W3 —U13 —U23 —Us33

Mgrs =
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My =

wo

w1

wr

w3

The matrix elements wy, wy, wy, and w3 have already been defined in Equation (10).
The rest of the matrix elements are [24]

vt = —pF— g5+ Py Azt ps +ds
N N
= kzl Ci (1 — 2m§k) + o ;k#[ CkCl(th'Wll - 2m7km7l)cos ZAQDkl
vp =prHa - pE— gt pitas
N N
= k§1 ci(1—2mg) + kl_%(# cxCp (M1t — 2mgimgy)cos 2A gy
v = pi+ap+pi+ai—p3— a3
N N
= kzl ci (1 — 2mgk) + .y ;k#l i€y (-1 — 2moggimg; ) cos 2A @y
= A=t (1)
o2 = —2(p7ps +q74s)
N ’ N
= =2Y ci(mpymg) =2 ¥ ckci(mypmgy)cos 2@y
k=1 K I=Tk£]
v13 = —2(p7p9 + 9799)
N N
= =2Y ci(mpymo) =2 ¥ cxci(mypmop)cos 2A@y
k=1 kI=Tk£]
v = —2(pspy + qsq9)
N ’ N
= —2Y ci(mgmor) =2 ¥ cxci(mgemop)cos 2@y
k=1 kI—Tk£]

The Mueller matrix Mgrs in Equation (20) can also be decomposed into an orthogo-
nal Mueller matrix My; representing birefringence and a symmetric Mueller matrix My
representing PDL as [29]

MRgrs = MuMp (22)

Two sub-matrices My; and My can be computed using the method proposed in [29] or
directly converted from the corresponding sub-Jones matrices U and H, respectively. The
PDL-Mueller matrix My is

h3 + h? 2hohy 2hohs 2hohs
. 2hohy h(z) + 2;1% —h? 2h1hy 2h1hs
My = oo, iy B2 -1 2hphs (23)
2hohs 2h1hs 2hyhs h% + 2h3 — 2

The definitions of 1 and h]', j =0,1,2,3 can be found in Equation (12). Here, more
relationships are given:

W3+ h? =wy, h3—h*=/w}—w?
2hih = —I%  jk=1,2,3
jk wo+y/wi—w? 7’ e

With equations in Equations (12) and (24), My can also be expressed as

w1 w2 w3
2
w -4 — ___Wnwy ___Whws
0 wo++/wi—w? wo++/ w3 —w? , wo++/ w3 —w?
_wwy R S S _wwy (25)
Wo+ 1 /w%—wz 0 wo-i-\/wg—wz wo+\/w§—w2 .
wiw3 wows [w2 — w2 + w3
wo++/ w3 —w? wo++/ w3 —w? 0 wo++/wi—w? |
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The birefringence Mueller matrix M is

B-r? 0o 0 0

0 n 12 113
0 121 122 123
0 - —32  —133
My = 131 . Ui U (26)
(n§ —12)

where the factors Hiks j,k =1,2,3 are defined as

M1 = (h2 + Zh - h2)011 - 4]’13[’1% + 2h1hyv1p + 2h1h3v13

N2 = <h2 + 2]12 )?}22 — 4]1%]’1% + 2]’!1]’12012 + 2]’12]’13023

133 = (hz + th )033 — 4]’1%}1% + 2h1h3v13 + 2hoh3vo3

N1 = (hz + 2h — h2)012 — 4]’1%]’11]12 + 2h1hpv11 + 2hoh3vys

21 = (h2 + 2]12 2)012 — 4;1%]’11]’12 + 2h1hyvyy 4+ 2hh3v03 (27)
ms3 = (hz + th )013 — 4h%h1h3 + 2]’11]’13011 + 2h2h37)12

a1 = (5 + 2h2 h2)v1y — 4h3hyhs + 2h1hyvys + 2hihavss

123 = (l’lz + 2h2 2) Up3 — 4h%h2]’l3 + 2h1h3v15 4 2hohzv9)

N32 = (hz + th )U23 — 4h%h2h3 + 2h1h2013 + 2]’12]’[37}33

4. Phase and Intensity Measurement in ¢-OTDR

As discussed in [24], the derived formulas in Sections 2 and 3 are rigorously valid
when the incoming probe is a continuous wave (CW) light with an infinite long coherence
length. In @-OTDR, the coherent RB is generated by the incoming pulsed light with a finite
coherence length, as shown in Figure 2. However, the derived formulas can still be applied
to @-OTDR to study its features in the sense of the first-order approximation. In this section,
we investigate the properties of the common optical phase and the intensity (optical power)
of the ¢-OTDR signal using the polar decomposition results in Sections 2 and 3.

—

()\}y»,x»:a«‘«:'«}»z§<J<X+ns<+
/ .

T
k-th Rayleigh Scatterer

Figure 2. An optical pulse is travelling in the SMFE. The pulse width is Az. The falling edge and the
leading edge of the optical pulse are at the fiber length z and z + Az, respectively.

When the optical pulse resides in the fiber section from z to z + Az (Az is the pulse
width), only the Rayleigh scatterers in the fiber section from z to z + Az/2 contribute to
the coherent RB light corresponding to the fiber position z. If the sequence numbers of the
Rayleigh scatterer at z and z + Az /2 are denoted as N, and N, , />, respectively, all derived
formulas in Sections 2 and 3 and Appendices A-E are still valid after changing the lower
bound and upper bound of the summation from 1 and N to N, and N, A, />, respectively.
Note that 1 < N, < N,4a,/2 < N. For instance, wj, j = 0,1,2,3 in Equation (10) are
expressed as
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Nz+%
wo(z) = 2 ckcl(r?zkml)cosZAgokl
k=N,
Nz+%
wi(z) = klZN ccy(mggmo; — mgymoy)sin 2A @y
b= z
N (28)
wy(z) = ¥ cxcy(mopmy — moymy)sin 2A @y
KI=N,
Nz+%
ws(z) = klZN ciCy(mzmg; — myymg)sin 28 @y
b—1INZ

The notations in Equation (28) have been defined in the context from Equation (1) to
Equation (10).

4.1. Optical Power

In ¢-OTDR, the optical power corresponding to the fiber position z, based on Equa-
tion (20) or Equation (25), can be obtained as

3
P(Z) = Souto(z) = Zw](z)sm] (29)
j=0

where S0 Sin1 Sina Sina] is the input Stokes vector, representing the input SOP at the fiber
input end. w;(z), j = 0,1,2,3 are in the forms of Equation (28).

From Equation (29), it can be noticed that P(z) depends on the input SOP (S;,0 Sin1 Sin2
Sin3)- When the input SOP is fixed, P(z) is determined by w]-(z), j =0,1,2,3. From
Equation (28), wy(z) is decided by rfiy-1i1; and cos 2A @y;. Because Ay, is the phase difference
between two Rayleigh scatterers in the fiber section from z to z 4+ Az /2, it is not affected by
any phase variation in the fiber section before z and after z + Az /2. Further, as demonstrated
in Appendix E, 11 is also not affected by any birefringence variation in the fiber section
before z and after z + Az/2. Therefore, wy(z) is a local parameter that is only sensitive to
the local phase and birefringence variations within the first half of the optical pulse. The
experimental verification of this conclusion has been reported in [19].

However, w;(z), j = 1,2,3 are affected by the birefringence variation before the fiber
position z because the direction of the vector -1 is rotated by the birefringence variation
before z.

Further, from Equation (A8) in Appendix B, the parameter w(z) = , /213:1 w;? is also
a local parameter that is immune to the birefringence variation and the phase variation
before z and after z + Az /2. Since wy(z) and w(z) are local parameters, the PDL, which is
defined as PDL(dB) = 10log;, ngx [30], is also a local parameter.

To measure wy(z) in ¢-OTDR, two optical power measurements P (z) and P, (z) need
to be performed with two orthogonal input SOPs [S;,0 Sin1 Sin2 Sinz] and [Sino — Sin1 — Sin2
—Sin3), respectively [19]. Then, wy(z) can be calculated from

Py(z) + P(z)

30
2SinO ( )

wy(z) =

To measure w(z) or PDL in @-OTDR, four optical power measurements P;(z), j =
1,2,3,4 need to be performed with four different SOPs [1100], [1—-100], [1010], and
[100 1], respectively [30]. Then, it has

wo(z) = Pl(Z)JZFPZ(Z)
\/(1’1*1’2)2+(P3*1’12*1’2)2“1’4*1’1*Pz)2

(31)
w(z) =




Sensors 2024, 24, 1760

9 of 17

If the perturbations applied to the SMF are relatively weak, for instance, the dynamic
strainis 1 we [19], so that only the optical phase variations are obvious, and the birefringence
variations can be neglected, wj (z), j = 0,1,2,3 can be local parameters. In this case, P(z)
can also be considered as a local parameter, which is why the intensity-based ¢-OTDR can
realize distributed vibration sensing. The dependency of the parameters to the variations
in the birefringence and the optical phase before z is summarized in Table 1.

Table 1. The dependency of the parameters to the variations in the birefringence and the optical
phase before z.

P wo wj, 7=1,2,3 w PDL e
Birefringence Yes No Yes No No No
Phase No No No No No Yes

4.2. Optical Phase

The optical phase of the ¢-OTDR signal is of great importance because it is used to
calculate the local strain variation [28]. When the optical pulse location is from z to z 4 Az,
the common optical phase ¢(z) measured at the fiber input end should be

N A
1| Tigens cker (it )sin2(Agy+D gy )
N A
il Cker (1) cos 2(Agy+Agy)

2

tan

o(z) = 20, - ") _2g,

N (32)

where Agy = ¢ — ¢, and A, = ¢; — @. @, is the optical phase at the fiber position z. It is
evident that 7(z) is a local parameter, which is completely determined by the optical phase
distribution Agy + A¢; and the birefringence distribution #-71; within the first half of the
optical pulse.

In a phase-based ¢-OTDR, we usually measure the optical phases at two adjacent
fiber locations z; and z; at two neighboring times T; and T, then the phase difference is
calculated as [28]

Agp = [e(z0, Tr) —e(z1, To)] — [e(z2, T1) — €(z1, T1)] (33)
If a perturbation is happening in the fiber section from z; + Az/2 to zj, it has
(22, To) = (22, T1), (21, T2) = 1(21, Th) (34)
With Equation (34), Equation (33) becomes

Ap = 2{[¢%(T2) = ¢z, (T2)] = [92,(T1) = ¢z (T1)]} (35)

Different from the measurement of the optical power in @-OTDR, even the strong
perturbations, which can alter the fiber birefringence, will not affect the measurement of
Ag as long as two fiber sections are not disturbed—one is from z; to z; + Az/2, the other is
2y to zo + Az /2. Moreover, Ag is also not affected by the variation in the input SOP.

5. Conclusions

Polar decompositions of the Jones matrix and the Mueller matrix of the coherent RB
in SMFs are performed. The derived sub-matrices reveal the relationships between the
polarization properties of the coherent RB and the distributions of the optical phase and
fiber birefringence. These theoretical formulas can be used to investigate the influences of
the coherent RB in fiber-optic communication and sensing systems. As an application of the
derived sub-matrices in ¢-OTDR, they are used to investigate the polarization properties
of the common optical phase and the intensity of the ¢-OTDR signal. It is theoretically
demonstrated, in ¢-OTDR, that (1) the common optical phase is immune from the input
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SOP variation and the birefringence variation in the fiber section before the probing pulse
position; (2) the intensity is affected by the input SOP and the birefringence variation in the
fiber section before the pulse position, like the case in polarization-OTDR. However, when
the vibrations applied to SMFs are weak, for example, 1 e [19], the intensity can be still
considered as a local parameter for distributed vibration sensing; (3) two parameters, wy
and PDL, are not affected by the input SOP variation and the birefringence variation in the
fiber section before the pulse position, which are local parameters that can be measured
through a polarimetric @-OTDR. To confirm the existence of the PDL effect in the coherent
RB, an experiment is performed using a short SMF. The experimental configuration and
results are shown in Appendix F.
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Appendix A

As shown in Figure 1, the Mueller matrix M depicts the polarization properties of the
fiber section from the SMF input end to the k-th Rayleigh scatterer. As the SMF is purely
birefringent, M can be expressed as

1 0 0 O

0 my mp ms
0 my ms mg
0 my mg Mo

(A1)

where p stands for fiber attenuation. Because e’ M is an orthogonal matrix, the sub-matrix
elements can be written as those of a birefringent element (retarder) [31]

my mp M3
my ms mg| =cosd-I+ (1—cosd)?? —sind-Fx (A2)
mz mg Mg

where § is the retardance of the retarder; I is the 3 x 3 identity matrix; 7 = [r1 5 r3] is a unit
vector, representing the fast axis of the retarder in Stokes space; 77 is a dyadic, and 7x is the
cross-product operator. To highlight this, three matrix elements at the fourth row are

my = (1 — cosd)rir3 + rpsind
mg = (1 — cosd)rprs — risind (A3)
mg = cosd + (1 — cosd)r3

On the other hand, these Mueller matrix elements can also be expressed in terms of
three Euler angles ¢, 6, and ¢ in the form [32]
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mip mp mj
my M5 Mg
my mg Mg
cosfBcos ¢ sinysinfcos P — cospsing cos Psin Bcos ¢ + sin Psin ¢
= | cosBsin¢g sinysinfsing + cospcos¢ cos Psin Osin ¢ — sin Pcos ¢
—sin 6 sin ypcos 6 cos pcos 0

(A4)

Three Euler angles ¢, 8, and ¢ denote the rotation angles about the sj-axis, the sy-axis,
and the s3-axis in the Stokes space, respectively. Using three Euler angles, three matrix
elements at the fourth row can be expressed in a simpler form, compared to Equation (A3).

my = —sin 6
mg = sin cos 0 (A5)
mg = cos Pcos 0

Appendix B
From Equations (3) and (10), it can be obtained that

= = |w wyw
qxpz[122 3] (A6)
Based on the well-known mathematical inequalities, it has
=12 =2 = |—= - =
w= [ +|a] 22F|d] 22 x 7] == 47

w can also be expressed in terms of the optical phase and the elements of the forward
Mueller matrix. It has

g
Il
o
=
N

(mgpmo; — mgymoy) (m8gm9j - m8jm9g) +
CkC1CgCj (mogmy; — moytzy) (M9gm7]' — Ti’l9]'m7g) + | sin2Agy;sin 2Aq7g]‘
(mygpmgy — mzymgy) (m7gm8j - m7jm8g) (A8)

&M=z

>
o
I
—_

- CkCICng [(T?lk-ﬁll) . (T?lgﬁ’l]ﬂ sin 2A(pklsin2A(pgj

P A

CkCngCj [(Tflk'mg) (rhlrh]) - (mkm]) (ﬁ’ll'ﬁ’lg)] sin ZA(plein ZA(pg]'

Il
&»&L
MZ§M2

»
&

g
I

A

— —
To obtain Equation (A8), we used the vector equation (; X b> . (? X d> = (7?)

(Z.Z) - (z.z) (Z.?). 2

The difference between wp and w? is calculated and shown below, as follows:

2
%—whﬁﬁ+%+%—ﬁ—%;%)+me+m%+m%f
N
+ klZ_1 cxcy (1ig-1iy)sin 2@ + 1)

N
= [ Y cxcp(r-rity)cos 2( g + @;)

k=1 (A9)

N
:klz)fﬂwgﬂmkm00%ﬂ%ﬁmﬂ(Amg+A@O
7418 =
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Appendix C
From Equation (14), the determinant of U is
det(U) = det (]RTSH—l) = det(Jrys)-det (H-l) (A10)
From Equation (1), the determinant of Jyg is
det(Jrrs) = tits — 5 (A11)
From Equation (13), the determinant of H! is
_ _ _ g : h2_h2_h2_h2
det(H—l) _ (ho=h1)(ho + M) (h22 ihg)(hy +ih3) _ hg—hy—h5 L 1 . (A12)
03 -12) (=) R
Therefore, from the above three equations, it has
bty — 3
det(U) = - (A13)
From Equation (2), the numerator of Equation (A13) is
. . N2
tits — 15 = (g5 + po + i(g0 — ps)][—qs + po +i(q0 + ps)] — (—q7 + ip7) (A14)

= p7+p5+ps— a7 — 5 — 95 + 2i(p7az + psds + podo)
From Equations (10) and (12), the denominator of Equation (A13) is

2
P = \Jwh—w? = (R P~ B~ )+ Aprar + psds + pod)? (A15)
According to Equations (A14) and (A15), it is obvious that the modulus of det(U) is

itz —t
|det(U)| = ‘hzz‘ =1 (A16)

Hence, det(U) can be expressed in the form of
det(U) = €' (A17)

Using the real part and the imaginary part of Equation (A14), the angle T can be
calculated from

2
tant = — (P72177 +2p8q82+ ngg) 5 (A18)
P7 +Pg+Ps—4q97 — 95— 495
From Equation (3), it can be obtained that
N N ‘
2(p7q7 + psqs + poqe) =2 Z [(kZl CkMj(COS 2§0k> <121 cymjisin 24’1)}
= 2}{; CkC1COS 2SN 2¢) (Mg iz + mgyig) + Mogmop )
N
=2 Z ckc,cos2(pksin2<pl(rhk~ﬁ11) (A19)
k1=

A

N
= Y cxci(cos2¢ysin2¢; + cos 2@ysin 2¢y ) (1111
ks
N
klz_lckcl( 1)sin 2@ + ¢1)
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P%+P§+P3—’7%;j’7§—‘75

= Y cxcicos 2¢xcos 2¢ (myyimy) + mgymgy + Mo o; )

7!

N
— ¥ cxersin 2¢ysin 2¢ (mymy; + mggmg; + mogig; )

ki=1 (A20)
N
= Y. cxci(cos2¢ycos 2@ — sin2¢ysin 2¢;) (111
kI1=1
N
= klzl CkCl(mk'ﬁil)COS 2((pk + (pl)
Finally, it has
N A A .
_ CxCp (11y-1ity ) sin 2 +
S Z;}z,l k l(Ak Al) (ox + 1) (A21)
Yok =1 ckC1 (1 1iy)cos 2( @k + @p)
Appendix D
When there is no birefringence effect in the SMF, it has
=100 1,k=1,---, N (A22)
Then, Equation (18) is simplified to
N .
_.Ccrcisin2 +
tant — Lk 11 CkCI (¢r+ 1) (A23)

YR—1 cke1cos 2(gx + ¢p)

On the other hand, in this case, the electrical field of the coherent RB can be calcu-
lated as

. N . N
E=|Ele = ¥ cxe? ¥ = Y c(cos2¢, +isin2¢,)
k=1

= N (A24)
= ) cxcos2@, +1), cxsin2g¢y
k=1 k=1
Then, the optical phase ¢ is
N .
2
fane — k=1 G4SN 20k (A25)

Yko1 €reos 2%
In the next step, the following equation is calculated as follows:

5 Zgzl csin2¢p
2tane  __ L1 k0829
1-tanZe - Zgzl Csin 2y ] 251:]1:1 cjsin2¢;
):k: CjCos2¢y 21:1 cjcos2¢;
2(lec\]=1 cksinZ(pk) (El=1 cjcos 2(p1) N (A26)
(Z?’Zl C}COS Zgok) (Z{il cjcos 24)1) - (Z}g’zl cksinZgok) (Z{il ClSiHZqJ[)
Z,I(\’]lzl CkCy (sin 2¢cos 2@ +sin 2¢;cos 2¢y ) B ):21121 cxersin2(@x+¢p)
Z,I(\,],:] ¢y (cos 2 cos 2¢; —sin 2¢ysin 2¢; ) Z,I(\,],:] cxCrcos 2(@r+¢;)

tan2e =

Comparing Equation (A26) with Equation (A23), it also has T = 2e. Hence, Equa-
tion (18) can be simplified to the known optical phase when the fiber birefringence is not
considered. It also confirms the correctness of Equation (18).

Appendix E

In this Appendix, we demonstrate that 11, k, [ =1, -+, N is solely determined by
the local birefringence between the k-th Rayleigh scatterer and the I-th Rayleigh scatterer.
In this case, we only need to use the sub-Mueller matrix of the forward Mueller matrix M
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in Equation (A1) for calculation. The forward sub-Mueller matrices at the k-th Rayleigh
scatterer and the l-th Rayleigh scatterer are, respectively,

my My Mag
my = | My Msp Mg (A27)

Myzy Mg Moy

mqp My Mg
mp = |my Ms; Mg (A28)
myzy Mg Mg

Because the SMF is purely birefringent, it has
mym} = mlimg =1 (A29)

where the subscript “T” denotes the matrix transpose.
The forward sub-Mueller matrix of the fiber section from the k-th Rayleigh scatterer to
the 1-th Rayleigh scatterer can be expressed as

mygp Mok M3k
my = Mgy Msp Mey (A30)

Mz Mgk Moy

It also has
m; = mymy (A31)

Then, the following equations can be obtained:

My = Myg Mg + Mgk Mgy + Mog My
Mgy = My Moy + Mgy Msy + Moy Mgk (A32)
Moy = MykM3zk + Mgk M) + Mo Moy

With Equation (A32), it has

M1y = Mziz) + Mggimgy + MogMig)
= myy(mzgmyg + Mgy My + Mo Mz )+
mgy (M7 Moy + Mgy Msy + Moy Mgy )+
Moy (M7 M3y + Mgk Mgk + Mo Moy ) (A33)
= My (MM + mygmgy + mzmoy )+
Mgy (MaMzy + msmgy + MmegMoy )+
gk (M3 + mg + mg,)
= Mgy = COS YPy;cos Oy

Note that Equations (A5) and (A29) have been used to achieve Equation (A33). Equa-
tion (A33) means that rf-1i1;, k, [ =1,--- , N only depends on the element mgy; of the local
Mueller matrix my;.

Using Equations (7), (10) and (18) can be written in the new forms of

N N
wo = Z C;C1MgjCOS ZA(Pkl = Z CjC1COS 1})k1COS eleOS ZAQDkl (A34)
k1=1 kl=1
E}?]:l CxC1MggSin Z(Q)k + (Pl) _ ZIZ:,]lzl C.C1COS Py Ccos 0)sin Z(QDk + (pl)

N = =% (A35)
Li—1 CkCrmogcos 2(Px + 1) Ljj—q CkC1€OS Py 08 b1 cos 2( @k + 1)

tant =
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Appendix F

To verify the theoretical prediction that the coherent RB has a PDL effect in a purely
birefringent SMF, an experiment is performed. In the experiment, a CW light is used to
sense a short SMF. The experimental setup is plotted in Figure A1.

Deterministic

Narrow Linewidth Polarization
Laser Controller

15m SMF
Optical
Circulator

Photo DAQ Card Computer
Detector

Figure A1l. The experimental setup to measure the PDL of coherent RB using a CW light and a 15 m
long SMF. DAQ card: data acquisition card.

The linewidth of the narrow linewidth laser (NLL) used in the experiment is 1.8 kHz
and the output CW power is 50 mW. This means that the coherence length of the NLL is
greater than 100 km. The deterministic polarization controller (DPC) is an SOP scanner
that can generate 1666 uniformly distributed SOP points on a 5-degree grid on the Poincaré
sphere within 0.28 s. The PDL of the optical circulator (OC) is 0.04 dB from port 1 to port
2, and 0.02 dB from port 2 to port 3, which are negligible compared to the PDL under
measurement. The fiber under test is a 15 m long standard SMF; its proximal and distal
ends are properly treated to eliminate Fresnel reflections. In the first step, the DPC is not
working and port 3 of the OC is connected to an optical spectrum analyzer. From the
measured optical spectrum, it can be confirmed that the stimulated Brillouin scattering
(SBS) light is negligible compared to the coherent RB light. Then, port 3 of the OC is connected
to the photodetector and the DPC starts the SOP scans which are triggered and controlled by
a developed computer program. During each SOP scan, the computer program records the
optical power evolution P. When an SOP scan is completed, the PDL can be calculated using
the maximum and minimum readings of P, i.e., PDL (dB) = 10! g% In the measurement,
the SOP scans are repeated continuously for 1000 cycles; the 1000 measured PDL values are
shown in Figure A2. The measurement results confirm that the coherent RB in an SMF has an
intrinsic PDL effect. From Equation (10), the PDL value is jointly determined by the optical
phase differences between Rayleigh backscatters and the fiber birefringence distribution.
Since both optical phase and fiber birefringence are sensitive to ambient temperatures and
vibrations, the measured PDL values also vary with time, as shown in Figure A2.

14

13

12

PDL (dB)

100 200 300 400 500 600 700 800 900 1000
Measurement Number

Figure A2. The measurement results of PDL values in 1000 independent measurements using a CW
light and a 15 m long SMF.
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