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Abstract: This study evaluates the performance of large intelligent surface (LIS) technology in
the context of a multi-user MIMO mobile communication system (Mu-MIMO) proposed for the
sixth generation (6G). LIS employs digitally controlled reflectors to enhance Signal-to-Interference
plus Noise Ratio (SINR) and establish line of sight (LoS) connectivity in non-LoS environments,
improving transmission security. Analytical expressions are derived to assess LIS performance
metrics, including distribution parameters, bit error probability, and secrecy outage probability,
considering the presence of eavesdroppers and environmental fading. The study highlights the
potential of LIS technology to enhance the confidentiality and reliability of digital communication
systems in next-generation networks.

Keywords: large intelligent surfaces; reflecting surfaces; mobile communications; Nakagami-m fading;
Mu-MIMO systems

1. Introduction

Mobile communications face several challenges in delivering signals with a good
signal-to-noise ratio (SNR) and high transmission rates to users. One is multipath propa-
gation, which is present mainly in large urban centers, with increasingly larger buildings
and many users sharing the spectrum. This study proposes the implementation of strategi-
cally positioned reflecting surfaces to enhance the channel SNR and deliver a clearer, less
interfered signal.

Large, intelligent surfaces have been one of the biggest innovations in digital communi-
cations in recent years. The term has variants such as large reflecting surfaces or intelligent
reflecting surfaces. They consist of a grid of reflecting units composed of a metamaterial
with a controllable reflection coefficient that can be digitally controlled using an optimiza-
tion algorithm to strengthen the channel’s LoS.

Zhang et al. [1] presented a cost-effective and energy-efficient solution to enhance
signal coverage and improve system capacity in mobile communications. However, large
intelligent surfaces face challenges such as multiplicative fading effects arising from compos-
ite channels between the LIS and base stations and between the LIS and users. Additionally,
the LIS encounters difficulties in enhancing communication systems when a strong direct
link is present. Almekhlafi et al. [2] investigated a scenario where a base station transmits
signals to multiple users using a single antenna. They developed an algorithm to jointly
optimize power allocation to users and phase shifts induced by the LIS. In contrast to other
studies that perform optimization processes in a decoupled manner, the authors propose
two solutions: one utilizing linear transformation to reduce the number of variables for
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optimization and another employing an element-wise Karush-Kuhn-Tucker approach to
derive closed-form expressions for phase shifts in a multi-user scenario.

Researchers are actively involved in discussions about the sixth generation and beyond
the fifth generation (B5G) of mobile communications in several countries [3-6]. To meet
this advancement, the community faces a series of challenges, encompassing algorithmic
and mathematical complexities, as well as issues related to hardware and materials [7-10].

Tataria et al. [11] contributed significantly to addressing the challenges associated
with the real-time implementation of LISs. In the same vein, Wang et al. [12] presented
a remarkable system proposal employing a reconfigurable smart reflective surface in
a MIMO cognitive radio environment. Their approaches strive to optimize the system
secrecy rate by jointly optimizing base station transmit beamforming, and RIS-reflected
beamforming, considering the complexities of dynamic environments.

Despite being a relatively new topic, there are older references in the LIS literature [13].
The term LIS has gained evidence and prominence and become a relevant bet for the
technological industry and also academic research as a promising alternative to improve
spectral efficiency (since it can act passively, without energy expenditure), decrease the bit
error probability, and allow the erasure of channels for eavesdroppers using beamforming
techniques, allowing a more elaborate approach of physical layer security.

The ability of the LIS to adapt to the channel and generate a resulting channel with
different statistics allows us to, in a way, think of a controllable and adjusted channel.
The channel between the transmitter and the LIS, as well as the channel between the end-
user and the LIS, can be generically modeled using the Nakagami-m distribution, with
the m parameter allowing a generic analysis of the environment’s behavior [14] before
considering the presence of the LIS. In addition, it is prudent to consider a possible direct
channel between the user and the transmitter and channels between the transmitter and
an eavesdropper; without losing the generality, we can consider all these channels as
Nakagami-m. However, each one has its parameter m; for users close to the base station,
the parameter m in the Nakagami distribution for the direct channel will be large between
the user and the transmitter and may not even need the LIS, whereas a user outside the LoS
may have m = 1 and fall into the Rayleigh fading scenario (without LoS), where the LIS
will create a channel resulting from the composition of all the links that result in a channel
with LoS and a lower bit error rate [15].

The literature on mobile communication network optimization has been limited to
two-point operations, with some strategies only for the transmitter (a base station) and the
receiver. However, LISs changed this reality and created new possibilities to achieve even
lower bit error rates, better spectral efficiency, decreased transmission power, and increased
SNR. According to Gong et al. [16] the LIS allows modifying the channel characteristics
and canceling its phase; in addition to projecting the beam towards the user, the adjustable
reflector panels of the LIS can match the signals that reach them, thus enabling a smart
radio environment that learns to beat the channel, even when its characteristics change.

Wuetal. [17] developed a framework in the form of a tutorial for implementing the LIS;
the authors present the channel model, including the reflectors, discuss hardware aspects
and practical issues related to the system deployment, and point out future possibilities for
this technology.

Sénchez et al. [18] presented a performance analysis regarding physical layer secu-
rity (PLS) in an environment assisted by a LIS, considering the possibility of phase errors.
The authors assume that it is possible to model an equivalent scalar fading channel including
the LIS, as shown by recent work [19] and show that the eavesdropper’s channel is Rayleigh
distributed. The fading coefficient is statistically independent of the channel between the
transmitter and the legitimate user; they also present the scaling laws for the SNR of the
legitimate channel and the eavesdropper concerning the number of LIS reflectors.

Most preliminary articles on LISs present strategies for estimating the channel assisted
by the LIS via least squares and other related methods, considering perfect knowledge
of the CSI. However, this scenario is not close to reality since they are passive reflectors
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that intelligently reflect the inside electromagnetic waves to improve system performance.
Nadeem et al. [20] present one of the first and most relevant contributions in studying
a multi-user system assisted by the LIS assuming an imperfect CSI. The authors use the
a priori knowledge of the fading statistics to feed a Bayesian minimum mean squared error
(MMSE) estimator for the resulting fading, thus proposing a joint design of the precoder
and the power allocation for transmission considering the application of beamforming
in the LIS and show the impact of the channel estimation error on the efficiency of the
designed system.

Basar et al. [21] present a script for the analytical calculation of the symbol error
probability (SEP) in the transmission through the LIS in a generic scenario, in addition to
presenting alternative modeling that considers the LIS as an access point (AP), which can
or cannot know the phases of the channel.

The statistical analysis of cascaded MIMO channels poses a considerable challenge,
complicating the modeling of resulting fading due to including both linear and non-linear
transformations of random variables in its definition. However, by using the central limit
theorem (CLT), it is possible to obtain, with great accuracy, the fading statistical model,
taking into account the continuous phase errors committed by the LIS after the phase
adjustment. The composite channel is the product of two channels with a Nakagami-m [14]
distribution with different coefficients, modeling what goes to the LIS and what goes to the
user, and a complex phase error modeled as a Von Mises distribution. Ferreira et al. [15]
obtained the distribution of the resulting channel considering only one antenna in the
receiver; in this work, we approach a more complex and more comprehensive system
model, which includes all the analyses made by the authors, for a special case in which the
number of antennas of the user is unitary.

This study investigates the fading distribution of a LIS-aided channel with multiple
transmitters and users enabling the increase of SINR, allowing the strengthening of a LoS
or improving spectrum sharing. It examines the impact of channel parameters (the number
of LIS reflectors, users, the Von Mises error concentration parameter, and the number
of transmitter antennas) on the bit error probability and the secrecy outage probability.
The aim is to assess the impact of LIS design on performance and help design the system
based on quality and information security metrics, evaluating performance that can be
calculated directly through simple algebraic expressions involving the parameters of the
statistical modeling of the system.

Recent papers on LISs present various mobile system modeling schemas. Lin et al. [22]
focused on joint beamforming design for LIS-aided hybrid satellite—terrestrial relay net-
works, employing a refracting LIS approach to enhance satellite signals for obstructed users.
Lin et al. [23] investigated destructive beamforming by a malicious LIS in IoT networks to
minimize received SNR at IoT devices. Ma et al.’s [24] study converted mmWave commu-
nications with finite blocklength, optimizing antenna gain for covert transmission against
spatially random wardens. Niu et al. [25] analyzed robust beamforming design in a secrecy
MISO network with LIS, addressing imperfections in CSI and potential eavesdroppers.
These articles considered different beamforming strategies, addressing challenges such as
power optimization, security, and robustness to channel variations. In contrast, our paper
focuses on the phase error distribution without being restricted to a specific optimization
technique and can be applied, regardless of how the LIS is designed, provided that the
phase error concentration parameter is known. With this level of abstraction, we analyzed
the system performance in terms of physical layer security and bit error probability across
various fading scenarios involving multiple users.

2. System Model

This work considers a base station composed of M uncorrelated antennas and K
uncorrelated users, as shown in Figure 1. The base station sends the same message to all
users; however, it applies a normalized precoding vector for each one of the fading channels.
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Figure 1. System model with an eavesdropper link.
The signal received by the uncorrelated antenna array at the user side is
y= (G"e"H" + HY )¥ +1, (1)

where H € CM*N is the channel between each one of the uncorrelated antennas at the
base station and each one of the LIS reflectors, G € CN*K ig the channel between the LIS
reflectors and the users, ® € CN*N is the phase matrix with the phase shifts applied by
the LIS in the incoming signals, and H; € CM*X is the direct link between the base station
and each user. The eavesdropper link is w € CM*! and is only considered for the secrecy
outage probability analysis. Therefore, it was neglected in the first analysis.

One possible strategy to cancel the channel phase is to apply a precoding matrix at
the base station; in this case, the sub-optimal solution is the normalized hermitian of the
overall channel.

Let

Y=H®G+H, )

whose dimensions are Y € CM*K and the elements of the matrix Y are the vy vectors.
The scalar elements of H have a Nakagami distribution with parameters mpy and Qp,
the elements of G have a Nakagami distribution with parameters mg and ()¢ , and the
elements of H; follow the complex normal distribution with mean zero.
The mean of a variable T with Nakagami-m distribution with parameters m and ()
can be calculated by

I'(m+ % O 3
e = ) (3 o
and the second-order moment E[T?] = Q.
The transmitted symbols after the application of the precoder are
Y = PAs, (4)

where P is the power gain and A is the precoding matrix, and, for analysis purposes, the s
symbols are generated as complex normal distributed s ~ CN(0, Ix).

The sub-optimal precoding matrix, considering complete knowledge of the Channel
State Information (CSI), is given by

Y
A= \FP\TF’ (5)
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where . is the Frobenius norm. The precoding vector for each user is given by
P Uk
ay =1\ -—, 6
k K ox (6)
and each one of the vj has dimensions v, € CM*1,
The scalar definition of each element of the v, vectors is
N N
vk =Y Y Mp®pa&ek + May s (7)
p=1g=1
after the application of the LIS, these coefficients can be rewritten as
XoE (8,190 )
Vi = Z Z ‘hlp‘ ‘qu'e] () IpT0(g).9k— Ppq + h(d),kl/ (8)

p=lg=1

where &) 1, = arg(h), ¢pq = arg(¢pq), and d(g) ;x = arg(ggk) are the phases of each channel.
To nullify the overall channel phase, the phase shift applied by the LIS panel must be

equal to
Ppa = O(w,ip + O(g)qk ~ Opg

where J, is the residual error of the LIS phase correction.
The elements of the overall channel matrix for each user are

N N ;
ok = Y 3 |||k + hia
p=1g=1

where

By = [hp, hop - gy ]

and hg); = [h(d),klf hay i - - h(d),kM} are the lines of the matrix H.
The norm of the overall channel for each user can be written as

2

7

M
ka = Z
=1

N N ,
Y Z’hlp‘ ‘qu‘f/’]&”" + hiayu
p=1g=1

and the SINR at the user antenna k is

o ag|?
’)/k K 7
Y [vHa? + o2
i=0,i#k
where the terms
H. |>_P
‘vk ak‘ = Evk .
Therefore,
y P Uk2
k=7
K K
% ) Uiz + U%
i=0,i#k
The SINR can be rewritten as
Zy
Te= """
o+ Y Zi

(10)

(11)

(12)

(13)

(14)
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where Z; = v;2.
Since the summation terms of Equation (10) are complex variables, then

pM
Zr == Y Irul”, (15)
K=
where
N N .
k=), Zlhlpngk’d P+ ) - (16)

p=lg=1

Considering that the complex number 7y = cjx + jsi, thus

p M s
Zy = X Z|Clk + jsik|*, (17)
=1
in which
N N
Clk = Z Z ‘hlp‘ ‘qu’ cos 0pq + %{h(d),kl}/ (18)
p=1g=1
and
N N
i =3 3 [y 8| sin by + S hia - 19)
p=1g=1

By substituting the imaginary and real parts of the complex scalar ry, it follows that

» 4, ¥,
vl =) it ) S (20)
= =1

since the real and imaginary parts of the direct path h ) ; are Gaussian and uncorrelated.

M M
Letbe Cy = ) clzk and Sy = Y slzk,' therefore, we can rewrite vj2 as
=1 I=1

Ry = vg® = Gt + Sk, (21)
then
Z BR (22)
k — K ks
we consider that B
Fe=oy+ Y. Z. (23)
i=0,ik
Therefore, the SINR can be written in terms of these two coefficients as
Zy
—_ 24
"= (24)

Since Zj is the sum of squared Gaussian random variables, it is reasonable to assume
that Z; is Gamma distributed with parameters a7 and . The term F; is the sum of Gamma
random variables, and it is supposed to be also Gamma distributed with parameters
ap and Br.

The SINR 1y is the ratio between the variables Z; and F; and also is supposed to
be Gamma distributed. This study proposes an approximation for the SINR distribution
to obtain the error and secrecy outage probability. Although not an exact solution, the
approximation is very accurate, even for small values of M, N, and K.

The parameters of the SINR distribution can be obtained by calculating the moments
of 7. Since 1y is the ratio of Z; and Fy, therefore, the statistics of the numerator Z; and the
denominator F; must be evaluated.
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The variables Z; and F; are correlated, and because of this, the covariance between
them must be taken into account.

According to Kendall et al. [26], the mean of the ratio between the Gamma random
variables is

1y = E[ye = B2, (25)
UF

where juz = E[Zy] and ur = E[F].
The variance can be approximated by

2 2 2
Uﬂ?’("yk) = (VZ) 0% _Z(COU(Zk’Fk)> + 212: , (26)
HF Uz HzZHF UE

where 0% = var(Fy) and 02 = var(Zy).
The term cov(Zy, Fy) = E[ZyFy] — E[Zi]E[F] can be computed as cov(Z, F) =

[Zk Zl#k } E[ZE [Zl# } Zl#k( [ZxZ;| — E[Z]E[Z;i]); by considering the defini-
tion of the covariance and considering that all the coefficients Z; are equally distributed, then

cov(Zy, F) = (K—1)cov(Z;, Zy), Vi # k. (27)

Given the covariance cov(Zy, F;), the variance of 7, can be derived as

2T 2 B , 2
02 = <m> % _2<(K 1>cov(zz,zk)> ) 08)
HF Uz HzZHUF HE
where 07 is an approximation for var(y).
Since pr = (K —1)uz, thus
= o 0% —2c0v(Z;, Zy) + 07% (29)
TK-1)E | PR K=

with the overall channel moments, the fading parameters a, and B, can be computed
as follows:

— 0_2 7 ,B"/ 0_% 7 (30)

where «, and j3,, are the shape and rate parameters of the SINR .
The mean and variance of Z, F, and v are presented in Appendices A, B and C, respectively.

2.1. Error Probability

The error probability of a LIS-aided communication system was derived by
Ferreira et al. [19], considering that the transmitted symbols are M-QAM signals transmit-
ted through a Gamma fading channel; in this scenario, the probability will be

QAM 4 3’)/10g2M
P () = og, M Q( o1 ) 31)

Since the mu-MIMO LIS channel is considered as Gamma distributed, therefore, this
expression for PQQAM(')/) will be used. The parameters 7 are identically distributed and,
therefore, P2*M () = P24 (1;) = P2 ().

2.2. Secrecy Outage Probability

Secrecy outage probability is a metric used in communication systems to quantify the
likelihood of unauthorized information disclosure. It represents the probability that the
confidential information transmitted between parties becomes susceptible to interception
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or eavesdropping. A lower secrecy outage probability indicates a higher level of security,
where the confidential information is less likely to be compromised during transmission.

The SOP is the probability that the instantaneous secrecy capacity, C, is less or equal
to a given capacity threshold, In (1 + 4, ), which is expressed as

B (1+vp) e (@+re)A+p)-1
SOP = Pr [mw < 1n(1+%h)] _/0 /0 Fop () frp (1) dudeo, (32)

the instantaneous secrecy capacity can be written as

C:{ln(l—i-’)/p)—ln(l—l-’)’};) YD > YE (33)

0 T <9E
where v is the SINR of the channel between the source and the eavesdropper and vp is
the SINR of the channel between the source and the correct destination (the user).

Ferreira et al. [15] derived the exact formula of the SOP for a Nakagami-m distributed
eavesdropper channel as (34).

2 (1)

SOP = ; TT(@)T(k+1)
nmmzf""kvfz”’ﬂf”’l"(er%) ese(rt(a+k+2m)) zﬁz(m,m+%;% (k+2m+o¢+l),% (k+2m+a+2);— ﬁ)
X ( I(—k—a+1) (34)
32055 b (—ah) 2csc(%7t(1x+k+2m))ze(%(7k71x),%(7k71x+1);7,%(7k72m7a+2);7%)
+ 2T (m) ( ] otk
Vmsec( L mr(a+k-+2m)) 2Fz(%(fk7a+l),%(7kftx+2);%,%(7k72m74x+3);7%) ))
/Q !
where v = 12
Tth

3. Numerical Results

This section demonstrates the performance of the LIS for a multi-user system through
simulations using the Monte Carlo method and analyzing the validity of the proposed
approximations for various analysis scenarios in terms of the number of antennas at the
LIS panel, the number of users in the system, the number of antennas at the base station,
and the Von Mises parameter for the phase error distribution.

In this study, the SINR was simulated for each user using the parameters of each
channel involved in the total link, being the Nakagami-m channels from the base station
to the LIS, from the LIS to the user, and the complex normal direct channel from the base
station to the user, which may be strong for near-field communications and weak for far-
field communications. The SINR histograms were generated by the Monte Carlo method,
simulating the resulting channel several times, and the contours of the histograms are
shown close to the PDF of the Gamma distribution.

3.1. Probability Distribution

For 10° iterations of the Monte Carlo method, it is shown in Figure 2 that the probability
density function of the SINR is close to the Gamma distribution.

Figure 2 shows a comparison between the exact Gamma distribution and the simulated
PDF of the SINR via the Monte Carlo method form =2,Q0 =1, K = 16 users,and M = 2
for different values of the number of reflectors N.

It is possible to note that the SINR follows a gamma distribution for a wide variety of
parameters in such a way that the analytical calculations of the moments and the statistical
parameters of the SINR are valid for the formulas proposed for the probability of bit error
and the secrecy outage probability.
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Theoretical for N=2
30 - o Simulated for N=2
Theoretical for N=8
O Simulated for N=8
> 25 Theoretical for N=16
= * Simulated for N=16
$ 20
©
>
Z 15
©
8
E 10
5
0 4 i
0 0.05 0.1 0.15 0.2 0.25
SINR values

Figure 2. Probability distribution function via Monte Carlo.

3.2. Bit Error Probability

One possible way to demonstrate that the LIS can improve the SINR is by showing
how the bit error probability varies, increasing the number of antennas at the base sta-
tion, the number of reflecting elements, and the concentration parameter of the phase
error distribution.

Figure 3 illustrates how the bit error probability decreases when the number of reflec-
tors increases. This scenario has four users, eight transmitting antennas, the Nakagami
parameter m = 2, and the Von Mises x = 2. Notably, although the bit error probability is
low, the values do not change significantly from N = 32 to N = 64 as much as from N = 16
to N = 32 reflectors. This may be because the channel already has LoS. Additionally, and
beyond a certain number of reflectors, the SINR becomes optimal with the assistance of the
LIS, which is something this type of analysis can help discover.

1072
P
%

-4

-g 10
o
S o N=16 simulated
L0 —— N=16 theoretical

[N
o
&

o N=32 simulated

——N=32 theoretical

* N=64 simulated

——N=64 theoretical

4 6 8 10 12 14 16 18 20
SNR (dB)

Figure 3. Error probability varying with N.

Figure 4 demonstrates that increasing the number of system users raises the bit error
probability when keeping the number of LIS reflectors, base station antennas, and the
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Von Mises parameter constant. In this scenario, the transmission of 16-QAM signals
was considered. One strategy to mitigate the increase of the error probability is to use
many reflectors to enhance the LIS’s capacity to serve more users with higher SINR and,
consequently, reduce the bit error probability.

For the scenario depicted in Figure 5, in which signals from the 4-QAM constellation
are transmitted, the approximation of SINR by the gamma distribution continues to hold,
and the bit error probability remains higher when the system accommodates more users.

When there is no line of sight as in Figure 6, where the scenario with SINR channels
following a Rayleigh distribution (Nakagami with m = 1) is analyzed, it is noticeable
that the exact bit error probability continues to approximate the simulated bit error rate
closely. In this case, a higher SINR was required compared to Figure 7 to reduce the bit error
rate promoted by the LIS. In this simulation, the number of reflectors was kept constant.
However, it is worth noting that one case deals with the 4-QAM constellation and the other
with the 16-QAM constellation.

21072
E
©
o)
e
Q 1073 -
5 o K=2 simulated
LI:J ——K=2 theoretical
104 o  K=4 simulated
—— K=4 theoretical
* K=8 simulated
105 —— K=8 theoretical 1 1
-10 -5 0 5 10 15 20
SINR (dB)

Figure 4. Error probability for m = 2, 16-QAM.

1072
2
5
8 103
e
o
S 04| © k=0 simulated
g %=0 theoretical
ws| ° x=0.1 simulated
k=0.1 theoretical
* k=1 simulated
10° k=1 theoretical |
-5 0 5 10 15 20
SNR (dB)

Figure 5. Error probability for different x values.
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107t
1072
2
B
8 108
e
o .
5 104 o K=2 simulated
LE —— K=2 theoretical
o K=4 simulated
10®° |——K=4 theoretical
* K=8 simulated
106 |~ K=8 theoretical | ‘ |
20 15 -10 -5 0 5 10 15 20
SINR (dB)

Figure 6. Error probability for m = 1 (Rayleigh), 16-QAM.

o K=2 simulated
—— K=2 theoretical

o  K=4 simulated
——K=4 theoretical

* K=8 simulated
——K=8 theoretical ‘ ‘
-20 -15 -10 -5 0 5 10 15 20
SINR (dB)

Error Probability

1076

Figure 7. Error probability for m = 2, 4-QAM.

Regarding the Von Mises parameter, it is notable that the bit error probability decreases
faster for larger values of «, as observed in Figure 5. The worst-case scenario is when x = 0
and the error distribution is uniform. In this case, large and small phase errors have the
same probability density and occur when the phase error has been poorly corrected.

If the phase error is concentrated around the mean (in this study, the mean phase error
is zero), the PDF of the phase error approaches a delta function at the origin. In this case,
the SINR will be higher because the sum of phasors will be greater if their phase is zero,
and the complex exponential vanishes, leaving only the magnitudes.

3.3. Secrecy Outage Probability

To simulate the secrecy outage probability (SOP), the SINR corrected by the LIS was
generated, and an additional eavesdropper channel with a Nakagami distribution with
LoS access to the LIS signal was considered. This additional channel has a line of sight.
The summation was truncated at index 100 to calculate the SOP, and the approximation
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closely matched the simulated SOP values via Monte Carlo. It was assumed that the Von
Mises concentration parameter was x = 2, and the direct link had unity variance.

It can be observed in Figure 8, where an eavesdropper channel withm =2 and (2 =1
is considered, that the higher the number of reflectors, the lower the SOP will be. This
demonstrates that the LIS contributes to the confidentiality of information.

100 F
o N=2 simulated
——N=2 theoretical
0 N=4 simulated
——N=4 theoretical
w01l * N=6 simulated
—— N=6 theoretical

Secrecy Outage Probability (SOP)

SINR (dB)
Figure 8. Secrecy Outage Probability.

4. Conclusions

This study shows that Mu-MIMO channels formed by links with Nakagami-m fading,
when assisted by large intelligent surfaces, have an SINR with Gamma distribution and
can considerably reduce their bit error probability by increasing the number of reflectors or
the efficiency of the phase optimization algorithm (related to the x parameter of the phase
error distribution).

The worst case, considering the Nakagami-m fading channel, is the Rayleigh fading
(for m = 1); this study shows that Rayleigh channels can be converted to Gamma fading
channels by applying the phase shift matrix of the LIS. It was also shown that creating
a line of sight in scenarios where a LoS did not exist was possible. This study presented
the probability distributions of SINR compared to the PDF of the Gamma distribution. It
showed that the exact formula for the probability density is very close to the one generated
by the histogram obtained from the channel simulation.

It was possible to show that the LIS can enable a low secrecy outage probability, even
for a few reflecting units and low bit error probability values, when increasing the number
of LIS elements or improving the quality of phase correction. Our study assumes complete
knowledge of the channel state information. It considers phase errors due to the behavior
of the reflecting panel when attempting to correct the phase of many signals simultaneously
(and not being able to optimize this for all) or due to the influence of the superposition of
electromagnetic signals.
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Appendix A. Statistical Parameters of Zj,
Appendix A.1. Expected Value of Zy
The expected value of Z; will be

M 2
E|Y |l ] (A1)
=1

since the expected value is a linear operator, then

= IlzéE[Mklz} = %E[Mkﬂ/ (A2)

where the term E {|rlk|2} must be calculated, but, first of all, the terms E|[cj;| and E[s]

are needed.
The expected value E[cj;] of the real part of rj; can be defined as

Elex] = E [21 Z‘hlr}‘ ‘qu’ cos Opg + R{hy kl}l (A3)
p=1lq=

since E [3?{ ha ki }} = 0 and the summation terms are independent and equally likely. Therefore,

Elei] = NZEthPHEngkH E[cosdpg] = N2 pppigns. (A4)
],Ch = EUhlp‘z}rVq = Engk }

lg = quk‘ ] Xn = EUhl;a” Xg = E“quﬂ/ € = E[’hlpﬂr €g = Eﬂquﬂ,
WRihgy = E[m{h(d),kl}] =0, Crinyy = E{%{h Kt } H{hg) E[%{h(d),kl}} =0
,and Gy Wl = E {S{h(d)’kl}z] and most of then will appear in the following equations.

The moments of the fading channels are yj, = E thp

The expected value E[sj] of the imaginary part of rj; can be computed as

E[sy] = E[Z Z‘hlp“qu’51n5pq+\s{h kl}] (A5)

p=1g=1

since E [%{h(d),k,}} = 0 and the summation terms are independent and equally likely, then

E[sy] = NZEthpH EngkH E[sindyg] = N2uppugBr, (A6)
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but the Von Mises variable § has a PDF that is symmetric about zero, and the phase errors
are zero mean, so Vp.8, = E[sin pé] = 0, therefore

Elsy] = N2pypgBr = 0. (A7)

The expected value E [|rlk |2} of the magnitude of rj; can be obtained as

e[ - [ £f). -

where ) ,
E[¢]=E <§;1qi Pip| | g¢| cos g + ére{h(d),,d}) , (A9)

j .
E[sh] = E (éqil i |ge| sin 0y + %{h(d),kl}> , (A10)

by expanding the terms (A9), it follows that

N N
E[clzk} = El(Z Z‘i’hlpngk‘cos5pq+3?{h(d),k,}> X ...

p=1g=

N N
(Z Y |hup[8ex| cos 8pe + 8‘?{h(az),kz}ﬂ/ (A11)

b=1e=1

that can be rewritten as

+ E[R{haul] + ..

E[Clzk] = E[Z DD Z(‘hlzﬂngk‘ COS‘SM) (’hlp“qu’C055pq)

p=1g=1p=14=1

N N
E [%{h(d),k,} y z‘hlpngk‘ cosbyy | +E

p=1gq=1

N N
Ryt Y Yl gex| COS%}, (A12)
b=1e=1

and since
N N N N
E l%{h(d),kl} Y Z‘th‘ ‘qu‘ cos 5;4 =E [%{h(d),kl} Yo Y Ihullgex| cos %] , (A13)
p=1g=1 b=1e=1

and the expected value is a linear operator, so

N N N
E[clzk} =Y YY) Ethp"qu‘|hlb||gek|cosc§pq cos5be} + E[?R{h(d),kl}ﬂ +...

N N
2B [ R} | Y 3 EllinIer| cosoyel, (A14)

b=1le=1
by separating the independent coefficients, it follows that

E[clzk} = % % % iEthp“hlbﬂEngk

p=1g=1b=1e=1

|gek|} E[c0s 6pq cos 0] + E [%{h(d),kl}z} +

N N

2E [%{h(d),kl}} bgl ; El[hip|JE[Igek|] E[cos dpe].  (A15)
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To compute E [Clzk] , four situations must be considered: N? times the event p = b and
q = e will occur in the summation, N?(N — 1) times the event p = b and q # e will occur,
N?(N —1)? times p # b and g # ¢, and N?(N — 1) times p # b and q = ¢, then

[(i ‘hlp”qu‘C055pq+§R{h kl}> =N*(N-1) (( HquH) (E [C055Pq])2>
p=1g=1

8 (e I e efeosom] ) #7081 (e[| el ] Bleos] )
8= 1) ( (£ [ ]) (2 [l ]) 2 [ e | Leos ) ?) +

N N
E[R{ha) )] + 2B [R{q) 0}] b; ; E[ |1y |JE]|gek||E[cos 6ye).  (A16)

Therefore,

PJ2
E|h] = Fange(1+a2) + NA(N = 1)@uded + NN = 1) (133ed ) +
NN —1)? (Vhﬂq‘"l) + 2N ) Mgt + Sngng, ) (A7)

The expected value E[s% | of the squared magnitude of s, can be calculated as

2
[Slk} =k [(ﬁ ‘hlPngk‘ sindpg + S{ky )kl}) ] (A18)

p=1q=1

that can be rewritten as

N N N
E[s3] = E[Z Y2 2 3 (|| simg) (ol sim i)

+E [%{h(d),kl}z] +

+E

[\f{h K} 2 Z’hlpngk‘ sin dpq S{haya} Z Z\hzb\\geﬂ Sln5be] (A19)

p=14q=1

After expanding and simplifying the terms, it follows that

N N N N
E[Szzk] SDIPIDIDY Ethp“hlhﬂEngk’|gek|]E[Sinépq sin &y | "‘E[%{h(d),kl}z}"‘
N N

26[S{hayut] Y L Bl Elge |Elsingy.], (A20)

b=1e=1

that can be simplified to

2 :& _ AN 202 20N 2z 2
E|sh| = 58181 — a2) + NN = 1)@t + N2(N = 1) (13243 ) +
N*(N —1)? (uhuqﬁ1)+2N S gy HHnaBr + oy (A21)

and, since B1 = 0, therefore,

PJZ
E [Slzk] = 5 Cnbg(1 = a2) + S - (A22)
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To compute the expected value E[Z] substituting (A8) in (A2), then

E[Z] = % (E[e] +E[sk]). (A23)

After substituting (A17) and (A22) in (A23), it follows that
N2 2 2.2 2 2 2
Mz, = E(Z) = = (5 081+ a2) + NAN = D)aipidad + NA(N = 1) (ihgnd) +
2 N?
N*(N—1)? (ﬂhﬂq%) +2N? R ihig) tHn g1 + GRingy ) + jé{th(l —a) + CS{h(d)}) (A24)

Appendix A.2. Variance of Zy.

To compute the variance of Z;, we consider that

0'% = var(Zy) —wzr( Z|rlk\ ) (A25)

in terms of the real and imaginary parts, the equation can be rewritten as
2 P\? PR
05, = (K) var | Y i+ Y siic | (A26)
=1 I=1

since the variance of the sum of random variables can be computed in terms their covariances, then

2
O'%k = (112) [var(Cy) + var(Sk) + 2cov(Cy, Sk)], (A27)
where
var(Cy) = (Z clk> = — 1)cov(cy, cix) + Moar(c), (A28)
M
var(Sg) = var (Z slzk) = M(M — 1)cov(sj, six) + Moar(si), (A29)
I=1
and
cov(Cy, Sk) = E[CSk] — E[CE[Sk]. (A30)

To compute the previous variances, the covariances cov(cy, cjx) and cov(sy, si) are
needed; we consider that

COU(Clk, Cik) = E[clkcik] — E[Clk]E[Cik] — COU(Clk, Cik) = E[clkcik] — (E[Clk})z (A31)

and

cov(syk, six) = Elsisik] — E[si]E[si] — cov(sp, sik) = E[sysu] — (E[si])? (A32)

since the expected value E[C,Si] can be obtained as

I p=1g=1

2
FICkSi] = E [()Af(z 3. ] o3 + Ry kz}> )

2
(%(Z Z’hlp“qu’51“5pq+\f{h kl}> ]) (A33)

I p=1g=1
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thus
N
E[clkclk [(Z ‘hlp‘ ’qu‘ cos 51717 + %{h(d),kl}> X
p=1q=1

(2 [ cos g + R kl}ﬂ- (A34)

p=1g=1

To compute the expected value E[cjkcii], it is needed to change the summation indexes as

Efceir] = K Y. Z ‘hlm

pi=1q1=1

8q1k| €08 Opg, + R{h(y) kl}>

quk (A35)

(£ Z

COS 5}72,,72 + %{h(d),ki}> .
p2=142=1

After applying the product and considering the independent indexes, it follows that

|ip, | COS Op, g, COS Opyg, |+

8k

N N N N
E[Clkcik]_E[Z ) Z Z‘hlpl

p1=191=1pp=1g2=1

‘g{hk

+E

R{h (4} Z 2 |ip, |

p2=1g2=1

COS Opyg, |+

N
E[%{h i} 2 2 ’hlm 8qk| €OSpygy 8ok

p1=1q1=1

E[%{h(d),kl}%{h(d),ki}}/ (A36)

by expanding the previous equations, then

ngk

N N N N
Elepei] = 3, Y. Y. ) Ethm

|hilﬂz ” E nglk } E[cos dp,q, €08 dp,q, |+

N N

E[R{hau)] ,,221 L [P | E e | E o5 8pu ] +
1N qlN

E[%{h('j)'k’}} pzl qzl Ethlﬂz Hgﬂzk } C055P2q2]+
2=1q2=

E {%{h(d),kl}%{h(d),ki}} (A37)

Assuming that [ # i
Elcikci] = 2N? x VER{h(d)}(Vth"‘l) + Vi{h(d)ﬁ
2 2
N*(N —1) (E Uhlm } (E[|gat|])” (El(cos8pa,)]

7
NZ(N—l)(EUhZ;;l } qulk ] E[(cosép,q,)]) )—i—
")
)

N?(N —1) < |:’hlp1 } (Englk D [(cosdpyq,)]

(s oo

+

} [(cos&,,lql )vz;u, (A38)
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which can be simplified to
NZ
Elciei] = 7§h§g(1 + o)+
NA(N = D)ot + NAN = 1)adeat + NN - 1)t +
2N X i,y (ngon) + Wagy 1 # i (A39)

The term E[sjs;], assuming that ! # i, can be computed as follows

N N
Elsysi) = EKZ Z’th‘ ‘qu‘ sindpg + %{h(d),kz}> X
p=1q=1

(ZE]%Mm#m%+u% MQ] (A40)
p=1q=1

by expanding the previous equation, then

N N N
E[sisix] E[Z Z E ‘hlm
pi=1m1=1p;=1

1

[Bip,|

8q1k| |82k

sin ‘Spm sin 6p2q2

gt]]k

E[%{h B> §j\hwl

p1=1q1=1

sindp,q, | + E

N
S{ha)ut Z Y g, |

p2=1gp=1

Qoo | SINOpogy | +

E{%{h(d),kl}%{h(d),ki}}/ (A41)

and can be rewritten as

|
™M=
gk
™=z
Mz

E[sjksix]

thm [Bips | }E[’gqlk ‘ngk }E[Si“‘smql SiNdpyg] +
p1=1 ;=1 pa=1gp=1

JE{[eas [ £

St L 5 Ellis JE|

p2=1q2=1

[Sin 5!’1‘71] +

™
=
—

8k || E [sin ‘Sﬁzqz} +

E{%{h(d),kl}%{h(d),ki}}/ (A42)

by substituting the statistical moments of the random variables, it follows that

E[sysix] = N? (E “hlm 2] E qulk 2} E {(sinépm)z} > +
N2(N - 1)(E Uhlm

2] (Englk Dz(E[(Sin‘smql)])z)Jr
N2(N—1)<E“hlp1

Jee
N2(N —1) ( Uhlm

| El(sinana)))? )+
el
that can be simplified to

]) (Elsinma)))?) +
2N? X gy

) (BnttgBr) + 15,y for | £ 0, (A43)
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2
Elsusic] = - (1 — a2) + NN = )3 + NN — DEEef + N*(N = 1753+

2N? ¢ pigygn ) (Hnitab) + yé{h(d)},forz 41, (A44)
since 1 = 0, therefore
N2 .
Elsusi] = —-CnGs(1— 1) + iy, for I # i (A45)

The covariance cov(cy, ¢jx) can be computed as

cov(cy, i) = Elcic] — (Elen])?, (A46)

then

N2
cov(ep i) = —-Enlg(1+a2) + N*(N = 1)Zuugat + N*(N = 1)guggai+

N2(N = 1)%Gupigad + 2Npungn, y (Hnigar) + By, — N pipgad, (A7)

and covariance cov(sy, sj;) can be calculated as

NZ
cov(sy, six) = E[sisix] = 7§h§g(1 —ag) + ﬂé{hm}- (A48)
The variances var(cj;) and var(s;;) can be computed as
var(cy) = E [clzk} — (Elew])?, (A49)

that can be rewritten as

N2
var(cy) = —-Gnég(1+ az) + N*(N — 1)&uzaf + N*(N — 1) (ujéqai )+
2 q
N*(N —1)? (#ﬁ#ﬁa%) + 2N gy Mgt + ngng, ) — N'pGHGaE,  (AS0)

since
var(sy) = E [slzk} — (E[slk])2 =E {slzk}, (A51)

then )
N
var(six) = —-Gnbg(1 — a2) +Gapn ) (A52)

The variance var(Cy) can be calculated by
N2
0¢, = var(C) = M(M —1) {2@1%(1 +a) + N*(N = 1)gpgai+
N (N = 1)&dgad + NA(N = 12Eud0d + 2N, ) (mitiam) + gy, ) — NUhadad ] +
2

M| 51 ) + NN = 1)aad + NN 1) (pgged ) +

NA(N =12 (pp2ad ) + 2N g, yintats + Cgny ) — N*p2a]. (A53)
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The variance var(Sy) can be defined as

2
B, = var(Sy) = MM~ 1) 3681 02) + 1y, +
NZ
{ Snls(1—a2) + 81|, (AS4)

and the correlation E[Cy S| is

M /N N 2
E[CkSk] =FE |:(2 (Zl Z‘hlPHgﬂlk‘ COS(SPq + %{]’l d) kl}> )
P

1 q=1

M 2
(2(2 Zlhlpngk‘sm‘qu‘F\f{h k1}> ]) (A55)
1 p=1g=1

The term E[CySk] can be calculated as

M M M M
E[CiSi] = E[Z e Y Cik] = Y Y Elshick]. (A56)

Lh=1 =1 I=11,=1

—_

the term E [5121 kclz2 k] can be computed as

Mp, ||8auk ‘ngk Sindp, g, SiNOp,q, +

efdus] =2 (L E L 1o

p1=1p2=1q1=1q2=1

(St }) + 230w} Zl > ‘hllm Sark 51n5p1q1>
Pi=tn=

2
COS Oy g5 COS Opy gy + (%{h(d),klz}> +

hlzps hlzm 8ysk ‘g%k

(£EEE

2%{11 klz} Z Z ‘hlzps

p3=1q3=1

8qzk

cos 5p3,73) ] , (A57)

then, i, s, will be given by (A58).

Hes, = M(M —1) [(N — 1)*b1ob1s + N?b1ab17booat + Nbisborpigxebos + Nbiabozpigxebos+
2bipbazeghag + biopynbasxnbas + 4bspnxgtigbas + 2N*(N — 1) ujlpegbos + biabizbog+
bsbas&ibag + N2 (N — 1)baslibas + N2 (N — 1) pgChxgbos + N*Chegbos+
(N - 1)N2§§R{h(d)}b25bz9 + Nz@@n{h(d)}éhégbm + N*((N — 1)@%{;;@}525“% + Cngbr)+
Ry} T D88y b2a + N*(N — 1)53{;,@}#%%“% + 2‘:§R{h<d>}] + M[(N —1)*byobrs+
N2b14b17boaf + Nbiabariigxgbos + N2b1abozpig X obas + 2b1obr€gbos + biobaziig X gbos+
biopnbasxnbos + 2N*(N — 1) ppxnegbos + blZFéXhﬂhggbzs + 4bgpig XnpnXxgbas + bgbazeybag+
N?(N = 1)bysenbos + N*(N — 1)ugenxgbos + N2epeghos+
(N = 1)N*Zgagn 1 6ntighoo + Enn ) NEnBgbao + N*Can, y (N — 1)basad + Elgbr) +

CR gy + 88 {1 1020 + N*(N — 1)5%{11(,1)}#%%“% + Zéﬁ{h(d)}] (A58)
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s+ (K—1)

The terms b; can be computed as by = %(1 +ay),by = %(3 +4ay + ayg), by = a2(1+ ay),
by = 1(Bay +ag)ay, bs = bia?, by = N2bs, by = (N?> —1)N%af, bg = (N —1)2N?,
by = N(N —1)2,0:0 = (N —1)N2aj, b11 = N(N —1)3, 512 = N} (N —1)3,5;3 = (N — 1)},
bid = (N —1)% bis = pghio3, bis = pnXntty, biz = ppCnleks, bis = Uittty bro = HyGaks,
by = Hypghio, b = wnxnls, b = mnxuly bz = Cghiy, b = uipsad, bas = Cupg,

by = pzbia, byy = Gupi, bos = 312 by = 102,
Given pc;s,, it follows that
cov(Cy, Sk) = pcys, — HC sy (A59)
therefore, the variance will be
P\2
O-%k = (K) [Uék + Uék + Z(P‘Cksk - VCkVSk):| . (A60)
Appendix B. Statistical Parameters of F;
Appendix B.1. Expected Value of Fy
Since «
Fe=oy+ Y, Z, (A61)
i=0,ik

then, the expected value of Fi can be calculated as

K
ER]=0;+E| Y Z| =05+ (K-1)E[Z], (A62)
i=0,i£k

since the expected value of Z; was previously computed, therefore
N? 2 2,2 2 2% 2

|01 )+ NN ~ Dt + NN = 1) (o) +
2 2(,2,2 2 2 N?

N*(N-1) (Vhﬂq%) 2N ng b1+ Cing ) + 5 Cnbg (1 —a2) + Cg{h(d)}]- (A63)

Appendix B.2. Variance of F

The variance var(F;) can be defined in terms of the statistics of Z; as

K K
a%k = var(F,) = var ((7,? + ) Zi> = var( ) Zi>, (A64)

i=0,ik i=0,ik

since the terms are independent and equally likely, then

var(F,) = K(K = 1)cov(Z;, Zt) + Kvar(Z;), (A65)
considering that
cov(Z;, Zy) = E|Z:Zi] — (E|Zi])? (A66)
where
P2
E[ZiZ] = (K) E[RiR¢], (A67)

that can be rewritten as

2
E[z2,] - (ﬁ) E[(Ci+5,)(C + 5], (A68)
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by expanding the product, it follows that
P\2
E[ZiZ)] = (K) E[(CiCt + S;St + CiSt + 5iCh)], (A69)
since E[C;S¢] = E[S;Cy], then
E[(CiCt +5i5:+CiS¢ + SiCt)] = E[C;Ct] + E[S;S¢] + 2E[S;Cy]. (A70)
Fori # ¢t
MooM M M
E[GC]=E| ) i Y| = X X2 E{Cllzclzt} (A71)
h=1 =1 h=1l=1

by expanding the terms, it follows that

hllpl hlle |gq11{|ngl| COS Op, g, COS Opyq, +

el -e (L F E %

p1=1p2=1q1=1q2

(Ritay)) + 2R U} 2 Zlmmmwvw%m>x
pi=1q1=1
N N N N )
(Z Z Z Z Hiyps | \Piaps |83t || 8ast| €OS Gpsgy cOS bpyq, + (éR{h(d),tlz}) +
p3=1ps=1q3=1g4=1

(A72)

N N
2R{h@aymt Y, Y

pa=143=1

hlzPs ’gQ3f|C055P3Q3> .

By expanding the terms of E [clz1 ici ;J, the expected value can be rewritten as (A73).

E

[|8q1i| ’8q2i| |gqat ||8g4¢|] E [c0S 8,y €OS g, €OS Opygs €OS Oy, |+

hllPl hllpz hlzps hlzm

clllclzt i‘, ilpi %, i ﬁ ﬁ i E[

1g1=1q2=1g3=1q4=1

m»

CR ()} Z Z Z Z E{ hyp | [Py s } [841i[8g:1|] E[cos 8pyq, €08 8y, ] +
=1pp=1q1=1gp=
N N N
CSR{h ) Z Z Z Z [hlzps hlzm ‘g%nglw‘COSéPs% COS&PMM}+

p3=1ps=1g3=1q4=1

E {(%{h(d),il })2 (WM@,@})Z] -
2E|:(§R{h(d),ill (d),th } Z Z E{

311731

Hiyps } Hg%t H a1+

hllpl }Eﬂgqﬂ”‘xl"i_

b) R
2F |:(%{h(d),tlz})zg%{h(d)rﬂl}:| Zl ZlE[
pi=iq=

hllpl hlzPs

N N N N
4E[%{h(d),ill}‘s}e{h(d),tlz}} Y X X ) E{
p1=191=1p3=14g3=1

}E Hglhi| |gq3fH E [COS 5171{11 cos 5!73{43] (A73)
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Through the recursive expansion of the expression and analyzing the varying scenarios
where the variables might be interdependent or independent, based on their index values,
it can be inferred that, for I; # I, the expected value E [clz1 iC122 ;] will be given by (A74). For
1 = Iy, it can be calculated by (A75).

E[c} i) = bsCrn w024+ NboCy, g (b2s + bysaf + 2p5¢e) + b1aN?byzay + biabyg
C%h(d)zNzgéR{h(d)} (2848b1 + basa?) (N — 1)°bag + byabighg + brabigbig + bisbighio+
b1ab1gbig + babiobig + biaN>b17bs + bizbrobig + bisbizbio + bioba1pbs + bisbigbio+
b14aN?bighs + (N — 1)%bi7b1g + biabighs + bisbarpighio + bizbigbio + biabizbs + biabizbs+
bgba pigbs + (N — 1)b17big + biabao + bizbigbio + bisbiobis + (N — 1)?bigbio + braN’bigbs+
biabizby + (N — 1)%bigbig + bgbai pigbs + biabizbs + bizbiobg + biobizbs+
bgpnxnbasbs + biobizbs + (N — 1)1 83b10 + bbarEgbs + (N — 1)N2byoby + bsbyrzbs+
bgbar&abs + (N — 1) Npyxnptgat + bunpnxubasbrad + bylpnxupigay + bobaibos + by 1by1bas+
boba1 pigbs + bobarbag + N(N — 1)byaby + (N — 1)*Nbieay + by pxubis + bu pxubis+
boby1 by + b11 by pgact + 2b9babas + (N — 1) Nbyby + buieppiga + 2bgeybis+
N(N = 1)eybasby + boebysbra? +2N(N — 1)ebysby + Neyé2by, ly = I (A74)
Elef,icy] = bsCnn, ) b2s + Nbolgn , ybos + (N = )Ny, g (b2sad + 2u56e) +

Nzgm{h(d)}(zgg(;‘hb1 + b2506%) + éﬁ?h(d)z + Nb14‘u§y% ((NZ — 1)N2b% + N2b2> +

2
bolitg (NZ‘X% {(N — 1% + (N —1)af + le + bobyz (bsbs +2(N = 1)bs + N2b4) +
bobyy (st + 2b10 + b ) + brapipn? (Be(N? — 1) + N2by ) + baGpdpy ((N? — 1)be + N?by )+
bobi7 (b7 -+ be) + bobrz (bgbs +2(N = 1)be + Nby ) -+ N(N — 1)&g&hp (b7 + bs)+
N(N = 1)§7u385 (b7 + be) + bop; Gz (b7 + be) + N(N — 1)5zby7 (bsﬂé% +2b10 + bé) +
N(N = 1)bo&3 (b7 + bg) + N385 (b7 + be), Vi # . (A75)

1
biapighar (bsad + N2 (N —1)bs + N?by ) + biibarps (N2 (N2 = 1)b3 +2b3) ) +

Therefore, E[C;C;] can be calculated by (A76).
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jee = E[GC) = M(M —1) [Nbgémh wpbast (N = )Ny (bsad +2u320)+
DSC{ig)) D24 + NZ?@R{h 1 (28583D1 + bosa?) + ER(d)*+
Nbyapgpit (N2 = 1)N263 + N2by ) + buagidbar (bsa + N2(N = 1)bs + N%by ) +
babyrpt <N2; ((Nz — )by + 2b4)) n bgéhyg( 242 [(N —1)263 4+ (N — 1)a? + bl} ) +
boby (b8b5 F2(N —1)bg + N2b4) + bobyy (bgai‘ + 2By + b6) +
brapiph? (b (N2 = 1) + N2by ) + braGppuh (N2 = 1)b + N?by )+
boby7 (b7 -+ be) + bobrz (bgbs +2(N — 1)bs + Nby ) +
N(N = 1)&g&iu (b7 + be) + N(N — 1)G3pz8q (by + be)+
bopuhZ2 (b7 + bs) + N(N — 1)&2by7 (bgat + 210 + b ) +
N(N = 1)by7&3(b7 + be) + NE2GH(b7 + o) | + M bl ) ba+
NboZp i, ) (bas + b2se +21058g) + N2Cnyn,, ) (28g8nbr + basad) + ER(d) >+
(N —1)°byg + biabisbio + brabigbo + bisbisbio+
b1ab1gbro + brabiobig + b1aN>b17bs + b1aN>brzay + biabao
bisbiobig + bi3bizbio + bioboipigbs + bizbigbio + b1aN>bighs+
(N —1)%b17b1g + brobighs + bisbazpighio + bizbiobro+
b1obi7bs + b1abizbs + bgbai by + (N — 1)%bi7big + biaboo+
b13bigbio + bizbiobig + (N — 1)%bigbig + b1aNbighs+
biabizby + (N — 1)%bizbig + bgbo1 pgbs + biobibs + bisbiobio+
b1abi7bs + bgpnxinbasbs + biabizbs + (N — 1)%p383b1o + bsbarzbs+
(N — 1)N?byaby + bgbyr8zbs + bbarzbs + (N — 1)* Ny xupigadt + biipnxnbasbiai +
byt xnpgect + bobaibos + bylbaibog + bbby + boby bag+
(N = 1)Nbyby + (N — 1)*Nbigat + bu pxnbis+
buipnXxnbis + bobo1pigbs + biybo pgat + 2bobyibos + (N — 1) Nbagby + byeyprgai+
boebys + boeybis + N(N — 1)eybasby + boebosbrai +2N(N — 1)eybasby + Nehé‘f;bz} (A76)

The expected value E[S;S¢], for i # ¢

Iy =

M M
E[S;S¢] = E[Z SLi 2 Slzt] = Z Z {Sllzslzt} (A77)
h=1h=1
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where the expected value E|s [ LS, t} can be calculated as

hllPZ }gfhl | |gQ21’ sin 5171% sin 5?2%

SERAR] o v ol

=1p=1q1=19g

(%{h(d),ill}) +2\5{h zll} Z Z)hllpl

pi=1gq1=
N N N N
(zzzﬂ%
p : :

|gq11’ Sm‘spﬂh)

hi,p, |8q3t‘ \8q4t ’ SiN Opg5 SN Opyq,+

(Cj{h(d)’tlz})z—i—Z { tlz} Z Z ‘hlzﬁa

p3=1q3=1

|8gst| sin 5?3413) ] , (A78)

by expanding this equation and removing the null terms, then E [5121 i5122 t} can be obtained

by (A79).
_ N N N N N N N
Elsfty] = 1 8 1 8 8 8 0 3 [ e[ || <
:q q:

N
1q1=1g2=1g3=1
[|gq1i||gr42iu ngsngwH [sin

}Z Z Z Z [

*1}72 1@1 1=

}Z E Z Z ([t

p3=1ps=1q3=17q4=1

N 8 pygy SIN Gpyq, SN Opygy SINSp,g, ]+

hiyp, ] E Hglhi | lngiH E [Sinél’l‘h Sin‘spzth] +

} E|843¢/84at|] E[510 Opsgs sin 8y, ] +

E {(3{’7@1);1] }) 2} E {(3{’1@1),1&12}) 2} (A79)

by expanding the terms, it is easy to note that many expressions are equal to zero because
of the expected value of the sine of a zero mean Von Mises random variable. The fourth-

order trigonometric moment of the phase is E {sin4 (5} = 1 —2b; + by, since sin*é =
(1 —cos?5)? =1 —2cos d cos? 6, therefore

hlzm

E [slzlslz J = N?G22(1—2by + by) + zwzg%{h(d)}ghggbzg +& gy VAL (A80)
E [sflisfz t} = N2ejeq(1—2by +by) + 2N25g{h<d) 1ndgbao + gg{h(d)},v L=1 (AS81)

ps;s, = E[SiSt] = M(M —1) [Nzéié‘é(l —2b; + by) + ZNzég{h(d)}é’hggbzg + C‘i"{hmﬁ} +
M[Nzeheg(l = 2by +by) + 2N*Eq }ghggbzg] (A82)
The expected value E[S;C;], considering that i # t, can be computed as

M

M M M
E[SiCi] = E[Z .Y c,zzt] = Y Y E[shid], (A83)
h=1 = I=1

L=1l=1
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where E [5121 iC122 t] can be defined as

hllr’z |gfhl | !gq21| sin 5!’1%1 sin ‘Slﬂzf]z

el 2| (L X L Lo

p1=1p=1q1=1q

(%{h(d)ﬂ'll}) +2‘9{h 111} Z Z)hllpl |g¢111’5m‘sr’1£]1>

p=lqn=

2
iyps | Py |8a5t| |89t | €OS Opyqs cOS pyg, + (m{h(d),tlz}) +

N N N N
(EEfD
p3=1psa=lgs=1qs=1

N N
2R{hayu,} Y, Y,

p3=1q3=1

hlzlﬂa

|g‘73f| cos 5?3‘73) ] , (A84)

by expanding and removing the null terms, then E [512] iclzz t} can be calculated by (A85).

}

h12P3 h12P4

SR g} Zl E thm iy py }EHgfhi‘|gq2i|]E[Sin5PW1 SN dp, g, ) +
N N N
i} 21 21 ZlE[ Niyps || s ]E[|8q3t||8q4t|]E[C05‘5Psqs €08 dpag, ] +‘§?R{h<d)}+
ps=1q3=1q4=

(N-1)¢s }Z Z Z HRE[|8gst||gut[] ad + CRing,y (A8D)
p3=1g3=1q4=1

by expanding the summations and evaluating the expected values recursively, it follows
that, for i # ¢,
E [Szzliclzzt} = biobaypglebog + N?b1ab17bagat + N2buaboyjig&ebog + Nbigboypglebog+
b12barEabag + (N — 1)*bigbig + b1abarEabag + biobarbazbag + 4bgbizbog + N*(N — 1)&gbarbas+
b1ab17bas + N*(N — 1)&3barbg + bsbpadjibas (bg + N*(N — 1)) + N*(N — 1) puzGibas+
N?g&3bos + (N — 1)N2€§R{h(d)}€h.”§b29 + Nz?%{h(d)}éibm + §s{h(d)}N2((N —1)bosaf+
Chlsbr) + Sy} + bslsingy)baa + N*(N — 1)@'3{h(d)}ﬂi§g“% +28p (1 Vh # L, (A86)

and E{ LiCl t} can be obtained by (A87).

E[sfic:| = (N = 1)*b1gbus + N2b1abrzbaga? + Nb1abori2eghos + N2bisbor G gbos+
b12b27&3bas + biabaz g Esbos + b1abarCabag + biaphCnbasbas + bpiCnpialsbas + bsxuinghzbas+
N*(N = 1) pnxnC3bas + biopigxninGsbas + 2bsigGoXuttnbas + N*(N — 1) xpndgbas + bsbasenbag +
N*(N = 1)basebas + N*(N — 1)z g€enbos + N*Exulabos + (N — 1)N2(:3}1‘:{h(d>}§hﬂ52;b29+
Cgingg) N En8gb20 + &5y N2 (N = 1)bosad + E&gbt) + &gy + N2 (N = 1)Eg s,y Mg+
b8C (hyy 124+ 200y 1 Vi # £ 11 = . (A87)

Therefore, the term E[S;C;] is given by (A88).
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ps,c, = E[SiCi] = M(M — 1) {(N — 1)*b10b1g + N2b1abi7baoat + NbisboziizGobag + 285} T
N2b1abazpg&sbas + biobarlabas + biabarpglebas + b1abarGzbas + biobarbyzbog + 4bsbizbos+
N?(N — 1)&3barbag + biobizbag + N*(N — 1)&3bazbag + bgbaslybos (bs + N*(N — 1))+
N*(N = 1)pz&q8ibas + N2z bos + (N — 1)N2§§R{h(d)}§h?/‘§b29 + Cm{h(d)}Nzéﬁwar
C%{h(d)}Nz((N — 1)bysa + &plgbr) + CRing ) + 88 n ) b2 + N?*(N — 1)5%{;1(01)}74%557"‘%} +
M [(N — 1)*b10b1s + N2b1ab17baoa + Nb1sbyziizGebag + N2biabazpiglbas + biobar&abas+
b1obazbas (15Gs + &3) + biapg,Gnbasbas + bs i GnizGebas + bsxninGspghas + NExuabos+
N*(N = 1) pnxnlabas + biopgxninGsbas + 2bszEoXntinbas + CRIh ) 108G gy D2at
N?(N —1)xnpngzbas + bsbaaenbas + N*(N — 1)basebas + N*(N — 1) pggenbas + 28Ry +
(N = 1)N*Zggn, 1 6ntghao + Ein ) N?En8gbao + Easpn ) N2 (N — 1)basad + Elgbr )+

N?*(N — 1)5%{1%}#%55’“%] (A88)

Since
P 2
E[Z;Zi] = (K) (Hcic, + Bsis, +2us,c,). (A89)
it follows that
P\? )

COU(ZI', Zt) = (K) (AuC,‘Cf + ]’lsisf +2]”S,‘Ct) - I’le' (A90)

Therefore,

2 P\? 2 2

U'Fk = K(K — 1) <K) (l’lCiCt + Hs;s, + 2;:51.@) — ,Lle + KO'Zk. (Agl)

Appendix C. Statistical Parameters of
Appendix C.1. Expected Value of vy

The expected value of 7, considering the gamma distribution in

oy = E[m] = bz, (A92)
HE,

since pz, and pp, are already known, can be computed using the derived expressions.

Appendix C.2. Variance of vy
The variance of v, can be computed considering the moments of F, and Z; as

2[ g2 _ . o2
oy, = (ZZ") Lk 2((K 1)COU(Z”Z")) + F"] (A93)
Fe

2 2
Hz, Mz, HE HE,
since pz,, 1r,, (T%k, U%k and cov(Z;, Zy) were previously derived, these parameters can be
substituted here.
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