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Abstract: S-parameters are widely used to detail the scattering parameters of radio frequency (RF)
components and microwave circuit modules. The vector network analyzer (VNA) is the most
commonly used device for measuring S-parameters. Given the multiple frequency points, complex
values, and intricate uncertainty propagation involved, accurately assessing the uncertainty of
S-parameter measurements is difficult. In this study, we proposed a new method for assessing
S-parameter uncertainty based on the covariance matrices, tracing back to the nominal uncertainty
of calibration standards. First, we analyzed the relevant theory of uncertainty assessment using
covariance matrices and subsequently deduced the mechanism of Type B uncertainty propagating
from calibration standards to error model coefficients and S-parameter measurements to evaluate
Type B measurement uncertainty. In this study, a novel measurement system was constructed for
measuring grounded coplanar waveguides by using a VNA and calibration standards with 8- and
12-error models. Initially, the model assessed the Type B uncertainty of measuring four S-parameters
of a grounded coplanar waveguide. Next, the VNA calibrated with the 12-error model was used
to conduct multiple repeated measurements to assess the Type A uncertainty of the grounded
coplanar waveguide. Finally, the composite uncertainty was constructed, which demonstrated that
the proposed method can be used for assessing the uncertainty of S-parameters.

Keywords: measurement uncertainty; covariance matrix; vector network analyzer (VNA); S-parameters

1. Introduction

With the rapid development of electronic communication technology, scattering pa-
rameters (S-parameters) can provide accurate characteristics of electromagnetic wave
transmission in microwave components and circuit network modules. S-parameters are
network parameters that are established based on the relationship between incident waves
and reflected waves, and the accuracy of their measurement results directly affects the
quality of microwave components. The vector network analyzer (VINA) is the most widely
used equipment for measuring S-parameters. The measurement uncertainty of the VNA
considerably influences the uncertainty of S-parameters and should be evaluated as a Type
B uncertainty.

Measurement uncertainty is a scientific evaluation indicator for measurement results.
Common methods for assessing uncertainty generally involve the law of propagation of
uncertainty based on measurement uncertainty representation guidelines and the Monte
Carlo method based on mathematical modeling [1,2]. However, for assessing the complex
uncertainty of S-parameters involving multiple frequency points and variables, the covari-
ance matrix method is preferred. The covariance matrix is considered an extension of linear
propagation, which can effectively address the uncertainty evaluation and propagation of
such complex objects [3-6].
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Numerous studies have focused on the measurement uncertainty of VNA. However,
most methods are limited to assessing Type A uncertainty of the measurement results of
S-parameters and do not fully consider the influence of the instrument on measurement un-
certainty. Type B uncertainty is not considered because of the difficulty in evaluation. Type
B uncertainty has complex influencing factors and numerous unmeasurable intermediate
quantities in the equipment that are typically ignored. Type A uncertainty is typically the
uncertainty introduced by the randomness of measurements, which is generally assessed
through multiple repeated measurements. Type B uncertainty, on the other hand, is the
inherent uncertainty of the measurement system itself, requiring an in-depth analysis of the
sources of uncertainty and the assessment methods [2]. Since the proposal of the 8-term and
12-term calibration error models in the 1970s [7], many scholars have conducted extensive
research on sources of error in VNA measurements, the impact of various calibration error
models on measurement results, and the relationship between calibration standards and
error model coefficients, focusing on VNAs with bandwidths lower than 30 GHz and tens
of sampling points [8—12]. Because the transmission bandwidth frequency reaches the
terahertz level, higher requirements have been proposed for the bandwidth and number
of sampling points in VNA uncertainty assessment, which is crucial for the subsequent
propagation of S-parameter uncertainty [13,14].

This paper proposes a method to evaluate the uncertainty of VNA-measured S-
parameters based on the covariance matrix. Using the 8-term and 12-term error models
of dual-port calibration, the uncertainty is progressively propagated to the measured S-
parameters. Additionally, our algorithm is suitable for more complex scenarios with higher
bandwidths and more frequency points. To consider the multi-frequency measurement of
VNA and the correlation between variables and facilitate the propagation of S-parameter
uncertainty, the measurement uncertainty of VNA was evaluated using the covariance
matrix. Experimental design schemes and formula derivations have been provided, and
the same VNA is calibrated using 8- and 12-term error models. Experimental verification
of Type B uncertainty assessment was performed by measuring the S-parameters of the
ground coplanar waveguide. Finally, Type A uncertainty was assessed multiple times based
on calibration with the 12-term error model, and the combined uncertainty was calculated.

2. Covariance Matrix Uncertainty Assessment

For complex measurement results, the covariance matrix is widely used in the un-
certainty assessment method. When assessing the Type A uncertainty of multivariate
measurements, the covariance of the off-diagonal elements can effectively retain the corre-
lations between variables. However, when assessing Type B uncertainty, because of the
complexity of uncertainty sources in the measurement system, tracing back to the final
source requires multiple passes. Covariance matrix operations have numerous advantages;
for example, the correlation between variables in the previous step affects the uncertainty
of the covariance matrix in the next step, rendering such assessments scientifically reli-
able [15,16]. Although the law of propagation of uncertainty can be used to separately
calculate the effect of correlations, in complex multi-input, multi-output propagation mod-
els, using the covariance matrix is highly convenient [17].

The covariance matrix is a semi-positive definite matrix. For a covariance matrix
constructed for random variables, shown in Equation (1), the elements on the diagonal
represent the variance of each random variable, and the off-diagonal elements represent
the covariance of the corresponding random variables. Thus, the influence of correlations
can be reflected by performing uncertainty propagation calculations as follows:
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Each element in Equation (1) can be determined by Equation (2); the covariance
between the m-th and k-th random variables can be expressed as:

0,4 =~ T (i — ) (5t — ) @

Here, i represents the i-th measurement value of a random variable.

Suppose a random variable X of dimension m x 1 with a mean X, and a functional
relationship exists such that Y = f(X) between vector Y(n x 1) and X, where f is a continu-
ously differentiable function near Xy. Next, f (X) can be linearly approximated around Xy
as given in Equation (3):

Y = £(X) ~ £(Xo) +]J-(X=Xo) + L, ©)

where L represents the higher-order remainder term of the Taylor expansion. When
analyzing specific problems, in most cases, the first-order expansion is sufficient, but
sometimes checking whether the higher-order remainder term can be ignored (without
affecting the overall result). Here, | is the Jacobian matrix, where each element represents
the sensitivity coefficient for uncertainty propagation, calculated as follows:

dF;(X)

dy;
Jij = ax; = 5=

an

(4)

X0 X0

Based on Equations (3) and (4), the covariance matrix relationship between random
variables X and Y can be obtained as follows:

Y =E[(Y = Yo)(Y = Yo)'| # E[J(X = X0) 0X=Xo)) | = FEXT . 69)

The uncertainty covariance matrix of Y can be obtained using Equations (1)-(5). How-
ever, in many cases, the functional relationship between random variables is a complex
implicit relationship that sometimes cannot be described using mathematical expressions.
In such cases, numerical methods such as finite difference methods can be used to approxi-
mate the Jacobian matrix.

The combined uncertainty of measurement results includes Type A uncertainty and
Type B uncertainty, as presented in Equation (6). For each measurement, a covariance
matrix ) Sy, is constructed to describe the Type B uncertainty of that measurement. After
K measurements, a covariance matrix ) r is constructed to describe the overall Type A
uncertainty of K measurements.

With the increase in the number of measurements K, Type A uncertainty decreases,
whereas Type B uncertainty remains unchanged, becoming the dominant component in the
combined uncertainty as follows:

YU = gD (D80 + g Lr (6)

3. VNA Measurement Uncertainty Analysis

Calibration is necessary when measuring S-parameters with a VNA because of the
presence of an error network between its measurement plane and the device under the test’s
measurement plane. Calibration involves obtaining error model coefficients, which can be
used to correct the directly measured results of the VNA and obtain accurate measurement
results. Therefore, when analyzing the uncertainty of S-parameter measurements, the
influence of the error model coefficients obtained through calibration on the final results
should be considered, and the uncertainty of the error model coefficients can be traced back
to the uncertainty of the calibration standards.

The process of measuring S-parameters with a VNA is a complex computational
process, where uncertainty is progressively propagated according to the computational pro-
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cess, from the calibration standards to the error model coefficients and subsequently to the
measured values of S-parameters. Figure 1 illustrates the flow of uncertainty propagation.

Calibration standard nominal Calculated theoretical value of
uncertainty calibration standard

- Y Relationship between theoretical value of
I.Jnce.rtamty of reall a.nd calibration standard, error model, and
imaginary parts of calibration calibration standard function

Relationship between error model value, S-
parameters, and error model function

\ 4
Uncertainty of error model

A 4
Type B wuncertainty of S- Type A uncertainty of S-
parameter measurement parameter measurement

| |
v

Composite uncertainty of S-parameter

Figure 1. Flowchart of uncertainty propagation in VNA measurement of S-parameters.

S-parameters are complex functions of frequency. When assessing the uncertainty of
S-parameter measurements point by point, considering the correlation between frequency
points and parameters as well as the stepwise propagation process, a covariance matrix can
accurately describe this problem [10].

4. VNA Measurement Type B Uncertainty Assessment Process
4.1. Uncertainty Analysis of Calibration Standards

VNA calibration requires three calibration standards: short, open, and load. In two-
port calibration, a thorough standard is also required. The manufacturer provides the
corresponding nominal uncertainties for the calibration standards. Typically, the uncertain-
ties of the short and open standards originate from phase errors, whereas the uncertainty
of the load standard is given by the range of true values specified by the manager.

The corresponding error model coefficients can be obtained by analyzing the rela-
tionship between the measured values and the true values of the calibration standards
before VNA correction. Ideally, the complex reflection coefficients of the three calibration
standards are: I'short = —1, Topen = 1,T10ad = 0. However, in practice, the true values of
manufactured calibration standards deviate from the ideal values. A circuit model can be
established based on their characteristics to calculate the true values.

For short-circuit calibration standards within hundreds of gigahertz, the values exhibit
inductive characteristics. Their approximate circuit model is a frequency-dependent third-
order curve fitting model:

T . jZT[fL(f)—de_j4T[£/)\ . 7)

{L(f) = Lo+ L f+ Ly 4Ly
short — 2rfL(H)+Zy

In Equation (7), Ly — L3 represent the inductance parameter related to frequency,
provided by the calibration device manufacturer. The specific parameters used in this
paper are shown in Tables 1 and 2, the specific parameters are provided by the calibration
manufacturer. A represents the wavelength of the electromagnetic wave, and f represents
the frequency, Z, represents the characteristic impedance value of the calibration standard,
L represents the electrical length between the reference plane and the actual short circuit
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plane. Thus, the reflection coefficient at the reference plane is Ty = e 4™4)/A because of
the existence of a length of transmission line between the real short circuit plane and the
connection point with the VNA. Therefore, the complex reflection coefficient of the short
circuit standard, I'yort can be expressed by Equation (7).

Table 1. Nominal Uncertainty (Return Loss) of Short-Circuit, Open-Circuit, and Matched Load
Components.

Bandwidth Short-Uncertainty Open-Uncertainty Load-Return Loss
DC~10 GHz 1.5° 2.5° 35dB

10 GHz~20 GHz 1.5° 3.5° 34dB

20 GHz~30 GHz 2.0° 3.5° 29 dB

30 GHz~35 GHz 2.5° 3.5° 29 dB

35 GHz~40 GHz 2.5° 3.5° 12dB

40 GHz~50 GHz 3.5° 3.5° 12dB

50 GHz~60 GHz 4.0° 5.0° 12dB

60 GHz~67 GHz 4.0° 5.0° 10dB

Table 2. Short-Circuit and Open-Circuit Component Circuit Parameters.

Parameters Short-Parameters Open-Parameters
L0/CO 1.4957 (10~ 12H) —3.5342 (10~ 1°F)
L1/C1 —323.18 (10~2*H/Hz) 425.24 (10~%F/Hz)
L2/C2 11.624 (10-33H/Hz?) —13.946 (1030F /Hz?)
L3/C3 —0.10939 (10~*2H/Hz%) 0.12741 (10-%5F/Hz>)

Z0 50 (Q) 50 (Q)

Similarly, open-circuit components exhibit capacitive characteristics, with their circuit
model and complex reflection coefficient represented as follows:

_ 1RrdC(DZy —jamL/A - 8)

{C(f) =Co+Cyf+Cpf? +C3f2
ropen = TH2riC(H)Zo

The load component exhibits a resistance characteristic that is used to provide impedance
matching within the measurement frequency band with the system. The performance of
the component deteriorates with the increase in frequency, and the manufacturer provides
the circuit loss of the load calibration component, typically in the range of several tens of
dB, which can be used as the maximum uncertainty.

In dual-port calibration, a through calibration component is required, such as the
most common short-load-open-through calibration, based on four fully known calibration
components. Additionally, an unknown through calibration method can be used, adhering
to the reciprocity condition S12 = S21 of the through calibration component in dual-port
measurements. In this study, the method of unknown through calibration is used, and the
uncertainty introduced by the through calibration component is ignored.

Because the S-parameters are complex, when assessing uncertainty, they should be
divided into real and imaginary parts, rendering storage and computation easy. Typically,
the nominal uncertainty of calibration components originates from phase; therefore, the
nominal uncertainty of calibration components should be transferred to the uncertainty
of their real and imaginary parts first. For nominal uncertainty, the correlation between
various frequency points is not considered, and the covariance matrix of the nominal
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uncertainty of each calibration component is a diagonal matrix. Considering the open-
circuit component as an example, the process of transferring the nominal uncertainty to
the uncertainty of its real and imaginary parts is demonstrated. The relationship between
real and imaginary parts given by Equation (9) and the calculation method of sensitivity
coefficients to amplitude and phase are used to construct the required Jacobian matrix Jr_,
as shown in Equation (10):

Re(I'y) = |To|cos(Pr,)

Im(Fo) = |To|sin(2r,)

dRe(T,

a?:éro) = —Im(T,) - ©)

JdIm(Ty

%ﬁ;) = Re(To)

dRe(Ty
Jr = I;dv(rro) _ [-Im(Ty) (10)
o = | aIm(Ty) | — Re(Ty) |

9y,

Such a Jacobian matrix exists at each frequency point. According to the uncertainty
transfer process of Equation (5), the uncertainty covariance matrix of the real and imagi-
nary parts of the open-circuit component can be obtained through Equation (11). In this
matrix, the elements on the main diagonal are the squares of the uncertainties of the real
and imaginary parts of the open-circuit component, and the off-diagonal elements are
their covariance.

Y To=Ir.Y &rir," (11)

Similarly, the covariance matrix of the short circuit component and the load component
can be obtained. At each frequency point, the covariance matrices of the short-circuit, open-
circuit, and load components are concatenated into a block diagonal matrix to obtain the
overall covariance matrix of the calibration components.

4.2. Uncertainty Analysis of Error Models
4.2.1. Single-Port Measurement

The error model network used for single-port calibration consists of three error mod-
els [12] (Figure 2):

Figure 2. Schematic of the three-error model for single-port measurements.

When conducting single-port measurements, the relationship between the reflection
coefficient I'pyt of the device under test (DUT) and its measured value I'y is given by
Equation (12), where e, e11, and Ae = egpej1—ep1e19 represent the directional error, source
match error, and frequency response error, respectively. Based on calibration-derived error
model coefficients, a VNA can correct the raw measurement values of the device to obtain
measurement results closer to the true values as follows:

I'vi —eqo

T =
but FMeH — Ae

(12)
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The calibration process follows Equation (12). During VNA calibration, the calibration
kit type used is first selected, and the calibration process is similar to measuring the
calibration kit with the VNA. By comparing the measured values of the calibration kit
with their true values, the error model coefficients ey, 11, and Ae are inversely solved to
establish the functional relationship between the three types of calibration kits as follows:

_ Tolmo(TmsTL—Tmels)+TsTms (TMLTo—Tmol'L) + LML (TmoTo—TwmsTo) .
- ToImo(TL—Ts)+TsIms(Fo—TL)+I'LIMmL(Ts—T0) ’
ey — — ImoL—Ts)+Tms(To—T1)+v(I's—To . (13)
11 = ToTmo(TL—Ts)+lsIms(To—TL) I Lim (Ts—To)
Ae — FoI'mo(Tms—Imr) +TsTms (Pve—Ivo) +1LDvir (I'vo —T'vis)
ToI'mo(TL—Ts)+TsTms(To—T1L)+ILTML(T's—To) )

€00

In Equation (13), I'o, I', I's are the true values of the calibration kits obtained through
calculation and I'vio, I'mr, I'vs are the measured values of the calibration kits obtained from
pre-calibration VNA measurements. Based on this functional relationship and Equation (4),
the Jacobian matrix Jg; is constructed by taking the partial derivatives of the true values of
the calibration standards with respect to each error model coefficient:

dre(ego) dre(epo)
ore(Ts) oim(I')
oim(eqp) oim(eqp)
]E3 = are(FS) ...... alm(rL) (].4:)
gim(Ae) gim(Ae)
8re(F5) a1m(1"L) 6X6
Y E3 =Jgs * diag() Ts,To,I'L) *Jgs' (15)
Y re(e00) cov(im(Ae),re(e00))
Y E3 = cov(re(e00),im(e00)) cov(im(Ae),im(e00)) (16)
cov(re(e00),im(Ae)) Y. (im(Ae)) 6x6

Uncertainties can be propagated to the three-error models using Equations (14) and (15).
Similarly, based on Equation (12), the Jacobian matrix Jg;; of the measurement of the S11
parameter with respect to the three-error model coefficients can be constructed as follows:

dre(S11) a.re(Sll)
Jsu1 = gir;((es?f%) ------ girmnééfl)) ; (17)
dre(egp) oim(Ae) | 5y q
Y S11 =Jg11 % Y _E3x]Jg1y’ (18)

- ¥ re(S11) v(im(S11), re(S11))
LS = | oy (ro11) im(S11) 3 im(S11)

Through Equations (17) and (18), the covariance matrix ) S11 of S11 can be obtained,
as presented in Equation (19). This matrix determines the uncertainty of S11, which can
then be propagated to other RF parameters.

(19)

4.2.2. Two-Port Measurement

Although single-port measurements have a simple model, they are seldom used in
practice because they can only measure 511 parameters. Most measurements are double-
port measurements, but they are based on the foundation of the single-port three-term
error model. In the commonly used calibration methods, the 8- or 12-term error models [7],
as shown in Figures 3 and 4, are used:
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Device

under
test

Figure 3. Schematic of the eight-error model for two-port measurements.

A

r
€03

Figure 4. Schematic of a 12-term error model for dual-port measurement.

The dual-port 8-term error model can be simplified to seven terms by setting ez, to
1; that is, first performing single-port calibration on each of the two single ports to obtain
two 3-term error models, and subsequently performing thorough calibration to obtain
the seventh term error model ey /e3,, as presented in Equation (20). Among the four
S-parameters, S11 and S22 are obtained by single-port measurements at ports A and B,
respectively, relying only on two independent 3-term error models, namely S12 and S21,
depending on the full 7-term error model.

eﬂ _ \/SlZM(e00e11 — Ae) (20)

€32 SZlM (633622 — Ae') '

According to Equation (20), the coefficient of the seventh error model term is related
to the coefficients of the previous six-error model terms, as well as to the forward and
reverse transmission coefficients of the through a standard. When calibrating the unknown
through standard, Equation (20) can be simplified using S12 = 521.

When constructing the Jacobian matrix for the 8-error model, because of the involve-
ment of the collaborative transfer of ey; /e3, and the two 3-error models, a Jacobian matrix
should be first constructed to transfer the uncertainties from the coefficients of the first
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6-error models (correlation between the three-error models for each port can be ignored) to
ep1/ ez, and subsequently, synthesize the covariance matrix ) E7;4,14, containing seven-
error model coefficients. The Jacobian matrix used for collaborative transfer cannot be
expressed in a single mathematical expression. Referring to Equation (14), using two Jaco-
bian matrices is critical to separately calculate the covariance matrix and then concatenate
them by blocks.

Because four S-parameters exist in dual-port measurements, storing them in the same
covariance matrix facilitates the observation of their correlations. Similar to the method in
Section 4.2.1, the Jacobian matrix Equation (21) should be constructed to obtain the covari-
ance matrix ) Sg, g of S-parameters measurements for dual-port through Equation (22). In
this matrix, the primary diagonal stores the uncertainties squared of the real and imaginary
parts of S11, 512, 521, and S22, respectively, whereas the off-diagonal elements preserve the
correlations between S-parameters.

dre(S11) _ore(S11)
ore(egp) oim(eqy/e3)
dim(S11) _om(S11)
Joy= | Orelecn) ...... dim(eq; /e3;) (21)
dim(22) _oim(S22)
ore(ego) dim(ep1/e3) 4 8x14
Y S =Jsrx Y E7+]s; (22)
In Equation (21), because the parameters S11 and S22 are independent of the seventh

error term model ey /e3;, the elements such as % have a value of 0. However, the
parameters S12 and S21 are related to eg; /esp.

As displayed in Figure 4, the 12-term error model is the most commonly used short-
load-open-through dual-port calibration method, which involves forward and reverse
measurements. For instance, the forward measurement includes directional error egy,
source match error e, reflection trace error ejg-ep;, transmission trace error eqg-e3», load
match error ey, and crosstalk error ezp. The calibration process similarly starts with single-
port calibration for each measurement port separately, obtaining directional error, source
match error, and transmission trace error, totaling six terms. Next, a thorough calibration is
performed to obtain the remaining error model. Typically, crosstalk error e{; and e3y can be
omitted, and the complete 12-term error model is seldom used, simplifying it to 10 terms.

Based on the signal flow graph, the relationship between the measured S-parameter
results according to Equation (23) and the error model coefficients can be obtained as

follows [11,18]:
— Sll—ezzAS
SllM - eOO + elOeOl 1761151176§218222+611822AS

N / /
S12y = eg; + ey T=e] ST S22 Te], 5
_ 21
S21M = €30 + €103 T4 1511522 o110
A

22—e
o BN 11
S22 = €33 + €30€03 T STT— e, 522 1] eyAS

(23)

In Equation (23), S11p—5S22) represent the measured values of the device before
calibration with the VNA, whereas 511-522 represent the true values of the device’s S-
parameters. Here, AS = S511-522 — 512-521 is similar to the process of the 8-term error
model. For obtaining the covariance matrix of the 12-term error model, first, the covariance
matrix of some error model coefficients should be obtained. These coefficients should be
transmitted to other error model coefficients. This can construct the covariance matrix
Y E10599 of the error model coefficients.

By simultaneously solving Equation (23), a system of equations can be solved to
obtain the relationship between four S-parameters and their pre-calibration measured
values and error model coefficients, as presented in Equation (24). When transmitting the
covariance matrix of the error model }_E10 to the covariance matrix of the S-parameters,
the Jacobian matrix Jg19goq is constructed according to the following Equation and subse-
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quently transmitted to the covariance matrix of the S-parameters. The process is similar to
Equations (21) and (22) and is not elaborated here.

— ( Sllm—eqo ; S2m—e\ | S21y—ezp S12m—eps
S11 = (g (14 e, T ) — ep T T ) /K

S12 — <512M—e63 (1 + (en — e’u)SHM’eOO))/K

€012 €10€01

S21y— / S22 —é} (24)
S21 = (#3:30 (1 + (€5 — ezz) #))/K

_ (S22m—eyy Sliyv—eqo / S21v—esp S12m—efy
822 = (Mo (L en B el Tiam S ) /K

— S1iy—eno r S22v—ey s S2lv—es S12u—ep
Here, K = (1 + e g 0e; 1+ey & €211 een el
5. Assessment of Uncertainty of S-Parameters of Grounded Coplanar Waveguide
5.1. Construction of the Measurement System

In this study, a measurement system was developed for measuring the S-parameters
of a grounded coplanar waveguide (GCPW) by using a VNA. The Agilent E8361 VNA was
used with its accompanying calibration kit, 85058B, the equipment is all manufactured by
Keysight(USA, California). The calibration kit includes SHORT1, OPEN, LB LOAD, and
THROUGH (FEMALE). The measurement bandwidth of the VNA was from DC to 67 GHz,
and the calibration kit was universal for the frequency band. Other cables and adapters
used are disregarded when evaluating uncertainty. Figures 5 and 6 display the physical
setup for the measurement.

Figure 6. Calibration kit 80858B was used in this study.
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Tables 1 and 2 display their nominal uncertainties and related circuit parameters [19,20].

The proposed algorithm sets the input uncertainties for open and short calibration
standards based on Table 1, using the return loss of the load standard as the maximum
uncertainty in Table 1. The uncertainties and various parameters in the table are provided by
the calibration manufacturer. The nominal uncertainty represents the maximum uncertainty
of the calibration within this frequency range. In specific experiments, to ensure that the
uncertainty deviation of the calibration standards remains within the nominal uncertainty
range, the calibration standards should be periodically inspected to ensure reliability. Under
favorable conditions, conducting uncertainty assessments on the three calibration standards
prior to measurement could yield accurate results.

The measured GCPW developed independently in the laboratory [21] with a supported-
layer, three-row via array had an effective bandwidth of approximately 60 GHz. Although
its performance slightly diminishes in the high-frequency range, it does not affect the
uncertainty assessment method. Figure 7 depicts the physical representation, and Figure 8
displays the S-parameter measurement results.

Figure 7. Grounded coplanar waveguide (GCPW) with three-row via array and supported layer.

S-parameter measurement results diagram

s11
S12
0 s21
S22

-10

Amplitude/dB

-20

0 10 20 30 10 50 60 70
Frequency/GHz

Figure 8. S-parameter measurement results of the GCPW.

In practice, the measurements of three calibration standards are initially conducted
without calibration, obtaining the measurement values of the calibration standards. Sub-
sequently, GCPW measurements are performed to yield measurement values for the first
four S-parameters before calibration. Next, calibration is performed on the VNA, selecting
appropriate calibration standards and error models. On completion of calibration, error
model data are extracted from the VNA. Finally, the calibrated VNA was used to measure
the GCPW to achieve actual measurement values for the four S-parameters. The experiment
sets the initial frequency at 10 MHz, with uniform sampling up to a cutoff frequency of
67 GHz, comprising 1000 frequency points.

In this study, the same calibration standards and VNA are used to measure the GCPW
(Figure 7). VNA is calibrated using both 8- and 12-term error models, and a comparison of
the uncertainty assessment results is conducted and analyzed.
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The method of evaluating uncertainty using the covariance matrix involves multiple
iterations, and its complex calculations are time-consuming. The computation can be
simplified using the Cauchy-Riemann equations [22] during the complex differentiation
stage. For example, the sensitivity coefficient of parameter S11 to the error model coefficient

eqo is as follows:
dre(S11) _ 0im(S11)

or ~ dim
Bre(es(ﬁ)())) _ E)ir;e(osol)l) (25)
doim(e00) —  dre(e00)

The operations required for constructing the Jacobian matrix can be halved, as pre-
sented in Equation (25).

5.2. Uncertainty Assessment Results Analysis

Figures 9 and 10 display the Type B uncertainty of measuring S12 and S21 parameters
during the calibration of 12- and 8-term error models. Because of computational complexity,
in evaluating Type B uncertainty, the data collected by VNA are resampled at evenly spaced
intervals, totaling 200 frequency points. In engineering applications, it is generally accepted
that measurement results are considered reliable if the uncertainty is below 10%. The
figures reveal that, with the exception of 3-5 outliers among the 200 frequency points,
the measurement results at most frequency points were reliable, even if they were lower
than 10%. Some outliers had significantly large uncertainty, possibly because of very
small measured values at those frequency points. Most outliers occurred in frequency
ranges beyond 50 GHz, which was related to the bandwidths of both VNA and GCPW
nearing measurement limits, resulting in performance degradation. Additionally, the
uncertainty of calibration standards increases with frequency, which may have influenced
measurement results. Furthermore, in S12 and S21, outliers typically occurred at the same
frequency points.

Figure 9. Uncertainty of real and imaginary parts of S12 and S21 in the 12-term error model calibration.
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Figure 10. Uncertainty of real and imaginary parts of 512 and S21 in the 8-term error model calibration.

Figures 11 and 12 display the uncertainty of measuring S11 and S22 during the
calibration of 12- and 8-term error models, respectively. The uncertainty of reflection
coefficients was greater than transmission coefficients, with slightly more outliers because
the linear measurement values of reflection coefficients were smaller, rendering them more
sensitive to error models and calibration standards. Most outliers were distributed in higher
frequency ranges, but some outliers occurred near 40 GHz. Similar outliers were observed
in the assessment of Type A uncertainty (as displayed in Figure 13) in the same frequency
range, indicating possible performance problems with the GCPW at that point. Comparing
the measurement results of the two error model calibrations revealed that the results of the
12-term error model calibration were slightly better than those of the 8-error model. This
phenomenon could be attributed to the 12-term error model, which has both forward and
reverse error networks, partially compensating for measurement errors at the port of the
8-term error model. However, generally, the two models do not differ considerably.

Real part uncertainty of S11 Imaginary part uncertainty of S11

Figure 11. Uncertainty plots of real and imaginary parts of S11 and 522 using a 12-term error model.

100%

100%

‘E Relative uncertainty ‘E Relative uncertainty
E 80% 10% E 80% 10%
(] (7]
£ 60% 2 60%
= =
1] @
T 40% T 40%
5 5
g 20% g 20%
- o L Ml 4k | Y | - o e ae b lalls lmh A J
0% 0%
0 20 40 60 o] 20 40 60
Frequency/GHz Frequency/GHz
1009% Real part uncertainty of S22 100% Imaginary part uncertainty of S22
o T o
*E' Relative uncertainty *E' Relative uncertainty
E 80% 10% E 80% 10%
@ @
g 60% 2 60%
= =
@ @
D 40% & 40%
5 5
g 20% . t f g 20%
I
e 0% - N Jl,\ L I e 0% nhoason uh "L il J' A
0 20 40 60 20 40 60
Frequency/GHz Frequency/GHz



Sensors 2024, 24, 3668

14 of 18

100%

Real part uncertainty of S11

100%

Imaginary part uncertainty of S11
T

:‘E 80% Relative uncertainty “E 80% Relative uncertainty
g o 10% g o 10%
g 60% g 60%
= =
@D @D
2 40% & 40%
|5 |5
g 20% g 20%
g g ]
0% 0% . A.-nhh hoan bl
0 20 40 60 0 20 40 60
Frequency/GHz Frequency/GHz
T Real part uncertainty of S22 T Imaginary part uncertainty of S22
(] (]
:‘E . Relative uncertainty “E . Relative uncertainty
T 80% 10% T 80% 10%
T T
g 60% g 60%
= =
@D @D
g 40% g 40%
|5 |5
g 20% g 20%
e L & fdz
0% wadl A A A 0% i J.. A b WA
0 20 40 60 0 20 40 60
Frequency/GHz Frequency/GHz

Figure 12. Uncertainty plots of real and imaginary parts of S11 and S22 using an 8-term error model.

The real part of the uncertainty covariance matrix of S12

The real part of the uncertainty covariance matrix of S12

covariance matrix values
e
covariance matrix values

40 40

20
Frequency/GHz

Frequency/GHz 0 0

(b)

Frequency/GHz 0 0 Frequency/GHz

Figure 13. (a) Covariance matrix of Type A uncertainties for the real parts of S11; (b) Covariance
matrix of Type A uncertainties for the real parts of S12.

When measuring with a VNA calibrated by either an 8- or a 12-term error model, the
measurement performance is generally reliable across most usable VNA frequency bands.
However, performance degraded near the upper bandwidth limit frequencies of the instru-
ment and the DUT. Because of the different principles of calibration between the 8- and 12-term
error models, performance differs considerably when using the same VNA and calibration
standards to measure the same GCPW, which leads to slightly different uncertainty.

In subsequent studies on the uncertainty assessment of practical situations, the ac-
curacy of the measurement results and the computational complexity of uncertainty as-
sessment should be considered. Compared with the assessment of uncertainty using an
8-term error model, the calculation is considerably more complex and time-consuming for
a 12-term error model.

Compared with Type B uncertainty, assessing Type A uncertainty is simple. In this
study, after calibrating the VNA with a 12-term error model, 10 measurements were
conducted on GCPW, considering the data of each measurement a 1000-dimensional
random variable. Based on Equation (2), the covariance matrix of the random uncertainty
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can be constructed. Considering the real parts of S11 and S12 as examples, as displayed in
Figure 13, with the exception of the high-frequency range, several points near the 40 GHz
frequency exhibit variances reaching the magnitude of 10~3, which considerably exceeds
the normal range, indicating anomalous data. However, the measurement results at most
frequency points satisfy the requirements. The solution of the covariance matrix for Type
A uncertainty is simple, and only a few assessment results for Type A uncertainty are
provided here.

After evaluating the uncertainty of Type A and Type B for the four parameters sepa-
rately, the combined uncertainty can be obtained according to Equation (6), as presented in
Figures 14 and 15. The distribution of outliers for parameter S11 was scattered, resulting
in a larger relative uncertainty. The maximum outlier for the real part of parameter S12
in combined uncertainty occurred at 40 GHz. Compared with Figures 9 and 13, at this
frequency point, both Type A and Type B uncertainty were considerably larger than normal
values. Compared with Figure 9, the combined uncertainty included the average calcula-
tion of Type B uncertainty from multiple measurements. The uncertainty around 40 GHz
near the outlier reduced considerably, which could indicate an anomaly at this frequency
point in the measurement depicted in Figure 9, causing both Type A and Type B uncertainty
to be abnormal. This phenomenon could be gradually eliminated by increasing the number
of measurements to mitigate the effect of random errors in individual measurements.
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Figure 14. Combined uncertainty of the real and imaginary parts of S11.

This study simplified intermediate-step calculations by dividing S-parameters into
real and imaginary parts for uncertainty assessment. Alternatively, uncertainty can be
propagated back to the amplitude and phase of S-parameters according to Equation (9), as
depicted in Figure 16, to represent the combined uncertainty of the amplitude and phase
of the S11 parameter. Apart from a few isolated outliers, the curve matches the original
measurement values accurately. At approximately 40 GHz, where outlier frequencies occur,
the relative uncertainty of the phase exceeds 20%. Compared with the uncertainty results of
the real and imaginary parts, the relative uncertainties of amplitude and phase are smaller,
generally between 15% and 25%, because in S-parameters, the real part is smaller than the
imaginary part (or vice versa). Even if its relative uncertainty is large, then the influence of
the real part on the overall amplitude and phase of the S-parameter is small.
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Figure 16. (a) Uncertainty superposition of the S11 phase; (b) uncertainty superposition of the

S11 amplitude.

6. Conclusions

When assessing the uncertainty of S-parameter measurements with a VNA, both
Type B and Type A uncertainty should be considered simultaneously. Evaluating Type B
uncertainty is more challenging than evaluating Type A uncertainty. Thus, in this study, we
first analyzed the sources and propagation process of S-parameter uncertainty during VNA
measurements. Uncertainty is stepwise propagated to the S-parameter measurement results
through the Jacobian matrix. Uncertainty in the S-parameter measurements of GCPW is
evaluated for 8- and 12-error models. Most Type B uncertainty is concentrated in the
high-frequency range, possibly because of performance deficiencies in the self-developed
GCPW. However, evaluation results for other frequency ranges are satisfactory. Several
anomalies in Type A uncertainty for the 12-error model appeared near 40 GHz, whereas
measurement results at other frequency points are normal. Type B uncertainty dominated
the combined uncertainty, and averaging multiple measurements reduced the effect of
individual measurement anomalies. Experimental results demonstrated the applicability
of the proposed method for assessing the uncertainty of S-parameters.
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