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Abstract: The estimation of the parameters of a sinusoidal signal is of paramount importance in
various applications in the fields of sensors, signal processing, parameter estimation, and device
characterization, among others. The presence, in the measurement system, of non-ideal phenomena
such as additive noise in the signals, phase noise in the stimulus generation, jitter in the sampling
system, frequency error in the experimental setup, among others, leads to increased uncertainty and
bias in the estimated quantities obtained by least squares methods and those derived from them.
Therefore, from a metrological point of view, it is important to be able to theoretically predict and
quantify those uncertainties in order to properly design the measurement system and its parameters,
such as the number of samples to acquire or the stimulus signal amplitude to use to minimize
the uncertainty in the estimated values. Previous works have shown that the presence of these
non-ideal phenomena leads to increased uncertainty and bias in the estimation of the sinewave
amplitude. The present work complements this knowledge by focusing specifically on the effect of
phase noise and sampling jitter in the bias of the initial phase estimation of a sinusoidal signal of
known frequency (three-parameter sine fitting procedure). A theoretical derivation of the bias of
initial phase estimation that takes into consideration the presence of phase noise in the sinewave is
presented. Since a Taylor series approximation was used where only the first term was retained, it was
necessary to validate the analytical derivations with numerical simulations using a Monte Carlo type
of procedure. This process was applied to different conditions regarding the phase noise standard
deviation, initial phase value, and number of samples. It is concluded that, in most scenarios, initial
phase estimation using sine fitting is unbiased in the presence of phase noise or jitter. It is shown,
however, that in cases of extremely high phase noise standard deviation and a very low number of
samples, a bias occurs.

Keywords: least squares; sine fitting; initial phase estimation; phase noise; sampling jitter

1. Introduction

In almost all areas of engineering, it is valuable to estimate the parameters of various
systems or signals [1]. It is often the case that these signals are sinusoidal in time or can
be decomposed into a sum of sinewaves. The parameters of a sinewave that may need
to be estimated include the amplitude, the offset, the frequency, and the initial phase.
The present work focuses on the latter. Estimating the initial phase of an electrical signal
is important for measuring various indirect physical quantities, such as displacement [2],
strain, acceleration, and power quality [3], among others, as well as in the context of
various applications such as sonar, radar [4], and vibration analysis [5]. In addition,
phase measurements are essential for characterizing the frequency response of electrical
or electronic circuits and instruments. There are also applications in estimating the phase
difference between two sinewaves [6] such as electric power calibration or measuring an
unknown electrical impedance [7], and estimating the phase difference between voltage and
current sinewaves. There are many systems that perform this estimation using specialized

Sensors 2024, 24, 3730. https://doi.org/10.3390/s24123730

https:/ /www.mdpi.com/journal /sensors


https://doi.org/10.3390/s24123730
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/sensors
https://www.mdpi.com
https://orcid.org/0000-0003-0854-489X
https://orcid.org/0000-0002-4666-1889
https://orcid.org/0000-0002-2935-043X
https://doi.org/10.3390/s24123730
https://www.mdpi.com/journal/sensors
https://www.mdpi.com/article/10.3390/s24123730?type=check_update&version=2

Sensors 2024, 24, 3730

20f 18

hardware circuits [8]. However, there are an increasing number of systems that sample and
digitize a signal from the real world and then store and process it digitally on a computer.
It is in the latter case that the current work finds its value.

This estimation, carried out on real signals, usually obtained from some kind of
sensor, is always affected by the non-ideal phenomena present, which one tries to minimize
but cannot completely eliminate. The most recognized one is the presence of additive
noise [9], which is often of a thermal origin but can also appear due to other sources,
such as interference between systems. As such, this type of noise has a broad frequency
spectrum that is, in principle, white, but it often becomes colored due to unintentional
or intentional filtering. Since all signals in an electronic system have to be generated
somewhere, and this process is also not perfect, phase noise is always present where the
phase of the generated sinewave changes randomly due to various reasons, often also
related to the presence of thermal noise. It has been shown in the past that the presence of
additive noise leads to a bias in the amplitude estimation of a sinewave [10]. This is also the
case when jitter is present at the sampling instant [11]. Phase noise in oscillators is also a
common non-ideal phenomenon encountered in practice [12]. It is therefore pertinent to ask
whether or not these non-ideal phenomena lead to an estimation bias in the case of initial
phase estimation. Even a negative result is valuable in the larger context of advancing
current scientific knowledge. There is also another effect that contributes to the uncertainty
of sinewave parameter estimation, which is the quantization error introduced when the
signal of interest is sampled and converted from analogue to digital, which does influence
the sine fitting procedure [13].

Elsewhere, the problem of estimating the precision of the sinewave initial phase
estimation in the presence of this type of phase noise and jitter [14], as well as other non-
ideal phenomena such as additive noise [15], colored noise [16], and frequency error [17],
has been addressed. In [15], it was shown that in the case of extremely short record length,
there is a bias in the initial phase estimation when additive noise is present.

Here, we focus on the bias of the estimation in the presence of phase noise or sampling
jitter. We will conclude that it is, in most situations, null. We will also show that in some
very particular cases, it is not. These results were validated using a Monte Carlo type of
procedure where the estimation was carried out many times (one million, in this case),
with different values of noise, and a confidence value interval was obtained that includes
the value 0. It should be noted that this study was conducted assuming that the signal
frequency is known. In the future, it will be undoubtedly helpful to also consider a case
where the frequency is unknown and must be estimated using different algorithms like,
for example, a four-parameter least squares sine fitting algorithm.

2. Least Squares Approximation

Before delving into the problem of estimating the initial phase of a sinewave using a
least squares procedure, it is important to be clear about what this procedure involves and
which mathematical assumptions are made [18,19].

Given a set of data points (t;,v;) fori =1, 2, ..., M, where t; is the independent
variable value and v; is the observed dependent variable, we want to find a function g(¢; )
that depends on a vector of parameters a = (ay,ay, ..., a,) such that the sum of squared
residuals is minimized. The residual for each data point is given by the difference between
observed value y; and the predicted value g(t;; a).

The goal is to minimize the sum of squared residuals given by

M

S(a) = Y [v; — g(t;a)]?, ©)

i=1
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hence the name “least squares”. This is thus an optimization problem where the function
to be optimized is S(a), the decision variables are a = (ay,ay, ..., a,), and we look to
minimize the value of S(a). In the context of this work, the function g is

g(t; A, @, C) =C+ A-cos(2rf -t + ¢), )

where the parameter f, the frequency, is assumed to be known. The three parameters of the
model that must be determined are the amplitude (A), initial phase (¢), and offset (C).
It is convenient to rewrite the model as

g(t A1, Ag, C) =C+ Ap-cos(2rf - t) + Ag - sin(27tf - 1), 3)

where, instead of the amplitude and initial phase, we use two different parameters called
the in-phase amplitude (Aj) and the in-quadrature amplitude (Ag), which are related to
the amplitude and initial phase by

Ap=A-cos(g) 4)

and
Ag = A-sin(g). 5)

The least squares estimation of the three sinewave parameters are obtained, in matrix
form, by

~ 7
o T\ 'pT | 22
Ag| =(p"D) D ©6)
g

oM
where
cos(27tf -t1) sin(2mf-ty) 1

cos(27f - tp) sin(2mf-tp) 1

D= )

cos(Z;r'j;-tM) sin(Z;r'j;-tM) 1

To recover the estimation of the original sinewave parameters, besides the offset C, we

simply use
A= \/A12+AQ2 (8)

A
¢ = arctan( AQ> . 9)
I

Note that if A} turns out to be negative, the constant 77 is conventionally added to the
initial phase estimation. We thus obtain estimates for the sinewave amplitude, initial phase,
and offset from the M data samples.

The least squares method assumes that the variance of the errors (residuals) is constant
across all values of the independent variable (homoscedasticity). If the variance of the
errors varies (heteroscedasticity), the method may produce biased estimates. In the present
situation, where the independent variable is time, we assume that the variance of the phase
noise does not change with time.

Another assumption is that the value of the phase noise at one instant in time is not
correlated with the value of the phase noise at a different instant in time, and hence the
different residuals are independent of each other.

A third assumption is that the data points cover at least one full period of the sinewave.
If this is violated, the initial phase estimation may indeed be biased, as shown in [15].

and
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3. Estimating the Initial Phase of a Sinewave

Consider a sinewave with amplitude 4, initial phase ¢, offset C, and frequency f:
x(t) =C+ A-cos(2mf -t + ¢). (10)

Furthermore, consider that this signal is sampled at a frequency of f;, leading to a set
of M samples numbered from i = 1 to i = M. The sampled signal values are thus given by

xi=C+A-cos2nf-ti+¢), i=1,...,.M (11)

where .
b=l i1 M (12)
fs

In this work, we specifically consider the phenomena of phase noise in the signal gen-
erator and the occurrence of sampling jitter in the acquired samples. These two phenomena
are considered together since, mathematically, they can be treated simultaneously. The
other non-ideal phenomena mentioned have already been considered elsewhere [14].

The sample jitter is represented here with the random variable J;, such that the sample
instants become

i’; =t + ;. (13)

The phase noise, in turn, is represented by the random variable 7, such that the value
of the samples in the presence of these two types of noise is represented by

zj=CH+A-cos]2rtf - (t; +6;) +o+mni], i=1,..., M. (14)

We can then compare this with Equation (10), the ideal sample values. The values of
the estimated parameters are obtained using the in-phase amplitude estimative, given by
(5), which can be written as (in this case, using z; instead of v; as the dependent variable)

. 2 M (- £)
A= —) z;-cos(w-t;), (15)
M=

and the in-quadrature amplitude estimative

Loo2M
Ag = Vi ;zi -sin(w - ), (16)

where w = 27t f. From these, one can obtain the estimated sinewave amplitude given by (7)
and (8).

As can easily be seen, any non-ideal phenomena that affects the sample value z; will
also affect the amplitude and initial phase estimates, A and ¢.

There are two random variables in (13), namely ; and #;: jitter in the sampling instant
and phase noise in the stimulus signal at the instant of sampling. In most scenarios the
phenomena leading to the randomness of these two variables are unrelated. It is therefore
justifiable to consider them as independent variables and to describe them mathematically
with a single variable, represented here by

bi=w-0i+n,i=1,..., M (17)

Note that in this work we consider the frequency of the sinusoidal signal, f, to be
known. Our model (13) thus becomes

zi=C+A-cos(w-t;+¢+6;),i=1,..., M. (18)
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These are the values of the dependent variable to which we want to fit, via least
squares, a sinewave model with three unknown parameters.

4. Expected Value of the Initial Phase Estimation

Since the estimated initial phase, ¢, is a function of the estimated in-phase and in-
quadrature amplitudes, we can express the expected value of the initial phase estimation
using an approximate expression made of the first term in a Taylor series approximation
using Equation (7.20) in [20]:

KA 1( 92 0%¢ 02¢
jig ~ arctan 2o ) 4o C’A +2—L_Cov{A; A u s0% |, (19
‘uAI 2 [ aAIaA aAQ Q
where the partial derivatives should be computed for A; = u 4, and Ab = Hay the

expected values of the estimated in-phase and in-quadrature amplitudes, respectively.
Next, we must compute the partial derivatives, the variances, and the covariance. In the
end, we can bring all these parts together to obtain an expression for the average of the
estimated initial phase.

4.1. Mean Values of the In-Phase and In-Quadrature Amplitudes

Computing the means of the two estimated amplitudes A; and Ab is straightforward.
From (15), we can deduce

A, = MZ?LE{Z,} -sin(w - ;). (20)
The expected value of the sample values can be obtained from (17). One thus obtains
E{z;} = A-E{cos(w-t;+ ¢ +6;)}. (21)

Assuming that the phase noise is normally distributed, with a mean equal to null, we
can write

2
E{cos(a+¢)} = /_O:o cos(a+ Q) \/%Ug eiz%ﬁd:j = cos(a)e_%‘%, (22)
wherea = w - t; + ¢ and ¢ = ;. This leads to
E{zi} = A-cos(w-t;+ ¢ )e_%”g. (23)
Inserting this into (19) leads to
2 1A E{cos(w ti+¢)e 50 92} sin(w - t;). (24)
Making use of
cos(a)sin(b) = % sin(a +b) + % sin(a — b) (25)
leads to A . A
Phg = Mefi%zgl sin(2w - t; + @) + e 2‘792 2, sin(g). (26)

Since the first summation covers an integer number of periods, it results in a null
value. The second summation results in M - sin(¢). Hence, we obtain

Hi, = A-sin(g)-e ~h9i, (27)
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Repeating the same computations for the in-phase amplitude leads to
g, =A-cos(g) e 2%. (28)

We now move on to the computation of the second raw moments using a similar
procedure.

4.2. Second Raw Moment of the In-Phase and In-Quadrature Amplitudes

Here, we determine the second raw moment of the in-phase amplitude, which will
later enable us to compute the variance of those amplitudes. We obtain, from (14),

2
E {AIZ} = E{ [1\242%121' cos(w - ti)} } (29)

By computing the square of square bracket, we obtain

E {Alz} = %E{Zi/jzizjcos(w “t;)cos(w - t}) } (30)

The expected value can be moved inside the double summation, leading to
E {AIZ} = %ZME{ZZZ]-} cos(w - t;) cos(w - 7). (31)
To compute E {zizj}, we start with the expression of z; as given in (17) and obtain
E{zizj} = E{[Acos(w - ti + ¢+ 6;)] - [Acos(w - t; + ¢ +6;)] }. (32)
Multiplying the terms in the two square brackets leads to
E{zzj} = E{A2 cos(w - t; + ¢ + ;) cos(w - tj + ¢ + 6;) } (33)

By making use of

1 1
cos(a)cos(b) = 5 cos(a+Db) + 5 cos(a —b), (34)
we can write R
E{zz} —E| 2 C?S(w ti+w-tj+29+0;+06;)+ ‘ (35)
- cos(w -t —w-tj+6 —6;)

Using the fact that the expected value of the sum is equal to the sum of expected
values and that the expected value of a constant times a random variable is equal to that
same constant times the expected value of the random variable, we can deduce that

E{ziz]-}:ATZE{cos(cwti+w-t]-+2(p+77i+17j)}+ (36)
2
AE{cos(w-t; —w - tj+1;—1;)}.
Writing two different expressions for the cases where the indexes are different (called
a;j) and are the same (called b;) leads to

ajj = E{Zizj}i;éj = ATZE{COS(CU titw-t +2¢p+06; +9]')}

(37)
—|—A72E{cos(w t—w-tj+0;—6)}

and
2

A? A
b; = E{ZiZj}i:]. = TE{COS(Z(U i +2¢9426,)} + o (38)
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We are now able to compute the expected values when considering that 6; and 6;
are two independent random variables (if i # j), which are normally distributed with
null mean and the same variance 0. We are going to make use of the definition of the
expected value,

2

1

\/2710[:

where k is a generic constant and ¢ is a random variable. The coefficient 4;;, given in (35),
when considering that { = 6; £ 6; and thus that Ug = 2092, can be written as

1

e_@dg = cos(k)eifgg, (39)

E{cos(k+¢)} = /_O:o cos(k+¢)

A? 2 A? o2
aijzicos(w~t,«+w~tj+2go)e 9+7cos(w~ti—w-t]~)e 0. (40)

Equation (36), when considering that ¢ = 26; and thus that ag = 4(75, becomes

2 2
b; = A? + A? cos(2w - t; + 2(;))6_2‘75. (41)

The analytical expression for the expected value E{z;z;} is different depending on
whether the two indexes are the same (4;; ) or not (b;).

E{AIZ} _ %Zi,j HZZ’ l # ]} -cos(wt,»)cos(wtj). (42)

i=j

This can be written as an addition of two summations:
) 4 4
E{AI } = WZi#]’ai]’ cos(w - t;) cos(w - t]') + W&bi cos?(w - t;). (43)

To compute the first summation, the one involving ajj, it is convenient to have a
complete summation, that is, one where the term i = j is not missing. To achieve this, we
use the complete summation, as desired, and subtract, using a single summation, the terms
that should not be in the double summation. We can thus write the expected value of the
square of the in-phase amplitude as

<2
E{AI } = ﬁzuai}' cos(w - t;) cos(w - tj) — ﬁziaﬁ cos?(w - t;)+

44
%Zi b; cos?(w - t;). “)

The same procedure was used in [14]. Applying (32) in the first term of (42) leads to

A2

4 5 4 2 . (45)
2 Liftii €08™(w - t;) +55 }ibicos”(w - 1) .
Se S

Note that each term has been named S,, Sj, S¢, and S, such that

A2 2 2 4 4
E{A’} = e+ 3 — 3 + 35 (46)

Inserting the coefficients ajj and b; into each of the summation terms, starting with s,
produces
Sq = Zi,jaij Ccos (w -t + L(Jt]'), (47)
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and using a;j, given by (38), leads to

S; = 2,-,,-%2 cos(w - ti +w - t; +2(p)e*"92 cos(w - t; +w - tj)+

48
z,-,j%zcos(w-ti—w~tj)e*‘75cos(w~ti+w-t7). (48)

Carrying out the product of the cosine functions using (32) leads to
Sa = Zi/]-ATz cos(2w - tj + w - tj + 2¢) e % + Z,-,/-ATZ cos(2(p)e"7§+ (49)

2 2
Ei,]' AT cos(2w - t;)e % + ):i,jAT COS(*Zw . tj)e_‘fﬂz.
Considering that the summations of the first, third, and fourth terms occur over an

integer number of periods, they result in a null value. Only the second term remains:

AZ 2
Sq = i\/l cos(2(p)e_‘7§. (50)

Moving now to s, given in (43), we can deduce that
sp = L jaijcos(w -t —w - tj), (51)
and making use of 4;;, given in (38), leads to

sp = z[,j‘%z cos(w - ti +w - t; +2(p)e*”92 cos(w -t — w - tj)+

52
z,-,/-ATzcos(aJ-ti—w-tj)e’agcos(w-ti—w-tj). (52)

Multiplying the cosines using (32) leads to
sp = zi,jATz 08(2w - t; +2¢)e % + ):i,/ATZ cos (2w - tj + 2g0)e“75+ (53)

):I.J,ATZ cos(2w - t; — 2w - t]-)e“’g + Zi,j%e_”ez.

Since the first three summations occur over an integer number of periods of a sinusoid,
they result in 0. The fourth one does not. By using the fact that the double summation of
a constant is just that constant multiplied by the number of terms of the summation, M?,
we obtain

2212
sp = A i\/I e % (54)

We can now tackle s., as defined in (43):
sc = Y ;i cos?(w - t;), (55)

By inserting a;;, given in (38), when i = j, we obtain

A? A?
aii = —- cos(2w - t; + Zgo)e_ag + 73_‘73, (56)
This leads to
A? A?
Se = Zi7 cos(2w - t; + 2(p)e_‘73 cos?(w - t;) + Zl-?e_"ez cos?(w - t;). (57)
Using
) 11
cos“(x) = = + 5 cos(2x) (58)
22
results in

Se = z,vATz cos(2w - t; + 2<p)e*‘7§ + ziATZ cos(2w - t; + 2(p)e*‘7f§ cos(2w - t;)+

59
):,-ATZe_‘Tg cos?(w - t;). &9
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Using (32) in the second term leads to

Sc = ziATz cos(2w - t; + 2(p)e*”t§ + Z,-%Z cos(4w - t; + 24))6*‘73—1-
AZ _02 AZ _ 0.2 2 (60)
Y5 cos(2¢)e”% +y,;5-e % cos*(w - t;).

The first two summations result in a null value. Notice that, in the third one, the
argument does not depend on i. We can thus multiply its contents by the number of terms,
which is M, leading to

A*M 2

s¢ = —3 cos(Zqo)e_‘Tg + Zi%e_”g cos?(w - t;). (61)

Using (56) in the remaining summation results in

AZM 2 2

Se =g cos(2go)ff‘75—i—Zii‘L % —1—21—6 % cos(2w - ;). (62)

The contents of the first summation are independent of i, and the second summation

is 0. We thus obtain )

2
Sc = A8M cos(Zgo)e*‘TG2 + {TMK‘T&. (63)

The final term, s;, from expression (43), can be written as
54 = Ybjcos?(w - t;). (64)
Inserting b;, given by (39), results in
Sq = Zl cos?(w - ;) + Zl cos(2w ti+2¢)e 20§ cos?(w - t;). (65)
Using (56) leads to

=r4 4 + 54 cos(Zw )+ oA cos(2w ti+2¢)e ~205 4

66
i 42 cos(2w - t; +2¢)e e=2% cos(w - ;). (66)
Using (32) in the last term leads to
A2 A2 A2 92
=4 i, + 5,4 cos(2w - t)—i—z, i Cos(Zw ti+2¢)e %+ ©7)

L% > cos(4w - t; 4+ 2¢)e 2% +r4 > cos(2¢)e 2%,

which can be simplified by again using the fact that the summation over an integer number
of periods is 0, leading to

AM  AM

se=—3 T3 cos(Zq))e_z‘TGz. (68)

Inserting the four terms just derived, s, sp, s¢, and sg, back into (43) leads to

E{AIZ} =2 {Aziwz cos(2¢)e™% | + o [Aziwze’”g} i [A M cos(29)e % + A?TMe"Tg +

% AZM 4 A AM cos(2¢)e —2%]

(69)

By simplifying, we obtain

L2 A% A2 1 27 -2 A? o2
E{AI } = + - [cos(Z(p) +1- M cos(2¢) — M} 0+ M cos(2¢)e % . (70)
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Repeating the same procedure for the in-quadrature amplitude results in

2 2

<21 A? 1 27 2 A o2
E{AQ } =T [— cos(2¢) +1+ Mcos(Zcp) abviGEte mcos@q))e 0, (71)

which differs from the expected value of the in-phase amplitude due to the minus signs
multiplying the cosine functions.

Having computed the expected values and the second raw moments, we can move on
to the computation of the variances.

4.3. Variances of the In-Phase and In-Quadrature Amplitudes

In order to compute the variance of the in-phase and in-quadrature amplitudes we
subtract from second raw moment in (68), the expected value given in (26), leading to

=+ 5 [608(290) +1- }cos(29) — 2 ]e-%z + 42 cos(29)e 2% —

Mgl

(72)
[Acos((p)e_%"tﬂ .
Applying (56) to the last term results in
2 2 _ g2 2 952
(7341 =4 +4 {cos(Zgo) + 12— A cos(2¢9) — %je % + 4 cos(2¢)e 2% — 73
4> [cos(2¢) + 1]e%.
Carrying out some simplifications leads to
A2 A? ,  A? 2
2 _ —0; e —20;
A vERETY, [2+ cos(2¢)le” % + i cos(2¢p)e =%, (74)

In the case of the in-quadrature amplitude, given by (15), we can see that it has a
sine function in place of the cosine function that one can observe in (14). Doing a similar
derivation will lead to the following:

A% A? A?

T = M W[Z - cos(Zq))}e_‘Tg ~ 5 cos(Z(p)e_zag, (75)
which is very similar to the variance obtained previously for the in-phase amplitude, given
in (72), but with a minus sign before the two cos(2¢) terms. We can thus write them in a
different form using

afil =P+R (76)
and
2 _
ok, =P-R, (77)
where »
A o2
P—M(l—e ) (78)
and 5 )
- A o2 A 202
R= M cos(2¢p)e” % + M cos(2¢p)e %, (79)
which is equivalent to
A2 —202 —a?
R = 2 cos(2) (e P e e). (80)
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We have thus, at this point, determined the variances of the in-phase and in-quadrature
amplitudes of the sinewave as a function of the sinusoid’s amplitude (A), initial phase (¢),
number of acquired samples (M), and amount of phase noise standard deviation (cyp):

A2 2 A2 2 2
2 0 —205 _ ,—0,
Th = i (1 e 6) + i cos(2¢) (e 0 —e 9) (81)
and ) )
A 2 A 2 2
2 0 . —205 _ ,—0;
O'AAQ = (1 e 9) i cos(2¢) (e " —e 9). (82)

It is time to determine the covariance of the two amplitude components.

4.4. Co-Variance of the In-Phase and In-Quadrature Amplitudes

To determine the covariance between A 1 and AQ, we use
Cov{A[, Ap} = E{A;-Aq} — E{A[} - E{Aq}. (83)
The expected value of the product of the two estimated amplitudes is
E{A]-Ag} = A;E{Zzizjcos(wati)sin(watj)}. (84)
L]

Repeating what the process used earlier for E {A 12}, given by (28), but with a sine
function in place of the second cosine function leads to

. A% 1\ 2 A% | iy
E{AI-AQ}—Zsm(Zgo)(l—M)e 9+msm(2(p)e 0. (85)

Inserting this into expression (81), together with (25) and (26), leads to the following;:

Cov{A;, Ap} = ATZ sin(2¢) (1 - %)e“’g + % sin(2go)e*2‘7§—

(86)
{A : cos(go)e_%”g} : [A : sin(go)e_%‘fg].
Carrying out some simplifications leads to
PO A2 e 002
Cov{Aj, Ag} = msm(&p) (e % —e ‘79). (87)

Notice the similarity between this expression and the one defined earlier for R, in (78).

4.5. Partial Derivatives

Computing the second order partial derivatives of ¢, given by (8), leads to

Ky e
azfpz o A, 2 1A, . (8)
dA| Wa, T ¥4, (VZA 4l )
A Ag
and 029 Ha, P4
=2 L9 (89)
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The second-order derivatives of the estimated initial phase relative to the in-phase
amplitude, given by (86), becomes, after inserting (25) and (26),

in in3
ang . 2 1 :c;os((qqg SCos((qf)) 90
f2 7 A2 g2 2 -2 - 5 . D 2|7 (90)
0A; e % | cos*(@) +sin*(@)  (cos?(g) + sin?(¢))

which simplifies to
#p 2 1 sin(p)[l—sin?(¢)]

N — T : ’ (91)
AL AT % cos(¢)
which further simplifies to
9 _ =% -sin(2¢) (92)
2A A ‘

Focusing now on the second-order derivative of the in-quadrature component, given
by (87), leads, after inserting (25) and (26) and simplifying, to

929 1 2
- = —— -¢% -sin(2¢). (93)
aAQZ A2

Note that this has a symmetrical relationship with (90).
Next, the third second-order derivative present in (18) is, as shown in (8),

2
29 _p M SR (94)
aAIaAQ > 5 2 }li; + ]/li‘A
(;4 A +u AAQ> I Q
Inserting (25) and (26) leads to
2 _, A2 sin?(g) - e~ % 1 5)
A A - 2 - _ 2 . _ 2 .
A0 " (g2 cos?(g)- e + A2 sind(g) - F)| AZ-cost(g) e T 4 A2-sin’(g) e
After some simplification, we obtain
) 2 ., 2 1 o
T¥Y  _ Z g L% — —_¢% 96
sA0A, -z sin (p)-e% ¢ 0 (96)
Finaly, using the trigonometric relation 2 sin? =1 — cos(2¢), we obtain
)/ g & P P
2 A
o _ L % - cos(2¢) (97)

d0APAg A2
which concludes the determination of the partial derivatives.

4.6. Bringing It All Together

At this point, we are able to bring together all the terms in (18) and obtain results
regarding the bias of the estimated initial phase of a sinewave in the presence of phase noise
and/or jitter. Inserting the expected values of the in-phase and in-quadrature amplitudes,
given in (25) and (26), leads to

1{ ¢ , 2’9 P P
5P+ — — 07 +2——"+Cov AI/A + 50 . (98)
Ho =975 (a A2 AT 9404, tArdo) 9Ay" e
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Inserting the second-order derivatives given in (90), (91), and (95) leads to

[% % -sin(Zqo)} '(Tz%{z_'_

Ho ~ <p+% 2. [Z—} % -cos(pr)} - Cov{ A, Ag}+ 3. (99)
S . - 2
{ a2 €% -sm(2(p)} o

Inserting the variances, (79) and (80), and the covariance, (85), leads to

[% % -sin(Zq))] : [A—z (1 - e“’ez) + % cos(2¢) (6_2‘75 - e“’ez)} +

TET RS- 2 [y e - cos(29) | - [ 4y sin(2g) (% ~ *2”5)]+ (100)
{—% % - sin(Zqo)} : {Aﬁz (1 - e"73> 21\2 cos(Zq))( % — 6703)}

We will now proceed to simplify this rather large mathematical expression. This will

be conducted in several simple stages. The first one is to see that, in the first and third lines

in the curly brackets, the first term inside the second square brackets cancels out due to the
leading minus sign in the third line. We thus obtain

2

ﬁ e’ s1n(2<p)} . {ZM cos(2<p)( ~20; —e“’ﬂ)}+
o ~ (p—i—% 2 [~ e% - cos(29)] - [ 4y sin(2g) (e —e72%) |+ 5. (101)
[—ﬁ - e% -s1n(2g0)] . {—ZAW cos(2¢) (e 205 —e"’g)

We now can observe that the first and third lines in the curly brackets have the same
overall sign (the third line has two minus signs that cancel each other). We can thus add
the first and third lines together, leading to

~ 12|24 -e% sm(Z(p)} {A cos(2<p)<
Mo 9T, i}z cos(ZfP)} ﬁMsm(z‘P)( 75_672%2}

2 2
—205 _ e~ %

(102)

We can now see that the two lines are symmetric if we note the minus sign in the
second one and the fact that we can swap the order of the sin(2¢) and cos(2¢) terms. Their
sum is thus null, and we reach

Ho = @, (103)

showing that the expected value of the estimator, Ho, is equal to the real value that we are
estimating, that is, ¢. The conclusion is thus that this estimator is unbiased in the presence
of phase noise and/ or jitter:

ep=po — @~ 0. (104)

Along with the derivation carried out here, we used a Taylor series approximation
where only the first term was kept. In order to validate the adequacy of this step, it is
necessary to carry out some numerical simulations. This will be conducted in the next
section using a Monte Carlo type of procedure.

5. Monte Carlo Validation

In order to validate the correctness of the derivations presented and to justify their
domain of applicability, several numerical simulations have been carried out, through
which the initial phase of a sinewave has been estimated. These simulations involved
creating a set of equally spaced data points that follow a given mathematical model: in
the present case, the model of a sinusoidal signal. In this model, we included the non-
ideal effects we are interested in. For the current purpose, these include the presence of
phase noise and jitter in the sampling instant. To this effect, we sampled from a random
variable with a specific statistical distribution. Here, we focus on a normal distribution
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with different values of standard deviation. The use of this type of statistical distribution is
justified considering that most sources of phase noise are of thermal origin.

Those values of phase noise were then added to the sampling instants multiplied by
the angular frequency, and the value of the sinewave at the resulting time instants was
obtained. At this point, one could add the effect of other non-ideal phenomena that might
affect the signal, like additive noise or quantization error, but that was not the case in the
current study; the only mathematically modeled non-ideal effect was the random phase
noise following a normal distribution.

With those corrupted data points from the created sinewave in hand, we employed the
least squares three-parameter sine fitting procedure we are studying here and obtained an
estimate of its parameters, namely, the amplitude, offset, and initial phase. In the present
work, we focus solely on the estimation of the initial phase.

By varying the different parameters of the model, we can see how they affect the
estimates. In the current work, we are studying the bias that might be induced in the initial
phase estimation of the sinewave. We can then compare those results with the expected
ones that we derived analytically.

Focusing on the case in point, we studied the influence of the phase noise standard
deviation, 0y, on the systematic error (bias) of the initial phase estimation of a sinusoid, €p-
The results are plotted in Figure 1. The solid circles represent the estimated average value
of the initial phase error. In this specific instance, chosen as illustrative, we simulated a
sinusoidal voltage signal with 1 V amplitude and an initial phase of 7/5 rad. The number
of samples acquired was 20 (M) and they were acquired at a rate where they covered
exactly one signal period by making the ratio between sampling frequency (fs) and signal
frequency (fy) exactly equal to the number of samples:

fs
22— M. 105
f (105)
6x10 "
A=1V ¢o=n/5 (/=M
a0l M=20 R=10° -
S T [
© _
AR s
e 0 - l t P T ¢ i
¢ 9 ¢
_ox10? i
—4x107" -
0 0.1 02 03 04 05
o (rad)

Figure 1. Numerical simulation of the error of the estimated initial phase of a sinewave with 1 V
amplitude and an initial phase of 7t/5 as a function of the phase noise standard deviation. The circles
represent the values obtained via Monte Carlo analysis. The confidence intervals for a confidence
level of 99.9% are represented by the vertical bars and were obtained with 10° repetitions (R). The
solid line represents the theoretical value, which is null. This situation is for a case where 20 samples
are acquired (M).

The vertical error bars were computed for 10° repetitions (R). The higher the number
of repetitions carried out, the smaller the error bars become. Since the absolute value of
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the quantity being estimated (initial phase error) is null, there is not an obvious value that
would allow one to say that the error bars are small enough to justify the claim that the
estimation is unbiased. Alternatively, we can use the value of the phase noise standard
deviation. Since a range of values up to 0.5 rad was used and given that the error bars
have a length that increases with phase noise standard deviation and are, in the worst
case, smaller than 0.001 rad (where 0y is equal to 0.5 rad), we might claim that the error
bars’ lengths are 500 times smaller than the phase noise standard deviation. Using more
repetitions would increase the duration of the simulation without arguably leading to
different conclusions.

The theoretical expected values were drawn in the same chart using a thick solid
line. In this case, all the points have a null value. As we can see in Figure 1, the error
bars are all close to this line, which shows that the result derived agrees with the Monte
Carlo simulation.

As an extreme case, we repeated the same experiment with an extremely low number
of samples: just three, which is the minimum possible since we are estimating three
parameters (amplitude, offset, and initial phase). We also simulated an amount of phase
noise that goes up to 3 rad, which is almost half the sinewave period. This situation, with
such a low number of samples and so much phase noise, is not usually encountered in
practice and is only intended to show the limits of our model. In this case, the first-order
Taylor series approximation made in (18) is obviously not enough, as seen in Figure 2.

0.01
A=1V ¢=1/5 fff;=M
M=3 R=10°
o—— ¢ { * { { {
/_3 0.01
©
S
0.02
q
-0.03
-0.04
0 1 2 3

oy (rad)

Figure 2. Numerical simulation of the error of the estimated initial phase of a sinewave with 1 V
amplitude and an initial phase of 7t/5 as a function of the phase noise standard deviation. The circles
represent the values obtained via Monte Carlo analysis. The confidence intervals for a confidence
level of 99.9% are represented by the vertical bars and were obtained with 10° repetitions (R). The
solid line represents the theoretical value, which is null. This situation is for a case where three
samples are acquired (M).

Where the phase noise standard deviation is low, the error bars are around 0, but for
values higher than 0.3 rad, they are not.

To further study this behavior and its dependence on the number of samples, we
carried out a third Monte Carlo simulation where the number of samples varied from three
to twenty in the specific case of a very large phase noise standard deviation of up to 10 rad,
which is much higher than the usual value encountered in practical situations. The results
are depicted in Figure 3. As can be seen, only the first error bar, corresponding to three
samples, is outside the theoretical value of 0.
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0.04
A=1V fJf,=M R=10°
p=m/5rad op,=10rad
0.02
ES)
g
(@SS
[0}
~0.02 {
-0.04
0 5 10 15 20
M

Figure 3. Numerical simulation of the error of the estimated initial phase of a sinewave with 1 V
amplitude and an initial phase of 71/5 as a function of the number of samples for a phase noise
standard deviation of 10 rad. The circles represent the values obtained via Monte Carlo analysis. The
confidence intervals for a confidence level of 99.9% are represented by the vertical bars and were
obtained with 10 repetitions (R). The solid line represents the theoretical value, which is null.

Finally, a fourth numerical simulation was carried out where the phase noise standard
deviation varied, and the number of samples used was 20 (the other parameters remained
the same). The results can be seen in Figure 4.

210>

A=1V o0,=03rad fJf,=M
M=20 R=10°

11073} : T

(rad)

—x10 L] ! |1 |1 L

—2x10°°
0
@ (rad)

Figure 4. Numerical simulation of the estimated initial phase as a function of the phase noise standard
deviation. The circles represent the values obtained via Monte Carlo analysis. The confidence intervals
for a confidence level of 99.9% are represented by the vertical bars. The solid line represents the
theoretical value, which is null.

In this case, we can see that, once again, the error bars of the data points are all close
to the theoretical value of 0, as expected, which once again validates the final analytical
results that were given in expression (104).
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6. Conclusions

In this work, we studied how the bias of the least squares estimation of the initial
phase of a sinewave depends on the amount of phase noise and jitter that affects the signal.
The detailed analytical derivations presented have shown that the bias is null in these
particular circumstances. In previous studies, it has also been shown, for example, that the
presence of additive noise that the initial phase estimation is not biased [21]. In the case of
the amplitude estimation of a sinusoid, however, it has been shown that it is biased in the
presence of additive noise [10] and also in the presence of sampling jitter [14].

This type of knowledge is important in order to statistically characterize the measure-
ments made regarding the initial phase of a sinusoid and, together with information about
its precision, can be used to define a confidence interval for the estimated sinewave initial
phase. We were thus able to show that phase noise and jitter do not bias the estimation of
the initial phase of a sinewave.

Recall from Section 2 that three assumptions were made that if not met could render
the conclusions of this work invalid; i.e., if those assumptions are not valid, the initial
phase estimation may be biased. Those assumptions were: (i) that the data points are
homoscedastic, that is, a constant value of phase noise standard deviation is maintained;
(ii) that the values of phase noise of different samples are uncorrelated; and (iii) that the
data points cover at least an entire period of the sinewave.

Even a null result like this is relevant in that it allows for this type of signal processing
technique and estimation to be used confidently and in full knowledge of what does and
does not affect it. Note, however, that the derivations made were approximate in as much
as they employed only the first term of the Taylor series expansion in (18). For this reason,
a numerical simulation was carried out using a Monte Carlo procedure. The results of
this simulation allow us to conclude with a high degree of confidence that the estimator is
indeed unbiased in typical situations.

This study has also shown that for extremely high phase noise standard deviation
values and very small numbers of samples, a bias in the estimation of the initial phase
does occur, as demonstrated by the numerical simulations carried out. In essence, what
these results tell us is that an approximation using only the first term of the Taylor series
expansion is insufficient for this particular case. This is important when statistically
characterizing the estimations made and adding information about the expected bias of the
results. It also serves as a warning of the dangers of using an unusually small number of
samples. However, this work did not set a limit for the error, as it was considered to occur
in situations that do not often occur in practice.
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