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Abstract

Atom interferometer (Al)-based dynamic gravimeters enable high-precision absolute grav-
ity measurements, which are crucial for applications in geophysics, navigation, resource
exploration, and metrology. Understanding their underlying mechanisms and minimiz-
ing measurement noise is essential for enhancing performance. This work investigates
gravity-measurement noise in Al-based systems induced by the dead time of the classical
accelerometer. Using actual dynamic gravity-measurement data, we demonstrate that a
dead time of 0.12 s introduces significant gravity-measurement noise, reaching 8 mGal. To
elucidate the mechanism of this noise, we derive a frequency-domain formula, identifying
high-frequency aliasing as its source. Analysis of the derived expressions indicates that
reducing the dead-time duration and suppressing the acceleration’s high-frequency noise
are effective strategies for mitigating this noise. This work provides significant insights
into noise analysis and the future design of Al-based dynamic gravimeters.

Keywords: atom interferometer; accelerometer; dynamic gravity measurement; gravimeter;
gravity noise analysis; Dick effect

1. Introduction

Dynamic gravity measurement is an important method for obtaining gravity fields
with high precision and high spatial resolution, with significant applications in geo-
physics [1], navigation [2], resource exploration [3,4], and metrology [5,6]. A dynamic
atomic gravimeter is a hybrid gravimeter that combines the measurements of an atom
interferometer and a classical accelerometer, and can achieve absolute gravity measure-
ment with high precision. The dynamic atomic gravity measurement method originates
from the vibration compensation scheme used in static atomic gravity measurements [7],
which reduces environmental vibration noise. This method was later extended to dynamic
environments [8-14]. In 2011, Geiger et al. demonstrated dynamic atomic acceleration
measurement in a 0 g plane [15]. In 2013, Bidel et al. realized atomic gravity measure-
ment in an elevator [16]. In 2018 and 2020, Bidel et al. demonstrated dynamic atomic
absolute gravity measurements on a ship and an airplane, and achieved superior gravity-
measurement precision compared to the traditional spring dynamic gravimeter [17-19].
In 2022, Guo et al. used a dynamic atomic gravimeter on moving vehicles [20,21]. In
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2023 and 2025, Wu et al. demonstrated dynamic gravity measurement on ships and then
in aircraft [22-26]. Chen et al. also developed a dynamic atomic gravimeter and carried
out dynamic gravity measurement on a lake in 2021 and on the sea in 2024 [27,28]. The
developed gravimeter showed precision at the sub-mGal level.

Improving precision and elucidating the measurement mechanisms are hot topics in Al-
based dynamic gravimeters. Xu et al. proposed a method to optimize the transfer function
of the accelerometer [29]. Zhou et al. proposed a method to suppress the cross-coupling
effect [28]. Cheiney et al. proposed a Kalman-filter algorithm to reduce measurement
noise [30], which has been applied by several research groups for dynamic gravity data
processing [31,32]. Huang et al. modeled the temperature of an accelerometer to suppress
its drift [33].

An Al-based dynamic gravimeter combines an Al and a classical accelerometer. The
Al measures acceleration using a free-falling cold atom cloud. This measured acceleration is
absolute; however, the data are discrete, and its measurement range is limited. The classical
accelerometer is solidly connected to the Al and measures acceleration synchronously. This
measured acceleration is continuous, and its measurement range is large; however, it has
unknown offset and drift. The combination of both sensors enables continuous, absolute
gravity acceleration measurements with a wide range [34].

The Dick effect is a well-known phenomenon in atomic frequency standards, first
comprehensively analyzed for passively operated atomic clocks [35-40]. Its core mechanism
is the aliasing of high-frequency noise due to the periodic and discontinuous nature of
the measurement. In a typical atomic clock, the local oscillator (LO) is continuously
running, but its frequency is only periodically corrected based on the error signal derived
from probing an atomic resonance at discrete times. The key issue arises from the dead
time between successive atomic interrogations. During this dead time, the LO’s phase
noise evolves uncorrected. The frequency stability of the clock, characterized by its Allan
deviation, is degraded because the high-frequency components of the LO’s phase noise
are not measured directly. Instead, through the process of periodic sampling, this high-
frequency noise is aliased down into the frequency band near DC.

While the Dick effect was originally formalized for atomic clocks, its fundamental
principle—aliasing induced by periodic, discontinuous measurement—is universal and
directly applicable to other quantum sensors, including Al-based gravimeters. A critical
link is the sampling process. Dynamic gravity measurement extracts weak gravity signals
from a strong acceleration background. The magnitude of gravity variation is on the order
of mGal (10~ m/s?), while the magnitude of the acceleration background is usually on
the order of m/s2. Suppression of the acceleration noise by five orders of magnitude is
achieved by using a low-pass filter (LPF). Unlike the classical Dick effect in atomic clocks,
this effect in atomic interferometers involves both “sampling” and “filtering” processes,
which is also where the Dick effect in dynamic atomic gravimeters differs from that of
atomic clocks.

In atomic interferometry gravimeter systems, although continuous acceleration acqui-
sition can be achieved through an FPGA, certain data acquisition systems (e.g., NI-based
architectures) may result in incomplete acceleration sampling when triggered by the in-
terferometer sequence. This issue arises from uncertainty in the interference-cycle period
and the time required for data storage, thereby introducing noise into dynamic gravity
measurements. Addressing this phenomenon is one of the key motivations of our work.
Furthermore, our study alerts practitioners to the potential influence of discontinuous
acceleration sampling on the accuracy of dynamic gravity measurements—a question that
has remained unexplored in previous literature. This work provides a detailed analysis of
the resulting effects.
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This article is organized as follows. In Section 2, the principle and the data-processing
procedures of Al-based dynamic gravity measurement are introduced. By introducing
the dead time of the acceleration, the gravity-measurement noise is calculated in the time
domain using actual dynamic gravity-measurement data. In Section 3, by analyzing the
frequency spectrum of acceleration, the formula of the dead-time-induced gravity noise
is derived, the physical mechanism for this noise is explained, the dead-time-induced
gravity noise is calculated using actual dynamic gravity-measurement data, and the noise
distribution over frequency is illustrated. In Section 4, the conclusions and a discussion
are given.

2. Time-Domain Analysis of Dead-Time-Induced
Gravity-Measurement Noise

2.1. Principle of Dynamic Hybrid Measurement and How Dead Time Is Induced

The dynamic hybrid gravity-measurement principle is illustrated in Figure 1. In the Al,
a cold atom cloud is subjected to 7t/2-m—7t/2 Raman laser pulses, forming an interference
loop. The population P is measured by fluorescence detection. The classical accelerometer
simultaneously measures the acceleration of the Al platform but with an unknown offset.
This acceleration, defined as a.,, is used in conjunction with a sensitivity function [41] over
the interference time interval to calculate the compensation phase ¢com. The interference
fringe is then reconstructed by plotting ¢com against the population P. Sine fitting is used to
fit this fringe, and the obtained phase is defined as the offset phase ¢,g. By using ¢, the
acceleration offset of the classical accelerometer a. is obtained. The absolute acceleration
a,ps experienced by the Al is derived as a,ps = dca — doff-
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Figure 1. Schematic of the Al-based dynamic gravity-measurement principle. aj—ay: atomic
interferometer process; bj-bz: accelerometer procedure; cj—c;: GNSS operation flow;
d;—d;: gravity-signal acquisition.

The hybrid dynamic gravity-measurement process requires a continuous classical
acceleration sequence, typically obtained by averaging a.,(t) over Al measurement cycles.
For synchronization in hybrid gravity measurement, the acquisition of the classical accelera-
tion is triggered by the Al’s time sequence. Due to trigger preparation and data-processing
overhead, the measurement time Tmea Of a.1,(#) within one experimental cycle does not
fully cover the Al cycle time Ty, as illustrated in Figure 2. The missing sampling time
AT = Teye — Tmea is defined as the dead time. For convenience in the subsequent theoretical
analysis and calculations, the dead time AT is assumed to occur at the end of the cycle. This
paper investigates the gravity-measurement noise induced by AT.
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Figure 2. Acquisition timeline of the classical acceleration a,(f), showing the dead time AT within
one Al experiment cycle. The horizontal axis represents the synchronous measurement sequence
of the accelerometer and the Al The upper curve represents the acceleration measured by the
accelerometer, and the lower curve represents the Al process.

A typical example is the NI-based acquisition system we previously used, which
uses the interferometer timing to trigger the accelerometer. Due to the uncertainty of the
interference timing period and the time requirements for storing acceleration data, the
acceleration data is incomplete. Within a cycle of 600 ms, there is a dead time of 100 ms.
Consequently, we adopted an FPGA-based acquisition scheme, which can achieve non-
dead-time acceleration acquisition throughout the entire interference cycle. In our dynamic
gravity-measurement process, acceleration data without dead time was collected, but in
order to study the dead-time effect, some data points were manually removed.

2.2. Dynamic Gravity-Measurement Data-Processing Flow

The corrected acceleration is used directly for dynamic gravity output following the
procedure in Figure 1. To analyze the impact of dead time, the basic data-processing flow
for gravity measurement is introduced.

The corrected acceleration 4., has a sampling rate of 50 kHz. To investigate the
dead-time effect, the raw acceleration data were stored. To minimize storage requirements,
the data were averaged and downsampled to 250 Hz. For the acceleration signal a(t) at
an interference period of Tcyc = 0.6 s (corresponding to 150 sampling points), selected
data points were removed to simulate the effect of dead time. Subsequently, the data was
averaged within each individual interference cycle. This averaging step aimed to maintain
temporal continuity in the presence of dead time, rather than filter out noise in specific
frequency bands. This resulted in a processed acceleration signal (7) with a sampling
frequency of 1/T¢y. ~ 1.67 Hz.

In marine dynamic gravity measurement, the typical period of ship-motion accelera-
tion is approximately 10 s. Since the averaged signal has a much shorter period, it cannot
suppress noise at this 10-s period. To mitigate this noise, a 300-s low-pass filter was applied
to a(t). The filtered acceleration, denoted as ay; (), included contributions from gravity
and the Coriolis acceleration due to the Earth’s rotation. This motion-induced component
is denoted amot. To remove amot, the ship’s latitude and longitude were recorded in real
time using GNSS, and the motion acceleration was calculated and subtracted according to
the method described in Ref. [18]. The final gravity value g is given by ¢ = ;) (T) — @mot-
Given a ship speed of 10 knots and a filter time constant of 300 s, the corresponding spatial
resolution of the gravity measurement is approximately 1.5 km. Gravity variations at
higher frequencies cannot be resolved with this method.

2.3. Source of Dynamic Gravity Data

To study the dead-time effect, we analyzed the measurement data from our self-
developed dynamic gravimeter, as shown in Figure 3a. For comparison, a spring dynamic
gravimeter was installed on the same ship (as shown in Figure 3b), which measured the
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gravity synchronously. An acceleration acquisition method was developed to avoid dead
time, enabling the collection of all acceleration data in an Al measurement cycle. Marine
dynamic gravity measurements followed the procedure in Figure 1, using the full-sampled
acceleration to extract the gravity signal. The gravity survey was along a line at a speed
of about 10 knots, and the length of the line was about 45 km. The measurement results
can be found in Ref. [29], and a subset is shown in Figure 3. The acceleration 4., recorded
by the classical accelerometer is shown in Figure 3¢, with a peak-to-valley value of about
0.6 m/s®. The measured gravity values are also shown in Figure 3d. The measured
gravity value is shown in Figure 3d. The standard deviation of the difference between the
gravity measurements from the two gravimeters was 0.4 mGal. The Al-based dynamic
gravimeter’s results in Figure 3d, being highly precise, were used as a gravity reference
Sref(t) for studying the dead-time-induced gravity-measurement noise.
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Figure 3. Al-based dynamic gravimeter setup and measurement data. (a) The Al-based dynamic
gravimeter. (b) The spring dynamic gravimeter. (c) Acceleration ag, collected by the classical
accelerometer. (d) The measured gravity values from both gravimeters. Both measured gravity values
were subtracted using the same normal gravity model for convenience of display.

2.4. Method and Results of Dynamic Gravity-Measurement Data with Dead Time

The gravity-measurement noise with dead time was quantified by removing the data
points at the end of each cycle. In Figure 1, procedures b-bs differ between the cases with
and without dead time. The procedure shown in Figure 1 was then followed to calculate
the undersampled gravity value g,nq(t). The gravity value gunq(f) was compared with the
reference g¢(t) to obtain the gravity difference Ag(t) = gund(t) — &ref(f). The calculated
Ag(t) for different AT is shown in Figure 4a. The gravity difference fluctuated significantly
as AT increased. The standard deviation of Ag(t), denoted by o, represents the gravity-
measurement noise. The relationship between o5, and AT is shown in Figure 4b. As the
dead time AT increased, the gravity difference fluctuation ¢ also increased. The noise o
reached 1 mGal for a short dead time of AT =4 ms and increased to 8 mGal for AT = 100 ms.
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This calculation demonstrates that dead time causes non-negligible gravity-measurement
noise, leading to severe degradation of measurement precision.
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Figure 4. Gravity-measurement noise induced by dead time AT with the Al cycle time Tcyc = 0.6 5.
(a) Gravity difference Ag(t) between gynq(f) and gref(f). (b) Gravity-measurement noise oy over AT
calculated in the time domain (black square) and increasing acceleration measurement noise over AT
calculated in the frequency domain (red circle).

3. Frequency-Domain Analysis of Dead-Time-Induced
Gravity-Measurement Noise

While the preceding time-domain analysis can quantify the gravity noise, it cannot
physically explain the mechanism and magnitude of the noise generation. For a steady-state
random signal, the time-domain signal is random, but its power-spectrum density (PSD)
has a stable profile. Starting from the PSD of the acceleration signal, this section derives the
analytical relationship between the gravity noise and the acceleration PSD to better analyze
the mechanism of this effect.

The derivation procedure is outlined in Figure 5. Starting from the initial acceleration
PSD, the corresponding frequency-domain signal is transformed to the time domain to
analyze the averaging process. The averaged time-domain signal is then transformed
back to the frequency domain to analyze the low-pass filter process. From this frequency-
domain signal, the PSD of the acceleration after averaging and filtering is calculated. The
gravity noise is subsequently calculated based on this PSD. We note that the derived
relationship depends on the initial PSD but is independent of the specific characteristics of
the random time-domain acceleration signal. The detailed calculation procedure is shown
in the figure below.
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Figure 5. Procedures for deriving the relationship between the acceleration PSD S, (v;) and the
gravity-measurement noise UAgZ.

3.1. Derivation Between Gravity Noise and PSD

The initial PSD of the acceleration is denoted as S4(v;), (i = 1...n). The PSD cor-
responds to a time-domain signal with n data points and a sampling interval of Tsam.
Consequently, the PSD also has n data points. The frequency interval Av is 1/(nTsam),
and the range of v; is (—1/2Tsam, 1/2Tsam). Due to the symmetry |A(v;)| = |A(—v) 1,
subsequent calculations consider only the non-negative frequencies (0, 1/2Tsam). The
relationship between S 4 (v;) and the corresponding discrete frequency-domain signal A(v;)
is given by

A(vy) = [n:Sa(vy)]? (1)

The discrete time-domain signal a(t;) (j = 1...n) is obtained by the inverse discrete
Fourier transform (IDFT). The time interval of tj is Tsam,

n . .
alh) = 7 L Alw) e B0 @
1=

The measured acceleration a(t;) is averaged over each cycle time Tcy., and the aver-
aged acceleration is denoted by a(7) (k = 1...m), where k is the index of counting the
measurement cycles of @, Tj is the timestamp of the k-th averaging cycle, m = n/c is the
number of averaged acceleration points, and ¢ = Tcyc/ Tsam is the number of data points per
cycle. Due to the dead time, a (tj) is only averaged over the measurement time T'mea, and
Cmea = T'mea/Tsam is the number of effective data points averaged per cycle. The averaging

is expressed as
1 (k—=1)c+Cmea

a(t) = -
mea j—(k—1)c+1
The signal 4(7;) is then transformed into the frequency domain, yielding A(f;) (I =1...m),
where f; denotes the frequency of the averaged acceleration frequency-domain signal,
distinguishing it from the frequency v; of the initial acceleration frequency-domain signal:
1 m

A(fy) = T a(z) - 2T D01 /m "
=1

The interval of f; is Af = 1/nTsam, and the range of f; is (0, 1/2T¢yc). Similarly, the

_ _ 2
relationship between A(f}) and its PSD is given by S;(f;) = L. ‘A( fl)‘ . Substituting
Equations (2)—(4) into the PSD definition yields

Salfr) =) HyiSa(vi) 5)
i=1

where H; ; represents the transfer function between the PSDs. The detailed derivation of
Hj ; is illustrated in Appendices A and B.
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For computational convenience in the filtering process, an ideal (rectangular) low-pass
filter is used. This is implemented by setting S (f;) to zero for all f; above the cut-off
frequency. Thus, the filtered acceleration measurement error variance (Tﬁ_ﬁlz is

Lsip

o i =, Sa(f) (6)
i=1

where Ig) = |nTsam/ T | is the frequency index corresponding to the low-pass filter’s cut-
off frequency 1/Ty;, and the symbol | | represents the floor function. By substituting
Equation (6) into Equation (5), we have

Lt g

Oz g® =y Y Hiyi Sa(vi) @)
I=1i=1

The variance 05 fz'12 includes the desired low-frequency gravity signal and the motion
acceleration (<1/Tg Hz). However, we wish to calculate the gravity noise originating
from the aliasing of the high-frequency acceleration components (>1/Tg Hz) to the low-
frequency range (<1/T§g; Hz) through H; ;. Therefore, the gravity-measurement noise (TAgz
is obtained by excluding the intrinsic low-frequency signal component:

lfit n
—CZ Z lesA 1/1 (8)
=1i=m+1

Equation (8) represents the fundamental relationship between the gravity-measurement
noise and the acceleration signal’s PSD that we set out to derive.

3.2. Analysis of the Mechanism of Dead-Time-Induced Gravity Noise

Appendix B provides the expression of the matrix element H; ; of H. The matrix H has
the characteristics described below.
First, the matrix H is constructed by the horizontal concatenation of ¢ diagonal matrices

~

~p
H ,wherep=0,1...,c—1indexes the sub-matrices, and each matrix H has dimensions
m x m. This structure is detailed in Equation (9), with the first line showing the layout, and
the second line specifying the values of the diagonal elements:

~0~1 ~p ~C
H:{HH ...H H}

~p
Hyp = Hipmti

©)

In Equation (5), S4(v;) has a length of n and a frequency range of (0, 1/2Tsam), whlle

S4(f1) has a length of m and a frequency range of (0, 1/2Tcyc). Thus, the sub-matrix H
maps the PSD elements S 4 (v;) from the frequency range (p/Teye, (p + 1)/ Teyc) to the PSD
S4(f1) in the baseband (0, 1/2Tcyc).

After filtering, as shown in Equation (7), the variation of ;_ ﬁ,z accumulates contri-
butions from S ; (fi1) only for I < Ig;. Therefore, for a given p, the elements H ;(i = pm + I)
that contribute to o5 _ﬁlz are those where pm < i < pm + Ilg. This implies that only PSD
components S4(v;) within the frequency range (p/Teyc, P/ Teye + li1/nTsam) contribute
to oy

Second, the value of H; ; (i = pm + I) for p > 0 is shown in Figure 6. When AT = 0, the
values of H;; for pm < i <pm + Ig;; are nearly zero. In contrast, when AT # 0, these values
deviate from zero, thereby inducing gravity noise O'Ag2, as given by Equation (8).
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Figure 6. Values of H;; (i = pm + I) for p > 1. The red-shaded area indicates the range pm < i < pm + lg;,
corresponding to the low-pass filter’s passband. (a) AT =0, (b) AT =0.12s.

Thus, the mechanism is clear: high-frequency aliasing, induced by incomplete acceler-
ation sampling, is the source of the increased gravity-measurement noise.

3.3. Verification with Actual PSD and Noise Distribution

To verify the correctness of the derived equation, the actual acceleration data a(t;) from
Figure 3c was used to calculate its PSD S 4 (v;). The PSD S (f;) of the averaged acceleration
a(T) for AT = 0.12 s was then calculated using Equation (5), as shown in Figure 7. The
Nyquist frequencies for these two PSDs were 125 Hz and 0.83 Hz, respectively. The two
PSDs exhibit similar shapes in the frequency range of 0.05 Hz to 0.83 Hz. This is because
the dominated components of S 4 (v;) are concentrated in this band, being about two orders
of magnitude higher than the components in other frequency bands. Consequently, the
aliasing effect due to AT does not significantly alter the shape in this band. However, in the
lower-frequency range (DC-0.05 Hz), the PSD of S, (f1) is significantly higher and noisier
than S5 (v;). This elevated noise floor is the aliasing effect caused by AT. It is confirmed
that when AT =0, S;(f7) and S4(v;) are identical in this low-frequency band.

10 T T T T T T
I 1 SA( V,) I
| — S
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110 7
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Figure 7. Calculated PSDs: the initial acceleration S4(v;) and the averaged acceleration S ; (f;) for
AT =0.12s.

The gravity-measurement noise 05, was then calculated using Equation (8) for differ-
ent AT, where the filtering time of 300 s corresponded to I; = 10. The results are shown
in Figure 4b. As anticipated from the frequency-domain approach, the calculated noise
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amplitude matches the o5, obtained in the time-domain analysis. The slight discrepancies
are likely due to the different filter types used: a Bessel filter was applied for time-domain
processing, whereas an ideal rectangular filter was assumed in the frequency-domain
derivation for simplicity. Nevertheless, the overall trend and amplitude of o5 agree well,
verifying the correctness of the derivation equations in Section 3.1. Figure 4b shows that if
dead time is unavoidable, reducing its duration is an effective way to mitigate the induced
gravity-measurement noise.

The contributions of different frequency bands can be analyzed. The contributions of

~p
the sub-matrices H to 0p, were calculated to analyze the noise components in different

~p
frequency bands. The components of 7, induced by the p-th frequency band via H were
calculated as

) L (p+1)m
Oag p~ = CZ Z Hl,i Sa (Vi) (10)
1=1 i=pm-+1

For PNIP, the corresponding frequency range of the input PSD is (p/Tcyc, (p+1)/ Teye)-
For our parameters, this is approximately (p x 1.7 Hz, p x 1.7 + I x Av Hz). Figure 8
shows opg , for AT = 0.12 s. The highest contribution comes from p = 2, with a value of
about 7 mGal originating from the frequency band approximately between 3.33 Hz and
5 Hz. Prominent peaks are observed at around 1.7 Hz and 3.3 Hz in the PSD S,4(v;) in
Figure 7. Therefore, suppressing high-frequency acceleration noise is another effective
strategy to reduce 0p¢ if AT cannot be eliminated.

The value of p
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Figure 8. Contribution of different frequency bands to the gravity-measurement noise ¢ for
AT =0.12 s. The inset shows an enlarged view of the contributions in the 0~20 Hz band.

4. Conclusions and Discussion

This paper investigates the Al-based dynamic gravity-measurement noise induced
by the Dick effect. The role of dead time in the classical acceleration measurement is
introduced. We found that dead time indeed causes gravity-measurement noise, which
was first quantified in the time domain. The results show that even a short dead time
of 4 ms (0.67% of the 0.6 s cycle) can cause 1 mGal of gravity-measurement noise. It is
therefore essential for practitioners to ensure continuous acquisition to avoid such noise.
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To clarify the underlying mechanism and derive an analytical expression for this noise,
formulas relating the PSD of the averaged acceleration and the resulting noise to the initial
acceleration PSD were derived. Analysis using the derived formulas confirmed that high-
frequency aliasing is the mechanism underlying the dead-time-induced gravity noise. The
PSD of the averaged acceleration and the resulting gravity noise were calculated using
actual acceleration data. The close agreement between the time-domain and frequency-
domain noise calculations verifies the correctness of the derived formulas. Our analysis
reveals that a dead time of 0.12 s can induce a significant gravity-measurement noise of
8 mGal. Meanwhile, reducing the dead-time duration and suppressing the high-frequency
noise of the classical accelerometer are two effective methods to mitigate this gravity noise.

This work elucidates the mechanism of Dick effect-induced noise in Al-based dynamic
gravity measurements and provides practical suppression methods. It holds significant
importance for both noise analysis and the design schemes of Al-based dynamic gravime-
ters operating on dynamic platforms. Furthermore, the derived formulation is generally
applicable for noise analysis involving averaging, filtering, and undersampling processes.
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Appendix A

To calculate the conversion relationship between S4(v;) and S (f;), first calculate
the relationship between the frequency-domain signals A(v;) and A(f;), and define
A(f;) = D;;A(v;), where H;; = |Dl,,-]2. The operations of IDFT, averaging, and DFT
in Equations (2)—(4) are represented as the matrices F!, F2, and F?, and substituting these
matrices into Equation (4) leads to

A(fy) = i Dy A(v;) (A1)
i=

where D = FF?F! is the frequency-transfer matrix and D ; is the element in the matrix D.
Directly calculating the matrix D = FPF?F! is rather complicated. A stepwise approach is
adopted. First, calculate the matrix F* = F2F!, where the matrix element of F! is
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=L oG (A2)
i
“I” denotes the imaginary unit (I> = —1), and F? represents the averaging process. Matrix
multiplication yields
4 4
- F, ... F,
F = — 1 4 A3
ol E; : (A3)
Foi - Fun
and then calculating D = F?F* gives
3 3 4 4
1 1 1 Fy Fy F, - F,
D=FF=__ _— : 3 : : 4 : A4
Jiomm il 1 B C Ry (Ad)
B, . Fow) \En1 -+ Fuu
Similarly, performing matrix multiplication gives
Dy, D1,
p=| : p, (A5)
D m,1 Dm n
where the elements of the matrix D are
1 1 — ‘chea(i—l) 1 — ﬁn(i—l) )
p, — Vel —e ¢ 1€ [1,m)ielln] (A6)

’ Ecmeu 1 —eBG-1) 1 _e,BC(ifl)’.

. . _pn(i—1 . _p2ml(i—1
Equation (A6) contains the factor %, which expands to % When
i=pm+l,
1 — e—27l(i-) 1 — p—2mlxpm

1 —g=2nli-lic/n 1 _ g 2nlwp (A7)

Equation (A7) becomes indeterminate at specific frequencies i = pm + 1. However, a
limit of this expression at these points exists. Now, add a tiny quantity ¢ to calculate its
limit value. After expansion and calculation,

1 — e 2mtlxp[m+7]
,él_%l — e 2mlxp[l +9] =m (A8)

Therefore, when i = pm + I, D;; has a non-zero value, whereas when i # pm + I, the
denominator 1 — ef(i=1) ig non-zero, while the numerator 1 — ePn(i=1) ig zero, resulting in
D; ; being zero.

Appendix B

As established in Appendix A, the matrix D is characterized by sub-matrices with
non-zero diagonal elements. Denote H = |D |2, and the values of the H matrix elements are
given by the following formula:

D[ (A9)

M-

I
=

n
1
Z H); = -~
i=1 i
It follows that the matrix H inherits the same structural form as the matrix D, mean-
ing its sub-matrices also possess non-zero diagonal elements. The specific values of the
elements H;; = |D;; |2 are determined as follows:



Sensors 2025, 25, 7167 13 of 14

1 —cos[27tCrmeq i]

11
Hjj=7—5

Crmea

H,;=0; i# pm+l.

1 7COS[27T1.771

(A10)
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