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Abstract

This paper presents an order statistic approach to the time distribution of the first detected
event following a primary avalanche pulse, considering a mixture of correlated and primary
dark counts. The well-known order statistic method, commonly used to describe the time
resolution of scintillation detectors, is applied to the arrival times of correlated events. The
established model of crosstalk as a branching Poisson process is extended to afterpulsing,
and correlated events are analyzed starting from their initial seeds—free (detrapped or
diffused) charge carriers capable of triggering secondary avalanche breakdowns. The
proposed approach enables the extraction of true timing information for delayed crosstalk
and afterpulsing and predicts a narrowing of the first arrival time distribution as the
number of seeds and the probability of correlated events increase.

Keywords: silicon photomultiplier; SiPM; afterpulsing; crosstalk; Poisson process; arrival
time; order statistic

1. Introduction

Afterpulsing (AP) was first identified in photomultiplier tubes (PMTs) in the mid-
1950s as a source of correlated noise caused mainly by positive-ion feedback [1,2]. This
noise appears as stochastic false signals in the form of delayed single electron response
pulses produced by an initial primary signal. AP affects PMT performance especially in
low-light and photon counting applications, for example, in astrophysics, resulting in
excess background and false signal counts [3,4].

AP is commonly characterized by the probability of the occurrence of at least one
AP pulse (referred to as an event) and by the delay time after the primary event. The
probability distribution of AP arrival times in PMT reflects several complex processes,
including ion feedback resulting from the ionization of residual gas atoms and molecules
within the PMT volume and at the dynode surfaces, cathodoluminescence from the dynode
surfaces, transition-radiation emission, and other phenomena [5]. The probability density
function (PDF) of arrival times f () has been modeled using multiexponential decay and
Laguerre-type polynomial functions [6]. In the most typical cases, AP events are produced
by different types of ions under an ion-feedback mechanism, generating multipeak arrival-
time histograms that are modeled using a multi-Gaussian PDF [7].

The AP effect was also observed in another type of high-gain photodetector, the
Geiger-mode avalanche photodiode (GM APD), a decade later than in PMTs. The GM APD
operates at a bias voltage above the breakdown voltage; therefore, a single charge carrier
entering an avalanche region can trigger a breakdown process of, in principle, unlimited
gain. In practice, the gain is limited by a quenching process governed by the passive or
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active circuit of the GM APD. GM APDs are more efficient and accurate in detecting single
photons compared to PMTs, so they are commonly called single photon avalanche diodes
(SPADs). AP in GM APDs or SPADs was attributed to the re-emission, or detrapping,
of charge carriers captured at deep-level sites in the semiconductor during a primary
avalanche breakdown [8,9].

SPAD functionality depends heavily on AP, because true photon detection and false AP
detection are identical events, which can be differentiated only by their statistics. AP plays
a critical role in the degradation of SPAD performance in optical quantum communications
(increasing bit error rates and limiting data rates), time-of-flight laser ranging, optical
time-domain reflectometry, time-correlated single-photon counting, and other application
areas [10,11]. On the other hand, AP measurements enable comprehensive studies of
semiconductor defects at the level of single electron trapping—detrapping processes, as
considered in [9,12].

The silicon photomultiplier (S5iPM) is an analog device based on the concept of noise-
less amplification of a single charge carrier, combining the Geiger-mode avalanche break-
down as a positive feedback process and passive quenching as a negative feedback process
dependent on the avalanche charge [13]. The higher the excess bias above the breakdown
voltage, the stronger the positive feedback and the higher the gain, and, simultaneously,
the stronger the negative feedback, the faster the quenching, and the lower the excess noise
factor (ENF) of the avalanche multiplication. A common SiPM design is an array of SPAD
pixels with passive quenching by in-pixel resistors. Pixels are operated independently
of each other and connected in parallel to a common cathode and anode. Therefore, an
output signal from the SiPM is the sum of all signals from all pixels [14-16]. The SiPM
provides proportional detection of low-level light pulses starting from single photons with
excellent photon number resolution and good time resolution at room temperature. Since
the mid-2000s, SiPMs have been recognized worldwide as new photon detectors that are
highly competitive with conventional PMTs and APDs.

The SiPM inherits all AP-related features of a single SPAD. Moreover, the SiPM, as an
array of SPAD pixels, exhibits another type of correlated noise, crosstalk (CT). CT events
occur if a primary fired pixel (primary event) ignites other pixels of the array. The CT effect
in SPAD arrays and SiPMs is caused by the so-called hot carrier luminescence, namely,
emission of photons during avalanche breakdown due to various mechanisms of radiative
losses of charge carrier energy, such as bremsstrahlung [17,18]. Thus, neighboring pixels
can detect these secondary photons, and this effect is often referred to as optical CT. There
are two types of optical CT distinguished by their delay time. The prompt CT pulse occurs
instantly, overlapping with the primary one, so its delay time is hardly resolvable because of
the picosecond-scale drift of photoelectrons or holes produced by absorption of secondary
photons in a depleted region of the pixel. The delayed CT is typically associated with
nanosecond-scale diffusion of the photoelectrons or holes from an undepleted region of
the pixel.

CT and AP represent an essential drawback in SiPM performance because the photon
number resolution and arrival time resolution of incident light pulses are degraded by the
specific ENF of correlated events. This problem appears in many SiPM application areas
such as high energy physics (particle calorimeters of CERN LHC, FermiLab), astrophysics
(gamma-imaging Cherenkov telescopes), nuclear medicine (TOF PET, SPECT detectors),
and others. To account for the contribution of correlated noises and optimize the detection,
we need to know, in general, the probability distribution of the number of correlated events
over the delay time. The first theoretical models of geometric and Borel distributions have
been developed and verified for the simplest case of prompt CT events [19]. However,
delayed CT and AP are time-dependent processes and thus more complicated. There
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have been just a few attempts to describe an infinite sequence of afterpulses created by
afterpulses, and they did not result in convenient expressions (see, for example, [20]).
Therefore, most theoretical and experimental studies consider the probability distribution
of arrival time of the first correlated event. Nevertheless, this simplified approach provides
useful information about the probability of occurrence and characteristic time of delayed
CT and AP events, which might be sufficient to understand their origins, develop correction
measures, and optimize detection performance.

A widely used model of the probability density function of the AP arrival times in
SPAD:s is the multiexponential PDF fe(t) [9]:

f(t) :fexp(t) = ;Pi . eXp(;t/Tl)

(1)

where the index i = 1, 2... denotes the contributing arrival processes with probabilities p;
and detrapping time constants T;, presumably associated with monoenergetic trap levels.

Most studies of AP in SiPMs have employed this model (1) to extract either a single
time constant [21] or two (fast and slow) time constants [22,23].

Initial studies of AP in Geiger-mode APDs based on III-V compound heterostructures,
such as InGaAs/InP, also used a single-exponential model (1) [24]. Subsequent studies,
however, showed that the experimental distributions could be described by a power-
law function few(t) ~ t7%. A fixed value of a provided a substantially better fit to the
experimental data than a multiexponential function with three or more components [25].
The authors assumed that this power-law decay arises from a broad spectrum of trap
energy levels in InP, which produces a distribution of detrapping time constants. They
further suggested that these constants could be broadened by the Poole-Frenkel effect in
the strong, nonuniform electric field within the avalanche region.

The dependence of AP PDF on the deep-level energy spectrum was further analyzed
by Horoshko et al. [26]. Assuming a quasi-continuous distribution of deep levels with
constant density over a defined energy range, they derived a hyperbolic-sinc model, fyj (f).
They showed that the power-law function fy,(t) is a close approximation of fg;,.(t) and
that both models agree well with the experiments.

The comparative evaluation study of the fexp, fpow, and fs;,c models using experimen-
tal data from several widely used SPAD, including Excelitas SPCM and Laser Components
7-SPAD, resulted in the following conclusion [27]: “Our data clearly proves that none of
the current theoretical models are universal which makes it hard to draw conclusions about the
underlying mechanism based on fundamental semiconductor physics.”.

In addition to detrapping, the diffusion of minority carriers has been identified as
another source of delayed correlated events. Secondary photons emitted during a primary
avalanche can generate minority carriers in undepleted bulk silicon. Their subsequent
diffusion can produce delayed crosstalk (CT) in neighboring pixels or retrigger the initially
fired pixel, resulting in the so-called optically-induced AP ([28,29], see also ICASiPM-
2018 [30]). This second type of AP can be considered in terms of timing in the same way as
the first type of AP related to detrapping; therefore, we do not need to differentiate them in
contrast to prompt and delayed CT. In this case, a single time constant corresponding to
the minority-carrier lifetime in the silicon substrate provides a good fit to the experimental
data for both delayed CT and AP [31].

Mostly focused on the specific generation and transport mechanisms responsible
for the AP time profile, many existing AP timing models share a common assumption: a
primary avalanche generates a single secondary avalanche with a certain probability. Under
this assumption, the occurrence of AP is governed by a Bernoulli process, whereas the
AP time profile is determined by the transit time or arrival-time distribution of the charge
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carrier that triggers the secondary avalanche. This description corresponds to a geometric
chain process in which each event produces either no successor or a single successor [19].

An alternative scenario arises when a primary avalanche generates multiple free
charge carriers in a depleted region due to detrapping or diffusion and, consequently, a
random number of seeds. These seeds compete to be the first to reach an avalanche region
and trigger a pixel. The timing of the first detected event must, therefore, be described
using order statistics. Such approaches are commonly used to model scintillation detector
time resolution [32-34].

The similarity between delayed CT and AP, particularly when both arise from carrier
diffusion, motivates the use of a branching Poisson-process framework [19]. This frame-
work is widely used to describe prompt CT distributions [35-37]. For a branching Poisson
process initiated by a single primary avalanche, the number of direct descendants in a
single branch follows a Poisson distribution, whereas the total number of events follows a
Borel distribution. We extend this framework by assuming that the primary avalanche gen-
erates a Poisson-distributed number of first-generation seeds having a common arrival-time
(transit time) distribution.

The resulting multi-seed model differs considerably from the single-event geometric
chain models when the probability of correlated events is high. This difference is particu-
larly relevant in at least three cases: (i) early-stage SiPM and SPAD development, when
delayed CT and AP have not yet been adequately suppressed and their probabilities could
be as high as ~45% (first series of Hamamatsu MPPC S10362 devices [23]) and >80% (SPAD
development at Toshiba Corp. [38]); (ii) low-temperature SiPM applications, in which
self-sustaining AP “trains” have been observed [39,40]; and (iii) radiation-hard SiPM appli-
cations, in which irradiation-induced silicon defects can cause, for example, an eightfold in-
crease in trapping-induced AP even at a neutron fluence as low as 3.3 - 10° neq/cm? [41]. At

012 neq/ cm?, AP becomes masked by dark counts [42].

a higher fluence of approximately 1

This paper presents a first-order statistic approach to the time distribution of the
first detected event initiated by a random number of Poisson-distributed seeds in the first
generation following a single primary event. The order statistic defines the dependence of
the arrival time distribution on the number of seeds, contrasting with the geometric chain
process, where the appearance of AP and its timing profile are independent. The multi-seed
framework also provides a unified description of prompt and delayed CT timing. Finally,
we discuss earlier papers that incorporated some assumptions on the Poisson distribution

of delayed correlated events and their arrival time models [22,31,42,43].

2. First-Order Statistic of Correlated and Primary Dark Counts
The method is based on the following assumptions:

1. A primary avalanche event generates a random number of seeds N following a
Poisson distribution with mean y = E[N].

2. The seed arrival times are independent and identically distributed random variables
Ty, n=1,2 ... N, with cumulative distribution function (CDF) F(¢) = Pr(T, < t) and
probability density function (PDF) f(t) = dF(t)/dt.

3. Each seed triggers a secondary avalanche, referred to as a correlated event, through a
Bernoulli process with probability Py;g.

4. Multiple types of correlated processes, characterized by distinct arrival-time distribu-
tions, mean seed numbers, and triggering probabilities, may coexist independently.

5. Correlated processes mixed with the primary dark counting process are considered
independent Poisson point processes.
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6. A Poisson point process produces only event timestamps T, (i.e., pulse amplitudes
and shapes are not attributed to the event). The process is fully characterized by its
mean number of events N(f) or equivalently by its intensity I(t) = dN(t)/dt.

7. Primary dark counting is a homogeneous (stationary) process with constant inten-
sity DCR.

8.  Correlated processes are inhomogeneous (nonstationary) with time-dependent
intensities.

Our objective is to derive the probability distribution of the arrival time T),;, of the
first event generated by superposition of these processes.

Consider two independent random variables T and Tp, representing the arrival
times of the first correlated and primary dark events, respectively. The random variable
Tinin = min[Tc, Tp| has CDF F,,;,(t). The probability theory of order statistics provides
expressions for the CDF and PDF for any order of ordered (sorted) random variables.
In first-order statistics, the distribution of the minimum is most conveniently derived
using the complementary CDF (CCDF) (survival function). For a random variable T, the
events (T < t) and (T > t) are mutually exclusive and the respective probabilities are
complementary (Pr(T < t) + Pr(T > t) = 1); therefore, Pr(T > t) = 1 — F(t). Because the
absence of a correlated event and the absence of a primary dark event during the interval
(0,t) are independent, the probability of no event from both processes is the product of
CCDF¢ and CCDFp:

CCDF,,;, = CCDF. - CCDFp )
1= Fpin(t) = (1= Fc(t)) - (1= Fp(t)) 3)
Fyin(t) =1 — (1= Fc(t)) - (1 = Fp(t)) (4)

If Tp is the arrival time of the first dark event from a Poisson point process with
intensity DCR, then

Fp(t) =1—exp(—DCR-t) (5)
Fin(t) = 1— (1= Fc(t)) - exp(=DCR - £) 6)
fuin(t) = (fe(t) + DCR- (1 = Fc(t))) - exp(=DCR - £) (7)

Equation (6) makes it possible to extract the probability distribution F¢(t) of correlated
events of our interest from measurements of mixed processes, as demonstrated in [44].

Next, we consider a correlated process C, in which a primary avalanche generates
a random number N of seeds capable of producing a secondary avalanche. To find the
marginal (unconditional) distribution of the first seed arrival time T;, = min[Ty, T5...Ty],
we sum the conditional CDFs Pr(T, < t|N = n) for a fixed n over all possible values of N,
weighted by Poisson probability Pr(N = n):

o
Fuin(t) = Y_ Pr(T, <t|N =n)-Pr(N =n)

n=1
= Fi- - el ®
The sum in Equation (8) has the closed form [45]:
Fuin(#) =1 — exp(—p - Fc(1)) €)
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The PDF of the distribution in Equation (9) is

Smin(8) = - fe(t) - exp(—p - Fc(t)) (10)

where 1 - fc(t) is the intensity of the inhomogeneous Poisson process of seed arrivals.

A correlated event occurs when an arriving seed triggers a secondary avalanche with
probability P,. This Bernoulli process results in the random splitting of seed arrivals
into triggered events with a mean iy = Pyyig - p and the absence of events with a mean
Hno—trig = (1- Pm-g) - u. This splitting or thinning of the Poisson process modifies the
intensity of the Poisson arrival process p - fc(t) to Ic = Py - i - fc(t). In general, different
correlated processes may have different triggering probabilities P}, because their sources
differ in spatial location relative to the avalanche p-n junction [46,47].

Prompt crosstalk need not be excluded from the model, although its timing is gen-
erally unresolvable from that of the primary event. In this case, its arrival-time PDF
fpcr(t) can be approximated by a Dirac delta function. Therefore, the total intensity of
the crosstalk processes Icr(t) is the sum of the prompt I,cr(t) and delayed Izcr(t) com-
ponents with corresponding mean numbers of seeds, transit time functions, and constant
triggering probabilities:

Ier(t) = Ipcr(t) + Licr(t)
= Pyig—pcT - tpcT * fper(t) + Poig—act - pact - fact(t) (11)

For AP events, pixel recovery must be incorporated through a time-dependent trigger-
ing probability Py ap(t):

Lap(t) = Prig—ap(t) - pap - fap(t) (12)

Here, Pyig—ap(t) = Pirig—ap(Voo(t)), where Vyy (t) is the actual overvoltage, which appears
to be a time-dependent function during the recovery of pixels. The functions Py;¢(Vo,) and
Voo (t) can be determined from experimental measurements or from models of triggering
probabilities and recovery dynamics, as discussed elsewhere [29,46].

Finally, the superposition of independent Poisson processes is itself a Poisson process,
for which we obtain expressions for the CDF F,;;;, and PDF f,,;,, of the first observed event,
defined solely by the total process intensity Ls,m (t):

Lsum(t) = Icr(t) + Iap(t) + DCR (13)
Naum (£) = /0 Lo (1) (14)
Fin(t) =1 — exp(—Nsum(t)) (15)
fmin(t) = Lsum(t) - exp(—Nsum(t)) (16)

Note that all expressions in this paper are derived under the assumption of temporal
point processes. When necessary, they should be modified to account for specific event
amplitudes, pulse shapes, and discrimination conditions. Under such conditions, some
correlated pulses may be lost during the initial time interval if they are not resolved from
the primary pulse or rejected due to reduced amplitude during pixel recovery.

3. Discussion
3.1. Comparison of Branching Poisson and Geometric Chain Models

We first compare first-arrival time distributions in the absence of dark counts for
two models: a geometric chain process, which produces a single correlated event with
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probability p, and the first generation of a branching Poisson process, which produces a
Poisson-distributed number of correlated events with mean ji;;,. For clarity, we consider
the simplest case: a single-exponential arrival-time distribution Tey, with PDF feyy(t), a
single type of correlated process, such as delayed crosstalk with Py;,(t) = const, and a
dark count rate DCR = 0.

In the geometric chain model, the arrival time of the first correlated event T,y geom
coincides with the arrival time Tgeom of its single possible event. The corresponding CDF
and PDF of Tgeom are therefore given by the product of the Bernoulli probability p and the
CDF and PDF of the exponential arrival-time (transit time) distributions Fexp () and fexp(t).

In the Poisson model, the CDF and PDF of the first event arrival time Ty pois are
obtained from Equations (9) and (10) with the mean number of triggered events p;q.

eft/'r
fexp(t) = T (17)
Fop(t) =1—¢7 /7 (18)
—t/T
fmin—geom(t) = fgeom(t) =p 'fexp(t) =p- ¢ = (19)
Fmin—geom(t) = Fgeom(t) =p- Fexp(t) =p- (1 - e_t/T) (20)
e—t/’r

- g (11— t/T
fminfpois(t) — ,utrig . fexp(t) .e Vtrtg Fexp(t) — ,utrig . .e Vtrzg (1 e ) (21)

Fuin—pois(t) =1 — e Purig Fexp (1) = 1 — = parig (1—e7'/)

(22)

Note that both Ty, pois and Tgeom are improper random variables. Their probability
functions are therefore termed defective CDF and PDF, because a fraction (1 — p) of trials
(primary events) in the geometric chain process and a fraction exp(—pyyig) of trials in the
Poisson branching process do not produce correlated events; therefore, their arrival times
are undefined. Consequently, their CDFs approach values less than unity at infinite time
(Equations (20) and (22)):

Foeom(t — 00) = p (23)
Fmin—pois(t — ) =1- exp(_ﬂtrig) =P (24)

Thus, in the Poisson model, the probability of correlated events p is defined by
Equation (24) as the probability to get at least one triggered event, which establishes the
equivalence of the geometric and Poisson process descriptions [19].

For a low mean number of triggered events (yi4j; < 1), the two models become
nearly identical:

p=1- exp(_l"trig) ~ Wtrig (25)
fmin—pois(t> ~ Kirig 'fexp(t) ~ fgeom(t) (26)

In this case, the most probable non-zero number of arriving events from a Poisson branch
is one, matching the single-event structure of the geometric chain process, and the model
results are similar.

In contrast, when ;. is large, the last exponential factor in Equation (21) significantly
compresses the first-arrival time distribution towards shorter times and narrower widths
relative to fexp(t). This effect is well known in multiphoton pulse arrival time measure-
ments, where it appears as a dependence of time walk and timing resolution on the number
of photons per pulse.

The comparative behavior of the geometric chain model and the branching Poisson
model (Equations (17)—(22)) is shown in Figures 1 and 2 for the same single-exponential
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PDF fexp(t) with time constant T = 100 ns, and the same probabilities of correlated events
according to Equations (23) and (24).

29 .
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Armnval time, ns

Figure 1. Cumulative distribution functions (CDFs) of the arrival times of the first correlated event
from the Poisson branching process, Equation (22), and the single correlated event from the geometric
chain process, Equation (20), in the absence of dark counts. The Poisson and geometric processes
have the same single-exponential CDF ngp(t) with a time constant T = 100 ns, and they have equal
correlated event probabilities according to Equations (23) and (24).

Poisson, =3
Poisson, 1=0.69
Poisson, 1=0.105
e e + « Geometric, p=0.95
"\\\‘ + « + Geometric, p=0.5
R et b+« » Geometric, p=0.1 ||

110 g & =

PDF
/
/

1107 o =

oy +
N S—

= o
Sy
e N e

y RN

0 200 400 600 800 l><103

1107

1x10

Arrival time, ns

Figure 2. Probability density functions (PDFs) of the arrival times of the first correlated event from
the Poisson branching process, Equation (21), and the single correlated event from the geometric
chain process, Equation (19), in the absence of dark counts. The Poisson and geometric processes
have the same single-exponential PDF fey,(t) with a time constant T = 100 ns, and they have equal
correlated event probabilities according to Equations (23) and (24).

As expected, the Poisson and geometric distributions are nearly identical at prob-
ability p = 0.1, where both PDFs reproduce the single-exponential decay p - fexp(t)
(Equations (19) and (26)). The higher the probabilities, the greater the deviation of Poisson
CDFs and PDFs towards earlier arrivals relative to the geometric distributions, which
remain simple p—scaled versions of Fey,(t) and fexy(t), respectively.

We finally consider the first-arrival time distributions when the correlated events and
dark counts are mixed. Using the general expression Equation (6) for CDF F;,(t), and
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substituting an arbitrary correlated process CDF Fc(t) by the specific CDFs F;, ggom(f)
(Equation (20)) and Fmin_pais(t) (Equation (22)), we obtain the following;:

Fmin—geom—dcr(t) =1- (1 —P (1 - e_t/T)) L DERY (27)
—t/T
Foin—geom—der (t) = (p+ ———+DCR - (1= p- (1 —¢7/7))) - e” DK (28)
Fminf]ﬂoisfdcr(t) =1- eimrig'(lieit/T)iDCR't (29)
e /T —tyyie-(1—e~H/T)—DCR-t
fminfpoisfdcr(t) = (Vtrig : T + DCR) -~ Mg (30)

In the presence of dark counts, the mixed-process arrival-time distributions become
proper CDFs and PDFs rather than defective ones because every trial eventually produces
either a correlated event or a primary dark event. This follows directly from Equation (4):
since Fp(t — o) = 1, then F;,, (t — o0) = 1.

To make the mixed arrival-time distributions more visible in the following figures,
we use a relatively high dark count rate, DCR = 1 Mcps, corresponding to a mean time
between dark counts of 1000 ns. This value is chosen to be comparable to the exponential
decay constant T = 100 ns.

As shown in Figure 3, at low probability of correlated events p = 0.1, a substantial part
of the nearly identical Poisson and geometric CDFs is contributed by dark counts, shown
by the “Dark” curve. This occurs because in approximately 90% trials, no correlated event
is produced and the majority of events are dark counts. The higher p, the lower the relative
contribution from dark counts, and at p = 0.95, the CDFs in Figure 3 become similar to the
corresponding distributions without dark counts shown in Figure 1.

To emphasize the main features of the PDF plots with high p in Figure 4, the
case p = 0.1 is omitted and the time axis is shown on a logarithmic scale. Dark-count
contributions are represented by the “Dark fit” curves. The “Dark fit” function is
(1—p)-DCR-exp(—DCR - t), which corresponds to what is typically obtained by fitting
the long-time dark-count tail in experimental histograms.

CDF

Poisson, =3
Poisson, 1=0.69
Poisson, 1=0.105
b+« » Geometric, p=0.95
b+ ¢ » Geometric, p=0.5
b+« + Geometric, p=0.1
Dark, DCR=1 Mcps

0 200 400 600 800 14107

Arrival time, ns

Figure 3. Cumulative distribution functions (CDFs) of the arrival times of the first correlated event
from the Poisson branching process, Equation (29), and the single correlated event from the geometric
chain process, Equation (27), in the presence of dark counts with DCR =1 Mcps. The Poisson and
geometric processes have the same single-exponential CDF Feyp(t) with a time constant 7 = 100 ns,
and they have equal correlated event probabilities according to Equations (23) and (24).
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0.1

1107 &\ \
1107 N
Poisson, p=3
) Poisson, 1=0.69 \\
k¢ + + Geometric, p=0.95

|r ¢+« Geometric, p=0.5 \\
110 He = Dark fit for p=0.95 \
|= == Dark fit for p=0.5 \

I

PDF

1 10 100 1x10 l><104

Arrival time, ns

Figure 4. Probability density functions (PDFs) of the arrival times of the first correlated event from
the Poisson branching process, Equation (30), and the single correlated event from the geometric
chain process, Equation (28), in the presence of dark counts with DCR =1 Mcps. The Poisson and
geometric processes have the same single-exponential PDF fey,(t) with a time constant T = 100 ns,
and they have equal correlated event probabilities according to Equations (23) and (24).

3.2. CCDF Approach

A common approach to studying the timing behavior of delayed correlated events
is based on the following steps: (A) proper selection of pure single-primary events as
measurement triggers, excluding primary events accompanied by prompt crosstalk and
secondary events originating from pre-primary avalanches; (B) measurement of a set of
N, arrival times T; (i = 1,2...N,p) of the first event after the trigger; (C) construction
of a histogram from the set T;, representing PDF of the arrival time; and (D) analysis
of the histogram using fit functions similar to Equations (28) and (30) either over the
full histogram or separately for the long-time dark-count tail and the correlated-event
component [22,23,28,31].

However, in our practice, an alternative approach to the analysis of experimental
timing data based on empirical CDFs or CCDFs is more straightforward and precise than
histogram-based analysis [44]. The construction of histograms requires binning the data
into K bins, which introduces uncertainty associated with the choice of an optimal bin
size. Moreover, binning reduces the original N, data points to K bin points with losses
of the original values of T;. In contrast, empirical CDF or CCDF is obtained by sorting
the set T; in ascending or descending order, assigning them to the X-axis, and assigning
normalized indexes (1/Ney,2/ Nep...1) to the Y-axis. Thus, the empirical CDF or CCDF
preserves the original timing information. The next steps of the analysis of empirical CCDFs
are straightforward. First, the CCDFp (Equation (5)) of the first dark events can be used as a
fit function to extract DCR and p from the long-time tail of the empirical CCDF. Second, the
theoretical CCDF,,;;, (Equation (2)) allows us to extract the CCDF¢ of the correlated events
without assuming a specific model of their distribution (except for independence from the
dark counts). Note that this model-free extraction is not available in the histogram /PDF
approach, because in the theoretical PDF f,,;, (t) (Equation (7)) the quantities fc(t), Fc(f),
and DCR are mixed in the first (pre-exponential) factor.

The CCDF approach is demonstrated in Figure 5 using the same distributions as
in Figure 4. The straight lines labeled “Dark fit” represent (1 — p) - CCDFp, and the
lines intersect with the CCDF axis at level (1 — p). The region above each “Dark fit”
line corresponds to the contribution of correlated events, with total probability p. An
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example of experimental data processing for a KETEK SiPM using the CCDF approach is
presented in [44].

CCDF

Poisson, p=3
0.011 Poisson, 1=0.69

F * + » Geometric, p=0.95
F + + » Geometric, p=0.5
= = Dark fit for p=0.95
= == Dark fit for p=0.5

0 200 400 600 800 1x10

Arrival time, ns

Figure 5. Complementary cumulative distribution function (CCDF =1 — CDF) corresponding to the
PDF plots shown in Figure 4.

3.3. Studies Related to the Poisson Model

Among studies of arrival-time distributions of delayed correlated events in SiPMs, one
of the first papers related to the Poisson distribution of AP events in SiPMs was published
in 2008 [22]. The authors presented an expression for the probability of AP in a time interval
(t,t + dt), describing it as “The sum over the Poisson probability accounts for the possibility
of having more than one delayed carrier created per avalanche” (see page 399). This sum is
closely related to the differential form of Equation (8) used to express f;;;, (Equation (10)).
However, their expression appears to contain an error or misprint in the factor fexp(t) of
the summation, and the sum was not evaluated in closed form.

Another model of the AP time distribution [42] (Equations (3)—(5) of their paper)
nearly coincides with Equations (21) and (22). The authors applied Poisson statistics to
dark counts and, without discussion, to AP events. However, the definitions of the AP
probability used in that work are not consistent. The “total afterpulse probability”, denoted
by €4p, corresponds to the geometric model of AP events (Equations (19) and (20)), while
the “probability of one or more events until time (t)”, denoted by P~((t), corresponds to the
Poisson model of dark and AP events (Equation (15)). This duality leads to a contradiction
that can be resolved if we interpret € op as pyyig-

A comprehensive study of correlated events using a correct Poisson model for arrival-
time distributions was presented at NDIP-2014 and published in 2015 [31]. In that study,
Poisson distributions were assumed for the total number of events produced by each type
of delayed correlated process and dark counting process. A correct expression for the
arrival-time PDF of the first event, similar to Equation (16), was introduced, although
without discussion of its order statistic origin.

Therefore, the main expressions derived in Section 2, Equations (13)—(16), are not
entirely new. However, they are presented here systematically on probabilistic grounds,
with an emphasis on the CDF and CCDF as primary representations that allow separable
and experimentally convenient analysis of dark and correlated components.

In 2017, a method was proposed and evaluated that “allows for a model-independent
measurement of the afterpulsing timing distribution and dark noise rate” in PMTs and SiPMs [43].
The method eliminates the shadowing effect and considers the first event after a properly
selected primary event, assuming that both dark counts and delayed correlated events
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obey Poisson statistics. In this sense, the method is model-independent with respect to the
AP timing profile, but it remains dependent on the Poisson-process assumption. Although
the method is implemented using histograms, the essential data-processing step is closely
related to a CDF-based approach. Specifically, the main expression (Equation (3), page 4)
defines the probability P; of obtaining an event in the time bin 7 as the difference between
two CDF values. In our notation, replacing the bin times t; and ¢; 1 by t and t + dt, their
expression becomes a consequence of Equation (15):

P, = Fuin(t31) = Fi(8) = e M) — ¢ Mo o =Nonl8). (1 — e lanl0)1) 31

Thus, the method correctly uses a CDF-based formulation, but it does so through histogram
binning, which introduces some losses of timing information.

The studies discussed above provided examples of Poisson model validation with
respect to experimental histograms of the first event arrival time.

The first-arrival time histograms of the KETEK PM1125 SiPM and Hamamatsu MPPC
510362-11-050C samples were analyzed to determine the characteristics of AP. The Pois-
son model fit functions appeared to coincide with the histogram data within about 10%
tolerance (see Figures 4 and 5, [42]).

The detailed measurements of Hamamatsu MPPC 510362, 512571, and 513360 samples
were performed with post-processing separation of delayed CT and AP. The Poisson model
was found to be in good agreement for both types of correlated events in a wide range of
Poisson means (e.g., from 0.01 to 0.74 for AP), and their PDF timing profiles were found
to be defined by diffusion with the relevant time constants (see Figures 8 and 9, and
Table 2, [31]).

Other examples of Poisson model verifications were presented in the studies of KETEK
PM3350T SiPM (see Figure 4, [44]) and Hamamatsu MPPC for the T2K experiment, similar
to the MPPC S10362 series (see Figure 2, [43]).

However, these studies were not focused on a comparative analysis of the Poisson
model versus the geometric chain model, especially at high probabilities of correlated
events, where we should expect considerable differences, as discussed in Section 3.1.
Therefore, a comprehensive verification of the Poisson model is not yet complete and
remains to be performed.

4. Conclusions

The first-order statistic approach predicts that the arrival-time distribution depends
on the number of correlated seeds in a Poisson branch and, consequently, on the probability
of correlated events. This contrasts with single-event AP models, such as the geometric
chain process, in which the probability and timing profiles are independent. This depen-
dence complicates both the theoretical interpretation and the experimental analysis of
correlated processes in SiPMs and SPADs, especially at high probabilities, and may lead to
a misinterpretation of the temporal characteristics of afterpulsing and delayed crosstalk.

This analytical model can be a useful tool for analyzing non-exponential and other
unusual temporal behavior of silicon and non-silicon Geiger-mode avalanche devices, for
example, to explain the formation of “afterpulsing trains”. It may also be especially relevant
for studies of radiation-damaged SiPMs with significant lattice defects.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

https://doi.org/10.3390/s26144432


https://doi.org/10.3390/s26144432

Sensors 2026, 26, 4432 13 of 14

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Acknowledgments: The author thanks their colleagues Elena Popova and Alexander Kaminsky
from the CERN CMS collaboration for the discussions of the experimental results on radiation-
damaged SiPMs.

Conflicts of Interest: The author declares no conflicts of interest.

References

1.

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.

Breitenberger, E. Scintillation spectrometer statistics. Prog. Nucl. Phys. 1955, 4, 56-94.

Genz, H.; Harmer, D.S.; Fink, R W. Measurement by two-dimensional pulse analysis of the time and energy distributions of
afterpulses in proportional counters. Nucl. Instrum. Methods 1968, 60, 195-200. [CrossRef]

Campbell, L. Afterpulse measurement and correction. Rev. Sci. Instrum. 1992, 63, 5794. [CrossRef]

Mirzoyan, R.; Lorenz, E.; Petry, D.; Prosch, C. On the influence of afterpulsing in PMTs on the trigger threshold of multichannel
light detectors in self-trigger mode. Nucl. Instrum. Methods Phys. Res. A 1997, 387, 74-78. [CrossRef]

Poleshchuk, R.V.; Lubsandorzhiev, B.K.; Vasiliev, R.V. An observation of a new class of afterpulses with delay time in the range of
70-200 ps in classical vacuum photomultipliers. Nucl. Instrum. Methods Phys. Res. A 2012, 695, 362-364. [CrossRef]

Ohsuka, S.; Ogata, Y.; Tamura, Y. Application of a point-process model to occurrence-time data of photomultiplier dark pulses.
Nucl. Instrum. Methods Phys. Res. A 1997, 384, 477-481. [CrossRef]

Zhao, R.; Anfimov, N.; Chen, Y.; Hu, H.; Hu, J; Ji, X.L.; Korablev, D.; Li, M.; Olshevskiy, A.; Peng, Z.Y.; et al. Afterpulse
measurement of JUNO 20-inch PMTs. Nucl. Sci. Tech. 2023, 34, 12. [CrossRef]

Haitz, R.H. Mechanisms contributing to the noise pulse rate of avalanche diodes. J. Appl. Phys. 1965, 36, 3123-3131. [CrossRef]
Cova, S.; Lacaita, A.; Ripamonti, G. Trapping phenomena in avalanche photodiodes on nanosecond scale. IEEE Electron Device Lett.
1991, 12, 685-687. [CrossRef]

Ripamonti, G.; Zappa, F.; Cova, S.D. Effects of trap levels in single-photon optical time-domain reflectometry: Evaluation and
correction. J. Light. Technol. 1992, 10, 1398-1402. [CrossRef]

Lai, Y,; Shen, Z.; Chen, Y.; Wang, ].; Guo, J.; Wei, Z. The impact of afterpulsing effects in single-photon detectors on the performance
metrics of single-photon detection systems. Photonics 2024, 11, 1074. [CrossRef]

Giudice, A.C.; Ghioni, M.; Cova, S.; Zappa, F. A process and deep level evaluation tool: Afterpulsing in avalanche junctions. In
Proceedings of the European Solid-State Device Research Conference (ESSDERC 2003), Estoril, Portugal, 16-18 September 2003;
pp- 347-350. [CrossRef]

Shushakov, D.A.; Shubin, V.E. New solid state photomultiplier. In Proceedings of the SPIE Optoelectronic Integrated Circuit Materials,
Physics, and Devices, San Jose, CA, USA, 24 April 1995; Razeghi, M., Park, Y.-S., Witt, G.L., Eds.; SPIE: Bellingham, WA, USA, 1995;
Volume 2397, p. 544. [CrossRef]

Buzhan, P; Dolgoshein, B.; Ilyin, A.; Kantserov, V.; Kaplin, V.; Karakash, A.; Pleshka, A.; Popova, E.; Smirnow, S.; Volkov, Y.; et al.
An advanced study of silicon photomultiplier. ICFA Instrum. Bull. 2001, 23, 28-41.

Acerbi, F.; Gundacker, S. Understanding and simulating SiPMs. Nucl. Instrum. Methods Phys. Res. A 2019, 926, 16-35. [CrossRef]
Sadygov, Z.; Sadigov, A.; Khorev, S. Silicon photomultipliers: Status and prospects. Phys. Part. Nucl. Lett. 2020, 17, 160-176.
[CrossRef]

Lacaita, A.L.; Zappa, F,; Bigliardi, S.; Manfredi, M. On the bremsstrahlung origin of hot-carrier-induced photons in silicon devices.
IEEE Trans. Electron Devices 1993, 40, 577-582. [CrossRef]

Mirzoyan, R.; Kosyra, R.; Moser, H.-G. Light emission in Si avalanches. Nucl. Instrum. Methods Phys. Res. A 2009, 610, 98-100.
[CrossRef]

Vinogradov, S. Analytical models of probability distribution and excess noise factor of solid state photomultiplier signals with
crosstalk. Nucl. Instrum. Methods Phys. Res. A 2012, 695, 247-251. [CrossRef]

Dejen, B.; Vaquero-Stainer, A.; Santana, T.S.; Arabskyj, L.; Dolan, P.R.; Chunnilall, C.J. A refined method for characterizing
afterpulse probability in single-photon avalanche diodes. Appl. Phys. Lett. 2024, 125, 194002. [CrossRef]

Nagy, E; Mazzillo, M.; Renna, L.; Valvo, G.; Sanfilippo, D.; Carbone, B.; Piana, A; Fallica, G.; Molndr, J. Afterpulse and delayed
crosstalk analysis on a STMicroelectronics silicon photomultiplier. Nucl. Instrum. Methods Phys. Res. A 2014, 759, 44-49. [CrossRef]
Du, Y.; Retiére, F. After-pulsing and cross-talk in multi-pixel photon counters. Nucl. Instrum. Methods Phys. Res. A 2008, 596,
396—401. [CrossRef]

Eckert, P.; Schultz-Coulon, H.-C.; Shen, W.; Stamen, R.; Tadday, A. Characterisation studies of silicon photomultipliers. Nucl.
Instrum. Methods Phys. Res. A 2010, 620, 217-226. [CrossRef]

Itzler, M.A ; Ben-Michael, R.; Slomkowski, K.; Krainak, M.A.; Wu, S. Afterpulsing Effects in Free-Running InGaAsP Single-Photon
Avalanche Diodes. IEEE |. Quantum Electron. 2008, 44, 3-11. [CrossRef]

https:/ /doi.org/10.3390/s26144432


http://doi.org/10.1016/0029-554x(68)90411-4
http://dx.doi.org/10.1063/1.1143365
http://dx.doi.org/10.1016/S0168-9002(96)00964-3
http://dx.doi.org/10.1016/j.nima.2011.11.030
http://dx.doi.org/10.1016/s0168-9002(96)00877-7
http://dx.doi.org/10.1007/s41365-022-01162-3
http://dx.doi.org/10.1063/1.1702936
http://dx.doi.org/10.1109/55.116955
http://dx.doi.org/10.1109/50.166782
http://dx.doi.org/10.3390/photonics11111074
http://dx.doi.org/10.1109/ESSDERC.2003.1256885
http://dx.doi.org/10.1117/12.206900
http://dx.doi.org/10.1016/j.nima.2018.11.118
http://dx.doi.org/10.1134/S154747712002017X
http://dx.doi.org/10.1109/16.199363
http://dx.doi.org/10.1016/j.nima.2009.05.081
http://dx.doi.org/10.1016/j.nima.2011.11.086
http://dx.doi.org/10.1063/5.0226118
http://dx.doi.org/10.1016/j.nima.2014.04.045
http://dx.doi.org/10.1016/j.nima.2008.08.130
http://dx.doi.org/10.1016/j.nima.2010.03.169
http://dx.doi.org/10.1109/jqe.2007.906996
https://doi.org/10.3390/s26144432

Sensors 2026, 26, 4432 14 of 14

25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

Itzler, M.A; Jiang, X.; Entwistle, M. Power law temporal dependence of InGaAs/InP SPAD afterpulsing. J. Mod. Opt. 2012, 59,
1472-1480. [CrossRef]

Horoshko, D.B.; Chizhevsky, V.N,; Kilin, S.Y. Afterpulsing model based on the quasi-continuous distribution of deep levels in
single-photon avalanche diodes. J. Mod. Opt. 2017, 64, 191-195.

Ziarkash, A.\W.; Joshi, S.K.; Stip¢evi¢, M.; Ursin, R. Comparative study of afterpulsing behavior and models in single photon
counting avalanche photo diode detectors. Sci. Rep. 2018, 8, 5076. [CrossRef] [PubMed]

Acerbi, F; Ferri, A.; Zappala, G.; Paternoster, G.; Picciotto, A.; Gola, A.; Zorzi, N.; Piemonte, C. NUV Silicon Photomultipliers with
High Detection Efficiency and Reduced Delayed Correlated-Noise. IEEE Trans. Nucl. Sci. 2015, 62, 1318-1325. [CrossRef]

Boone, K.; Iwai, Y.; Retiére, F.; Rethmeier, C. Delayed avalanches in Multi-Pixel Photon Counters. J. Instrum. 2017, 12, P07026.
[CrossRef]

The International Conference on the Advancement of Silicon Photomultipliers (ICASiPM), Schwetzingen, Germany,
11-15 June 2018. Available online: https://indico.gsi.de/event/6990/ (accessed on 10 July 2026).

Rosado, J.; Hidalgo, S. Characterization and modeling of crosstalk and afterpulsing in Hamamatsu silicon photomultipliers.
J. Instrum. 2015, 10, P10031. [CrossRef]

Post, R.; Schiff, L. Statistical Limitations on the Resolving Time of a Scintillation Counter. Phys. Rev. 1950, 80, 1113. [CrossRef]
Fishburn, M.W.; Charbon, E. System Tradeoffs in Gamma-Ray Detection Utilizing SPAD Arrays and Scintillators. IEEE Trans. Nucl.
Sci. 2010, 57, 2549-2557. [CrossRef]

Vinogradov, S. Analytical model of SiPM time resolution and order statistics with crosstalk. Nucl. Instrum. Methods Phys. Res. A
2015, 787, 229-233. [CrossRef]

Biland, A.; Bretz, T.; Buf3, J.; Commichau, V.; Djambazov, L.; Dorner, D.; Einecke, S.; Eisenacher, D.; Freiwald, J.; Grimm, O.; et al.
Calibration and Performance of the Photon Sensor Response of FACT — The First G-APD Cherenkov Telescope. J. Instrum. 2014,
9, P100012. [CrossRef]

Chmill, V.; Garutti, E.; Klanner, R.; Nitschke, M.; Schwandyt, ]. On the characterisation of SiPMs from pulse-height spectra. Nucl.
Instrum. Methods Phys. Res. A 2017, 854, 70-81. [CrossRef]

Guan, Y.; Anfimov, N.; Cao, G.; Xie, Z.; Dai, Q.; Fedoseev, D.; Kuznetsova, K.; Rybnikov, A.; Selyunin, A.; Sotnikov, A. Study of
Silicon Photomultiplier external cross-talk. J. Instrum. 2024, 19, P06024. [CrossRef]

Kawata, G.; Yoshida, ].; Sasaki, K.; Hasegawa, R. Probability distribution of after pulsing in passive-quenched single-photon
avalanche diodes. IEEE Trans. Nucl. Sci. 2017, 64, 2386-2394.

Zhang, J.; Goeldi, D.; Iwai, R.; Sakurai, M.; Soter, A. Scintillation detectors with silicon photomultiplier readout in a dilution
refrigerator at temperatures down to 0.2 K. J. Instrum. 2022, 17, P06024. [CrossRef]

Hanski, O,; Kiilerich, T.; Ahopelto, S.; Semakin, A.; Ahokas, J.; Dvornichenko, V.; Vasiliev, S. Performance of Silicon photomultipliers
at low temperatures. arXiv 2025, arXiv:2501.03812. [CrossRef]

Pefia-Rodriguez, J.; Fortsch, J.; Pauly, C.; Kampert, K.-H. Neutron irradiation damage on Silicon Photomultipliers and electrical
annealing studies for the CBM RICH detector. arXiv 2025, arXiv:2509.18838. [CrossRef]

Garutti, E.; Gensch, M.; Klanner, R.; Ramilli, M.; Xu, C. Afterpulse effect in SiPM and neutron irradiation studies. In Proceedings
of the 2014 IEEE Nuclear Science Symposium and Medical Imaging Conference (NSS/MIC), Seattle, WA, USA, 8-15 November
2014; pp. 1-7.

Butcher, A.; Doria, L.; Monroe, J.; Retiére, F.; Smith, B.; Walding, J. A method for characterizing after-pulsing and dark noise of
PMTs and SiPMs. Nucl. Instrum. Methods Phys. Res. A 2017, 875, 87-91. [CrossRef]

Vinogradov, S. Precise metrology of SiPM: Measurement and reconstruction of time distributions of single photon detections
and correlated events. In Proceedings of the 2016 IEEE Nuclear Science Symposium, Medical Imaging Conference and Room-
Temperature Semiconductor Detector Workshop (NSS/MIC/RTSD), Strasbourg, France, 29 October—6 November 2016; pp. 1-4.
Epstein, B. A Modified Extreme Value Problem. Ann. Math. Stat. 1949, 20, 99-103. [CrossRef]

Otte, A.N.; Garcia, D.; Nguyen, T.; Purushotham, D. Characterization of three high efficiency and blue sensitive silicon photomulti-
pliers. Nucl. Instrum. Methods Phys. Res. A 2017, 846, 106-125. [CrossRef]

Gallina, G.; Retiere, F; Giampa, P,; Kroeger, J.; Margetak, P.; Byrne Mamabhit, S.; De St Croix, A.; Edaltafar, F.; Martin, L.; Massacret,
N.; et al. Characterization of SiPM Avalanche Triggering Probabilities. IEEE Trans. Electron Devices 2019, 66, 4228-4234. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https:/ /doi.org/10.3390/s26144432


http://dx.doi.org/10.1080/09500340.2012.698659
http://dx.doi.org/10.1038/s41598-018-23398-z
http://www.ncbi.nlm.nih.gov/pubmed/29568087
http://dx.doi.org/10.1109/tns.2015.2424676
http://dx.doi.org/10.1088/1748-0221/12/07/p07026
https://indico.gsi.de/event/6990/
http://dx.doi.org/10.1088/1748-0221/10/10/p10031
http://dx.doi.org/10.1103/physrev.80.1113
http://dx.doi.org/10.1109/tns.2010.2064788
http://dx.doi.org/10.1016/j.nima.2014.12.010
http://dx.doi.org/10.1088/1748-0221/9/10/p10012
http://dx.doi.org/10.1016/j.nima.2017.02.049
http://dx.doi.org/10.1088/1748-0221/19/06/p06024
http://dx.doi.org/10.1088/1748-0221/17/06/p06024
http://dx.doi.org/10.48550/arXiv.2501.03812
http://dx.doi.org/10.48550/arXiv.2509.18838
http://dx.doi.org/10.1016/j.nima.2017.08.035
http://dx.doi.org/10.1214/aoms/1177730095
http://dx.doi.org/10.1016/j.nima.2016.09.053
http://dx.doi.org/10.1109/ted.2019.2935690
https://doi.org/10.3390/s26144432

	Introduction
	First-Order Statistic of Correlated and Primary Dark Counts
	Discussion
	Comparison of Branching Poisson and Geometric Chain Models
	CCDF Approach
	Studies Related to the Poisson Model

	Conclusions
	References

