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Highlights
What are the main findings?

e A cooperative navigation method for dual-SINS is proposed using only relative
range and angle measurements, enabling full-bias estimation with simple planar
motion.

e  Experimental results show that after 3 h of cooperative navigation along a figure-8
trajectory, the positioning accuracy of the two SINSs improves by 77.4% and 68.4%
compared to autonomous mode.

What are the implications of the main findings?

e Based on relative range and angle measurements, the proposed method eliminates
the need for high-precision reference benchmarks, complex 3D excitation trajecto-
ries, or turntable modulation.

e It reduces system complexity and motion requirements, providing an effective and
easy-to-implement solution for GNSS-denied cooperative navigation, especially for
UGVs.

Abstract

In order to address the issue of rapidly divergent positioning errors of a single-platform
inertial navigation system (INS) in GNSS-denied environments, this paper proposes a
cross-platform cooperative navigation method based on relative range and angle meas-
urements. The observability of the cooperative navigation system under different mo-
tion strategies is investigated using Fisher information matrix (FIM) right null-space
analysis combined with singular value decomposition (SVD). The results show that with
relative range and angle measurement constraints, all inertial sensor biases can be effec-
tively estimated by two strapdown inertial navigation systems (SINSs) moving along a
simple trajectory, thereby improving the navigation accuracy. Experimental results
demonstrate that compared to the autonomous navigation mode, the average position-
ing accuracy of the two SINSs improves by 77.4% and 68.4% respectively after 3 h of co-
operative navigation along the prescribed trajectory. Using relative range and angle
measurements, the proposed method requires only two SINSs and relatively simple
planar motion, without the need for high-precision reference benchmarks, complex
three-dimensional excitation trajectories, or turntable modulation. It reduces system
complexity and motion requirements, providing an effective and easy-to-implement
solution for ground vehicular positioning and orientation and other cross-platform co-
operative navigation tasks in GNSS-denied environments.
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1. Introduction

With the increasing complexity of navigation tasks and the dynamic changes in
navigation scenarios, GNSS signals face the challenges of unreliability or even unavaila-
bility in many scenarios. Relying solely on a single-platform sensor makes it difficult to
obtain higher-accuracy positioning and navigation results [1-4]. Introducing motion or
displacement constraints is a widely adopted approach to suppress error accumulation
in GNSS-denied environments. For example, in downhole wellbore surveying, a dead
reckoning method utilizing known drill pipe length as a displacement constraint effec-
tively improves trajectory tracking accuracy in magnetic interference environments [5].
However, such single-platform constraint methods can only optimize performance
based on the carrier’s own motion information and can hardly break through the accura-
cy ceiling determined by the inherent error characteristics of the inertial sensor.

To address this inherent limitation, introducing inter-platform relative measure-
ments and cooperative processing provides a viable path. Enhancing the overall naviga-
tion performance through information exchange and cooperative processing among
multi-platform INSs by exploiting relative measurements and geometric constraints be-
tween platforms is an effective way to break through the performance bottleneck of a
single platform and achieve high-accuracy navigation [6,7]. In the existing literature,
such methods are commonly referred to as collaborative navigation or cooperative navi-
gation [8].

The difference between collaborative navigation and cooperative navigation lies in
whether there exists a platform that can independently calculate its own accurate posi-
tion. Collaborative navigation typically assumes that at least one platform is always un-
der GNSS coverage and can obtain high-accuracy positioning results, and then uses rela-
tive measurements to build constraints with other platforms, thereby improving the
overall positioning accuracy of the swarm [9-12]. Alternatively, it may directly use a
high-precision INS as a reference to improve the positioning accuracy of low-cost INSs
through relative measurements [13]. Cooperative navigation, on the other hand, does
not rely on any external positioning reference or high-precision sensors. It generally as-
sumes that each platform cannot determine its own position with sufficient accuracy and
only uses inter-platform relative measurements and geometric constraints to mutually
correct the estimations, thereby improving the overall positioning accuracy. In other
words, collaborative navigation relies on the propagation of an absolute position refer-
ence, while cooperative navigation completely depends on constraints from relative
measurements.

In [6], the importance of an absolute position reference is theoretically demonstrat-
ed: as long as at least one platform in the swarm can receive GNSS signals and can estab-
lish communication and relative range measurements with other platforms, the absolute
positions and yaw angles of all platforms become observable. The “father-son” frame-
work in [9,10] effectively validates this conclusion, where the “father” vehicle operates
in a GNSS-covered area and the “son” vehicle operates in a GNSS-denied environment.
The “father” vehicle establishes relative positional relationships with the “son” vehicle
through visual tracking and relative ranging, thereby assisting the “son” vehicle in de-
termining its own position.

In a fully GNSS-denied environment where no platform can provide an absolute
position reference, cooperative navigation relies solely on relative measurements, and
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the system observability suffers from an inherent deficiency —the absolute positions and
yaw angles of all platforms are unobservable [14]. This leads to accumulated estimation
errors over time and severely affects the reliability of long-duration missions. In [15], it is
pointed out that under the condition of no absolute position reference, performing a se-
ries of maneuvers to achieve a certain formation geometry, combined with relative
measurements constraints between platforms, can effectively improve the observability
of cooperative navigation systems. In [16], the Lie derivative method is used to analyze
the range-only cooperative navigation system, and observability criteria for trajectory
design are derived: the relative position vector between the two INSs must not be con-
stant in direction and distance, and a single platform must not move along a straight-
line trajectory; otherwise, states such as relative position and gyro biases become unob-
servable. In [17], the unobservable directions of a dual-IMU system under special motion
conditions (e.g., stationary, straight-line, and planar motions) are further analyzed. Such
is the improvement in relative positioning accuracy achieved by [18-20]; we built upon
these works, through trajectory design using methods such as Fisher information matrix,
geometric dilution of precision (GDOP), and observability Gramian, respectively. How-
ever, all the above methods aim to optimize relative positioning accuracy and do not
consider how to improve absolute positioning accuracy.

Due to the existence of gyro and accelerometer biases as well as random noises,
navigation errors of an INS diverge rapidly over time [21-23]. Biases estimation is bene-
ficial for the absolute positioning accuracy improvement [16], among which the estima-
tion of the vertical gyro bias has the most significant impact on positioning errors. To
make the vertical gyro bias observable, existing cooperative navigation methods often
require complex hardware configurations or excitation motions.

In [24], multiple single-axis rotational INSs were employed, and the vertical gyro
bias is made observable by exploiting the AUV’s yaw maneuvers and the lever-arm ef-
fect between the INSs. Although this strategy imposes relatively mild demands on vehi-
cle dynamics, it still requires additional rotating mechanisms and specific yaw motions,
limiting its versatility under constrained conditions. In [25], four MEMS-IMUs were or-
thogonally placed, and their biases are estimated through rotation modulation and re-
dundant configuration without external excitation. While this design can achieve self-
calibration under benign carrier motion, the increased number of sensors, precise or-
thogonal installation, and algorithmic complexity may restrict its use in compact or cost-
sensitive platforms. In [26], an adaptive trace cost function generated trajectories that
minimize bias covariance, and three-dimensional motions excite all six IMU axes for bias
convergence. This approach requires no additional hardware, but relies entirely on
complex three-dimensional excitation trajectories, which are impractical for platforms
that primarily perform planar motions.

To reduce system complexity and the need for motion excitation while improving
the absolute positioning accuracy of the involved SINSs, this paper proposes a coopera-
tive navigation method for cross-platform SINSs aided by a relative ranging and angle
measurement device (RAMD). Using the constraints of relative range and angle meas-
urements, a cooperative navigation filter equation between two SINSs is established.
Without relying on any absolute reference, the proposed method achieves online estima-
tion of all biases through simple planar motion, effectively improving the navigation ac-
curacy of the involved SINSs. The main contributions of this paper are as follows:

1. Based on the FIM right null-space analysis combined with SVD, the observability of
a dual-SINS system under different motion patterns is analyzed with relative range
and angle measurement constraints. The correlations among different state varia-
bles are revealed, and sufficient motion conditions for making key system states
(particularly the z-axis gyro bias) observable are provided.
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2. To achieve reliable cooperative navigation, a cooperative navigation model based
on relative range and angle measurement is established. A simple planar motion
pattern is proposed to achieve effective estimation of all biases of the two SINSs.
Simulations are conducted to verify the effectiveness of the proposed method.

3. To further validate the effectiveness and robustness of the proposed algorithm, a
corresponding cooperative navigation framework is designed, and an experimental
platform is built. The experimental results confirm the effectiveness of the proposed
method under realistic operating conditions.

The remainder of this paper is organized as follows. Section 2 presents the coopera-
tive navigation model based on relative range and angle measurements. Section 3 ana-
lyzes the observability of the cooperative navigation system under different motion pat-
terns using FIM. Sections 4 and 5 describe the simulation and field experiment results,
respectively. Finally, Section 6 concludes the paper and discusses future work.

2. Cooperative Navigation Model
2.1. Coordinate Frame Definition

The coordinate frames employed in this manuscript are listed in Table 1.

Table 1. Coordinate frames.

Symbol Description
Earth-centered inertial coordinate frame, with origin at the Earth’s center,
i z-axis aligned with Earth’s rotation axis and x-axis pointing to the vernal
equinox.

Earth-centered Earth-fixed coordinate frame, with origin at the Earth’s

e center, rotating with the Earth and x-axis pointing to the prime meridian-
equator intersection.
Navigation coordinate frame, with its X, y, z axes pointing to the east,

" north and up directions, respectively.

o Computational navigation coordinate frame with misalignment relative to
the n-frame.

b SINS body coordinate frame, with its x, y, z axes aligned with the right,

forward and upward directions of the vehicle body, respectively.

RAMD measurement coordinate frame, with its x, y, z axes pointing to the
right, forward and upward directions of the RAMD, respectively.

The transformation between coordinate frames can be represented by a direction
cosine matrix (DCM). The DCM from the n frame to the n’ frame C! can be derived

through the cosine matrices multiplication [27]:

cosg, 0 —sing, || 1 0 0 cos¢, —sing, O
c'=l 0 1 0 0 cosg sing, || sing, cosg, O (1)
sing, 0 cosd, ||0 —sing. cosd, 0 0 1

where ¢=[¢E,¢N,¢L]T denotes the attitude misalignment angles, ¢,, ¢,, and ¢, corre-

spond to the pitch, roll, and yaw components of the attitude error, respectively.
Since the misalignment angles are sufficiently small in a well-initialized SINS, C”

can be approximated by the first-order Taylor expansion as:

| L4 4
Cl=I-[px]=| 4 1 4 @
4 4 1

where 1 is the identity matrix, [+x] denotes the skew-symmetric matrix.
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2.2. Cooperative Navigation Filtering Model

Based on the data outputs of two SINSs and the relative range and angle measure-
ments between them, the cooperative navigation framework proposed to estimate and
compensate cross-platform SINS navigation errors in this manuscript is illustrated in

Figure 1.
Correct
Platform 2
\
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Figure 1. Schematic diagram of dual-platform SINS cooperative navigation

The RAMD is rigidly mounted on platform 1 together with SINS1, while SINS2 is
mounted on platform 2. It measures the relative position of the two SINSs expressed in
its own body frame (the o frame), yielding the relative measurement r,,,,. This meas-

urement is then transformed through the calibration matrix C? and the attitude matrix
C ;1 of SINS1 to obtain the relative position of the two SINSs in the n frame, denoted as

n
rRAMD *

The difference between this transformed relative position and the relative position
computed by the two SINSs from their navigation solutions is used as the measurement
innovation. Finally, a Kalman filter (KF) is employed to estimate the error states, and the
attitude, velocity, and position of both SINSs are corrected and output in real time.

2.2.1. State Equation

To establish the state-space model for the KF used in the proposed cooperative nav-
igation framework, the error state equations of the dual-platform system are derived
from SINS mechanization theory. The fundamental differential equations of attitude, ve-
locity, and position for a single SINS in the 7 frame are first given as the physical basis
for error analysis.

The attitude update of SINS is governed by the differential equation of the direction
cosine matrix:

~n n b n n

G, =G, [wib X] _[wz’n X]Cb 3)
where @), is the angular velocity of the b frame relative to the i frame measured by
gyroscopes, @, =, +®,, denotes the angular velocity of the 72 frame relative to the i

frame, in which @;, is the Earth’s rotational angular velocity, and @), is the angular ve-

locity of the 71 frame relative to the € frame caused by carrier motion.
The velocity update follows the classical specific force differential equation:

V' =C f" - (20 + @), )xv" +¢" (4)

where f* is the specific force measured by accelerometers, and g” is the local gravity

vector.
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The position update satisfies the differential relationship between geographic coor-

dinates and velocity:
et oSl )
R,+h ™" R.+h*

where L, A, and & denote the latitude, longitude and altitude of the carrier, respective-
ly, v,, vy are the east and north components of velocity, R, and R, are the meridian
radius and prime vertical radius corresponding to the local position, respectively.

Through perturbation analysis and small-angle approximation of attitude misa-
lignment, the error state equations for a single SINS can be derived (detailed derivation
steps are provided in Appendix A).

For the dual-SINS cooperative system, the overall error state equation is obtained
by combining the error state equations of the two subsystems, as follows:

4, =-a), x4,"+da), -C; oo, (6)
5"1’12 = Cl: ) _f‘blv2 X é,nz - (za)ine, 5 + a):nl 5 )X 5v1",2 - (25@1’;2 + 50):“1 2 )>< vlnsz + Cbrf 2 5f[z;)
) 1 . vy tanl,secl, secL,,
oL, =——5v , 5212 =— T : §VE, (8)
2 RN + hl,z e ’ RE + hl,z ’ RE + hl,2 -

where ¢" and @" are the attitude error vectors of the two SINSs, v/ and Jv, are the
velocity error vectors of the two SINSs, and JL,, 64, and SL,, 64, are the latitude and

longitude errors of the two SINSs, respectively. C; and C; are the attitude rotation ma-

trices from the body frames of the two SINSs to the navigation frame, f” and f” are
specific forces of the two SINSs, and 4, and #, are the altitudes of the two SINSs, respec-
tively.

The total angular velocity error in the navigation frame satisfies
om, =ow, +ow, ,which canbe explicitly linearized with respect to the position and

em 7

velocity error components:

50)1.';.2 :[0 -o,sinL,06L,, @&,cosL ,0L, ! 9)

-1 1 tan, , vy sec’ L
= —ng 3 22

Den,; R, +h, 2R +h V. R, +h, VB2 T R, +h,
N 2 E ,2 E ,2 E ,2

n

oL, (10)

bw; , éw; and 5f", 5 f” are the gyro output errors and accelerometer output errors

of the two SINSs, respectively, defined as follows:

b, _ b by -
56)"”1.2 =& + wgl,z r & - 03X1’ wé’l.z N(O’ Qé’l,z )

. (11)
5fb1_2 _ Vbu + wal‘z , Vbl.z — Oleln,vaL2 ~ N(09 Qll]yg )

where & and &” are the gyro biases of the two SINSs, w, and w, are the correspond-
ing gyro noises. V” and V" are the accelerometer bias errors of the two SINSs, w, and
w, are the corresponding accelerometer random walk errors. 0, , @, and Q, , Q, are
the covariance matrices of the gyro and accelerometer random noises for the two SINSs,
respectively.

It should be noted that since the coupling between the vertical channel and the hor-
izontal channels is weak and the vertical channel can be damped, this paper does not
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consider vertical-related errors, including vertical velocity error, position error, and ac-
celerometer bias.
The error state vector of the cooperative navigation system is as follows:

[6v, vy @ & @, OL 54 & & & Vi VI

X(t)= . (12)
Sve, Ovy h h, 4, OL Ok & & & V2 V]
The state equation of the cooperative navigation system is given by:
X(O)=F()X()+G ()W (1) (13)

where F (t) is the state transition matrix of the cooperative navigation system, which is

constructed from the aforementioned error state equations (Equations (6)—(8)). Since the
error propagation of the two SINS subsystems is independent of each other, F () takes a

Fl (t ) 012><12
012><12 FZ (t)
structure and are uniformly denoted as:

block-diagonal form: F (t) =[ ] in which the two submatrices share the same

| (20, v, <[0T (€ ] My 0, €
M 21 _wir:zl_z M 23 _CIZJ 03><3
F _(t)= 14
b2 ( ) M31 02><3 M33 02><3 02><2 (14)
03><2 03><3 03><2 03><3 03><2
L 02><2 02><3 02><2 02><3 02><2 _

W (1) is the process noise vector, and the corresponding noise driving matrix G(¢) is

expressed as:

| 02><3 E; 02><3 02><2 |
_Cl: 03><2 O3><3 03><2
G(Z) _ gm g7x2 gm 06_7;2 (15)
2x3 2x2 2x3 b,
03><3 02x2 _CZE 02><2
L 07x3 07><2 07x3 07><2 |

C, =Jc,J’ 100
where _' J=
010

, , the parameter matrix M in F, (t), and F, (t) can be
C, =JC.J' }

found in Appendix B.

2.2.2. Observation Equation

A schematic diagram of the relative ranging and angle measurement is shown in
Figure 2.

Figure 2. Schematic diagram of relative ranging and angle measurement.
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After high-accuracy pre-calibration, the calibration matrix C? between RAMD and

SINS1 can be obtained. The relative position between the two SINSs measured by
RAMD and projected in the n frame is then given by:

~n n' ~ n n b,
Feam = Ch, Co e = (I_M X:|)Cb, 14 (rlgAMD +5r1?AMD) (16)
On the other hand, the cooperative navigation algorithm outputs the absolute posi-

tion estimates of the two SINSs in the »n frame. The relationship among true positions,
estimated positions, and position estimation errors is defined as:

D7 7 7 T
Rns1 = Ry + ORgyys1, R =[5L1 5/11]

P T
Rvsy = Rysy +ORGnsy, ORgysy = [5L2 522]

where Ry, and Ry, are the true position vectors of SINS1 and SINS2, respectively,

17)

. 0 0 . o
while SRy, and JRg,,, are the corresponding estimation errors.

Based on Equation (17), the estimated relative position vector between the two
SINSs in the n frame can be further derived as:

Fsivs = U (kglez ~ Ry, ) =U [(Rgnvsz — R )_(5R§1st —Rgys) )} (18)

where U denotes the position scaling matrix, which converts the latitude and longitude
differences of the two SINSs into the horizontal relative position vector (in meters) in the
L R, +h 0
navigation frame, expressed as U = .
{ 0 (RE+hl)cosLJ

By subtracting Equation (18) from Equation (16) and neglecting second-order small
error terms, the linearized observation model of the cooperative navigation system is ob-
tained as Equation (19), which characterizes the error relationship between the RAMD
measurement and the relative position estimates from the cooperative navigation solu-
tion.

~n

~n n n n n n
Zsins/Ramp = Travp —Tsivs = Travp ¥ @ +U(5Rsuvsz — S8Ry )+5"RAMD 19)

In summary, the observation equation and observation matrix of the cooperative
navigation system are given as follows:

Z(t)=H(t)X(1)+V (1) (20)

H(t)z[ozxz |:VI?AMD X] U 0y U Ozst (21)

where H (1) denotes the observation matrix, and V() corresponds to the RAMD meas-

urement error Sr;,,,,, which is modeled as Gaussian white noise.

3. Observability and Estimability Analysis
3.1. Observability and Estimability Analysis Method

By using FIM, this paper quantitatively analyzes how different maneuver types af-
fect the observability of a cooperative navigation system. While the method in [28] ap-
plies SVD to the FIM and builds a state correlation matrix to examine dependencies
among observable states, thereby revealing which states are coupled, it does not identify
which linear combinations of states are fundamentally unobservable, nor does it pre-
scribe how to break those couplings through motion design. By contrast, this work di-
rectly extracts the unobservable linear combinations of states from the FIM null space.
Building upon these unobservable combinations revealed under specific motions, the
proposed analysis establishes a direct link between observability characteristics and tra-
jectory design, thereby providing explicit motion design principles for improving the
observability of the cooperative navigation system.

https://doi.org/10.3390/s26144450
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Discretizing the state space of the cooperative navigation system consisting of
Equations (13) and (20) yields:
Xp = DX, + Wi, Wy~ N(O’Qk)
z, =H. x +v, v, ~ N(O,Rk)

where Q, is the process noise covariance matrix of the system, and R, is the measure-

(22)

ment noise covariance matrix. The information matrix L, can be expressed as:
_ 1
o =[]2 -2
n=k

L= & -H-R'H® (23)

-1 n

D

After performing SVD on the information matrix L, , if a singular value o, exceed
O 107 and the corresponding singular vector elements ; satisfy |u,| > 0.1, the asso-

ciated state combination is deemed observable, which implies that sufficient information
can be extracted from the measurements to distinguish it from numerical roundoff er-
rors.

In general, initial state uncertainty, process noise, and measurement noise all affect
state estimation errors. The PWCS method extracts observability matrices in time seg-
ments and computes eigenvalues and eigenvectors via SVD to analyze the degree of ob-
servability. However, its results are not sufficiently accurate because it does not account
for the influence of random noise [29]. The covariance analysis method evaluates state
estimability by analyzing the eigenvalues and eigenvectors of the KF estimation error
covariance matrix. Although it considers the effects of initial state covariance, process
noise, and measurement noise matrices, yielding more scientifically sound results, it is a
posteriori method, and its conclusions are heavily influenced by the initial error covari-
ance settings [30].

The FIM approach reflects the inherent properties of the system model. It only con-
siders the measurement noise covariance and does not depend on the initial covariance
setting, thus providing a more objective assessment of the system’s intrinsic observabil-
ity [31]. In this paper, the condition number K of FIM is used to quantitatively evaluate
system observability [32], defined as
Ao (L)
Ain (L)
where 4 (r,) and 4 (L) represent the maximum and minimum nonzero eigen-

max

x(L,)= (24)

values of the FIM, respectively. A smaller condition number implies more uniform dis-
tribution of information over all state dimensions and superior system observability. By
contrast, an excessively large or infinite condition number corresponds to an ill-
conditioned system containing unobservable state directions. This criterion is adopted
throughout the present work to quantitatively evaluate system observability under di-
verse maneuver conditions.

3.2. Observability Analysis of the Cooperative Navigation System Under Different Maneuvers

This paper investigates how various maneuver conditions affect the observability of
a dual-SINS cooperative navigation system constrained by relative range and angle
measurements. The FIM condition number is adopted to quantitatively evaluate state es-
timability under typical motion scenarios. Combined with the right null-space decom-
position of the FIM, unobservable state combinations corresponding to each working
condition are determined. On this basis, a concise planar trajectory is designed to realize
full-bias estimation and suppress yaw as well as positioning errors of each SINS. Nota-
bly, only planar movements including straight-line acceleration/deceleration and turn-
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ing are required, and pitch/roll-axis excitation is unnecessary. This feature fits the practi-
cal characteristics of unmanned ground vehicles (UGVs), which are incapable of persis-
tent pitch and roll maneuvers as unmanned aerial vehicles (UAVs) do.

This paper compares six typical motion schemes: co-directional longitudinal accel-
eration/deceleration, opposite-direction longitudinal acceleration/deceleration, pure yaw
rotation, rectangular motion, figure-8 motion and uniform motion. To guarantee the va-
lidity of comparative analysis, identical acceleration and angular velocity magnitudes
are specified for all acceleration, deceleration and turning segments, as illustrated in
Figure 3. Colored bars distinguish motion types (blue: turning, green: pure yaw rotation,
orange: acceleration/deceleration), while gray areas represent stationary or uniform mo-
tion. The filled segments of the bars indicate movement directions, where the symbols “+”
and “-” on the left represent forward and reverse directions, respectively. Correspond-
ingly, the acceleration and deceleration magnitudes of the two SINS are preset to
1.2m/s* and 2.4m/s’, respectively, the angular velocity amplitude is set to 22.5°/s . The
stationary and uniform-motion durations of SINS1 and SINS2 are set to 180s and 240s,
respectively, and the measurement noise is configured as [1,1,0.5]m”.

It is worth noting that stationary or uniform-motion periods themselves do not con-
tribute observable information, but appropriate stationary/uniform-motion intervals
help reduce numerical errors and promote filter convergence [33]. In this paper, differ-
ent stationary/uniform-motion durations are set for the two SINSs to achieve asynchro-
nous alternating motion. Meanwhile, repetitive periodic motion of the two SINSs is per-
formed, which helps maintain a balanced information contribution from different time
windows, thereby enhancing the numerical stability of the FIM calculation.

Figure 4 shows the number of null-space unobservable directions and the FIM con-
dition number under different maneuvers. Compared with uniform motion, co-
directional Acc/Dec neither reduces the number of unobservable directions nor signifi-
cantly decreases the condition number, indicating that longitudinal accelera-
tion/deceleration without yaw change contributes little to system observability —a con-
clusion consistent with [16,23]. From the bars for co-directional Acc/Dec, opposite-
directional Acc/Dec, and pure yaw rotation, it is observed that as the two SINSs undergo
more diverse yaw angle changes, the number of unobservable directions drops rapidly,
and the condition number decreases accordingly. This suggests that yaw angle variation
is the dominant factor in improving system observability. Nevertheless, relying solely on
pure yaw rotation still yields limited observability enhancement.

https://doi.org/10.3390/s26144450


https://doi.org/10.3390/s26144450

Sensors 2026, 26, 4450

11 of 26

Uniform Motion

I SINST Turning SINS2 Turning [l STNS1 Pure Yaw SINS2 Pure Yaw
+ I SINST Acc/Dec SINS2 Acc/Dec [ |Stationary / Uniform Motion +: Forward —: Reverse | -
I H
1 1 1 1 1 1 1 1 1
Co-directional Acc/Dec
1 1 1] i " "
+ 1 1 1] ; 1 n
1 1 1] i 1] 0]
] I T ¥ L ¥ I ¥
| 1 ] 1] 1] 1]
1 n n " 1]
t el 1 bl | 1 bl | 1 el 1 1
Opposite-directional Acc/Dec
1 1 n : n n
+ 1 1 " i n " i
1 1 1] i " " i
| 1 1 1 no n
1 1] 1] no " i
£ el | 1 “ 1 | = 1 | = | |
Pure Yaw Rotation
I 1 1] i 1] "
+ 1] 1 " ; " "
1 1 1] ; T n
| 1 n n no n
1 n n n o [0
- b | 1 ~ 1 1 “ 1 | - | 1
Rectangular Motion
+
| 1 1 1 1 1 1] T 1] 1] "
1 1 1 1 1] 1] [T T 1] n
L 4 - - - - - - - | - |
Figure-8 Motion
n 1] no "
+ n " [ "
1 1] uo 1
T T T T [ | B [ L L :
| 1 1 1 1 n n i
1 " n I i n n
e | ~1 =1 | | | | - | - 1
0 200 400 600 800 1000 1200 1400 1600 1800
Time (s)

Figure 3. Six typical motion schemes examined.
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Figure 4. Comparison of system observability across different motions.

Compared with pure yaw rotation, both rectangular and figure-8 motions involve
turns that simultaneously change the yaw angle and induce acceleration variations,
thereby helping to decouple the unobservable linear combinations of states. As shown in
Figure 4, the introduction of turning maneuvers reduces the FIM condition number by
one order of magnitude relative to pure yaw rotation, and by two orders of magnitude
relative to pure longitudinal acceleration/deceleration, the number of unobservable di-
rections also drops significantly. These results indicate that, for a dual-SINS cooperative
navigation system constrained by relative range and angle measurements, even a simple
planar trajectory can substantially enhance observability and thus reduce positioning er-
rors.
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To further investigate the observability improvement from turning maneuvers
compared with pure yaw rotation, the right singular vectors corresponding to the ob-
servable directions under several typical motions are extracted, and the significant com-
ponents with absolute values greater than a threshold of 0.1 are visualized, as shown in
Figure 5. In the figure, the horizontal axis represents the observable direction index
(ranked by descending singular values), and the vertical axis lists the state variables that
appear in these observable directions. The color intensity of each cell indicates the mag-
nitude and sign of the corresponding coefficient in the singular vector (blue for negative,
red for positive, and gray for coefficients close to zero), while the numeric value inside
the cell shows the specific coefficient (displayed only when its absolute value is >0.1).
This figure intuitively illustrates which linear combinations of states dominate each ob-
servable direction.

Right Singular Vectors of Observable Directions
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Figure 5. Singular vector coefficients for unobservable directions: (a) pure yaw rotation; (b) figure-
8 Motion.
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It should be noted that observable directions only indicate that a combination of
state variables is observable, and do not imply that every involved state variable is ob-
servable individually. In Figure 5, clear linear dependencies emerge among the state var-
iables, as the relative position difference between the two SINSs acts as the measurement
constraint. For example, in the first column of Figure 5a, the differential mode of the z-

axis gyro biases of the two SINSs (|‘s':1 —6‘:2|) constitutes an observable direction, which

reflects the inherent observability of the system determined jointly by the state equation
and the observation equation. To further separate the gyro biases of the two SINSs into

individually observable states (i.e., to make the common-mode observable as

EZI + 822

well), additional motion excitation is required. In general, the fewer the state variables
involved in an observable direction and the larger the absolute values of their coeffi-
cients, the higher the estimability of the individual states.

Figure 5b shows that the common-mode of the two SINSs (|5VE1 +0v,
|6L, +5L,

vy +0vg |,

7

7

8, +67,|) does not appear in the observable directions, indicating that under

the constraints of relative range and angle measurements and motion excitation, the
state variables of a single SINS (6v,,dv,,dL, 1) remain unobservable. However, by
designing a proper motion trajectory (making the biases of each axis, especially the z-
axis gyro bias, observable), the negative impact of these unobservable common-modes
can be effectively suppressed, thereby improving the absolute positioning accuracy.
Under the figure-8 motion, the coefficients of the common-mode gyro bias combi-

nations ( , ,

e +& |, |e, +&, | |6 +¢&. |) are concentrated in directions 4, 5, and 10, respec-
X X2 N Y2 Eil 9]

tively, with little coupling to other state variables. This indicates that these common-
mode components can be clearly separated, and the observability of the x- and y-axis
gyro biases is higher than that of the z-axis. In contrast, in Figure 5a, only the x-axis gyro

bias common-mode (|¢, +¢&, |) has relatively concentrated coefficient distribution, while

7

the y- and z- axis gyro bias common-modes (|¢, +¢, |,|€, +&, |) have coefficients dis-

tributed across multiple directions and are coupled with other state variables, making
them difficult to separate and resulting in low observability. In Figure 5b, the coefficients
of vV.,V.,,V,,V, in directions 12, 13, 14, 15, respectively, exceed 0.7, indicating that

the x- and y-axis accelerometer biases are effectively decoupled with high observability.
Compared with Figure 5b, the coefficient distribution of the accelerometer common-
mode in Figure 5a is significantly more dispersed, and the corresponding observable di-
rections involve multiple state variables, leading to relatively poor observability. The
above analysis shows that turning motions (which simultaneously change the yaw angle
and horizontal acceleration) can effectively improve the observability of gyro biases and
accelerometer biases in the cooperative navigation system compared with pure yaw ro-
tation, thereby enhancing the absolute positioning accuracy.

Moreover, Figure 5b exhibits observable directions (directions 16-19) for the atti-

¢Nl + ¢Nz

This indicates that turning motions can improve the observability of the attitude error of

tude error common-mode (|¢E1 +é, ¢, +¢U2|) that are absent in Figure 5a.

4 7

each single SINS, further enhancing the absolute positioning accuracy.

In summary, under the constraints of relative range and angle measurements, by
maneuvering the two SINSs to perform relative turning motions in the horizontal
plane —thereby inducing simultaneous variations in both yaw angle and horizontal ac-
celeration—and by inserting appropriate stationary or constant-velocity intervals to fa-
cilitate filter convergence, the observability of the biases on each axis can be effectively
improved, which in turn enhances the positioning accuracy of the SINSs employed. To
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validate this conclusion, a simulation experiment will be conducted in the following sec-
tion.

4., Simulation

Based on the observability analysis, a simulation is conducted to analyze the bias
estimation and absolute positioning accuracy improvement of two SINSs performing a
figure-8 motion under the constraints of relative range and angle measurements. A slid-
ing-window FIM analysis is also conducted to intuitively demonstrate the observability
improvement brought by turning maneuvers. It should be noted that the figure-8 motion
is one of the relatively simple trajectories proposed in this paper that enables estimation
of all biases.

The error parameters of the two SINSs configured in the simulation are listed in Ta-
ble 2.

Table 2. Error parameters of SINSs.

Error Parameters SINS1 SINS2
Gyroscope Bias 0.005°/h 0.01°/h
Gyroscope Random Walk 0.0005°/+/n 0.0005°/~/n
Accelerometer Bias 50mGal 80mGal
Accelerometer Random Walk 10mGal / Hz 10mGal / Hz

In the initial stage of the simulation, the distance between the two platforms is set
as 20 m, with SINS1 mounted on platform 1 and SINS2 on platform 2. A 4 h of coopera-
tive navigation is performed: for the first 3.5 h, the two SINSs move along the figure-8
trajectory as shown in Figure 3, for the remaining 0.5 h, they stay stationary. The motion
trajectories of the two SINSs are shown in Figure 6.

150 | ™
100 | pee—_ | M
—SINS2
50 F
E o} 4
[ B ]
=50t
-100 |
-150 | - -
- -
=200 |
-120 -100 -80 -60 -40 -20 0 20

North (m)

Figure 6. Simulation results: trajectories of the two SINSs.

The bias estimation results of the cooperative navigation system are shown in Fig-
ure 7, and the attitude, velocity, and position error curves are provided in Figure 8. As
indicated in Figure 7, constrained by relative range and angle measurements, the figure-
8 motion enables rapid convergence of the x- and y-axis gyro and accelerometer biases
for both SINSs, with the estimates approaching the true values within 1 h. The z-axis gy-
ro bias converges in approximately 2 h, matching the preceding observability analysis.
Once the navigation filter converges, the steady-state estimation errors are below
0.001°/h for the x- and y-axis gyro biases, below 0.002°/h for the z-axis gyro bias, and
below 2mGal for the x- and y-axis accelerometer biases of the two SINSs.
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Figure 8 shows that although the velocity, position, and z-axis attitude errors of a
single SINS are theoretically unobservable, cooperative navigation still effectively sup-
presses the divergence of these errors. With the convergence of the x- and y-axis gyro bi-
ases and the z-axis gyro bias, the divergence of the attitude errors (especially the z-axis
attitude error) of the two SINSs is effectively suppressed. Meanwhile, the convergence of
the x- and y-axis accelerometer biases also helps to suppress the divergence of velocity
errors. After 4 h of cooperative navigation, the east and north position errors of each sin-
gle SINS do not exceed 300 m, and the positioning accuracy is significantly improved
compared with single SINS navigation result.
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Figure 7. Simulation results: bias estimation results of the two SINSs.
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Figure 8. Simulation results: navigation errors of the two SINSs.

Furthermore, the velocity and position errors of the two SINSs exhibit almost iden-
tical trends over time, which is also consistent with the observability analysis conclusion:
under only relative range and angle measurement constraints, the two-dimensional pla-
nar motion combination of the two SINSs is insufficient to make the common-mode er-
,|6L, +6SL,],|04 +64,| ) observable. More specifically, rela-

rors (|5VE1 +0vy |, |0V +0vy

7
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tive position measurements act as direct observations for the cooperative Kalman filter,
which accurately estimates and suppresses the inter-system relative position errors. Ow-
ing to the inherent derivative relationship between position and velocity in inertial error
propagation, the convergence of relative position errors inherently drives the relative ve-
locity errors to converge synchronously, despite relative velocity not being directly ob-
served. As both relative position and velocity errors converge to near zero, the mismatch
between the absolute error profiles of the two SINSs is correspondingly minimized,
which explains the highly consistent trajectories of the two sets of error curves.

Figure 9 compares the positioning errors of SINS1 and SINS2 under autonomous
and cooperative navigation modes. The red curves represent the accuracy improvement
rate 7 of cooperative navigation over autonomous navigation, defined as:

5Rauto - é‘]ecoop 1007
=—FX 25
77 é‘Ieauto ’ ( )
where 6R,,, and 6R,,,, denote the positioning errors under the two modes, respectively.

After 1 h, the improvement rate curves of both SINSs generally follow the same trend as
the autonomous navigation error curves, indicating that once the bias estimates con-
verge, the autonomous navigation errors continue to diverge over time, making the im-
provement brought by cooperative navigation increasingly significant. Over the 4 h
simulation, the average positioning accuracy improvement is 49.4% for SINS1 and 75.2%
for SINS2. The larger improvement in SINS2 is due to the fact that it was assigned a
lower-accuracy sensor in the simulation, resulting in larger autonomous navigation er-
rors and thus a more pronounced improvement. This suggests that the proposed meth-
od achieves greater improvement when applied to lower-precision SINSs.
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Figure 9. Simulation results: positioning errors of autonomous and cooperative navigation modes.

A sliding-window FIM analysis with a window size of 30 s is performed to further
quantify the effect of turning maneuvers on system observability. The condition number
calculation results are presented in Figure 10, where the left y-axis shows the condition
number on a logarithmic scale and the right y-axis plots the angular velocity of SINS1
and SINS2. The time intervals in which the condition number drops coincide closely
with the intervals of elevated angular velocity. Each turning maneuver significantly re-
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duces the condition number, and the values within windows that contain turning ma-
neuvers are approximately two orders of magnitude lower than those in uniform-
motion or stationary segments. This contrast directly indicates that such maneuvers can
improve system observability by roughly two orders of magnitude.

T T T T T T 35

T T -
— log,I “(Cnndition Number)

~ = =~SINS1 Yaw Rate 30
SIN'S2 Yaw Rate

Yaw Rate (°/s)

Ingl‘y((‘onditinn Number)

Time (h)

Figure 10. Simulation results: effect of turning maneuvers on system observability.

The simulation results presented in this section validate the proposed observability
analysis through bias estimation and sliding-window FIM verification. The results con-
firm that cooperative navigation along a figure-8 trajectory enables full estimation of all
inertial sensor biases and effectively suppresses navigation error divergence. To further
validate the effectiveness of the proposed method, field experiments are carried out in
the next section.

5. Field Experiments

Field experiments are carried out using two SINSs, one of which is an RLG-50-INS
(SINS1), while the other is an RLG-90-INS (SINS2), both developed by National Univer-
sity of Defense Technology, Changsha, China. Since no independent relative ranging
and angle measurement device was available during the tests, the relative range and an-
gle information is obtained by GNSS inversion with simulated noise [34]. The noise pa-
rameters are set according to the nominal accuracy of the RH-6 electro-optical pod
(manufactured by Ruihang, Beijing, China), and the corresponding device parameters
are listed in Table 3.

Table 3. Device specifications in the field experiment.

Instruments Parameters Accuracy Frequency
Bias stability <0.01°/h
RLG-50 Random walk 0.002°/+/h
RLG.90 Bias stability <0.003°/h L00Lz
Random walk 0.0005°/h
Accelerometer Bias stability <20mGal
Random walk 10mGal //Hz
GNSS receiver Position 2m
RH-6 electro-optical Position 1% of relative distance 1Hz
pod Angle 1’
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During the experiments, SINS1 and SINS2 are mounted on different UGVs. A GNSS
receiver is mounted next to each SINS to provide positioning information. All raw data
undergo time synchronization and lever-arm compensation prior to processing.

On each individual platform, the SINS and its paired GNSS receiver share a unified
hardware clock, ensuring native time alignment between inertial measurements and
GNSS outputs. Offline inter-platform time alignment is further performed based on the
GNSS pulse-per-second (PPS) signals from both receivers, with the inter-system syn-
chronization error controlled at the millisecond level. Given the low dynamics of the
UGVs, such millisecond-level timing errors translate into minimal position offsets and
have virtually no impact on the experimental results.

For lever-arm compensation, the 3D lever-arm vector of each GNSS antenna relative
to the measurement center of its corresponding SINS is calibrated prior to field tests, and
the corresponding lever-arm error is compensated in the coordinate transformation pro-
cedure. The residual error after compensation is far below the noise level of the relative
range and angle measurements, and thus has negligible impact on the final navigation
accuracy.

Figure 11 shows the two UGV test platforms used in the field experiments. The total
experiment duration was 4 h. SINS1 and SINS2 remained stationary for 1 h to complete
GNSS-aided initial alignment, after which they operated in cooperative navigation mode
for 3 h, aided by relative range and angle measurements. During the experiment, both
UGVs traveled along a figure-8 trajectory around a basketball court, matching the simu-
lated trajectory. The reference trajectories from the GNSS receivers are shown in Figure
12.
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Figure 12. Field experiment results: trajectories of the two SINSs.
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Since no dedicated relative ranging and angle measurement device was available
during the field tests, we followed a strategy similar to that reported in [34], which is
commonly used for algorithm validation in such scenarios. The specific implementation
steps are as follows:

Step 1: Based on the raw GNSS data collected from both platforms, the high-
accuracy relative position between the two SINSs in the navigation frame was calculated
using the GNSS carrier-phase differential technique. This result was taken as the noise-
free reference for the subsequent simulation.

Step 2: This reference relative position was projected into the body frame of SINS1
using the high-accuracy attitude matrix from the GNSS/SINS integrated navigation solu-
tion, yielding the ideal relative range and yaw-angle measurements that would be pro-
vided by a noise-free electro-optical pod.

Step 3: According to the performance specifications of the RH-6 electro-optical pod
(see Table 3), Gaussian white noise with a standard deviation of 1% of the ideal range
was added to the range measurement, and Gaussian white noise with a standard devia-
tion of 1" was added to the yaw-angle measurement.

Step 4: The noise-contaminated range and angle measurements were projected back
into the navigation frame using the real-time attitude matrix from the cooperative navi-
gation solution of SINSI, thereby generating the observations actually fed into the coop-
erative navigation filter.

Figure 13 compares the simulated relative range and yaw angle with the reference
values derived from GNSS.
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Figure 13. Relative distance and yaw angle: comparison between simulated results and GNSS

reference.

Figures 14 and 15 present the bias estimation results and the navigation error re-
sults, respectively. In Figure 14, the gyroscope and accelerometer biases estimated by
GNSS/INS integrated navigation are used as a reference [35]. It can be seen that as the
UGVs repeatedly undergo turning maneuvers along the prescribed trajectory, with con-
tinuously varying acceleration and angular velocity, the biases of each axis of the two
SINSs gradually become observable, and the estimated biases approach the reference

values.
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Figure 14. Field experiment results: bias estimation results of the two SINSs.
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Figure 15. Field experiment results: navigation errors of the two SINSs.

To further quantify the benefit of the bias estimation, an improvement metric is de-
fined for each SINS axis as:

R
I =] 1-2 [x100% (26)
bref

where R; denotes the RMSE of the estimated bias with respect to the reference after fil-
ter convergence, and l;,ef is the mean of the reference bias sequence for that axis over the
same period. The index i runs over all gyroscope and accelerometer axes of SINS1 and
SINS2 (six gyro axes and four accelerometer axes in total). This improvement ratio
measures the fraction of the total bias that has been effectively compensated by the pro-
posed method. Table 4 summarizes the bias estimation error statistics and their corre-
sponding improvement ratios for both SINSs after filter convergence (after 2 h).

https://doi.org/10.3390/s26144450


https://doi.org/10.3390/s26144450

Sensors 2026, 26, 4450

21 of 26

Table 4. Bias estimation error statistics for cooperative navigation.

Parameters Maximum Error RMSE Improvement (%)
& /(°/h) 6.36x10° 5.04x10° 89.62
g /(°/h) 2.58x10° 1.72x10° 95.71
g /(°/h) 6.80x10° 3.24x10°° 79.42
g /(°/h) 5.82x10°° 3.81x10° 82.16
£ /(°/h) 9.99x10° 9.40x107 75.49
g /(°/h) 9.39x10° 428x10° 59.82
V" /mGal 13.64 12.35 95.90
V¥ / mGal 34.83 33.30 81.13
V" / mGal 10.30 6.64 83.45
Vi / mGal 5.97 3.83 31.39

The bias estimation results show that the bias values of the SINSs used in the exper-
iments are significantly larger than those in the simulation settings, especially the gyro
biases, and they exhibit time-varying fluctuations due to both inherent sensor character-
istics and environmental factors. However, the navigation error results in Figure 15
show that the positioning errors of the two SINSs remain comparable to those in the
simulation, indicating that the proposed method is insensitive to bias variations and
demonstrates a certain degree of robustness.

Similar to the simulation results, the experimental results demonstrate that with on-
ly relative range and angle measurement constraints, the common-mode errors

(‘&E' +5sz‘ , ‘5‘}5' +5VE2‘ , ‘5L1 +§L2‘ i ‘&1 +&2‘ ) cannot become observable, so the long-term

drift trends of position and velocity errors for the two SINSs remain consistent. Howev-
er, visible high-frequency fluctuations can be observed on the velocity error curves. Un-
like the ideal simulation environment with highly matched sensor parameters and con-
trolled error conditions, the two physical inertial units in the experiment experience in-
dependent high-frequency disturbances, including inherent sensor noise, asynchronous
time-varying bias fluctuations, and environmental perturbations during operation. Since
velocity error directly reflects the instantaneous effect of such high-frequency difference-
mode disturbances, the burr-like discrepancies between the two SINSs are clearly distin-
guishable.

In contrast, position error is the time integral of velocity error, which inherently at-
tenuates the amplitude of high-frequency components. In the full-scale view dominated
by hundred-meter-level long-term drift, these meter-level high-frequency burrs are vis-
ually submerged. This does not contradict the observability conclusion —the core unob-
servable low-frequency common-mode drift still dominates the long-term error evolu-
tion of both SINSs.

Figures 16 and 17 present the navigation error estimation results and the sliding-
window (30 s) FIM condition numbers, respectively. During the 3 h period of coopera-
tive navigation, the average positioning accuracy improvements are 77.4% for SINS1 and
68.4% for SINS2, corresponding to greater enhancement for the lower-precision SINS. In
Figure 17, the intervals of reduced condition number align closely with the turning ma-
neuvers, and the condition number during these segments is approximately two orders
of magnitude lower than that during uniform-motion or stationary periods. This
demonstrates that turning maneuvers effectively improve system observability even
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under realistic measurement noise and motion deviations, corroborating the observabil-
ity analysis.

SINSI1: Positioning Error & Improvement
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Figure 16. Field experiment results: positioning errors of autonomous and cooperative navigation
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Figure 17. Field experiment results: effect of turning maneuvers on system observability.

In summary, the experimental results demonstrate that under the experimental
conditions described, turning maneuvers reduce the FIM condition number by approx-
imately two orders of magnitude, which improves the observability of key error parame-
ters and enables accurate estimation of all gyroscope and accelerometer biases. Conse-
quently, the overall positioning accuracy of the two SINSs improves significantly: the
RLG-50-INS improves by 77.4%, while the RLG-90-INS improves by 68.4% over the au-
tonomous navigation mode. These results validate the feasibility of the proposed meth-
od in practical engineering applications.

6. Conclusions

In order to address the problem of navigation error divergence of SINSs in GNSS-
denied environments, this paper proposes a cooperative navigation method aided by
relative range and angle measurements to enhance the absolute positioning accuracy of
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dual-SINS cooperative system. By establishing a relative measurement constraint model
between two SINSs, the proposed method achieves online estimation of all biases using
only planar motion without relying on any external absolute reference, effectively sup-
pressing navigation error divergence. Field experiments are conducted to verify the ro-
bustness and effectiveness of the proposed method.

The experimental results show that with relative range and angle measurement
constraints, the biases of each axis can converge within 1-2 h when the two SINSs per-
form cooperative navigation along a figure-8 trajectory. The average positioning accura-
cy within 3 h is improved by more than 68% compared with autonomous navigation,
with even greater improvement for medium- and low-precision SINSs. The proposed
method requires only two SINSs and relatively simple planar motion, without the need
for reference benchmarks, complex three-dimensional excitation trajectories, or turntable
modulation. It reduces system complexity and motion requirements, providing an effec-
tive and easy-to-implement solution for cooperative navigation in GNSS-denied envi-
ronments.

Future work will focus on extending the proposed method to multi-platform (N > 2)
scenarios and on developing observability improvement strategies under degraded rela-
tive measurement conditions, such as range-only measurements, to accommodate more
complex practical application requirements.

Author Contributions: Conceptualization, J.L. and Y.Z.; methodology, Y.Z. and S.Q.; software,
W.T. and X.L.; validation, J.L.; formal analysis, J.L. and Y.Z.; resources, Y.Z. and ]J.Z.; Writing —
Original draft preparation, J.L.; Writing —Review and editing, J.L. and Y.Z. All authors have read

and agreed to the published version of the manuscript.
Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: The raw data supporting the conclusions of this article will be made

available by the authors on request.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A
Appendix A.1. Derivation of the Attitude Error Equation
Given C; =(1-[¢"x])C;, @, = @), + 5]

in’

@), = o), + 6w, , and neglecting second-
order error terms:
) =C[a)x]-[arx]C;
(1~ <Dl sat -l o)1 {8 <)
Ao d " "
C: =E[(1_[¢ x])c,,J
=-[ox]ci+(1-[o" <)) (i @k ][ @i x]c)

By equating the two expressions above, right-multiplying both sides by C. and

(AT)

(A2)

simplifying via skew-symmetric matrix properties, the attitude error equation is derived
as:

¢ = x¢" +oa - C| o0, (A3)
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Appendix A.2. Derivation of the Velocity Error Equation
Given f' = f*+5f", & =@ +oa], @&, =@, +50),, ¥ =V +5v" and neglecting
second-order error terms:
o' =v" —y"
=Gy (") -(2al +al, )< +g" = € f" ~(20] + @, )" +¢" ] (A4)
=[G f' x|¢" (20, + @), )x 6v" - (260], + ], )xv" + C}S f"
Appendix A.3. Derivation of the Position Error Equation.
Given L=L+8L, A=A+ and neglecting second-order error terms:
5L:z—L:VN+5vN— Vv _ ovy (45)
R,+h R,+h R,+h
Siefoie sec(L+JL)(v; +6v;) vysecL _vptanLsecl o secl 5 (a6
R, +h R, +h R, +h R, +h
Appendix B
The Parameter Matrix M in F (1) and F (1)
Ve V =V, vy tanL
2vy, @, cos L, + sERRLE 5 0 SR — 5 -
) (RE +h1,z)cos L, (RE +h1,2)
2 2
v v tanl
M, =|-2v, @ cosL,~ =E 5 0 E'Z—lzz
: (RE +h, )cos L, (RE +h, )
2 2
1%
~2v, o,sinl, 0 - uE >— Az 5
L (RN +hl,2) (RE +h1,2) |
r 7 %
0 3 1 0 0 NLZ >
Ry +h, (RN ”’1,2)
1 . V,
M, = —— 0 0|, M,, = ~w,sinL,, 0 —2
R, +hl,2 (RE +hl’2)
tan Z, , 0 0 Vi Ve tanl,
R, +h, @, CcosL, + — - 3
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1 0 0 _ 1,2
0 — 0 2
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