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Abstract: This paper is dedicated to the extended solid (continuum) model of tensegrity structures or
lattices. Tensegrity is defined as a pin-joined truss structure with an infinitesimal mechanism stabilized
by a set of self-equilibrated normal forces. The proposed model is inspired by the continuum model
that matches the first gradient theory of elasticity. The extension leads to the second- or higher-order
gradient formulation. General description is supplemented with examples in 2D and 3D spaces. A
detailed form of material coefficients related to the first and second deformation gradients is presented.
Substitute mechanical properties of the lattice are dependent on the cable-to-strut stiffness ratio and
self-stress. Scale effect as well as coupling of the first and second gradient terms are identified. The
extended solid model can be used for the evaluation of unusual mechanical properties of tensegrity
lattices.
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1. Introduction
Tensegrity structures or lattices [1–3], due to their special and unusual properties,
constitute an interesting concept, the use of which is promising on various scales of considerations in aerospace, civil and mechanical engineering, etc. The main advantages of tensegrity
include: large stiffness-to-mass ratio, reliability, controllability, and programmable deployment. There are numerous definitions of tensegrity structures. For the purposes of this study,
we define tensegrity as a pin-joined truss structure, in which there is an infinitesimal mechanism balanced by a self-equilibrated system of normal forces, usually called self-stress [4].
Description of various tensegrity structures can be found in the literature e.g., [1–3,5,6].
Tensegrity modules or lattices can be considered as smart structures [5]. Inherent properties
of tensegrity structures [7,8] are defined as: self-control, self-diagnosis, self-repair, and active
control. Tensegrity may have a modular structure, and then the properties of the entire
structure correspond to the characteristics of the module. The analysis of two-dimensional
modules, along with the precise definition of tensegrity and tensegrity-like structures, is
presented in [9]. A wide analysis of three-dimensional modules can be found e.g., in the
papers [1,2,10].
An interesting current trend concerns tensegrity-inspired metamaterials. The concept
of tensegrity metamaterials was introduced in [11] and developed in [12–14], where the
dynamics of a chain of tensegrity prisms was investigated. In [15] optimal problem for
a prototypical self-similar tensegrity column was studied. Morphological optimization
of tensegrity-based metamaterials was presented in the work [16]. Another paper [17]
focused on formulation of novel cells that could be applied in mechanical metamaterials.
Innovative metamaterials and lattices were discussed in [18] with the focus on the geometrically nonlinear behavior of tensegrity prisms with extreme properties. Construction
of 3D tensegrity lattices using elementary cells based on the truncated octahedron was
discussed in [19] and expanded for phase transition in [20]. The authors in [21] proposed
automatically assembled lattices aimed at large-scale applications. Another interesting
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concept was presented in [22,23], where metal rubber was applied in the struts of a tensegrity mechanical metamaterial. In [24], smart properties and negative Poisson’s ratio were
discussed using an example of an orthotropic metamaterial constructed from simplex units.
In conclusion, recent literature shows that tensegrity-based metamaterials and lattices have
a great potential, which is reflected in the dynamic development of these systems within
the last few years.
Among the tensegrity lattices, the systems that exhibit unusual or extreme mechanical
properties are looked for in [25–28]. The ability to control mechanical properties with the selfstress makes the results for lattices with tensegrity-inspired microstructure very promising.
Tensegrity pin-joined truss lattices, planar and spatial, can be relatively easily described
by means of a discrete model, using the finite element method [29,30] or directly formulating
the task algebraically [31–33]. Both techniques are formally precise and make it possible to
include in the description the influence of self-equilibrated normal force systems (self-stress)
on the structural response. The finite element formalism (FE) is algorithmically easy and is
based on the standard FE steps from the separate element analysis, through globalization,
to consider boundary conditions. The algebraic direct formulation is mathematically elegant, but requires the formulation of global matrices at the beginning of the process. The
equivalence of both techniques was demonstrated in [33].
The general characteristics of tensegrity modules and lattices, as well as the identification
of substitute mechanical properties can be performed using the continuum model [10,24,34–36].
The idea proposed for the first time in [34] is based on the comparison of the tensegrity strain
energy contained in a typical volume determined using a discrete formulation with the strain
energy of the solid model, which corresponds to the same volume within the linear theory
of elasticity [37]. The description uses the expansion of nodal displacements of the discrete
model into Taylor series, limiting further analysis to low-order terms, which in the case of
the first approximation leads to the linear theory of elasticity [37] in terms of the theory of
the first gradient of deformation. Such a model makes it possible to determine the equivalent
mechanical properties in the range of material symmetries acceptable in the linear theory of
elasticity [10,38].
The aim of this paper is to generalize the continuum first approximation model [34] to
models that take into account higher gradients of displacements. The theories of higher
gradients appeared in the literature in the mid-1960s [39,40]. A methodical description
of the theory against the background of other possible formulations is presented in [41].
Among numerous papers on the theory of higher gradients, the following papers are
worth mentioning: paper [42] in which gradient formulations in relation to simple lattice
models are discussed; paper [43] in which an overview of the formulation and length scale
identification procedures is given; and paper [44] in which the stress gradient continuum
theory is discussed. A solid model in the field of the theory of higher gradients makes
it possible to identify the effect of scale, to determine the applicability range of the first
approximation theory and to identify problems that should be taken into consideration
when dealing with tensegrity structures on a non-micro scale. The present paper describes
an extended continuum model and provides a detailed form of material coefficients related
to the first and second deformation gradients for selected tensegrity modules or lattices.
The lattices are to be consistent with the modules in terms of the infinitesimal mechanism.
The examples in 2D and 3D spaces are presented. In the opinion of the authors, the explicit
determination of the scale effect and the detailed form of the model coefficients (including
their dependence on geometry and self-stress) may constitute a promising contribution to
further research on unusual mechanical properties of tensegrity lattices.
The authors’ intention is to constitute an attempt towards recognition of scale effects
in a solid model of tensegrity-inspired lattices. The proposed technique allows for identification of the strain energy members responsible for the higher gradient theories related to
the scale effect factors. Evident identification of scale effects requires validation through a
series of tensegrity-based benchmark problems carefully selected for the area of potential
applications, e.g., in aerospace engineering or civil/mechanical engineering. This task is
beyond the scope of this study.
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2. Lattices with Tensegrity-Inspired Microstructure
Structures with tensegrity features can be considered as metamaterials with a microstructure. Regular modular lattices are shown in Figure 1: in the 2D (Figure 1a) and
3D (Figure 1b) spaces. We assume that single unit cells are tensegrities according to the
definition presented above.

Figure 1. Modular lattices: (a) 2D, (b) 3D.

As shown in the papers [27,28], the arrangement of lattice modules in a way that
ensures the possibility of infinitesimal mechanisms, results in obtaining in the continuum
model elasticity matrices with the same material symmetry as can be defined in a single
module. This means that it is possible to estimate substitute material properties at the
module level. The incompatibility of the infinitesimal mechanisms of the modules in the
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lattice leads to different material characteristics than in a single module. Then, it is necessary
to identify the super-cells in the lattice [27]. In the following part of the paper, we will limit
our discussion to lattices with compatible infinitesimal mechanisms.
Figure 2a shows typical regular 2D, hexagonal and tetragonal modules, while Figure 2b
shows five typical 3D modules. Modules that do not exhibit self-stress stabilized infinitesimal
mechanisms (i.e., they are not tensegrities in the sense of this paper) are not considered, which
is quite often found in the available literature. The truth and myths about 2D tensegrity
modules are described in [9]. Struts are presented as thick yellow lines and cables are
presented as thin black lines.

Figure 2. Typical tensegrity modules: (a) 2D, (b) 3D.

The construction of modular lattices sometimes requires the use of additional cables.
Their influence on the material properties of the structure can be usually neglected, but for
precision in such cases a repetitive super-cell of the lattice should be specified.
The choice of tensegrity modules for lattices is not limited to that shown in Figures 1
and 2, but is formally unlimited depending on the imagination and needs of the designer.
3. Enhanced Solid Model—Size Effect
Let us consider a lattice tensegrity, with a modular structure compatible with the
infinitesimal mechanisms of the modules [27]. Geometry of the lattice is to be defined.
Truss theory matrices [29–33] can be obtained with the use of the finite element method [29,30]
or algebraically [31–33] without finite element approximation. Distribution of self-equilibrated
forces (self-stress) can be found for tensegrity geometry using the singular value decomposition (SVD) of compatibility matrix [32,33]. In a discrete model (DM), the strain energy of a
tensegrity truss can be expressed as a quadratic form of nodal displacements q [29–32]:
EsDM =

1 T
q Kq,
2

(1)

where: K = KL + KG , KL —global linear stiffness matrix [31,32], KG —global geometric
stiffness matrix. Geometric stiffness matrix is related to the self-stress distribution [33].
Nodal displacements qi of the lattice can be expressed by mean values q and their derivatives related to the geometric center of the cell of the lattice under consideration using the
Taylor series expansion
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∂q
∂q
∂q
∂x ∆x + ∂y ∆y + ∂z ∆z +
2
2
∂ q
∂2 q
∂2 q
2
2 ∂2 q
1∂ q
+ 12 ∂x2 (∆x )2 + 12 ∂y
2 ( ∆y ) + 2 ∂z2 ( ∆z ) ∂x∂y ∆x∆y + ∂x∂z ∆x∆z + ∂y∂z ∆y∆z + . . .

qi = q +
∂2 q

,

(2)

where ∆x, ∆y, ∆z are the distances of the node i from the geometric center of the cell
under consideration. In a discrete model, the parameters qi are linear displacements in the
directions of the axis of the coordinate system [31,32]. The coordinates of the nodes of the
tensegrity structure can be related to the dimensions of the cell (or the super-cell) a, b, c
by parameters α xi , αyi , αzi and written as follows: α xi a, αyi b, αzi c. Then the parameters of
the node i can be described by mean values in the center of the volume with appropriate
increments: ∆x = α xi a, ∆y = αyi b, ∆z = αzi c. A detailed description and examples of
modeling in this regard can be found in the papers [10,24,28,34].
The use of the Taylor series expansion for all nodal displacements of the structure
contained in the unit cell of the volume V, allows to express the strain energy density in
the form
esDM = 1 [ Es11 (∆u) + Es12 (∆u, ∆∆u) + Es22 (∆∆u) + . . .]
(3)
E
V
The term “11” depends only on the first displacement gradient, the term “22” only
on the second displacement gradient, and the term “12” is a mixed term within the theory
of elasticity. Calculations can be performed using mathematical software (Mathematica,
Maple), which allows to group individual members of the expansion in any way.
The terms of the Equation (3) can be matrix represented as quadratic or bilinear forms
Es11 (∆u) =

1
(∆u)T E11 (∆u),
2

Es12 (∆u, ∆∆u) = (∆u) T E12 (∆∆u),

(4)
(5)

1
(6)
(∆∆u)T E22 (∆∆u).
2
The energy densities of the higher gradient theory can be determined by analogy.
The matrix E11 corresponds to the first approximation within the first gradient theory
and is insensitive to scale effects. It was used in the continuum model and successfully applied
to pre-evaluate the mechanical properties of tensegrity structures (see i.e., [24,27,28,34]), to
determine the dependence of the substitute Young’s moduli, Kirchhoff’s moduli, Poisson’s
ratios, and other technical parameters on the self-stress level and on the cable-to-strut ratio
for tensegrity modules and lattices [10,28]. The first approximation model is appropriate
when the unit cell is very small. The matrices E12 , E22 correspond to the second gradient
theory and are sensitive to scale effects. They can be used to assess structures, in which the
unit cell is relatively large compared to the dimensions of the entire lattice. Matrices E12 , E22
describe the influence of strain variability (understood as the first gradient of displacements)
within the cell on the mechanical properties of the lattice. Examples of matrices E11 , E12 , E22
determination for 2D and 3D tensegrity modules are presented below.
Es22 (∆∆u) =

3.1. 2D Hexagonal Tensegrity Module
Let us consider a 2D lattice with a thickness of h (thickness of the 2D panel), built from
the modules shown in Figure 3, with compressive-tensile stiffness: ( EA)cable , ( EA)strut =
EA (E-Young’s modulus, A-cross section), and self-equilibrated system of normal forces
with the multiplier S—it is a value by which the prestressing forces in all elements are
multiplied, used as an indication of the self-stress level.
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Figure 3. 2D hexagonal tensegrity module.

In the 2D theory of elasticity, the vectors of the first and second displacement gradients
have the form
i
h
∆u =

∆∆u =

h

∂2 u
∂x2

∂u
∂x

∂2 u
∂x∂y

∂v
∂y

∂u
∂y

∂2 u
∂y2

T

∂v
∂x

∂2 v
∂x2

∂2 v
∂x∂y

,

(7)

∂2 v
∂y2

iT

(8)

Considering only the first gradient theory, the shear strain is usually defined, which is
the arithmetic mean of the third and fourth terms of the Equation (7). This leads to smaller
dimensions of the elasticity matrix E11 , but does not qualitatively change the coefficients
of the obtained matrices. The identification of infinitesimal modes and distribution of
self-equilibrated normal forces under the considered tensegrity can be found using the
singular value decomposition (SVD) of compatibility matrix [31,32,45]. One infinitesimal
mode and one set of self-equilibrated normal forces are identified for the 2D module [9]. In
the considered example, the following matrices were obtained:

E11



8 + 9k
3
 3k
= C1
0
8 
0

√

3k
8 + 9k
0
0



0

0 
 + C2 1 

0
4
3k

0
0
3k
0

1
−1
0
0


−1 0
0
1
0
0 
,
0 −1 0 
0
0 −1

E12 = 0,


E22




= a2 C1 




1
0
−1
2
2
0

0
12
0
0
0
−2

(10)

−1 2
2
0

0
0
0 −2 




1
0 −2 0 
2C 
+
a
2

0
3
0 −3 



−2 0
4
0 
0 −3 0
3


(9)



9
0
−9
0
−6
0

0 −9 0 −6 0
−4 0 −6 0
6 

0
9
0
6
0 
,
−6 0
3
0 −3 

0
6
0
20
0 
6
0 −3 0
3


(11)

( EA)

S
cable
where: C1 = EA
ah , C2 = ah , k = ( EA)strut , ( EA )strut = EA, S is the self-stress multiplier.
In the centro-symmetrical structure of the considered tensegrity the matrix E12 = 0,
which means that there is no coupling of the first and second displacement gradients in
the model. Note that the matrix coefficients depend on the unit cell geometry and the
self-stress level. The selection of both these parameters allows, using the matrix E11 , to
determine possible extreme lattice properties in the form of soft or stiff modes [27,28].
The analysis of the matrix E22 coefficients makes it possible to determine the variability
(sensitivity) of individual lattice or unit cell deformation states and to control them to a
certain extent using geometric and self-stress parameters. They can be selected so that the
second gradient coefficient is as small as possible, or even zero. The scale effect can be
observed in the matrix E22 (Equation (11)).

3.2. 3D 4-Strut Simplex Tensegrity Module
Let us consider a 3D lattice built from the modules shown in Figure 4, with compressivetensile stiffness:( EA)cable , ( EA)strut = EA (E-Young’s modulus, A-cross section), and selfequilibrated system of normal forces with the multiplier S.
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Figure 4. 3D 4-strut Simplex tensegrity module.

In the 3D theory of elasticity, the vectors of the first and second displacement gradients
have the form:
h
iT
∂v
∂w
∂u
∂v
∂w
∂u
∂v
∂w
∆u = ∂u
,
(12)
∂x
∂y
∂z
∂y
∂x
∂x
∂z
∂z
∂y

∆∆u = 

∂2 u
∂x2
∂2 v
∂x∂y

∂2 u
∂y2
∂2 v
∂x∂z

∂2 u
∂z2
∂2 v
∂y∂z

∂2 u
∂x∂y
∂2 w
∂x2

∂2 u
∂x∂z
∂2 w
∂y2

∂2 u
∂y∂z
∂2 w
∂z2

∂2 v
∂x2
∂2 w
∂x∂y

∂2 v
∂y2
∂2 w
∂x∂z

∂2 v
∂z2
∂2 w
∂y∂z

T
 .

(13)

As in the example 2D, the identification of infinitesimal modes and distribution of selfequilibrated normal forces in the tensegrity can be found using the SVD decomposition [45].
One infinitesimal mode and one set of self-equilibrated normal forces are identified for
the 2D module [10]. In the presented example, due to the large size, we will present
the matrices in the following form (with the use of the parameter σ responsible for the
self-stress):


E11 = E11,ij , i, j = 1, 2, . . . , 9,
(14)


E11,11 E11,12 E11,13 E11,14
E11,14
0
0
0
0

E
E
−
E
−
E
0
0
0
0 
11,11
11,13
11,14
11,14



E11,33
0
0
0
0
0
0 



E11,12
0
0
0
0
0 




E11 = 
E11,12
0
0
0
0 



E11,13
0
0
0 



E11,13
0
0 



E11,13
0 
sym.
E11,13
E11,11
E11,12
E11,13
E11,14
E11,33

= E11,22 = 2C0 (0.314815 + 1.39827 · k − 0.0794978 · σ),
= E11,44 = E11,55 = C0 (0.296296 + 0.707107 · k − 0.0134742 · σ),
= E11,23 = E11,66 = E11,77 = E11,88 = E11,99 = C0 (0.740741 + 0.357771 · k + 0.17247 · σ),
= − E11,24 = E11,15 = − E11,25 = C0 (−0.2222222 − 0.0808452 · σ),
= 2C0 (0.592593 + 1.43108 · k − 0.17247 · σ).

E12 = [ E12,ik ], i = 1, 2, . . . , 9, k = 1, 2, . . . , 18,

(15)

E22 = [ E22,kl ], i = 1, 2, . . . , 1, l = 1, 2, . . . , 18,

(16)

( EA)

S
, k = (EA)cable ,( EA)strut = EA, σ = EA
.
where: C0 = EA
a2
strut
Providing the formulas for all coefficients of matrices E12 and E22 exceeds the scope of
this study. However, we will give some examples of the coefficients to get an idea of their
form:
E12,71 = aC0 (−0.037037 + 0.894429 · k + 0.0107794 · σ ),
E12,56 = aC0 (−0.148148 + 0.705105 · k − 0.175105 · σ ),
E22,11 = a2 C0 (0.00231481 + 0.0497843 · k + 0.00690553 · σ),
E22,8−18 = a2 C0 (−0.00538968 + 0.0447214 · k − 0.185185 · σ ).
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In the considered 3D tensegrity, due to the lack of center-symmetry of the modules,
there is a coupling of the first and second displacement gradients in the model. All three
matrices depend on the unit cell geometry and the level of self-stress. The selection of
both these parameters allows, using the matrix E11 , to determine possible extreme lattice
properties in the form of soft or stiff modes [27,28]. The knowledge of the matrix E11
enables the estimation of the equivalent mechanical properties of the module/lattice [10].
Analysis of the matrices E11 and E22 coefficients may allow the assessment of the variability
of these properties in different directions of the structure. Scale effects can be observed in
the matrices E12 and E22 .
4. Conclusions and Future Work
The paper proposes an extended solid model of tensegrity modular lattices (materials
or structures with tensegrity-like modular microstructure). The model is based on the
discrete model of the structure and expression of nodal displacements by the averaged
displacements and their derivatives. Final strain energy depends on the first-, second- and
higher-order gradients of displacements.
The main conclusions of the paper can be expressed as:

•
•
•
•

•

Substitute elasticity matrices coefficients depend on the cable to strut stiffness ratio as
well as on the self-stress level.
Coupling of the first and second gradient terms is identified.
The scale effect can be observed.
It is possible to determine the variability (sensitivity) of individual lattice or unit
cell first gradient deformation states and to control them to a certain extent using
geometric and self-stress parameters. They can be selected so that the second gradient
coefficient is as small as possible, or even zero.
The extended solid model can be used for evaluation of unusual mechanical properties
of tensegrity lattices.

The proposed technique allows for the identification of the strain energy members
responsible for the higher gradient theories related to the scale effect factors. The model is
validated for the first-gradient theory in [28]. Evident identification of scale effects requires
validation through a series of tensegrity-based benchmark problems carefully selected for
the area of potential applications. This is a subject of future work.
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Pełczyński, J.; Gilewski, W. Algebraic formulation for moderately thick elastic frames, beams, trusses, and grillages within
Timoshenko theory. Math. Probl. Eng. 2019, 7545473. [CrossRef]
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