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Abstract: In testing for main effects, the use of orthogonal contrasts for balanced designs with the
factor levels not ordered is well known. Here, we consider two-factor fixed-effects ANOVA with the
levels of one factor ordered and one not ordered. The objective is to extend the idea of decomposing
the main effect to decomposing the interaction. This is achieved by defining level-degree coefficients
and testing if they are zero using permutation testing. These tests give clear insights into what may
be causing a significant interaction, even for the unbalanced model.
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1. Introduction

In undergraduate courses and texts for users of statistics, contrasts are often met as
a means to better understand a significant main effect by making comparisons between
the treatment level means. Such texts include Box, Hunter and Hunter [1], Draper and
Smith [2], (for example, p. 477) and Snedecor and Cochran [3], (see Section 12.8); a more
extensive account is given in Kuehl [4], (Section 3.2). Although occasionally ordered
levels are mentioned, most accounts focus on when the levels of the factor are unordered.
See, for example, https:/ /en.wikipedia.org/wiki/Contrast_(statistics), url accessed on
14 May 2024.

Most sources focus on orthogonal contrasts. However, we have found in the literature
that it is unusual to consider unbalanced designs where there are different numbers of
observations in the levels of the treatments, and it is rare to give any detail when the
treatment levels are ordered, or to discuss contrasts for interactions.

The idea of orthogonal contrasts is to decompose a statistic, such as an ANOVA sum of
squares, into components and hence test for different subsets of the parameter space. The
orthogonality ensures that the test statistics are independent, and thus that the parameter
subsets are disjoint.

In a sequence of papers, the authors have endeavoured to provide data analysts with
better tools for examining data sets from multifactor ANOVA models. We began with
orthogonal contrasts but have moved beyond these to enable more informative, useful and
objective analyses.

Thus, Rayner and Livingston Jr [5] give a construction that recovers the Kruskal-Wallis,
Friedman and Durbin test statistics and their orthogonal contrasts, but which applies to
more general designs. In particular, the construction applies to unbalanced designs.
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Competitors for these statistics, including orthogonal contrasts, are explored in Rayner
and Livingston Jr [6]. In certain ANOVAs, statistics having F distributions are constructed
to analyse both main effects and two-factor interactions. So, for example, in the completely
randomised design, the ANOVA F test statistic on the ranks is equivalent to the Kruskal-
Wallis statistic, and in the randomised block design, the ANOVA F test statistic on the
ranks is equivalent to the Friedman test statistic. However, the ANOVA F tests may have
more accurate null distributions. Here, it is shown that if the levels of the two factors of
interest are ordered, then the interaction sum of squares can be decomposed into orthogonal
contrasts that may be interpreted as generalised correlations. Then, for example, it may be
found that for one factor the cell mean levels decrease, while for the other they increase
then decrease.

Work in progress in Livingston Jr and Rayner [7] continues the investigation of Rayner
and Livingston Jr [5], focusing on balanced or equally replicated two-factor fixed- effects
ANOVAs with the levels of at least one factor not ordered. For such factors, if there are
natural comparisons between the levels, then the analysis is well known. However, dealing
with scenarios in which there are no natural comparisons may be problematic. In this
article, we show how to construct nonorthogonal contrasts that give pairwise comparisons
for both main effects and interactions.

In the present contribution, initially we are again looking at two-factor fixed-effects
balanced ANOVAs, with the levels of one factor being ordered and those of the other factor
not ordered. The principal interest is in gaining more information about the interaction.
We move away from contrasts and instead identify coefficients that examine, for each
level of the factor without ordered levels, the contributions to linear, quadratic and other
polynomial effects. Moreover, such coefficients are also well defined in unbalanced models.
In all models, we test the null hypothesis of no interaction effects by testing if all the
coefficients are zero against the alternative that at least one of them is nonzero.

We have also found that instead of the usual cell means plots, it may be better to view
plots of the aligned cell means, so that the main effects do not obscure the interaction effects.

A caveat on these explorations is that we generally are not interested in three-way
interactions. We view the processes we propose as exploratory data analysis, with each
component providing an input. Too many inputs would typically be too difficult to
incorporate into the overall picture. Indeed, since these inputs come as multiple p-values,
at the 0.05 level, 5% of them will appear to be significant when in fact they are not, on
average. 5o, the information gleaned needs to be carefully considered.

In the next section, we show how what we call level-degree effects arise in the balanced
two-factor fixed-effects ANOVAs. However, they are also well defined in the unbalanced
two-factor fixed-effects ANOVA and, motivated by their application in balanced models,
we also apply them in unbalanced models. Three examples follow; these demonstrate
how testing for these effects enables a deeper understanding of the data. The level-degree
statistics do not decompose statistics such as the interaction sum of squares and are not
mutually independent. However, as applied here, they are nonparametric, informative
and objective.

2. Construction of Interaction Effects for the Fixed-Effects Balanced ANOVA

The model here is assumed to be a multifactor fixed-effects ANOVA, but we focus only
on two factors, A and B say; the model assumes that there is an AB interaction. Suppose
Yjjk is the kth of n;; observations of the ith of r levels of factor A and the jth of ¢ levels of
factor B. All observations are mutually independent and normally distributed with constant
variance o2.

We assume n;; = s > 1 for all i and j: the balanced or equally replicated design. There
are thus n = rcs observations in all. This design is orthogonal so there is no issue with sum
of squares types. The error degrees of freedom are edf = rc (s — 1).

Write ?ij. for the mean of the observations for level i of factor A and level j of factor

B, Y;. for the mean of the observations for level i of factor A, Y]g for the mean of the
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observations for level j of factor B, and Y for the mean of all of the observations. As, for
example, in Kuehl [4] (p. 185), the interaction sum of squares is

SSap=sY. Y (¥ -V, - Y, +Y.)~
i

It will be useful to note that this is a scalar multiple of the sum of the squared aligned
cell means, Yj; —Y;. — Y 4 Y. Alignment is a tool sometimes used to strip main effects
from the observations. Rayner and Livingston Jr [8], (Section 9.4) discuss alignment; some
additional discussion is given in Appendix A. Without loss of generality, assume the
observations have zero means so that the ?ij. are mutually independent and N(O, 02/s)
distributed. Put

Z=(Zi, s Z1c, 201, Zocr o 2oty oo Zye)

in which Z,‘j = (71] — Yl - ?] + Y) \/g
Livingston Jr and Rayner [7] show that

SSaB = 25:11)(671) (m{Z)?

in which my, ..., m_1)—1) are the eigenvectors corresponding to the eigenvalues 1 of an
idempotent matrix with rank ( — 1)(c — 1). The eigenvectors m; are not uniquely defined;
it is only required that they are mutually orthonormal and orthogonal to 1,.. We now take
advantage of this flexibility. Suppose D is any r x r idempotent matrix of rank r — 1 and E
is any ¢ x ¢ idempotent matrix of rank ¢ — 1. Then, D has » — 1 eigenvalues one and one
zero, and E has ¢ — 1 eigenvalues one and one zero. It follows that D ® E is idempotent and
has (r — 1)(c — 1) eigenvalues one and r + ¢ — 1 eigenvalues zero. In particular, suppose the
eigenvectors of D corresponding to the eigenvalue one are dy, ..., dr_; and the eigenvectors
of E corresponding to the eigenvalue one areey, ..., ¢.-1. Thed, ® e,,u=1,...,r — land
v=1,...,c— 1are an appropriate choice for the eigenvectors of D ® E corresponding to
the eigenvalue 1 and are mutually orthonormal.

As in Rayner and Livingston Jr [6], we now choose {e,} based on the orthonormal
polynomials with weight function (n1/7, ..., n,/n). In Livingston Jr and Rayner [7], the
{d,} are chosen to give contrasts, but there will be no need to specify them here.

Fori=1,...,rput ZZ-T =(Zi, .., Zi). Then, Z = (Zfl .. 1ZHT, The degree (1, v)
orthonormal contrast requires m; = d,; ® e,, with d,, being r x 1 and e, being ¢ x 1. Thus,
my = (dyq eg, R eg)T and

Z
miZ=(dyel,....duel)| 1 |= Zi dyielZ;.
Zy

Now, the el Z; give information on the ith unordered level and the polynomial effect
of degree v, and m] Z combines these for all the unordered levels. Pairwise comparisons
are considered in Livingston Jr and Rayner [7]. Here, we focus on the {eEZi}. Obviously, if
all el Z; are zero, then so are all the m] Z and SSap. They may therefore be thought of as
analogues of the generalised correlations whose sum of squares is the interaction sum of
squares in the two-way ANOVA in which the levels of both factors are ordered. Hence, we
call the {egzi} level-degree interaction coefficients.

We note that since
Zl - ZU (ezT;Zz )ev/

the el Z; may be interpreted as the projection of the ith unordered level into what we might
call degree v space. To verify this, multiply both sides of the highlighted equation by each of
e1, ..., e in turn. It now follows that e¥Zl, e{Zz, e, e?Zr are the contributions to linearity
from levels 1, 2, ..., r, respectively, of the unordered factor. If there is no significant linear
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effect, these contributions will be relatively small. However, if there is such an effect, then
the magnitude of the e?Zi will indicate the relative contributions of the levels to this effect.
The same applies to higher degree effects.

It may be useful to note that _; el Z; = 0. This follows because

YoieoZi=eo)  Zi=e Zz‘,j Zij =0,

using the fact that the Z;; are aligned cell means and, by their definition, sum to zero over
the entire table.

We make no claims about the distribution of the e} Z;. We are interested in testing, for
each (i, v), Hy;: e} Z; = 0 against K,;: el Z; # 0. We do this by permutation testing so our
process is completely nonparametric. The null hypothesis is that all €] Z; = 0 and hence that
there is no interaction effect.

The permutation test involves permuting the aligned values of the response variable.
These values are aligned again to remove any minor effects present based on the two factors
and then the cell means calculated in order to determine a permuted value of Z;;, which is
subsequently used to calculate the permuted statistics. This is then repeated as many times
as one needs to determine p-values that are sufficiently accurate. Throughout this article, we
use 100,000 permutations. The p-value is the proportion of times the observed statistics are
more extreme than the permuted statistics. Examples are given in the sections following.

3. Fabric Shrinkage Example

The data in Table 1 are the percent shrinkage of two replicate fabric pieces at each of
four temperatures. The data come from Kuehl [4] (Chapter 6, exercise 3). Routine ANOVA
analysis in R gives the output in Table 2. The Shapiro-Wilk test on the normality of the
residuals returns a p-value of 0.0433. Given the well-known robustness of ANOVA in
general, this is not a serious violation of the ANOVA model’s assumptions.

Table 1. Shrinkage in four fabrics at four temperatures.

Fabric
Temperature 1 2 3 4
210F 18,21 22,24 28,32 32,36
215F 20,21 42,40 44,48 33,35
220F 46,50 54,56 87,84 57,58
225F 75,79 9.8,9.2 13.2,13.0 10.9,11.1

Table 2. Analysis of variance table for the fabric shrinkage data.

Creedom  Squaes  Squams  Flalues  prValues
Fabric 3 41.876 13.959 279.175 <0.001
Temperature 3 283.936 94.645 1892.908 <0.001
Fabric—temperature 9 15.856 1.762 35.236 <0.001
Residuals 16 0.800 0.050

A plot of the data in Figure 1 shows increasing shrinkage, and perhaps increasing
variability, with increasing temperature; shrinkage for fabric 3 that is uniformly above
average, while that for fabric 1 that is uniformly below average.

Treating the levels of temperature as ordered, the temperature contrasts may be found
as in Rayner and Livingston Jr [6]. Those of degrees one, two and three have p-values
0.0000, 0.0000 and 0.6273, respectively. Thus, both linear and quadratic effects are very
strong, and there is no evidence of a cubic effect. These effects are apparent in Figure 1.
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Figure 1. Cell sum plot of shrinkage against temperature for each fabric and on average.

Livingston Jr and Rayner [7] investigate interaction effects and show that every pair-
wise contrast may be decomposed into linear, quadratic and cubic effects. For these data,
every such contrast has at least one p-value less than 0.0001. Thus, as the temperature
increases, the differences in fabric pairs are nonconstant.

We now investigate fabric-temperature effects, through the {egzi } For all (v, i), we
test Hy ;2 e Z; = 0 against Ky ;: e Z; # 0 using permutation testing under the null hypothesis
of zero interaction. P-values are given in Table 3 in which p-values less than 0.05 are bolded.

Table 3. Permutation test p-values of Hy ; against Ky ;.

Fabric
Degree 1 2 3 4
Linear 0.0032 0.1979 <0.0001 0.8270
Quadratic 0.5931 0.2271 0.7019 0.0288
Cubic 0.2569 0.1167 0.4387 0.7289

In this table p-values less than 0.05 are bolded.

For a particular level i of the factor whose levels are not ordered, we interpret the
rejection of Hy ; as that level having a significant effect of degree v compared to the overall
main effect for the ordered variable. In Figure 1, if the curves for each fabric were parallel,
(i-e., no interaction effect), they would also be parallel to the main effect. The differences
between each fabric and the overall effect are what is being assessed. We can visualise this
by plotting the aligned cell means, shown in Figure 2.

If we focus on the fourth fabric in Figure 1, we can see that as we progress through the
temperatures, the cell mean is higher than the main effect mean, then slightly below for
two levels, then is greater for the last level of the ordered variable. Therefore, the shape
of the fabric four curve relative to the overall main effect is a quadratic shape. This is also
what we see in Figure 2 for fabric four. This quadratic effect is statistically significant as
per Table 3.

The other significant effects as per Table 3 are linear effects for fabrics one and three.
Looking at Figure 2, fabric 1 has a negative relationship, relative to the overall main effect,
whereas fabric three has a positive relationship relative to the overall main effect. There are
hints of a cubic pattern in both curves, but with only two observations in each cell, there is
not enough power to formally detect such a relationship.
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Figure 2. Aligned cell mean plot of shrinkage against temperature for each fabric.

4. Acetylene Reduction Example

Four crops were inoculated with Rhizobium bacteria and growth noted for three rates
of nitrogen application. Acetylene reduction reflects the amount of nitrogen fixed by the
bacteria. There were four replications for each treatment combination. These data, given in
Table 4, are from Kuehl [4] (Chapter 6, exercise 4). Routine ANOVA analysis in R gives the
output in Table 5. Crop, nitrogen and their interaction are all significant at the 0.05 level.
However, the Shapiro-Wilk test for normality of the residuals returns a p-value of 0.0000;
the ANOVA p-values are not reliable.

Table 4. Growth of four crops for four rates of nitrogen application.

Crop
Nitrogen Alfalfa Guar Mungbean Soybean
0 26,1.1,09,1.2 0.3,0.1,04,0.4 0.8,09,22,1.2 6.5,2.6,39,4.3
50 0.0, 0.0,0.0,0.0 0.0,0.1,0.0,0.2 0.7,04,0.3,0.8 0.6,0.6,0.3,0.8
100 0.0,0.0,0.0,0.0 0.0,0.2,0.0,0.0 0.3,0.1,0.0,0.1 0.0,0.1,0.1,0.0

Table 5. Analysis of variance table for the acetylene reduction data.

Creedom  Squmes  Squares  FValues  pValue

Crop 3 15.117 5.0391 15.916 <0.001

Nitrogen 2 29.846 14.9231 47.136 <0.001

Crop—nitrogen 6 22.102 3.6837 11.635 <0.001
Residuals 36 11.398 0.3166

The levels of nitrogen are ordered, while those of crop are not. The scenario gives no
suggestion as to any ordering the crops might have. A plot of the data in Figure 3 shows
that for each crop, the growth decreases as the level of nitrogen application increases. As
in Rayner and Livingston Jr [6], we find that the nitrogen contrast of degrees one and two
have p-values of 0.0000 and 0.0005, respectively. Both linear and quadratic main effects are
apparent in Figure 3.

The levels of crop are not ordered. The significant difference in crop levels is reflected
by the crop means: 0.4833, 0.1417, 0.6500 and 1.6500 for crops alfalfa, guar, mungbean and
soybean, respectively. It appears that soybean has considerably greater growth than the
other crops.
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Figure 3. Cell sum plot of growth against level of nitrogen application for each crop and on average.

Next, we reflect on interaction effects, by using permutation tests of, for all (v, i), Hy ;:
el Z; =0 against K, ;: e} Z; # 0. p-values are given in Table 6, and a plot of the aligned cell
means is given in Figure 4. The crops that contribute to the interaction effect are guar and
soybean. The latter has a significant linear effect, which indicates that relative to the overall
main effect of nitrogen, guar contributes linearly to the interaction effect. For soybean, we
are able to identify both a linear and quadratic effect, relative to the overall main effect
of nitrogen.

Table 6. Permutation test p-values of Hy ; against Ky ;.

Crop
Degree Alfalfa Guar Mungbean Soybean
Linear 0.5271 0.0025 0.2212 <0.0001
Quadratic 0.8627 0.2287 0.2716 0.0303

In this table p-values less than 0.05 are bolded.

Fabric

alfa
guar
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soy

/
e

ERE

—

1 1
50 100
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Figure 4. Aligned cell mean plot of shrinkage against temperature for each fabric and overall: the
line-aligned shrinkage = 0.

The aligned cell means are plotted in Figure 4. The alfalfa and mungbean crops are
not significantly different from a flat line given the p-values reported in Table 6. The
curve for soybean supports both the significant linear and quadratic effect. The curve for
guar supports the significant linear effect, and there is an indication of a quadratic effect.
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Compared to the curve for soybean (where the quadratic effect was only just significant,
p = 0.0303), the quadratic effect is not as pronounced.

5. Steroid Production Example

For two-way fixed-effects ANOVAs without equal replication, we no longer have a
convenient expression for the interaction sum of squares, and hence, our approach needs
to be modified. We wish to construct statistics related to the level-degree coefficients in
the balanced model and to use these statistics in permutation tests to give insights into
how the levels of the factor with unordered levels vary across levels of the factor with
ordered levels.

The aligned cell means, Yj; —Y; —Y ; +Y_, are still relevant as the alignment has
removed the main effects from the cell means. Although we do not, we could instead use,
for example, the aligned cell sums. Subsequently, we retain the previous definitions of Z
and the Z;.

Given an orthonormal system {e;}, the {egZi} are the projections of the Z; into the
spaces corresponding to the e,. In the equal replication scenario, the use of orthonormal
polynomials allowed comparisons of linear, quadratic and other polynomial effects for
the different levels of the factor with unordered levels. The choice of orthonormal system
will depend on the scenario and the relevance and interpretability of the inference. In
the following example, we continue to use the orthonormal polynomials on the discrete
uniform distribution so as to identify polynomial effects.

For two-way fixed-effects unbalanced ANOVAs, we continue to call the {el Z;} level-
degree coefficients.

Kuehl [4] (p. 224, exercise 10) gives the data in Table 7, in which the response is steroid
production per 100 mg of gland per hour for each of two treatments. The glands are taken
from rats at four different stages of growth. We assume the growth stages are ordered,
but the treatments are not. Because alignment is required in analysing these data, and
alignment in unbalanced models may not be well understood by some readers, we provide
some description in Appendix A.

Table 7. Kuehl [4] data.

Treatment
Stage 1 2
1 6.98, 6.58 8.62,9.40,9.20
2 6.07,7.16, 6.34 9.42,6.67, 8.64
3 5.38,7.31, 6.65, 7.44 4.96, 6.80, 7.61
4 7.02,9.23,7.32 7.17,7.65,6.52, 6.86

The design is not balanced and therefore not orthogonal. Preliminary analysis suggests
that the main effects are not significant at the 0.05 level, whereas the interaction is. It is there-
fore appropriate to investigate objectively why that may be so. The Shapiro-Wilk test for
normality of the residuals had a p-value of 0.6287. We need to explore the interaction more.

The usual cell mean plot, given in Figure 5, plots the cell means against the levels of
the factor stage. It appears that initially treatment 1 is roughly constant, then increases at
stage 4. Treatment 2 initially decreases, then increases at stage 4. The interaction manifests
itself in that the two treatments are behaving differently.

The aligned cell means provide a better idea of interaction effects because they are
not contaminated by the main effects. The aligned cell mean plot in Figure 6 shows that
as we progress through the stages, treatment 1 stripped of its main effects increases, and
treatment 2 stripped of its main effects decreases. The most obvious observation is that the
treatment curves intersect: the treatments are behaving quite differently.



Stats 2024, 7

489

Steroid production

Steroid production

05

0.0

05

-1.0

B

iy Treatment

—=— Total
——— 1

iy - 2

Stage

Figure 5. Cell mean plot for two treatments and their mean.

Treatment

—
—- 2

Stage
Figure 6. Aligned cell mean plot for two treatments and their mean.

To better understand the Figure 6 plot in Table 8, we give the permutation test p-values
of the various level-degree effects under the null hypothesis of no interaction effect. Both
treatments have very strong linear and no other effects. The subjective conclusion from the
aligned cell mean plot is confirmed objectively.

Table 8. Permutation test p-values of Hy ; against Ky ;.

Treatment
Degree 1 2
Linear 0.0019 0.0041
Quadratic 0.5528 0.9441
Cubic 0.7048 0.4083

In this table p-values less than 0.05 are bolded.

6. Conclusions

Orthogonal contrasts have been used for some time to decompose an omnibus test
statistic into focused components. This approach enables a significant effect to be better
understood and, occasionally, finds a significant effect that has been masked by a nonsignif-
icant one. In the ANOVA, contrasts are usually met for balanced fixed-effects models in
which the levels of the factor of interest are not ordered. To construct appropriate contrasts
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requires knowledge of which levels are most usefully compared with which. Usually,
contrasts are considered for main effects; interactions seem to have been rarely considered.

For two-factor interactions in which the levels of both factors are ordered, Rayner
and Livingston [6] found orthogonal contrasts that can be used to test for focused inter-
action effects. When the levels of at least one factor are not ordered, Livingston Jr and
Rayner [7] address the issue of not knowing which levels should be compared with which
by considering pairwise contrasts that compare every level with every other level.

Here, we have considered two-factor fixed-effects ANOVAs with the levels of one fac-
tor ordered and one not ordered. Level-degree coefficients have been defined and are such
that if all such coefficients are zero, then so is the interaction. Testing for such coefficients to
be zero using permutation tests gives nonparametric focused tests. While these coefficients
are not contrasts, they do enable a significant interaction effect to be better understood, and
they may find significant effects that have been masked by nonsignificant ones.
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Appendix A. Alignment in Two-Way Tables with Unequal Cell Counts

A very readable introduction to alignment is given in Higgins [9], (Section 9.2). Sup-
pose we have a two-way table with multiple counts in each cell. The observations are x;j,
inwhichi=1,...,r,j=1,...,candk=1,..., njj. To align the cell means we form, with dot
meaning summation,

Yij = xij. /i — xi /ni —xj/nj+x /n,

Note that x; /n; =} (xi]r‘ /nij) (nl-j/ni. ): a row mean is a weighted mean of the cell
means in that row, similarly for the column means. This is the same form as for tables with
equal cell counts.

Now, consider };:n;y;;. First, };; nl-]-(xij‘ /njj) =x_. Next, Yijmij(xi./ni) =
Yini(xi./ni) =x..Similarly, Y ; nj;(x ; /nj) = x... Finally, x_}5; jn;;/n. = x...So, T i nijyij.
= 0. In the balanced case, 1;; = d say, a constant, so that }; ; y;; = 0: the sum of the aligned
cell means over the whole table is zero. Here, n;;y;; is the aligned cell count, so we have
that even for unequal cell counts the sum of the aligned cell counts is zero.

Next, consider }; n;y;j. First, };n; (xl-]-. /nij ) does not appear to simplify. Next,
Y.ini(x; /n;)=x_.Then, ) ni.(x_j_/n.j) = x;)Y;n/n;jand, finally, };n;x _/n =x_.Thus,

Yoimiyi= Y i (xy /mip) —xp ) omi /=Y i { (xi /mip) — (xj./nj) .
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So, this sum is a weighted sum of cell means minus, for each, the corresponding
column mean. This is not generally zero. It is, if, for example, njj = nin; /n._. Also for the
balanced case, again njj = d, a constant, giving n; = cd and n;= rd, so that

Y {xij /nij—xj/nj}=Ycd{x;/d—x; /(rd)}
=Yic{xij —xj/r}=cyi{xj —x/r} =c{x; —x;} =0.

Thus, in the balanced case, } ; y;; = 0 and similarly Y,Yij=0, but such results do not
carry over to when cell counts are not equal.

Alignment seems to have been frequently suggested in ANOVA studies to remove row
and column effects prior to ranking. However, if in seeking a more robust analysis such
effects may be estimated using row and column medians, and possibly trimmed means,
then even for a balanced design, expecting row, column or total aligned cell sums to be
zero cannot be expected. However, expecting them to be smaller than in non-aligned data
seems reasonable.
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