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Abstract

Background: Tests for a trend in location are appropriate when there is an ordered alter-
native such as, for example, when it is assumed that the effect does not decrease with
increasing doses of a drug or fertilizer. Classical trend tests for normally distributed data
as well as the nonparametric Jonckheere trend test can have inflated type I error rates
when variances differ between groups. Here, different approaches suggested to handle
heterogeneous variances are investigated in combination with the Williams trend test.
Methods: A simulation study was performed to compare the Jonckheere trend test with
competing tests. The different tests were investigated for normal and non-normal data
and also applied to a data set on sizes of walnuts opened by birds in various stages of a
winter. Results: With one exception, all investigated trend tests can have an inflated type
I error rate when variances differ. Only a nonparametric multiple contrast test based on
relative effects showed an acceptable type I error rate in all scenarios considered in the
simulation. Conclusions: The Williams trend test in combination with the nonparametric
multiple contrast test based on relative effects can be suggested for routine use. With this
procedure, an increase in variance cannot cause a significant result in the test for trend.

Keywords: test for trend; heteroscedasticity; nonparametric tests; Jonckheere test;
Williams test

1. Introduction

Many statistical methods such as the one-way analysis of variance (ANOVA) assume
homoscedasticity, that is, homogeneity of variances. Thus, although the variances of the
different groups are unknown it is assumed that they are equal. However, in applications
variances often differ [1]. For example, the placebo group in clinical trials might have a
smaller variance [2]. Ogenstad [3] (p. 497) wrote that “the assumption of homoscedastic-
ity ... is usually made for simplicity and mathematical ease rather than anything else.”

In this paper, I consider trend tests which are appropriate when more than two
groups are compared and the alternative is constrained because it can be assumed that an
effect does not decrease with increasing doses. For instance, this might be sensible when
increasing doses of a drug or fertilizer are investigated. The dose levels are treated as a
discrete variable. Then, an ANOVA approach is possible and selecting a specific model is
not required [1].

Several trend tests were proposed in the literature, such as the tests introduced by
Bartholomew [4], Williams [5], and Jonckheere [6]. Shorack [7] extended Bartholomew’s
test to other designs such as the two-way layout, including a rank analog for the non-
parametric case. Approaches using permutation combination-based tests were also devel-
oped [8]; for further details and extensions to the multivariate case, the reader is referred to
Basso et al. [9].
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When variances differ, trends may arise as a consequence of a change in variance.
Gould [10] (p. 33) wrote: “apparent trends can be generated as by-products, or side
consequences, of expansions and contractions in the amount of variation.” Gould [10,11]
presented two examples: lineages increase in body size over evolutionary time (according
to Cope’s rule) as a consequence of increased species diversity; and in baseball the disap-
pearance of the 0.4 hitting was caused by a decrease in standard deviations, whereas the
mean batting average was constant over 100 years.

Empirical studies often show increases in variance. For example, Bracht et al. [12]
investigated patients with hepatitis C in five different fibrosis stages. The biomarker MFAP4
was measured (U/mL), and its mean increased from 9.23 in the first stage FO to 24.62 in the
fifth stage F4; the corresponding standard deviations increased from 6.92 to 15.83.

In another study, the number of erythrocytes in female rats treated with six different
doses of sodium dichromate dihydrate was reported [13]. Mean = standard deviations
were 8.30 = 0.18 for the zero dose, 8.60 & 0.15 for the lowest non-zero dose, and 9.62 4 0.29
for the highest dose. In both examples, a distinct increase in variability was observed.

In the case of heteroscedasticity, classical trend tests for normally distributed data such
as Bartholomew’s test and multiple contrast tests, but also the nonparametric Jonckheere
trend test, can have inflated type I error rates [14,15]. This anti-conservativeness of trend
tests might be a statistical explanation for the above-mentioned phenomenon that trends
might be generated as by-products of changes in variance.

When there is some association between means and variances it might be sensible to
consider the coefficient of variation (CV). The CV is defined as the ratio of the standard
deviation divided by the mean, or the absolute value of the mean in the presence of negative
data. However, it is usually required that all observations of the considered sample are
nonnegative and the mean is positive [16]. In some applications it is meaningful to consider
the CV. For example, in crop yield data the CV often decreases with increasing means
according to a power—law relationship, and therefore the CV is used when testing for crop
yield stability [17].

However, here tests for a trend in location are investigated. In this case, analogous
to the Behrens-Fisher problem, it is tested whether the location parameters of different
groups differ and show a trend, irrespective of a possible difference in variances. Unequal
variances could even occur in the absence of a treatment effect. Consequently, in this case,
it is useful to test for differences in location parameters while adjusting for a possible
heteroscedasticity, as in the Welch ¢ test.

In the following sections different approaches suggested to handle heterogeneous
variances shall be investigated in combination with trend tests. The competing tests are com-
pared in a simulation study and are based on a real data set with heterogeneous variances.

2. Materials and Methods

Here, tests for a trend in location are investigated. The outcome variable in the k
groups is assumed to be continuous. Observations within groups are assumed to be
independent and identically distributed, and mutual independence between samples is
assumed. The location parameter in group i is denoted by ¢;, i = 1, ..., k. The null
hypothesis is Hp: ¢ = - -+ = 8, whereas the alternative is constrained and one-sided
Hi: ¢ <+ < 9 with 91 < 8. Of course, the alternative could also be formulated as a
decreasing trend. However, two-sided trend tests should not be considered because there
is no sensible interpretation [18].

The standard nonparametric trend test is the Jonckheere test [1,6], which also is the
NTP (National Toxicology Program) standard statistical test for evaluating a dose-response
relationship in organ weight data [19]. The test statistic T} is the sum of Mann-Whitney
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scores Ujj = Ty = Zif;ll Z;-‘:i 41 Uij. The test can be carried out as an asymptotic test based on
the asymptotic normality of T} [18] or as a permutation test [1]. However, the Jonckheere
test is designed for homoscedastic data, so that an alternative method is needed for the
common case of unequal variances. Here, it is proposed to combine the Williams trend
test [5,13] with a variance estimation that is robust under heteroscedasticity.

The Williams test can be formulated as a multiple contrast test [13]. In general, a
contrast is a vector (wWhose coefficients add up to zero) that assigns weights to the different
groups. This enables varying treatment comparisons that can be combined in a multiple
contrast test. In the case of a balanced design and k = 3 groups, the Williams test compares
groups 1 and 3, and the two pooled groups 2 and 3 are compared with the first group.
In the case of k = 4 the groups 1 and 4 are compared, the two pooled groups 3 and 4 are
compared with the first group, and the pooled groups 2—4 are compared with the first
group. The null hypothesis Hj is rejected in favor of a trend when at least one contrast is
significant according to the adjusted p-values.

Since the Williams test is a multiple contrast test, it can readily be combined with
approaches developed for multiple contrasts. Here, I combine the following three ap-
proaches with the Williams test. Herberich et al. [20] proposed a heteroscedastic consistent
sandwich covariance estimation function. This function is available in the R package sand-
wich, version 3.1-1 [21]. Another procedure was introduced by Hasler and Hothorn [22]
using an approximate multivariate t-distribution, available in the R package SimComp,
version 3.6 [23].

As a further alternative approach, a nonparametric multiple contrast test (MCTP)
based on relative effects [24] is investigated. This method, abbreviated as MCTP, uses rank-
based multiple contrast tests; it does not require normality, takes the correlation between
different contrasts into account, and provides simultaneous confidence intervals which
are compatible with the test decision. This MCTP is available in the R package nparcomp
(version 3.0) and can be combined with Williams-type trend contrasts [25]. Here, the
asymptotic approximation method called “mult.t” is used in order to apply a multivariate
t-distribution with a Satterthwaite approximation [25]. For this MCTDP, heterogeneous
variances are allowed under the null hypothesis. The hypotheses are formulated in terms
of relative effects [18]. When comparing two samples, the relative effect can be defined as
P(X <Y) + 0.5 P(X = Y) where X is from group 1 and Y from group 2. If the relative effect is
0.5, there is no tendency that one of the samples takes smaller or greater values than the
other sample, without any assumptions about the shape of the distributions [1]. The formal
definition of relative effects for more than two groups is given by Brunner et al. [18] (p. 61).

A Monte Carlo simulation study was performed using R (version 4.5.2); 10,000 simula-
tion runs were generated for each configuration. The permutation test with the Jonckheere
statistic was carried out based on 1000 permutations. Please note that, according to Bon-
nini et al. [26], 1000 permutations are sufficient. Designs with three and four groups,
different distributions, balanced and unbalanced sample sizes as well as homogeneous
and heterogeneous variances were investigated. R code for the simulation is provided as
Supplementary Materials.

3. Results
3.1. Simulation Study

Simulation results for normally distributed data are given in Table 1. The simulated
type I error rates confirm that the Jonckheere test cannot control the significance level when
variances differ. In some situations with o = 5% the actual type I error rate increases up to
approx. 9%, even for balanced sample sizes. In some other situations, the Jonckheere test is
conservative with an actual type I error rate smaller than 3%. These results hold for both
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the asymptotic and the permutation Jonckheere test. In contrast, the various Williams tests

have an acceptable actual type I error rate much closer to «.

However, the situation is different when data are not normally distributed, see
Tables 2 and 3. Then, the Williams test combined with the variance estimation approaches
from Herberich [20] as well as Hasler and Hothorn [22] can have unacceptably high type
I error rates (>0.1 in some cases), whereas the actual type I error rate of the combination
Williams test and MCTP is acceptable in all investigated scenarios. To be precise, the
simulated type I error rate ranges from 0.046 to 0.057 (within all scenarios investigated, see

Tables 1-3).

Table 1. Simulated type I error rates of different trend tests for normally distributed data with an

equal mean of 0 in all groups and homogeneous as well as heterogeneous variances (o = 0.05).

Standard Jonckheere Jonckheere -=-==-=------- Williams Test --------------
Deviations ¢ Asymptotic Permutation Herberich Hasler MCTP
k =3, sample sizes: 10, 10, 10
1,1,1 0.050 0.048 0.045 0.050 0.052
1,1,2 0.071 0.070 0.048 0.052 0.054
1,1,3 0.080 0.079 0.048 0.051 0.054
1,1,4 0.087 0.085 0.050 0.051 0.055
4,4,1 0.038 0.037 0.050 0.050 0.049
k =3, sample sizes: 12,12, 6
1,1,1 0.049 0.052 0.050 0.054 0.052
1,1,2 0.072 0.730 0.054 0.055 0.052
1,1,3 0.082 0.085 0.059 0.053 0.049
1,1,4 0.089 0.091 0.059 0.052 0.046
4,4,1 0.030 0.029 0.051 0.054 0.050
k =3, sample sizes: 6,12, 12
1,1,1 0.049 0.050 0.050 0.050 0.056
1,1,2 0.066 0.068 0.047 0.052 0.056
1,1,3 0.074 0.076 0.048 0.051 0.057
1,1,4 0.078 0.079 0.047 0.051 0.057
4,4,1 0.047 0.048 0.056 0.047 0.047
k = 4, sample sizes: 10, 10, 10, 10
1,1,1,1 0.050 0.050 0.048 0.052 0.055
1,1,1,4 0.085 0.084 0.048 0.049 0.049
1,1,4,4 0.062 0.062 0.051 0.052 0.051
1,4,4,4 0.031 0.030 0.048 0.050 0.048
4,4,4,1 0.032 0.033 0.049 0.049 0.048
k =4, sample sizes: 13,13,7,7
1,1,1,1 0.047 0.047 0.047 0.052 0.050
1,1,1,4 0.083 0.084 0.056 0.051 0.047
1,1,4,4 0.077 0.078 0.053 0.049 0.048
1,4,4,4 0.037 0.039 0.055 0.051 0.048
4,4,4,1 0.026 0.028 0.041 0.044 0.046
k =4, sample sizes: 7,7,13,13
1,1,1,1 0.045 0.046 0.050 0.049 0.052
1,1,1,4 0.083 0.084 0.051 0.053 0.053
1,1,4,4 0.043 0.044 0.050 0.053 0.053
1,4,4,4 0.028 0.028 0.046 0.050 0.046
4,4,4,1 0.039 0.039 0.055 0.048 0.051

https:/ /doi.org/10.3390/stats9040067


https://doi.org/10.3390/stats9040067

Stats 2026, 9, 67

50f9

Hence, the Jonckheere test as well as the Williams test together with the approaches
of Herberich or Hasler should not be applied in the common situation that differences in
variability can exist between groups. In this case, only the Williams test with MCTP is a
suitable option.

For normally distributed data with homogeneous variances and balanced sample sizes,
all investigated tests are appropriate. In these scenarios, there are some power differences
between the tests. The power comparison depends on the trend pattern, but the differences
between the tests are small (see Table 4). Hence, one can suggest the Williams trend test in
combination with MCTP for routine use.

The proposed approach, that is, the Williams test in combination with MCTP, is a
nonparametric procedure with the additional advantage that it can also be applied to
non-continuous data [24,25]. Therefore, the actual type I error rate is also simulated for
data distributed according to a Poisson distribution. Again, the simulated actual type I
error rates are close to « and acceptable, as displayed in Table 5.

Table 2. Simulated type I error rates of different trend tests for non-normally distributed data and
k =3 groups (« = 0.05).

Jonckheere Jonckheere —  -----------m--- Williams Test --------------
Asymptotic Permutation Herberich Hasler MCTP

t distributions with df degrees of freedom

sample sizes: 10, 10, 10

df =3 0.049 0.048 0.040 0.045 0.052

df =5 0.046 0.046 0.039 0.043 0.045
sample sizes: 12,12, 6

df =3 0.045 0.048 0.039 0.044 0.051

df =5 0.048 0.049 0.045 0.048 0.053
sample sizes: 6,12, 12

df =3 0.047 0.049 0.041 0.041 0.050

df =5 0.048 0.048 0.048 0.047 0.056

exponential distributions with rate = 3

sample sizes: 10, 10, 10

0.048 0.047 0.051 0.058 0.052
sample sizes: 12,12, 6

0.047 0.048 0.037 0.041 0.050
sample sizes: 6, 12, 12

0.046 0.047 0.086 0.095 0.054

chi? distributions with df degrees of freedom

sample sizes: 10, 10, 10

df =1 0.048 0.047 0.054 0.060 0.052

df =3 0.048 0.048 0.053 0.060 0.051
sample sizes: 12,12, 6

df =1 0.048 0.048 0.038 0.041 0.052

df =3 0.043 0.044 0.036 0.041 0.049
sample sizes: 6,12, 12

df =1 0.047 0.049 0.106 0.114 0.054

df =3 0.044 0.046 0.081 0.089 0.053
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Table 3. Simulated type I error rates of different trend tests for non-normally distributed data

and k = 4 groups (a = 0.05).

Jonckheere Jonckheere — --------------- Williams Test --------------
Asymptotic Permutation Herberich Hasler MCTP
t distributions with df degrees of freedom
sample sizes: 10, 10, 10, 10
af =3 0.050 0.049 0.042 0.044 0.050
df =5 0.053 0.054 0.048 0.052 0.054
sample sizes: 13,13,7,7
df =3 0.049 0.049 0.041 0.045 0.052
df =5 0.048 0.050 0.043 0.047 0.048
sample sizes: 7,7, 13,13
df =3 0.045 0.046 0.041 0.041 0.048
df =5 0.047 0.048 0.046 0.046 0.052
exponential distributions with rate = 3
sample sizes: 10, 10, 10, 10
0.053 0.052 0.065 0.071 0.055
sample sizes: 13,13, 7,7
0.054 0.055 0.048 0.052 0.053
sample sizes: 7,7, 13,13
0.048 0.049 0.093 0.099 0.053
chi? distributions with df degrees of freedom
sample sizes: 10, 10, 10, 10
df =1 0.052 0.051 0.065 0.073 0.051
df =3 0.050 0.049 0.061 0.068 0.051
sample sizes: 13,13,7,7
df =1 0.046 0.049 0.045 0.051 0.051
df =3 0.047 0.049 0.043 0.048 0.049
sample sizes: 7, 7,13, 13
df =1 0.048 0.049 0.109 0.120 0.056
df =3 0.049 0.050 0.082 0.089 0.054

Table 4. Simulated power of different trend tests for normally distributed data with an equal variance

of 1 in all groups and balanced sample sizes of 10 per group (o = 0.05).

Means Jonckheere Jonckheere — --------------- Williams Test --------------
# Asymptotic Permutation Herberich Hasler MCTP
k=3
0,0,1.2 0.79 0.78 0.76 0.77 0.77
0,0.6,1.2 0.81 0.81 0.79 0.80 0.79
0,12,1.2 0.79 0.78 0.88 0.89 0.88
k=4
0,0,0,1.2 0.73 0.73 0.73 0.74 0.73
0,04,08,1.2 0.86 0.85 0.80 0.81 0.80
0,0,12,12 0.94 0.93 0.86 0.87 0.86
0,12,1.2,1.2 0.74 0.73 091 0.91 0.90
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Table 5. Simulated type I error rates of Williams test with MCTP for Poisson distributed data with
different means A (« = 0.05).

A=3 A=5
k =3, sample sizes: 10, 10, 10 0.050 0.053
k =3, sample sizes: 12,12, 6 0.049 0.052
k =3, sample sizes: 6,12, 12 0.055 0.055
k = 4, sample sizes: 10, 10, 10, 10 0.050 0.050
k =4, sample sizes: 13,13,7,7 0.051 0.053
k =4, sample sizes: 7,7,13,13 0.051 0.052

3.2. Example Data: Sizes of Walnuts Opened by Carrion Crows

In late summer and autumn, carrion crows (Corvus c. corone) hide walnuts for the
winter. Larger nuts are harder to open and are not eaten initially. However, as the winter
progresses, even larger nuts are eaten [27,28]. Here, I analyze the size of the opened walnuts
(in mm), observed by Josef H. Reichholf during the season 2003-2004 on the premises of
the Bavarian State Collection of Zoology in Munich, Germany. Dates are categorized into
three categories: an early period before 13 September, a middle period from 13 September
to 31 January, and a late period starting from 1 February. There are 67 observations in total,
22 in each of the first two periods and 23 in the late period.

A Tukey boxplot of the data is displayed in Figure 1. Differences in variance are
obvious; the standard deviation increases from 4.78 in the early period to 5.15 in the middle
period and 5.73 in the late period. However, there is a change in means as well, from 26.59
to 29.95 and 29.35.

The Jonckheere test applied to this data set gives a p-value of 0.0220 (based on
100,000 permutations). The Williams tests with the variance estimation according to Her-
berich [20] as well as Hasler and Hothorn [22] lead to even smaller p-values of 0.0191 and
0.0177, respectively. However, this significance at the 5% significance level could be caused
by an inflated type I error rate due to the heterogeneous variances.
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Figure 1. Boxplot for the example data on sizes of walnuts opened by carrion crows.

Therefore, the Williams test in combination with MCTP is also applied; it gives a
p-value of 0.0095. Thus, we can conclude that there is a trend in walnut sizes irrespective of
the increase in variance. The related estimates for the relative effects (and the respective
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simultaneous 95—confidence intervals) are 0.38 (0.30 to 0.46) for the first period, 0.57 (0.48
to 0.65) for the second period, and 0.56 (0.48 to 0.63) for the third period. Hence, the first
period seems to be different from the other periods, with a corresponding trend pattern
such as ) < ¥, = ¢3. This is consistent with the observation that larger nuts are rarely
eaten in the early stage of the winter.

4. Discussion and Conclusions

Heterogeneous variances are common in applications. As a consequence, tests for a
trend in location can have inflated type I error rates, and trends may appear as by-products
of heteroscedasticity. Here, it is shown that the problem of inflated type I error rates persists
even when approaches proposed for heterogeneous variances are applied. However, the
simulation shows that one approach is acceptable: the combination of the Williams trend
test with MCTP, a nonparametric multiple contrast test based on relative effects [24,25].
The latter combination is readily available in R with the following code:

library(nparcomp)
mctp(X ~ Y, data = d, type = “Williams”, alternative = “greater”, asy.method = “mult.t”)

where X is the outcome variable, Y the grouping variable, and d denotes the data frame. As
mentioned above, the asymptotic approximation method called “mult.t” is used in order to
apply a multivariate t-distribution with a Satterthwaite approximation.

This procedure can be proposed for routine use when, as usual in applications, the
distribution of the underlying data is unknown and the variances might differ between
the groups. It also provides estimates for relative effects and corresponding simultaneous
confidence intervals as illustrated using example data on sizes of walnuts opened by
carrion crows in various periods of winter. Moreover, it can be applied in case of non-
continuous data.

Finally, it should be noted that only the one-way layout is investigated in this study.
However, a similar solution can be implemented for the case of dependent samples. The
nonparametric multiple contrast test MCTP is also available for a repeated measures design,
using the function mctp.rm. This design will be investigated in future research.

Supplementary Materials: The following supporting information can be downloaded at:
https:/ /www.mdpi.com/article/10.3390/stats9040067/s1, R code for the analysis of the example
data and the simulation study.
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The following abbreviations are used in this manuscript:
ANOVA  analysis of variance

Cv coefficient of variation

df degrees of freedom
MCTP multiple contrast test procedure
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