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Abstract 

In the present work, we study combined m-consecutive-k-out-of-n and consecutive kc-out-
of-n reliability systems under imperfect cold standby redundancy. The proposed frame-
work extends the ordinary perfect standby assumption by allowing the activation of the 
spare system to be successful with a given coverage probability. The system-level redun-
dancy policy is considered, while the classical perfect cold standby model is obtained as 
a special case. Exact reliability representations for the resulting structures are discussed 
through signature-based arguments. In particular, expressions for the reliability function, 
the Mean Time to Failure and the Mean Residual Lifetime are provided. Special emphasis 
is also placed on statistical inference under right-censored lifetime data. A numerical 
study is carried out to illustrate the effect of imperfect coverage, censoring, and design 
parameters on the performance of the proposed reliability schemes. 

Keywords: m-consecutive-k-out-of-n: F systems; imperfect cold standby redundancy; 
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1. Introduction 
In the field of statistical reliability modeling, consecutive-type systems have been 

widely used for the representation and analysis of engineering structures whose perfor-
mance is strongly affected by the relative ordering of non-working components. Such sys-
tems arise naturally in several practical settings, including telecommunication networks, 
pipeline systems, integrated circuits, sensor arrays, transportation systems, and quality-
control schemes. The classical consecutive-k-out-of-n system consists of n linearly or cir-
cularly ordered components and fails if and only if at least k consecutive components fail 
(see, e.g., [1–3]). Due to its simple structure and its wide applicability, this model has at-
tracted considerable research interest and has motivated several generalizations during 
recent decades. For instance, one may refer to the r-within-consecutive k-out-of-n: F sys-
tem, whose failure occurs if and only if there exist k consecutive components which in-
clude among them at least r failed ones. The latter structure was established by [4] and 
has been further studied by many authors (see, e.g., [5,6]). In addition, the so-called m-
consecutive-k-out-of-n: F system seems to be a natural generalization of the classical m-
out-of-n: F system and the consecutive-k-out-of-n: F system; it consists of n linearly or-
dered components such that the structure fails if and only if there are at least m non-over-
lapping runs of k consecutive failed components. This system was first introduced by [7] 
and since then it has attracted some research attention (see, e.g., [8,9]). 
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Among the most important extensions of the ordinary consecutive-k-out-of-n system 
are reliability structures operating under more than one failure criterion. Such systems are 
particularly useful when the overall failure of a structure cannot be described by a single 
type of component failure pattern. For instance, a system may stop functioning either be-
cause a sufficiently long run of consecutive failed components appears or because several 
smaller non-overlapping ones occur across the system. In this direction, combined con-
secutive-type structures with two common failure criteria provide a flexible framework 
for modeling complex engineering systems (see, e.g., [10–12]). 

The present paper focuses on the combined 𝒎-consecutive-𝒌-out-of-𝒏 and consecu-
tive 𝒌𝒄-out-of-𝒏 structure (𝑪(𝒏,𝒎,𝒌,𝒌𝒄) hereafter). The system consists of 𝒏 linearly or-
dered components and fails if and only if there exist at least 𝒌𝒄 consecutive failed com-
ponents or at least 𝒎  non-overlapping runs of 𝒌  consecutive failed components (see, 
e.g., [13,14]). The aforementioned reliability scheme includes several well-known models 
as special cases and is suitable for applications in which both local concentration of fail-
ures and repeated clustered failures may cause the breakdown of the system. 

A common way to improve the performance of reliability systems is the implemen-
tation of cold standby redundancy, which may be applied either at the system level, by 
activating a complete spare system after failure of the primary one, or at the component 
level, by assigning a spare unit to each primary component (see, e.g., [15–18]). The relative 
efficiency of these two policies depends on the system design, the component lifetime dis-
tribution, and the reliability criterion under consideration. 

Most works on cold standby redundancy assume perfect switching, namely that the 
spare unit is activated successfully whenever the primary system or component fails. In 
practice, however, successful activation may be hindered by switching failures, delayed 
fault detection, or the unavailability of the spare unit. Therefore, the assumption of im-
perfect standby coverage provides a more realistic framework for reliability evaluation. 

In system-level standby redundancy, the entire spare system remains inactive and is 
activated only after the failure of the primary system. Therefore, the standby mechanism 
operates at the level of the whole structure. In contrast, under component-level standby 
redundancy, each primary component is equipped with its own spare unit and the acti-
vation mechanism operates separately for each component. The present work focuses on 
the system-level policy, where the coverage probability describes the successful activation 
of the spare system as a whole. 

In the present paper, we study the 𝑪(𝒏,𝒎,𝒌,𝒌𝒄) reliability structure under imperfect 
cold standby redundancy, focusing mainly on the system-level policy. We assume that, 
upon failure of the primary system, the spare system is activated successfully with cover-
age probability 𝝆, 𝟎 ≤ 𝝆 ≤ 𝟏. 

The first objective of the work is to derive reliability representations for the proposed 
model. By the aid of the signature vector of the underlying 𝑪(𝒏,𝒎,𝒌,𝒌𝒄) structure, ex-
pressions for the survival function, the Mean Time to Failure, and the Mean Residual Life-
time are obtained. On the other hand, a likelihood-based inference procedure under right-
censored lifetime data is also developed. The component lifetime distribution is assumed 
to belong to a parametric family, while both its parameters and the coverage probability 
are treated as unknown. The resulting censored-data likelihood is used to estimate the 
model parameters, which are then inserted into the derived reliability expressions to esti-
mate the reliability characteristics of the underlying structure. For a survey on basic mod-
els of censoring mechanisms with a focus on lifetime data, failure data, and reliability 
applications, the interested reader is referred to [19]. 

Despite the extensive literature on consecutive-type systems and standby redun-
dancy, statistical inference for combined consecutive-type systems under imperfect cold 
standby coverage has received limited attention. In many practical applications, such as 
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engineering devices, monitoring systems, transportation systems, and communication 
networks, the exact system failure time may not always be fully observed because units 
can be removed from observation, inspections may terminate before failure, or data col-
lection may stop at a predetermined time. Therefore, right-censored lifetime data are fre-
quently encountered in reliability applications. At the same time, the activation of a 
standby system may not be perfect. The spare system may fail to activate due to switching 
failures, coverage failures or imperfect fault detection. These practical issues motivate the 
need for an inferential framework that combines consecutive-type system structures, im-
perfect standby activation, and censored lifetime observations. 

The main research problem addressed in this paper is the estimation of the reliability 
characteristics of a combined 𝒎 -consecutive-𝒌 -out-of-𝒏  and consecutive 𝒌𝒄 -out-of-𝒏 
structure when the system is equipped with an imperfect cold standby unit and the ob-
served data are subject to independent right censoring. 

The rest of the paper is organized as follows. Section 2 introduces the 𝑪(𝒏,𝒎,𝒌,𝒌𝒄) 
structure with imperfect cold standby redundancy at the system level. Section 3 provides 
the main reliability results, including formulae for the survival function, the Mean Time 
to Failure, and the Mean Residual Lifetime. Section 4 presents the likelihood-based infer-
ence procedure under right-censored data, wherein the corresponding plug-in estimation 
of the main reliability characteristics is also described. Section 5 provides some numerical 
evidence for illustrating the effect of the coverage probability, the censoring mechanism 
and the design parameters on the performance of the resulting system. Section 6 provides 
a practical application of the proposed reliability scheme, while Section 7 summarizes the 
main conclusions and outlines possible directions for future research. 

2. The System-Level Imperfect Standby Framework 
In the present section, we introduce the general framework of the combined 𝑚-con-

secutive-𝑘 -out-of-𝑛 : F and consecutive 𝑘௖ -out-of-𝑛 : F structure under imperfect cold 
standby redundancy at the system level. 

The 𝐶(𝑛,𝑚,𝑘, 𝑘௖) structure, which consists of 𝑛 linearly ordered components, fails 
if and only if at least one of the following two failure criteria is satisfied: 

• There exist at least 𝑘௖ consecutive failed components; 
• There exist at least 𝑚 non-overlapping runs of 𝑘 consecutive failed components. 

For instance, consider the design 𝐶(6,2,2,3). The system fails if either three consecu-
tive components fail, or if there are two non-overlapping runs of two consecutive failed 
components. Therefore, the failure pattern 0 1 1 1 0 0 causes system failure because it con-
tains three consecutive failed components. Also, the configuration 1 1 0 1 1 0 causes failure 
because it contains two non-overlapping runs of length 2. In contrast, the configuration 1 
1 0 1 0 0 does not cause failure, since it contains only one run of two consecutive failed 
components and no run of three consecutive failed components. 

Let 𝑇ଵ,𝑇ଶ, … ,𝑇௡ denote the lifetimes of the components of the primary system and let 𝑄ଵ,𝑄ଶ, … ,𝑄௡ correspond to the respective ones of the components of the spare system. 
Unless otherwise stated, all component lifetimes are assumed to be independent and iden-
tically distributed with common continuous distribution function 𝐹𝛉, where 𝛉 is an un-
known parameter vector. 

In what follows, 𝐿𝐹(⋅) denotes the lifetime function induced by the failure criterion 
of the ordinary 𝐶(𝑛,𝑚,𝑘, 𝑘௖) structure. More precisely, for any vector of component life-
times 𝑍ଵ,𝑍ଶ, … ,𝑍௡, the quantity 𝐿𝐹(𝑍ଵ,𝑍ଶ, … ,𝑍௡) is defined as the first time at which the 
set of failed components satisfies at least one of the two failure criteria of the system, 
namely the occurrence of at least 𝑘௖ consecutive failed components or the occurrence of 
at least 𝑚 non-overlapping runs of 𝑘 consecutive failed ones. 



Stats 2026, 9, 80 4 of 23 
 

https://doi.org/10.3390/stats9040080 

We next denote by 𝑋 = 𝐿𝐹(𝑇ଵ,𝑇ଶ, … ,𝑇௡)  and 𝑌 = 𝐿𝐹(𝑄ଵ,𝑄ଶ, … ,𝑄௡)  the lifetime of 
the primary 𝐶(𝑛,𝑚,𝑘, 𝑘௖) system and the spare one respectively. The random variables 𝑋, 𝑌 are assumed to be identically distributed and mutually independent. 

Under perfect cold standby redundancy at the system level, the spare system is acti-
vated whenever the primary system fails. However, throughout the lines of the present 
work, the activation of the spare system is not assumed to be perfect. More specifically, 
let 𝐵 be a Bernoulli random variable such that 𝑃(𝐵 = 1) = 𝜌,𝑃(𝐵 = 0) = 1 − 𝜌, (1)

where 0 ≤ 𝜌 ≤ 1. The parameter 𝜌 represents the coverage probability, namely the prob-
ability that the spare system is successfully activated after the failure of the primary sys-
tem. The random variable 𝐵 is assumed to be independent of the component lifetimes of 
both the primary and the spare systems. Throughout the paper, the resulting structure, 
namely the 𝐶(𝑛,𝑚,𝑘,𝑘௖) structure with imperfect cold standby redundancy at the sys-
tem level, shall be denoted by 𝐶ௌ(𝑛,𝑚, 𝑘,𝑘௖ ,𝜌). 

The lifetime of the 𝐶ௌ(𝑛,𝑚,𝑘, 𝑘௖ ,𝜌) structure is then defined as 𝐿ௌ,ఘ = 𝑋 + 𝐵𝑌. (2)

or equivalently 𝐿ௌ,ఘ = ൜𝑋 + 𝑌, with probability 𝜌,𝑋, with probability 1− 𝜌. (3)

Since 𝐵  is a Bernoulli random variable independent of 𝑋  and 𝑌 , the lifetime 𝐿ௌ,ఘ 
can be interpreted conditionally on the value of 𝐵. If 𝐵 = 1, the activation of the spare 
system is successful and the total lifetime is 𝑋 + 𝑌. If 𝐵 = 0, the activation fails and the 
system lifetime remains equal to 𝑋. Therefore, conditioning on 𝐵 yields the mixed rep-
resentation in (3), with probabilities 𝑃(𝐵 = 1) = 𝜌 and 𝑃(𝐵 = 0) = 1 − 𝜌. 

Thus, if the spare system is successfully activated, the total lifetime of the redundant 
structure is the sum of the lifetimes of the primary and spare systems. On the other hand, 
if the activation attempt fails, the overall system fails at the failure time of the primary 
structure. It is straightforward that the special case 𝜌 = 0  yields the ordinary system 
without effective standby redundancy (see, e.g., [8]), whereas 𝜌 = 1 corresponds to the 
classical perfect cold standby model (see [12]). 

For illustration purposes, consider the structure 𝐶ௌ(8,3,2,4,0.75). The particular sys-
tem consists of eight linearly ordered components and fails if and only if either four con-
secutive components fail or three non-overlapping pairs of consecutive failures occur. 
Suppose that a spare 𝐶(8,3,2,4) system is available at the system level. At the beginning 
of operation, the primary system is active, whereas the spare system remains inactive. 
When the primary system reaches one of the two failure criteria, an activation attempt for 
the spare system is made. With probability 𝜌 = 0.75, the spare system is successfully ac-
tivated and starts operating as a new 𝐶(8,3,2,4) system. With probability 1 − 𝜌 = 0.25, 
the activation fails and the overall structure stops operating immediately at the failure 
time of the primary system. 

This example illustrates the main difference between perfect and imperfect cold 
standby redundancy. In the perfect case, the failure of the primary system always leads to 
the operation of the spare system. In the imperfect case, the lifetime of the overall structure 
also depends on the success or failure of the activation mechanism, as described by the 
coverage probability 𝜌. 
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3. Reliability Characteristics of the Proposed 
Throughout the next lines, we investigate some reliability characteristics of the 𝐶ௌ(𝑛,𝑚,𝑘,𝑘௖ ,𝜌) structure, which was introduced in the previous section. Let 𝐬 = (𝑠ଵ, 𝑠ଶ, … , 𝑠௡) 

denote the signature vector of the ordinary 𝐶(𝑛,𝑚,𝑘, 𝑘௖) system, where 𝑠௜ = 𝑃(𝑋 = 𝑇௜:௡), 𝑖 = 1,2, … ,𝑛 (4)

while 𝑇ଵ:௡ ≤ 𝑇ଶ:௡ ≤ ⋯ ≤ 𝑇௡:௡ are the order statistics which correspond to the lifetimes of 
its components. To be clearer, the i-th coordinate defined in (4) provides the value of the 
portion 𝐴௜/𝑛! , where 𝐴௜  corresponds to the amount of the specific orderings of the 𝑇௜ᇱ𝑠. 𝑖 = 1,2, … ,𝑛, whose realization means that when the i-th component fails, then the 
whole system stops its operation (see, e.g., [13]). 

The signature vector can be computed by enumerating all possible failed component 
subsets of size 𝑖, for 𝑖 = 0,1,2, … ,𝑛. Let 𝑞௜ denote the probability that the system is still 
functioning after exactly 𝑖 components have failed, under the assumption that all failure 
orders are equally likely. Then 𝑞଴ = 1 and 𝑞௡ = 0, and the 𝑖 − 𝑡ℎ signature component 
is obtained as 𝑠௜ = 𝑞௜ିଵ − 𝑞௜ , 𝑖 = 1,2, … ,𝑛. For the combined consecutive-type structure, 𝑞௜ 
is computed by checking, for each subset of 𝑖 failed positions, whether at least one of the 
two failure criteria is satisfied. 

If 𝐹𝛉 and 𝐹ത𝛉 = 1 − 𝐹𝛉 correspond to the common distribution function and reliabil-
ity function of the component lifetimes respectively, the reliability function of the ordinary 𝐶(𝑛,𝑚,𝑘, 𝑘௖) system lifetime 𝑋 = 𝐿𝐹(𝑇ଵ,𝑇ଶ, … ,𝑇௡) can be expressed as (see, e.g., [12]) 𝑅௑(𝑡;𝛉) = 𝑃(𝑋 > 𝑡) = ෍ 𝑠௜௡

௜ୀ௞೎ ෍ ቀ𝑛𝑟ቁ௡
௥ୀ௡ି௜ାଵ ൫𝐹ത𝛉(𝑡)൯௥൫𝐹𝛉(𝑡)൯௡ି௥ . (5)

Equation (5) follows from the standard signature representation of coherent systems 
with independent and identically distributed component lifetimes. Indeed, it is well-
known that the system reliability can be described as a weighted mixture of order statistic 
reliabilities, with weights 𝑠௜ (see, e.g., [13]). 

Proposition 1 offers an exact signature-based representation of the reliability function 
of the proposed 𝐶ௌ(𝑛,𝑚,𝑘, 𝑘௖ ,𝜌) structure. Kindly note that the term “exact” is used in 
the sense that the reliability expressions are derived directly from the system signature 
and the probabilistic standby representation 𝐿 = 𝑋 + 𝐵𝑌, without simulation approxima-
tion of the system structure. In general, some integrals appearing in these expressions may 
need to be evaluated numerically, depending on the component lifetime distribution. 

Proposition 1. The reliability function of the 𝐶ௌ(𝑛,𝑚,𝑘, 𝑘௖ ,𝜌) structure is given by 

(i) 𝑅ௌ,ఘ(𝑡;𝛉) = (1 − 𝜌)𝑅௑(𝑡;𝛉) + 𝜌𝑅௑ା௒(𝑡;𝛉), (6)

where 

𝑅௑ା௒(𝑡;𝛉) = 𝑅௑(𝑡;𝛉) + න 𝑅௑௧
଴ (𝑡 − 𝑥;𝛉)𝑓௑(𝑥;𝛉) 𝑑𝑥. (7)

(ii) 𝑅ௌ,ఘ(𝑡;𝛉) = 𝑅௑(𝑡;𝛉) + 𝜌 ׬ 𝑅௑௧଴ (𝑡 − 𝑥;𝛉)𝑓௑(𝑥;𝛉) 𝑑𝑥. (8)

Proof. (i) Recalling that 𝐵 is distributed as a Bernoulli random variable, we next consider 
the lifetime 𝐿ௌ,ఘ defined in (3) and the following holds true: 
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 𝑃(𝐿ௌ,ఘ > 𝑡) = (1 − 𝜌)𝑃(𝑋 > 𝑡) + 𝜌𝑃(𝑋 + 𝑌 > 𝑡). (9)

Since 𝑃(𝑋 + 𝑌 > 𝑡) = 𝑃(𝑋 > 𝑡) + න 𝑃(𝑌 > 𝑡 − 𝑥)௧
଴ 𝑓௑(𝑥;𝛉) 𝑑𝑥. (10)

and 𝑋,𝑌 are identically distributed, we may write 𝑃(𝑌 > 𝑡 − 𝑥) = 𝑅௑(𝑡 − 𝑥;𝛉). (11)

Combining the relations (9)–(11), the desired expression is readily deduced. 
(ii) Since 𝑋, 𝑌 are independent and identically distributed, we observe that 𝑅௑ା௒(𝑡;𝛉) = 𝑃(𝑋 + 𝑌 > 𝑡). (12)

Conditioning on the value of 𝑋, we deduce that 𝑃(𝑋 + 𝑌 > 𝑡) = 𝑃(𝑋 > 𝑡) + 𝑃(𝑋 ≤ 𝑡,𝑋 + 𝑌 > 𝑡) 

and Formula (12) can be rewritten as 𝑅௑ା௒(𝑡;𝛉) = 𝑅௑(𝑡;𝛉) + න 𝑃(𝑌 > 𝑡 − 𝑥)௧
଴ 𝑓௑(𝑥;𝛉) 𝑑𝑥. (13)

Since 𝑌 has the same distribution as 𝑋, we can state that 𝑃(𝑌 > 𝑡 − 𝑥) = 𝑅௑(𝑡 − 𝑥;𝛉), 
and therefore, the following formula is straightforward 𝑅௑ା௒(𝑡;𝛉) = 𝑅௑(𝑡;𝛉) + න 𝑅௑௧

଴ (𝑡 − 𝑥;𝛉)𝑓௑(𝑥;𝛉) 𝑑𝑥. 
Substituting the last expression into the mixture representation (6), the result we are 

chasing for is effortlessly concluded. 
□ 
It is worth mentioning that the two forms of the reliability function in Proposition 1 

serve different purposes. More precisely, the mixture form given in (6) focuses on the 
probabilistic interpretation of the imperfect standby mechanism, while the other one 
seems to be useful for numerical evaluation and likelihood-based inference. 

Proposition 2 offers a signature-based representation of the Mean Time to Failure of 
the proposed 𝐶ௌ(𝑛,𝑚,𝑘, 𝑘௖ ,𝜌) structure. 

Proposition 2. The Mean Time to Failure of the 𝐶ௌ(𝑛,𝑚, 𝑘,𝑘௖ ,𝜌) structure is given by 

𝑀𝑇𝑇𝐹ௌ,ఘ = (1 + 𝜌) ෍ 𝑠௜௡
௜ୀ௞೎ ෍ ቀ𝑛𝑟ቁ௡

௥ୀ௡ି௜ାଵ න ൫𝐹‾𝛉(𝑡)൯௥ஶ
଴ ൫𝐹𝛉(𝑡)൯௡ି௥𝑑𝑡. (14)

Proof. Considering the definition of 𝐿ௌ,ఘ (see Equation (3)), we observe that 

𝐸(𝐿ௌ,ఘ) = 𝐸(𝑋 + 𝐵𝑌) = 𝐸(𝑋) + 𝐸(𝐵𝑌). (15)

Note that (15) practically expresses the Mean Time to Failure of the resulting 𝐶ௌ(𝑛,𝑚,𝑘,𝑘௖ ,𝜌) system. Since 𝐵 and 𝑌 are independent random variables, it is straight-
forward that 𝐸(𝐵𝑌) = 𝐸(𝐵)𝐸(𝑌) = 𝜌𝐸(𝑌). (16)
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Given that 𝑋 and 𝑌 are assumed to be identically distributed, we substitute expres-
sion (16) in (15) and the following holds true 𝐸(𝐿ௌ,ఘ) = 𝐸(𝑋) + 𝜌𝐸(𝑋) = (1 + 𝜌)𝐸(𝑋). (17)

Recalling the following well-known identity 𝐸(𝑋) = න 𝑅௑ஶ
଴ (𝑡;𝛉) 𝑑𝑡 

and the signature-based representation of the corresponding reliability function (see, 
Equation (5)), we deduce that 𝐸(𝑋) = ෍ 𝑠௜௡

௜ୀ௞೎ ෍ ቀ𝑛𝑟ቁ௡
௥ୀ௡ି௜ାଵ න ൫𝐹‾𝛉(𝑡)൯௥ஶ

଴ ൫𝐹𝛉(𝑡)൯௡ି௥𝑑𝑡. 
The desired result is readily obtained by substituting the last expression in (17). □ 
Proposition 3 provides an integral expression for determining the Mean Residual 

Lifetime of the underlying reliability structure with imperfect cold standby redundancy 
at the system level. 

Proposition 3. The Mean Residual Lifetime of the 𝐶ௌ(𝑛,𝑚, 𝑘,𝑘௖ ,𝜌) structure is given by 

𝑀𝑅𝐿ௌ,ఘ(𝑡) = ධ ൫𝑅௑(𝑢;𝛉) + 𝜌 ׬ 𝑅௑௨଴ (𝑢 − 𝑥;𝛉)𝑓௑(𝑥;𝛉) 𝑑𝑥൯ஶ௧ 𝑑𝑢𝑅௑(𝑡;𝛉) + 𝜌 ׬ 𝑅௑௧଴ (𝑡 − 𝑥;𝛉)𝑓௑(𝑥;𝛉) 𝑑𝑥 , (18)

where 𝑓௑(𝑥;𝛉) corresponds to the probability density function of 𝑋. 

Proof. Let us assume that 𝑍 = 𝐿ௌ,ఘ. By definition, the Mean Residual Lifetime of 𝑍 at time t is given by 

𝑀𝑅𝐿ௌ,ఘ(𝑡) = 𝐸(𝑍 − 𝑡 ∣ 𝑍 > 𝑡). 
Therefore 𝑀𝑅𝐿ௌ,ఘ(𝑡) = 𝐸[(𝑍 − 𝑡)𝐼(𝑍 > 𝑡)]𝑃(𝑍 > 𝑡) . 
Since 𝑍 is a non-negative absolutely continuous random variable, we have 𝐸[(𝑍 − 𝑡)𝐼(𝑍 > 𝑡)] = න (𝑢 − 𝑡)ஶ

௧ 𝑓௓(𝑢) 𝑑𝑢, 
where 𝑓௓ denotes the probability density function of 𝑍. Applying integration by parts, 
we obtain න (𝑢 − 𝑡)ஶ

௧ 𝑓௓(𝑢) 𝑑𝑢 = න 𝑅௓ஶ
௧ (𝑢) 𝑑𝑢, 

where 𝑅௓(𝑢) = 𝑃(𝑍 > 𝑢). Hence 𝑀𝑅𝐿ௌ,ఘ(𝑡) = 1𝑅௓(𝑡)න 𝑅௓ஶ
௧ (𝑢) 𝑑𝑢. 

Since 𝑍 = 𝐿ௌ,ఘ, it follows that 𝑅௓(𝑢) = 𝑅ௌ,ఘ(𝑢;𝜃) and therefore 𝑀𝑅𝐿ௌ,ఘ(𝑡) = 1𝑅ௌ,ఘ(𝑡;𝜃)න 𝑅ௌ,ఘஶ
௧ (𝑢;𝜃) 𝑑𝑢. 

Using Proposition 1, the reliability function of the system-level imperfect standby 
structure is 
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𝑅ௌ,ఘ(𝑢;𝜃) = 𝑅௑(𝑢;𝜃) + 𝜌න 𝑅௑௨
଴ (𝑢 − 𝑥;𝜃)𝑓௑(𝑥;𝜃) 𝑑𝑥. 

Substituting this expression into the previous formula gives 

𝑀𝑅𝐿ௌ,ఘ(𝑡) = ධ ൣ𝑅௑(𝑢;𝜃) + 𝜌 ׬ 𝑅௑௨଴ (𝑢 − 𝑥;𝜃)𝑓௑(𝑥;𝜃) 𝑑𝑥൧ஶ௧ 𝑑𝑢𝑅௑(𝑡;𝜃) + 𝜌 ׬ 𝑅௑௧଴ (𝑡 − 𝑥;𝜃)𝑓௑(𝑥;𝜃) 𝑑𝑥 . 
This completes the proof. 
□ 

4. Likelihood-Based Inference Under Right Censoring 
In this section, we develop a likelihood-based inference procedure for the 𝐶(𝑛,𝑚,𝑘, 𝑘௖) structure with imperfect cold standby redundancy at the system level. As it 

is easily observed, the reliability characteristics derived in the previous section depend on 
the component lifetime parameter vector 𝛉 and on the coverage probability 𝜌. In prac-
tice, these parameters are almost always unknown and must be estimated from lifetime 
data. 

Let us first denote by 𝐿ௌ,ఘ(௝) , 𝑗 = 1,2, … ,𝑁,  the lifetime of the 𝑗 -th observed system, 
where all systems are assumed to have the same design 𝐶ௌ(𝑛,𝑚,𝑘,𝑘௖ , 𝜌), the same com-
ponent lifetime distribution 𝐹𝛉, and the same coverage probability 𝜌. Due to right censor-
ing, the exact system’s lifetime is not necessarily observed for every replication. Instead, 
for the 𝑗-th tested system, we observe 𝑊௝ = min(𝐿ௌ,ఘ(௝) ,𝐶௝), 
and Δ௝ = 𝐼(𝐿ௌ,ఘ(௝) ≤ 𝐶௝), (19)

where 𝐶௝ corresponds to the censoring time and Δ௝ is simply the failure indicator. More 
precisely, Δ௝ = 1 coincides with the fact that the failure time of the system is observed, 
whereas Δ௝ = 0 expresses the scenario that the system lifetime is right-censored at time. 
Note that the censoring mechanism is assumed to be independent of the systems’ life-
times. If we consider once again the reliability function 𝑅ௌ,ఘ(𝑡;𝛉) and the corresponding 
probability density function 𝑓ௌ,ఘ(𝑡;𝛉) for the proposed 𝐶ௌ(𝑛,𝑚, 𝑘,𝑘௖ ,𝜌) structure, we are 
ready to state the following proposition, which offers an explicit expression for determin-
ing the censored-data likelihood function for the design parameters of the resulting sys-
tem. In simple words, the censoring scheme considered within this work is independent 
random right censoring. The censoring times 𝐶ଵ,𝐶ଶ, … ,𝐶௡ are assumed to be independent 
of the system lifetimes 𝐿ଵ, 𝐿ଶ, … , 𝐿௡. Therefore, the censoring mechanism considered here 
is not a Type-I, Type-II, or hybrid censoring scheme, but an independent random right 
censoring scheme. On the other hand, the censoring times that appeared in the numerical 
study are generated independently from an exponential distribution 𝐶௝~𝐸𝑥𝑝(𝑎), where 
the censoring rate 𝑎 is calibrated in order to obtain the desired nominal censoring pro-
portion. 

Although likelihood construction under independent right censoring is standard, the 
explicit likelihood used here is included for completeness because the lifetime distribution 
of the proposed system is a mixture induced by the imperfect standby mechanism. In par-
ticular, the system lifetime is given by 𝐿 = 𝑋 + 𝐵𝑌, where the ordinary system lifetime 𝑋, 
the spare system lifetime 𝑌, and the Bernoulli coverage variable 𝐵 jointly determine the 
density and reliability function entering the censored-data likelihood. Therefore, Proposi-
tion 4 specializes the standard right censoring likelihood to the proposed imperfect 
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standby reliability model and provides the basis for the maximum likelihood estimation 
procedure used in the numerical study. 

Proposition 4. Let (𝑊௝ ,Δ௝), 𝑗 = 1,2, … ,𝑁, be independent right-censored observations from the 
system-level imperfect standby lifetime 𝐿ௌ,ఘ under the 𝐶ௌ(𝑛,𝑚,𝑘,𝑘௖ ,𝜌) structure. Assume that 
the censoring mechanism is independent of the system lifetimes and does not involve the unknown 
parameters (𝛉,𝜌). Then, after omitting terms involving only the censoring distribution, the fol-
lowing occurs: 

(i) The likelihood function for (𝛉, 𝜌) is given by ℒ(𝛉,𝜌) = ෑൣ𝑓ௌ,ఘ(𝑊௝;𝛉)൧୼ೕே
௝ୀଵ ൣ𝑅ௌ,ఘ(𝑊௝;𝛉)൧ଵି୼ೕ (20)

(ii) The log-likelihood function for (𝛉,𝜌) is given by 

ℓ(𝛉,𝜌) = ෍൛Δ௝log𝑓ௌ,ఘ(𝑊௝;𝛉) + (1 − Δ௝)log𝑅ௌ,ఘ(𝑊௝;𝛉)ൟே
௝ୀଵ . (21)

Proof. For a fixed 𝑗, two cases arise according to the value of Δ௝. 
• If Δ୨ = 1, then the system failure is observed at time W୨. This practically means that 𝐿ௌ,ఘ(௝) = 𝑊௝ and the corresponding contribution involving the lifetime distribution co-

incides with 𝑓ௌ,ఘ(𝑊௝;𝛉). The full observed-data contribution also contains the prob-
ability that the censoring time exceeds 𝑊௝, namely a factor of the form 𝑃(𝐶௝ ≥ 𝑊௝). 
However, this factor depends only on the censoring mechanism and not on the un-
known parameters (𝛉, 𝜌). 

• If Δ௝ = 0, then the observation is right-censored at time 𝑊௝. In this case, the infor-
mation about the system lifetime is 𝐿ௌ,ఘ(௝) > 𝑊௝ and the corresponding contribution in-
volving the lifetime distribution can be expressed as 𝑃(𝐿ௌ,ఘ(௝) > 𝑊௝) = 𝑅ௌ,ఘ(𝑊௝;𝛉). 
Again, the full observed-data contribution contains an additional factor coming from 

the distribution of the censoring time, but this factor is free of (𝛉, 𝜌). 
(i) After omitting terms involving only the censoring distribution, the likelihood con-

tribution of the 𝑗-th observation can be viewed as ൣ𝑓ௌ,ఘ(𝑊௝;𝜃)൧୼ೕൣ𝑅ௌ,ఘ(𝑊௝;𝜃)൧ଵି୼ೕ . (22)

Since the observed 𝐶ௌ(𝑛,𝑚,𝑘,𝑘௖ ,𝜌)  systems are independent, multiplication over 𝑗 = 1,2, … ,𝑁  results in the expression (20) for determining the likelihood function for (𝛉,𝜌). 
(ii) By considering the logarithm of (20), we obtain the corresponding log-likelihood 

function and that completes the proof. □ 
The maximum likelihood estimators of 𝛉 and 𝜌 are now defined as (𝛉෡,𝜌ො) = arg max𝛉∈஀,  ଴ஸఘஸଵ ℓ(𝛉,𝜌), (23)

where 𝛉 denotes the parameter space of the component lifetime distribution. 
Kindy note that the system design 𝐶(𝑛,𝑚,𝑘,𝑘௖)  is assumed to be known. Conse-

quently, the corresponding signature vector is fixed. For a given value of 𝛉, the reliability 
function of the proposed model can be written as 𝑅ௌ,ఘ(𝑡;𝛉) = 𝑅௑(𝑡;𝛉) + 𝜌[𝑅௑ା௒(𝑡;𝜽) − 𝑅௑(𝑡;𝜽)]. (24)

The term 
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𝑅௑ା௒(𝑡;𝜃) − 𝑅௑(𝑡;𝜃) 

represents the additional contribution of the successfully activated spare system and it is 
not identically zero for non-degenerate component lifetimes. Therefore, for fixed 𝛉, dif-
ferent values of 𝜌 lead to different system lifetime distributions. Joint identifiability of (𝛉,𝑝) is consequently considered under the usual assumption that the parametric com-
ponent lifetime family 𝐹𝛉 is identifiable and that the mapping ൫𝛉,𝜌) ↦ 𝑅ௌ,ఘ(𝑡;𝛉൯ 
is one-to-one over the parameter space. 

Under independent right censoring, the respective mechanism does not change the 
lifetime distribution entering the likelihood. However, censoring reduces the amount of 
information available for estimating the model parameters. In particular, the coverage 
probability 𝜌 is not directly observed, but it is inferred through the additional lifetime 
contribution caused by successful activation of the spare system. Consequently, heavy 
censoring or small sample sizes may lead to a flatter likelihood surface with respect to 𝜌 
and to less stable estimates of the coverage probability. 

In general, closed-form expressions for 𝛉෡  and 𝜌ො  are not expected to be available. 
Therefore, the maximization of the log-likelihood is carried out numerically. 

It is worth noting that if all systems’ lifetimes are completely observed, then Δ௝ = 1, 𝑗 = 1,2, … ,𝑁, 
and the likelihood function is simplified as 

ℒ(𝛉, 𝜌) = ෑ𝑓ௌ,ఘே
௝ୀଵ (𝑊௝;𝛉). 

The above-mentioned argument reveals that the complete-data likelihood is obtained 
as a special case of the right-censored likelihood provided by Proposition 4. 

For practical reasons, we next present the step-by-step likelihood-based inference 
procedure for estimating the reliability performance of the resulting 𝐶ௌ(𝑛,𝑚,𝑘, 𝑘௖ ,𝜌) sys-
tems. 

Step 1. Specify the component lifetime model 𝐹𝛉, where 𝛉 ∈ Θ. 
Step 2. Determine the signature vector 𝐬 = (𝑠ଵ, 𝑠ଶ, … , 𝑠௡) of the underlying ordinary 𝐶(𝑛,𝑚,𝑘, 𝑘௖) structure. 
Step 3. Apply the signature-based representation to evaluate the reliability function 𝑅௑(𝑡;𝜃)  of the ordinary system lifetime 𝑋  and its corresponding probability density 

function 𝑓௑(𝑡;𝛉). 
Step 4. Construct the reliability function 𝑅ௌ,ఘ(𝑡;𝛉) of the 𝐶ௌ(𝑛,𝑚,𝑘, 𝑘௖ ,𝜌) model and 

the corresponding density 𝑓ௌ,ఘ(𝑡;𝛉) (see Proposition 1). 
Step 5. Insert 𝑅ௌ,ఘ(𝑡;𝛉) and 𝑓ௌ,ఘ(𝑡;𝛉) into the censored-data log-likelihood (see Prop-

osition 4). 
Step 6. Maximize ℓ(𝛉,𝜌) over 𝛉 ∈ Θ and 0 ≤ 𝜌 ≤ 1 in order to obtain (𝛉෡,𝜌ො). 
Step 7. Estimate the main reliability characteristics by substituting 𝛉෡ and 𝜌ො into the 

corresponding formulae. 
In particular, the plug-in estimators of the reliability function, the Mean Time to Fail-

ure, and the Mean Residual Lifetime at time 𝑡 are defined as 𝑅෠ௌ,ఘ(𝑡) = 𝑅ௌ,ఘෝ൫𝑡;𝜃෠൯, (25)

𝑀𝑇𝑇𝐹෣ ௌ,ఘ = (1 + 𝜌ො) ෍ 𝑠௜௡
௜ୀ௞೎ ෍ ቀ𝑛𝑟ቁ௡

௥ୀ௡ି௜ାଵ න [𝐹‾ఏ෡(𝑡)]௥ஶ
଴ [𝐹ఏ෡(𝑡)]௡ି௥𝑑𝑡 (26)
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and 𝑀𝑅𝐿෣ௌ,ఘ(𝑡) = ධ 𝑅ௌ,ఘෝஶ௧ (𝑢;𝜃෠) 𝑑𝑢𝑅ௌ,ఘෝ(𝑡;𝜃෠)  (27)

respectively. 
The above likelihood-based procedure provides a direct connection between the re-

liability representations of the proposed imperfect standby model and statistical inference 
from incomplete lifetime data. The numerical behavior of the resulting estimators shall be 
investigated later on. 

Although the Mean Residual Lifetime is not a model parameter, it is a well-defined 
functional of the reliability function and, consequently, of the parameter vector of the fit-
ted model. For each fixed time point 𝑡, the plug-in estimator is obtained by replacing the 
unknown parameters in the theoretical expression of 𝑀𝑅𝐿ௌ,ఘ(𝑡) with their maximum like-
lihood estimates. This approach follows the usual invariance and continuous-mapping 
arguments for maximum likelihood estimators (see, e.g., [20]). Similar plug-in and likeli-
hood-based procedures are widely used in reliability-data analysis for estimating reliabil-
ity characteristics from censored lifetime data (see, e.g., [21]). In particular, when the max-
imum likelihood estimator of the model parameters is consistent and the MRL functional 
is continuous at the true parameter value, the corresponding plug-in estimator of 𝑀𝑅𝐿ௌ,ఘ(𝑡) is also consistent. Approximate standard errors or confidence intervals for such 
functionals may further be obtained by simulation-based methods. Therefore, the plug-in 
estimator used here is a natural likelihood-based estimator of the Mean Residual Lifetime 
function. 

5. Numerical Results 
In this section, we carry out a numerical experimentation for the proposed 𝐶(𝑛,𝑚,𝑘, 𝑘௖) structure with imperfect cold standby redundancy at the system level. The 

main purpose is to illustrate the effect of the coverage probability 𝜌, the component life-
time distribution, and the design parameters on the reliability characteristics derived pre-
viously. In addition, we demonstrate the implementation of the likelihood-based estima-
tion procedure introduced in Section 4 under right-censored lifetime data. 

Throughout this section, the signature vector of the underlying ordinary 𝐶(𝑛,𝑚,𝑘, 𝑘௖) structure is computed for each choice of the design parameters. The reliabil-
ity function, the Mean Time to Failure, and the Mean Residual Lifetime of the 𝐶ௌ(𝑛,𝑚,𝑘,𝑘௖ ,𝜌)  system are then evaluated by implementing the formulae obtained in 
Section 3. 

For the first part of the numerical study, the component lifetimes are assumed to fol-
low the exponential distribution with parameter 𝜆, namely 𝐹ఒ(𝑡) = 1 − 𝑒ିఒ௧ , 𝑡 ≥ 0. 

First, we examine the reliability performance of the proposed 𝐶ௌ(𝑛,𝑚,𝑘, 𝑘௖ ,𝜌) sys-
tem for known parameter values. Figure 1 displays the reliability function for different 
values of 𝜌 , while the remaining design parameters are kept fixed (𝑛 = 8,𝑚 = 3,𝑘 =2, 𝑘௖ = 4, 𝜆 = 1). The black, blue, dark green, orange, and red curves correspond to 𝜌 =0,0.25,0.50,0.75, and 1 respectively. 
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Figure 1. Reliability function of the 𝐶ௌ(𝑛,𝑚, 𝑘,𝑘௖ ,𝜌) system for 𝜌 = 0,0.25,0.50,0.75,1. 

As expected, larger values of 𝜌 lead to improved survival probabilities, since they 
correspond to a higher probability of successful activation of the spare system. The relia-
bility curves are ordered with respect to 𝜌. The black curve, corresponding to 𝜌 = 0, rep-
resents the ordinary system without effective standby redundancy. The red curve, corre-
sponding to 𝜌 = 1, represents the perfect cold standby case. The blue, dark green, and 
orange curves describe the intermediate imperfect coverage cases. As 𝜌  increases, the 
survival curve shifts to the right, indicating improved system reliability and longer life-
time. The figure clearly illustrates the beneficial effect of the coverage probability on sys-
tem reliability. 

On the other hand, Table 1 presents the values of the Mean Time to Failure for dif-
ferent choices of 𝜌 and different designs of the 𝐶ௌ(𝑛,𝑚,𝑘, 𝑘௖ ,𝜌) structure. The compo-
nent lifetimes are assumed to follow the exponential distribution with 𝜆 = 1 . The re-
ported MTTF values were computed by the aid of (25). 

Table 1. 𝑀𝑇𝑇𝐹ௌ,ఘ for different coverage probabilities and system designs under exponential com-
ponent lifetimes (𝑛 = 10). 𝒎 𝒌 𝒌𝒄 𝝆 = 𝟎 𝝆 = 𝟎.𝟐𝟓 𝝆 = 𝟎.𝟓𝟎 𝝆 = 𝟎.𝟕𝟓 𝝆 = 𝟏 

3 2 3 0.7389 0.9236 1.1083 1.2931 1.4778 
3 2 4 1.0270 1.2837 1.5405 1.7972 2.0540 
3 2 5 1.1032 1.3790 1.6548 1.9306 2.2063 
4 2 5 1.3833 1.7292 2.0750 2.4208 2.7667 
4 2 6 1.6119 2.0149 2.4179 2.8208 3.2238 
2 3 4 1.0381 1.2976 1.5571 1.8167 2.0762 
2 3 5 1.2381 1.5476 1.8571 2.1667 2.4762 
3 3 5 1.4500 1.8125 2.1750 2.5375 2.9000 
3 3 6 1.8786 2.3482 2.8179 3.2875 3.7571 
3 3 7 2.0179 2.5223 3.0268 3.5312 4.0357 

The results confirm the direct effect of the coverage probability on the expected life-
time of the proposed system. For each fixed design, 𝑀𝑇𝑇𝐹ௌ,ఘ increases linearly with re-
spect to 𝜌. This behavior has been expected from the relation (17). 

Table 1 also illustrates the effect of the design parameters. For the first group of de-
signs, where 𝑘 = 2, the Mean Time to Failure increases as the failure criteria become less 
restrictive. For instance, the value of 𝑀𝑇𝑇𝐹ௌ,ఘ for 𝜌 = 0 increases from 0.7389 for 𝑛 =10,𝑚 = 3,𝑘 = 2,𝑘௖ = 3  to 1.6119  for 𝑛 = 10,𝑚 = 4,𝑘 = 2, 𝑘௖ = 6 . A similar pattern is 
observed for the second group of designs, where 𝑘 = 3. 
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Overall, Table 1 provides some numerical evidence that both the system design and 
the coverage probability have a substantial impact on the expected lifetime of the imper-
fect cold standby system. Larger values of 𝜌 improve system performance for all designs, 
while less restrictive failure thresholds lead to larger values of 𝑀𝑇𝑇𝐹ௌ,ఘ. 

Table 2 presents the values of 𝑀𝑅𝐿ௌ,ఘ(𝑡) for selected time points, coverage probabil-
ities, and three representative system designs. The component lifetimes are assumed to 
follow the exponential distribution with 𝜆 = 1. 

Table 2. 𝑀𝑅𝐿ௌ,ఘ for different coverage probabilities and system designs. 𝒏 𝒎 𝒌 𝒌𝒄 𝒕 𝝆 = 𝟎 𝝆 = 𝟎.𝟐𝟓 𝝆 = 𝟎.𝟓𝟎 𝝆 = 𝟎.𝟕𝟓 𝝆 = 𝟏 
10 3 2 4 0.0 1.0270 1.2837 1.5405 1.7972 2.0540 

    0.5 0.6169 0.8748 1.1161 1.3424 1.5550 
    1.0 0.4508 0.7197 0.8927 1.0133 1.1023 
    1.5 0.3884 0.6416 0.7274 0.7706 0.7966 
    2.0 0.3614 0.5681 0.6029 0.6173 0.6252 

10 4 2 6 0.0 1.6119 2.0149 2.4179 2.8208 3.2238 
    0.5 1.1293 1.5322 1.9323 2.3295 2.7238 
    1.0 0.8086 1.2215 1.5912 1.9241 2.2254 
    1.5 0.6561 1.0919 1.3849 1.5953 1.7538 
    2.0 0.5839 1.0168 1.2023 1.3053 1.3709 

10 3 3 7 0.0 2.0179 2.5223 3.0268 3.5312 4.0357 
    0.5 1.5249 2.0293 2.5325 3.0347 3.5357 
    1.0 1.1478 1.6567 2.1398 2.5990 3.0359 
    1.5 0.9568 1.4835 1.9065 2.2537 2.5437 
    2.0 0.8837 1.4131 1.7314 1.9439 2.0959 

For each fixed design and each fixed time 𝑡, the Mean Residual Lifetime increases as 
the coverage probability 𝜌 increases. This confirms that imperfect standby activation has 
a positive effect not only on the initial lifetime of the system but also on its expected re-
maining lifetime after survival up to time 𝑡 . The smallest values correspond to 𝜌 = 0 , 
where the standby system provides no effective redundancy, while the largest values cor-
respond to 𝜌 = 1, which represents the perfect cold standby case. 

It is also observed that, for each fixed value of 𝜌, 𝑀𝑅𝐿ௌ,ఘ(𝑡) decreases as 𝑡 increases. 
That practically means that systems that have already operated for a longer time have a 
smaller expected remaining lifetime. For instance, for the design 𝑛 = 10,𝑚 = 3,𝑘 =2, 𝑘௖ = 4  and 𝜌 = 1 , the Mean Residual Lifetime decreases from 2.0540  at 𝑡 = 0  to 0.6252 at 𝑡 = 2. 

Table 2 also illustrates the influence of the system’s design. More reliable designs lead 
to larger values of 𝑀𝑅𝐿ௌ,ఘ(𝑡)  for all values of 𝑡  and 𝜌  examined. For example, when 𝜌 = 0.50   and 𝑡 = 1 , the corresponding values are 0.892, 1.5912  and 2.1398  for 𝑛 =10,𝑚 = 3,𝑘 = 2,𝑘௖ = 4 , 𝑛 = 10,𝑚 = 4, 𝑘 = 2,𝑘௖ = 6  and 𝑛 = 10,𝑚 = 3,𝑘 = 3,𝑘௖ = 7 
respectively. 

Finally, at 𝑡 = 0, the Mean Residual Lifetime coincides with the Mean Time to Fail-
ure. This is consistent with the values reported in Table 1. However, for 𝑡 > 0, the effect 
of 𝜌 on 𝑀𝑅𝐿ௌ,ఘ(𝑡) is no longer linear, since it also depends on the conditional lifetime 
distribution of the imperfect standby system given survival up to time 𝑡. 

In addition to the numerical MRL values reported in Table 2, we also provide a 
graphical illustration of the Mean Residual Lifetime function. Figure 2 presents the MRL 
curves for the representative design 𝐶ௌ(10,3,2,4), under exponential component lifetimes 
with 𝜆 = 1. The curves are displayed for 𝜌 = 0, 0.25, 0.50, 0.75, and 1. 
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Figure 2. Mean Residual Lifetime curves of the proposed imperfect standby system for 𝐶ௌ(10,3,2,4), 
with 𝜆 = 1 and different values of 𝜌. 

The curves in Figure 2 provide some evidence that, for each fixed time point, the 
Mean Residual Lifetime increases as the coverage probability 𝜌 increases. This confirms 
the beneficial effect of the standby mechanism, since larger values of 𝜌 correspond to a 
higher probability of successful activation of the spare system. The curve corresponding 
to 𝜌 = 0 represents the ordinary system without standby contribution, whereas the curve 
corresponding to 𝜌 = 1 represents the perfect standby case. The intermediate curves lie 
between these two limiting cases and are ordered according to the value of 𝜌. 

A decreasing pattern is also observed as time increases for the considered exponential 
setting and system design. This indicates that, although the standby mechanism improves 
the remaining lifetime at all time points, the expected additional lifetime decreases as the 
system ages. 

To illustrate the likelihood-based estimation procedure under right censoring, we 
consider the design 𝑛 = 10,𝑚 = 3,𝑘 = 2, 𝑘௖ = 4 and assume once again exponential com-
ponent lifetimes with nominal parameter 𝜆 = 1. Samples of sizes 𝑁 = 50,10,200 are gen-
erated for different values of the coverage probability 𝜌  and for two censoring levels. 
Kindly note that the target censoring level denotes the nominal censoring proportion used 
to generate the censoring times, whereas the observed censoring level is the actual pro-
portion of censored observations obtained in each simulated sample. Since the samples 
are randomly generated, the observed censoring level may differ from the target one. 

For each generated sample, the parameters 𝜆,𝜌  are estimated by maximizing the 
censored-data log-likelihood described in Section 4. 

Table 3 reports the maximum likelihood estimates of the model parameters together 
with their standard errors and 95% confidence intervals. The standard errors are obtained 
from the inverse of the observed information matrix evaluated at the maximum likelihood 
estimates. Confidence intervals are computed on the transformed parameter scale and 
then mapped back to the original parameter space, in order to respect the constraints 𝜆 > 
0 and 0 < 𝜌 < 1. 

The estimation procedure is summarized as follows. First of all, for the fixed system 
design 𝐶(𝑛,𝑚, 𝑘,𝑘௖ ,𝜌), the signature vector of the ordinary system is computed. We then 
utilize the system-level imperfect standby representation 𝐿 = 𝑋 + 𝐵𝑌 to evaluate the re-
liability function and density function of the proposed system. Thirdly, independent sys-
tem lifetimes are simulated from the imperfect standby model. Fourthly, independent cen-
soring times are generated from an exponential distribution, with the censoring rate cali-
brated to achieve the desired nominal censoring proportion. The observed right-censored 
data are then formed as given in (19). Afterwards, the censored-data likelihood is maxim-
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ized numerically to obtain the corresponding estimates, which are substituted into the 
theoretical expressions to obtain the corresponding plug-in estimates. 

Table 3. Maximum likelihood estimates, standard errors, and 95% confidence intervals for the de-
sign 𝑛 = 10,𝑚 = 3,𝑘 = 2, 𝑘௖ = 4 under right censoring (nominal 𝜆 = 1). 

Target  
Censoring 

𝑵 Observed 
Censoring 

Nominal Value 𝝆 
Estimated Value 𝝆ෝ (Standard Error) 

95% Confidence 
Interval for 𝝆  

Estimated Value 𝝀෠  (Standard Error) 
95% Confidence 

Interval for 𝝀 
0.2 50 0.280 0.25 0.7087 (0.1015)  (0.4814, 0.8645) 1.4011 (0.1105) (1.2005, 1.6352) 
0.2 100 0.240 0.25 0.2166 (0.1617) (0.0409, 0.6416) 0.9543 (0.1283) (0.7333, 1.2420) 
0.2 200 0.185 0.25 0.2865 (0.0912) (0.1435, 0.4905) 1.0423 (0.0769) (0.9019, 1.2045) 
0.4 50 0.480 0.25 0.1763 (0.1657) (0.0224, 0.6671) 1.0243 (0.1438)  (0.7778, 1.3488) 
0.4 100 0.420 0.25 0.6426 (0.1277) (0.3768, 0.8424) 1.3607 (0.1287) (1.1304, 1.6380) 
0.4 200 0.410 0.25 0.2036 (0.1374) (0.0463, 0.5738) 0.9425 (0.1066)  (0.7550, 1.1764) 
0.2 50 0.120 0.50 0.0727 (0.1345) (0.0016, 0.7968) 0.8653 (0.1165)  (0.6646, 1.1267) 
0.2 100 0.190 0.50 0.4659 (0.1886) (0.1650, 0.7939) 1.0795 (0.1480) (0.8252, 1.4123) 
0.2 200 0.225 0.50 0.5813 (0.0986) (0.3856, 0.7545) 1.0125 (0.0702) (0.8838, 1.1599) 
0.4 50 0.400 0.50 0.5950 (0.1989) (0.2256, 0.8811) 0.9697 (0.1462) (0.7217, 1.3030) 
0.4 100 0.380 0.50 0.4704 (0.1361) (0.2333, 0.7217) 0.9079 (0.0934)  (0.7422, 1.1106) 
0.4 200 0.390 0.50 0.4877 (0.1313) (0.2537, 0.7272) 1.0436 (0.1057)  (0.8558, 1.2727) 
0.2 50 0.160 0.75 0.6339 (0.1260) (0.3740, 0.8339) 0.9205 (0.0828) (0.7717, 1.0980) 
0.2 100 0.200 0.75 0.8241 (0.0688) (0.6489, 0.9223) 1.0233 (0.0526)  (0.9253, 1.1317) 
0.2 200 0.210 0.75 0.8086 (0.0502) (0.6911, 0.8886) 1.0823 (0.0404)  (0.9253, 1.1317) 
0.4 50 0.440 0.75 0.8768 (0.1006) (0.5341, 0.9779) 0.9809 (0.0818) (0.8329, 1.1552) 
0.4 100 0.410 0.75 0.1161 (0.1903) (0.0035, 0.8326) 0.6842 (0.1117) (0.4968, 0.9422) 
0.4 200 0.375 0.75 0.8058 (0.0586) (0.6656, 0.8963) 1.0448 (0.0470)  (0.9566, 1.1412) 

Table 3 offers some evidence that the proposed likelihood-based procedure can be 
implemented successfully for all numerical settings considered. The estimates of parame-
ter 𝜆 are generally close to the true value (𝜆 = 1), especially for the larger sample sizes, 
while the confidence intervals provide additional information about the uncertainty of the 
estimates. The estimation of the coverage probability 𝜌 is more sensitive to sampling var-
iation and censoring, which is expected since 𝜌 is associated with the successful activa-
tion of the spare system and is therefore indirectly observed through the system lifetime. 
This sensitivity is more pronounced for smaller samples and heavier censoring. Overall, 
Table 3 illustrates the practical feasibility of estimating both the component lifetime pa-
rameter and the coverage probability from right-censored system lifetime data. 

By the aid of the estimates included in Table 3, we next compute plug-in estimates of 
the main reliability characteristics. More specifically, for each numerical setting, the esti-
mates 𝜆መ and 𝜌ො are inserted into the reliability expressions derived in Section 3. The reli-
ability function and the Mean Residual Lifetime are evaluated at 𝑡 = 1. The Mean Time 
to Failure is computed from the corresponding plug-in expression (25) by substituting the 
respective maximum likelihood estimates for 𝜆,𝜌. 

Table 4 presents the corresponding plug-in estimates of the reliability, the Mean Time 
to Failure, and the Mean Residual Lifetime. The results reflect the effect of the coverage 
probability on the reliability characteristics of the imperfect standby system. In general, 
larger values of the true coverage probability lead to larger estimated values of 𝑅ௌ,ఘ(1), 𝑀𝑇𝑇𝐹ௌ,ఘ, and 𝑀𝑅𝐿ௌ,ఘ(1). This is consistent with the theoretical results of Section 3 and 
with the numerical patterns observed in Tables 1 and 2. Some non-monotonic fluctuations 
appear across sample sizes and censoring levels, due to the fact that the plug-in estimates 
depend on the likelihood estimates obtained from censored samples. Nevertheless, Table 
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4 demonstrates how the proposed inferential framework can be used to estimate practi-
cally relevant reliability characteristics when the model parameters are unknown. 

Table 4. Plug-in estimates of 𝑅෠ௌ,ఘ(1)  𝑀𝑇𝑇𝐹෣ ௌ,ఘ , 𝑀𝑅𝐿෣ௌ,ఘ(1)  for the design 𝑛 = 10,𝑚 = 3,𝑘 =2, 𝑘௖ = 4 (true value of parameter 𝜆 = 1). 

Target  
Censoring 

𝑵 True Value 𝝆 
True Value 𝑹𝑺,𝝆(𝟏) 

Estimated Value 𝑹෡𝑺,𝝆(𝟏) 
True Value 𝑴𝑻𝑻𝑭𝑺,𝝆 

Estimated Value 𝑴𝑻𝑻𝑭෣ 𝑺,𝝆 
True Value 𝑴𝑹𝑳𝑺,𝝆(𝟏) 

Estimated Value 𝑴𝑹𝑳෣𝑺,𝝆(𝟏) 
0.2 50 0.25 0.5824 0.6435 1.2837 1.2525 0.7197 0.5739 
0.2 100 0.25 0.5824 0.5971 1.2837 1.3091 0.7197 0.7320 
0.2 200 0.25 0.5824 0.5741 1.2837 1.2676 0.7197 0.7111 
0.4 50 0.25 0.5824 0.5281 1.2837 1.1795 0.7197 0.6345 
0.4 100 0.25 0.5824 0.6209 1.2837 1.2397 0.7197 0.5932 
0.4 200 0.25 0.5824 0.5994 1.2837 1.3115 0.7197 0.7308 
0.2 50 0.50 0.7088 0.6016 1.5405 1.2731 0.8927 0.6555 
0.2 100 0.50 0.7088 0.6499 1.5405 1.3946 0.8927 0.7843 
0.2 200 0.50 0.7088 0.7442 1.5405 1.6040 0.8927 0.9196 
0.4 50 0.50 0.7088 0.7703 1.5405 1.6892 0.8927 0.9867 
0.4 100 0.50 0.7088 0.7424 1.5405 1.6633 0.8927 0.9994 
0.4 200 0.50 0.7088 0.6802 1.5405 1.4640 0.8927 0.8341 
0.2 50 0.75 0.8352 0.8096 1.7972 1.8229 1.0133 1.0872 
0.2 100 0.75 0.8352 0.8654 1.7972 1.8306 1.0133 1.0043 
0.2 200 0.75 0.8352 0.8376 1.7972 1.7162 1.0133 0.9115 
0.4 50 0.75 0.8352 0.9044 1.7972 1.9650 1.0133 1.0956 
0.4 100 0.75 0.8352 0.7647 1.7972 1.6754 1.0133 0.9681 
0.4 200 0.75 0.8352 0.8488 1.7972 1.7749 1.0133 0.9647 

To further assess the finite-sample performance of the proposed maximum likelihood 
estimators, an additional Monte Carlo simulation study was conducted. We considered 
the representative system design 𝐶ௌ(10,3,2,4), exponential component lifetimes with 𝜆 = 
1, and coverage probability 𝜌 = 0.50. For each combination of sample size 𝛮 = 50, 100, 
200 and target censoring level 0.20, 0.40, 𝛭 = 200, independent right-censored samples 
were generated. 

For each simulated sample, the maximum likelihood estimates were computed, to-
gether with the corresponding 95% confidence intervals. The performance of the estima-
tors was evaluated in terms of empirical bias, root mean squared error (RMSE), and em-
pirical coverage probability (CP). The empirical coverage probability is defined as the pro-
portion of valid replications in which the corresponding 95% confidence interval contains 
the true parameter value. 

Table 5 reveals that the empirical biases of both estimators are small across all sce-
narios. The MSE and RMSE of 𝜆መ generally decrease as the sample size increases, while 
the RMSE of 𝜌ො also tends to decrease with larger samples, although it remains more sen-
sitive to the censoring level. 

Table 5. Monte Carlo bias, RMSE, and empirical coverage probability of the maximum likelihood 
estimators for 𝐶ௌ(10,3,2,4), with 𝜆 = 1 and 𝜌 = 0.50. 

Target 
Censoring 

𝜨 Bias (𝝆ෝ) MSE (𝝆ෝ) RMSE (𝝆ෝ) CP (𝝆ෝ) Bias (𝝀෠) MSE (𝝀෠) RMSE (𝝀෠) CP (𝝀෠) 

0.20 50 −0.0084 0.0345 0.1857 0.980 0.0037 0.0215 0.1467 0.862 
 100 −0.0162 0.0275 0.1658 0.949 −0.0138 0.0139 0.1179 0.869 
 200 −0.0067 0.0167 0.1294 0.929 −0.0118 0.0076 0.0874 0.929 

0.40 50 0.0016 0.0507 0.2251 0.974 0.0078 0.0291 0.1705 0.826 
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 100 −0.0090 0.0291 0.1707 0.949 0.0158 0.0203 0.1425 0.852 
 200 −0.0140 0.0243 0.1558 0.872 −0.0080 0.0123 0.1107 0.856 

This behavior is expected, since 𝜆 directly controls the component lifetime distribu-
tion, whereas 𝜌 is not directly observed and it is inferred through the additional lifetime 
contribution associated with successful activation of the standby system. The empirical 
coverage probabilities are generally satisfactory, especially for 𝜌ො . Overall, the Monte 
Carlo results support the stability and practical applicability of the proposed likelihood-
based inference procedure under right censoring. 

To further illustrate that the proposed framework is not restricted to exponential 
component lifetimes, we also consider an additional numerical setting under the Weibull 
distribution. More specifically, the component lifetimes are assumed to follow a Weibull 
distribution with shape parameter 𝑎 = 2 and scale parameter 𝛽 = 1. The reliability func-
tion, the Mean Time to Failure, and the Mean Residual Lifetime are evaluated at 𝑡 = 1 for 
three representative system designs and selected values of the coverage probability 𝜌. 

Kindly note that the estimates of 𝜌 provide some evidence that greater variability 
exists compared to the corresponding one of λ, especially under small samples or heavier 
censoring. This is expected because 𝜌  is not directly observed; it is inferred indirectly 
through the additional lifetime contribution associated with successful standby activa-
tion. Heavy censoring reduces the information available in the upper tail of the lifetime 
distribution, where the effect of standby activation is more pronounced. 

For all three designs depicted at Table 6, the reliability measures increase as the cov-
erage probability 𝜌 increases. For instance, for the design 𝐶ௌ(10,3,2,4), the estimated reli-
ability at 𝑡 = 1 increases from 0.4560 for 𝜌 = 0 to 0.9992 for 𝜌 = 1. Similarly, the corre-
sponding Mean Time to Failure increases from 0.9843 to 1.9687. 

Table 6. Weibull numerical study for selected system designs and coverage probabilities. 𝒏 𝒎 𝒌 𝒌𝒄 𝝆 𝑹𝑺,𝝆(𝟏) 𝑴𝜯𝜯𝑭𝑺,𝝆 𝑴𝑹𝑳𝑺,𝝆(𝟏) 
10 3 2 4 0.0 0.4560 0.9843 0.1944 
    0.5 0.7276 1.4765 0.7266 
    1.0 0.9992 1.9687 0.9695 

10 4 2 6 0.0 0.8098 1.2402 0.3261 
    0.5 0.9049 1.8602 0.9639 
    1.0 1.0000 2.4803 1.4803 

10 3 3 7 0.0 0.9033 1.3836 0.4362 
    0.5 0.9517 2.0754 1.1355 
    1.0 1.0000 2.7672 1.7672 

A similar monotonic behavior is observed for the remaining designs. In particular, 
for 𝐶ௌ (10,4,2,6), the Mean Time to Failure increases from 1.2402 when 𝜌 = 0  to 2.4803 
when 𝜌 = 1 , while for 𝐶ௌ (10,3,3,7), it increases from 1.3836 to 2.7672. These values are 
consistent with the theoretical relation according to which the Mean Time to Failure of the 
imperfect standby structure increases in terms of the coverage probability. 

Table 6 also sheds light on the effect of the system design under Weibull component 
lifetimes. For fixed 𝜌, the design 𝐶ௌ(10,3,3,7) provides larger reliability measures than the 𝐶ௌ(10,3,2,4) one, reflecting the less restrictive failure criteria of the former structure. 

Overall, this additional numerical study demonstrates that the proposed formulae 
and computational procedure can be implemented for more flexible lifetime distributions, 
provided that the required integrations are evaluated numerically. Generally speaking, 
the computational implementation consists of three main steps: computation of the signa-
ture vector, numerical evaluation of the reliability and density functions, and numerical 
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maximization of the censored-data likelihood. For moderate values of 𝑛, the signature 
vector can be computed by the aid of subset enumeration. However, the enumeration cost 
increases with 𝑛, since all failed component subsets may need to be checked. For larger 
systems, more efficient recursive algorithms or Monte Carlo approximations may be im-
plemented. On the other hand, the numerical integrations appearing in the reliability ex-
pressions can be handled by standard quadrature methods, while the likelihood maximi-
zation is a low-dimensional constrained optimization problem in the examples considered 
here. However, more complex lifetime models may require multi-start optimization or 
Bayesian simulation-based methods. 

6. Illustrative Applications 
In this section, we present two illustrative applications of the proposed 𝐶ௌ(𝑛,𝑚,𝑘,𝑘௖ ,𝜌) model to a linearly ordered monitoring system and a real dataset respec-

tively. The simulated example is used to illustrate the proposed model in a setting that 
fully matches the assumed system structure and standby mechanism. In addition, a real 
right-censored automotive lifetime dataset is considered in order to demonstrate the im-
plementation of the likelihood-based procedure with actual censored lifetime observa-
tions. 

The first example is based on simulated right-censored lifetime data, generated under 
a realistic engineering scenario. Our aim is to shed light on how the proposed reliability 
structure can be applied when system-level lifetime observations are available and the 
underlying scheme is naturally described by combined consecutive-type failure criteria. 

Consider a monitoring system consisting of 10 sensors installed along an industrial 
conveyor system. The sensors are placed in a fixed linear order and are responsible for 
detecting abnormal operating conditions, local faults, or material-flow interruptions. In 
such systems, the relative positions of failed sensors are important. A small number of 
isolated sensor failures may not immediately stop the monitoring function, whereas a 
cluster of neighboring failed sensors may leave an entire segment of the line unobserved. 

For this reason, the conveyor system is modeled as a 𝐶(10,3,2,4) structure. Under 
this design, the system fails if either four consecutive sensors fail or three non-overlapping 
pairs of consecutive failed sensors occur. The first criterion represents a severe local loss 
of monitoring ability, caused by a long consecutive block of failed sensors. The second 
criterion represents a more distributed deterioration of the monitoring system, where sev-
eral smaller failure clusters appear in different parts of the line. 

To improve reliability, the monitoring system is supported by a spare monitoring 
unit at the system level. The spare unit remains inactive during the operation of the pri-
mary system and is activated only after the primary system fails. However, in practice, 
the activation of the spare system may not always be successful. Possible reasons include 
communication delays, failure of the activation controller, or loss of power in the backup 
unit. Therefore, the assumption of perfect cold standby activation may be unrealistic in 
the above-mentioned setting. The system-level imperfect cold standby model considered 
in this paper provides a more flexible description of this situation. 

The lifetime of the monitored system is assumed to follow the proposed imperfect 
standby model. Component lifetimes are generated from an exponential distribution with 
parameter 𝜆, while the activation of the spare system is successful with probability 𝜌. The 
illustrative dataset was generated from the proposed model with a fixed random seed and 
consist of 𝑁 = 200  system lifetimes subject to independent right censoring. Censoring 
may represent systems that are still operating at the end of the observation period, units 
removed from service for scheduled maintenance, or monitoring installations for which 
the failure time is not fully observed. 
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For the simulated dataset considered here, the observed censoring proportion is 0.225. That practically means that 22.5% of the system lifetimes are right-censored. The 
unknown parameters 𝜆, 𝜌 are estimated by maximizing the censored-data log-likelihood 
introduced in Section 4. The resulting maximum likelihood estimates are 𝜆መ = 1.0125,𝜌ො = 0.5813. 

The estimate 𝜆መ = 1.0125 indicates the estimated failure rate of the individual moni-
toring components under the assumed exponential lifetime model. On the other hand, the 
estimated value 𝜌ො = 0.5813 suggests that, after failure of the primary monitoring system, 
the spare system is successfully activated with probability approximately 58.13%. This 
value indicates a substantial but imperfect standby effect. Therefore, although the standby 
system improves the reliability of the monitoring installation, assuming perfect activation 
would overestimate the system performance. 

Implementing the plug-in procedure described in Section 4, the estimated parameters 
are inserted into the reliability expressions derived in Section 3. At time 𝑡 = 1, the esti-
mated reliability of the resulting imperfect standby system is equal to 𝑅෠ௌ,ఘ(1) = 0.7442. 

In simple words, the estimated probability that the monitoring system remains oper-
ational beyond time 𝑡 = 1  is approximately 74.42% . Moreover, the estimated Mean 
Time to Failure is equal to 𝑀𝑇𝑇𝐹෣ ௌ,ఘ = 1.6040, 
while the estimated Mean Residual Lifetime at time 𝑡 = 1 is given below 𝑀𝑅𝐿෣ௌ,ఘ(1) = 0.9196. 

The latter value indicates that, conditional on the system having survived up to time 𝑡 = 1, the expected additional operating time is approximately 0.92 time units. 
Overall, this illustrative application shows how the proposed framework can be used 

in a realistic reliability setting involving linearly ordered components, clustered failure 
patterns, right-censored lifetime observations, and imperfect standby activation. Alt-
hough the data used here are simulated, the example demonstrates the practical imple-
mentation of the proposed likelihood-based inference procedure and the interpretation of 
the resulting reliability estimates. 

In addition, it is of practical interest to examine the implementation of the proposed 
reliability measures in a real-data environment. For this purpose, we consider a real right-
censored automotive lifetime dataset, originally reported by [22]. The data consist of fail-
ure and right-censored mileage observations from a fleet of vehicles on test. More specif-
ically, the data include 10 observed failures and 21 right-censored observations. Therefore, 
the observed censoring proportion is 0.6774, which makes the data-set suitable for illus-
trating the proposed likelihood-based procedure under right censoring. 

It should be noted that the dataset provides system-level lifetime observations and 
censoring indicators, but it does not contain information about the internal consecutive 
failure pattern of the components or the actual activation status of a standby system. 
Therefore, the present analysis is interpreted as a model-based real-data illustration of the 
proposed inferential framework. In particular, a Weibull lifetime model is first fitted to 
the observed right-censored mileage data. The fitted Weibull distribution is then used as 
the baseline system-level lifetime distribution, and the corresponding imperfect standby 
reliability measures are evaluated under several representative coverage scenarios. 

Since the actual activation status of a standby unit is not recorded in the data, the 
coverage probability 𝜌 is treated as a prespecified design parameter in this real-data il-
lustration. Therefore, the values 𝜌 = 0,0.25,0.5,0.75,1 are considered. This scenario-based 
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analysis allows us to examine the effect of the coverage probability on the reliability char-
acteristics of the fitted system-level lifetime model, without overinterpreting ρ from data 
that do not directly contain standby activation information. 

The mileage observations are divided by 100.000 before fitting the Weibull model. 
Consequently, 𝑡 = 1 corresponds to 100.000 miles. The maximum likelihood estimates of 
the Weibull parameters are 𝑎ො = 1.1544 and 𝛽መ = 1.3465, with standard errors 0.2961 and 
0.4277, respectively (see Table 7). 

Table 7. Weibull parameter estimates for the real automotive censored lifetime data. 𝐏𝐚𝐫𝐚𝐦𝐞𝐭𝐞𝐫 Estimate Standard Error 95% Confidence Interval 𝑎 1.1544 0.2961 (0.6982, 1.9086) 𝛽 1.3465 0.4277 (0.7225, 2.5094) 

The corresponding 95% confidence intervals are (0.6982, 1.9086) for 𝛼 and (0.7225, 
2.5094) for 𝛽. Since the scale parameter is expressed in units of 100.000 miles, the fitted 
value corresponds to approximately 134.650 miles. 

Table 8 reports the plug-in standby reliability estimates under the different fixed cov-
erage scenarios. The results show a clear improvement as 𝜌 increases. 

Table 8. Plug-in standby reliability estimates for the real automotive censored lifetime data. 𝝆 𝑹෡ 𝑴𝑻𝑻𝑭෣  𝑴𝑹𝑳෣  
0.0 0.4920 128.005,0 110.757,3 

0.25 0.5839 160.006,3 138.826,3 
0.50 0.6758 192.007,5 159.261,6 
0.75 0.7677 224.008,8 174.804,5 
1.00 0.8595 256.010,1 187.024,2 

In particular, 𝑅෠  increases from 0.4920 for 𝜌 = 0  to 0.8595 for 𝜌 = 1 . Similarly, 𝑀𝑇𝑇𝐹෣   increases from 128.005 miles to 256.010,1 miles, while 𝑀𝑅𝐿෣   increases from 
110.757,3 miles to 187.024,2 miles. The doubling of 𝑀𝑇𝑇𝐹෣  under 𝜌 = 1 is consistent with 
the system-level standby representation 𝐿 = 𝑋 + 𝐵𝑌. 

Figure 3 compares the Kaplan–Meier estimate obtained from the automotive cen-
sored data with the fitted Weibull baseline reliability curve and the plug-in imperfect 
standby reliability curves. The fitted standby curves lie above the baseline curve and are 
ordered according to the value of 𝜌, confirming the expected reliability improvement in-
duced by the standby mechanism. 

 

Figure 3. Kaplan–Meier estimate, fitted Weibull baseline reliability curve, and plug-in imperfect 
standby reliability curves under different fixed coverage scenarios for the automotive censored life-
time data. 
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The graphical results in Figure 3 are consistent with the numerical findings in Tables 
6 and 7. The fitted baseline Weibull curve captures the general decreasing pattern of the 
Kaplan–Meier estimate. The plug-in standby reliability curves are positioned above the 
baseline curve and increase as the coverage probability 𝜌 becomes larger. This behavior 
agrees with the theoretical role of the imperfect standby mechanism, since larger values 
of 𝜌 correspond to a higher probability of successful standby activation and therefore to 
improved system reliability. 

7. Discussion 
In this paper, we studied a combined 𝑚-consecutive-𝑘-out-of-𝑛: F and consecutive 𝑘௖-out-of-𝑛: F system under imperfect cold standby redundancy at the system level. The 

proposed model introduces a coverage probability 𝜌, which represents the probability of 
successful activation of the spare system. Therefore, the cases 𝜌 = 0  and 𝜌 = 1 c orre-
spond to the ordinary system without effective standby redundancy and to the perfect 
cold standby model, respectively. The present model is distinct from many existing im-
perfect standby formulations because it combines the system-level coverage probability 𝜌 with a two-criterion consecutive-type failure structure. Therefore, we attempt the ex-
tension of perfect standby models to an imperfect activation setting for combined consec-
utive-type systems. 

Signature-based expressions were obtained for the reliability function, the Mean 
Time to Failure, and the Mean Residual Lifetime of the proposed structure. The numerical 
results showed that larger values of 𝜌 lead to improved system performance. 

A likelihood-based procedure was developed for estimating the unknown compo-
nent lifetime parameter and the coverage probability from right-censored system lifetime 
data. The plug-in estimates of 𝑅ௌ,ఘ(𝑡) , 𝑀𝑇𝑇𝐹ௌ,ఘ , and 𝑀𝑅𝐿ௌ,ఘ(𝑡)  provide reliability 
measures for practical assessment and maintenance planning. The above-mentioned pro-
cedure is based on independent random right censoring. If the censoring mechanism de-
pends on the system lifetime, the likelihood formulation based on independent censoring 
may no longer be valid, and the resulting estimators may be biased. Such dependent cen-
soring may occur, for example, when units exposed to more severe operating conditions 
are also more likely to be withdrawn from observation. In such cases, additional modeling 
of the censoring mechanism, joint modeling approaches, or sensitivity analyses would be 
required. 

The present study focused on imperfect cold standby redundancy at the system level. 
A natural direction for future research is the corresponding component-level scheme, 
where each primary component is equipped with its own spare unit and the activation of 
each spare component may be imperfect. Such an extension would require the derivation 
of the effective component lifetime distribution and the development of the correspond-
ing reliability and inferential results. 

For more general lifetime distributions, complex standby mechanisms, or compo-
nent-level imperfect coverage schemes, closed-form expressions may not always be avail-
able or may become analytically cumbersome. In such cases, numerical approximation, 
simulation-based procedures, and Bayesian methods, such as Markov chain Monte Carlo 
techniques, may provide useful alternatives for reliability estimation and uncertainty 
quantification. 

On the other hand, it is true that the present study assumes independent and identi-
cally distributed component lifetimes. This assumption allows the implementation of the 
system signature representation and leads to tractable reliability and likelihood expres-
sions. However, in some engineering systems, component lifetimes may exhibit spatial or 
environmental dependence. In such cases, the standard signature representation may 
need to be replaced by more general tools such as survival signatures or copula-based 
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dependence models. Extending the proposed inferential framework to dependent compo-
nent lifetimes seems to be an important direction for future research. 
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