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Abstract: The characteristic analysis of the flux formed by the heliostat in the optical system is the 
basis in design and optimization of the whole system. In this paper, our research subject is a pilot 
installation of the point-focus Fresnel system, which is a new optical design between the tower sys-
tem and the dish system. For the optical system, it is very important to accurately calculate the solar 
flux density distribution on the receiver plane. Aiming at the case that the focal length of the helio-
stat is not equal to the distance from the center of the heliostat to the center of the receiver plane, 
based on the projection, an approximate calculation method is proposed. Using the method to cal-
culate the solar flux density distribution of the point-focus Fresnel system, and the results are com-
pared with that calculated by SolTrace code, it is found that the solar flux density distribution of 
both is relatively consistent in shape and numerical value, which verifies the accuracy of the method 
and it can be used for design and optimization of the point-focus Fresnel system. 
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1. Introduction 
With the environmental problems such as resource depletion and emission pollution 

caused by the extensive use of fossil fuels, the development of renewable energy has be-
come a very urgent issue facing human society. Focused solar thermal power generation 
uses a low cost and high efficiency heat storage system, which can continuously generate 
electricity. It is the only continuous power generation technology that can be applied on 
a large scale at present [1]. 

Solar thermal power generation technologies work in a way that solar rays are fo-
cused and reflected to the specific receiver plane. Solar thermal power generation systems 
can be classified as linear Fresnel systems, dish systems, trough systems and tower sys-
tems depending on their different structures and focusing types. In this paper, a new de-
sign [2], named point-focus Fresnel system, also known as integrated azimuth tracking 
solar tower system, is studied. The optimized average efficiency is 20% higher than that 
of the traditional tower system, which is almost the same as that of the dish system. 

For the optical system, it is very important to accurately calculate the solar flux den-
sity distribution on the receiver plane. The intercept factor can be obtained by calculating 
the flux density distribution [3], so as to optimize the design of the system. In addition, 
the solar flux at the receiver can be calculated to predict the temperature of the receiver 
and prevent damage caused by local overheating of the receiver [4,5]. The existing meth-
ods are mainly divided into two categories: the ray tracing method and the convolution 
integral method. 
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Based on the convolution integration method, Huang [6] developed a new flux den-
sity function for a focusing heliostat. The elliptical Gaussian model uses a Gaussian func-
tion to fit the heliostat image function and applies the elliptical Gaussian to describe opti-
cal error. The proposed function can directly calculate the flux density of various round 
or rectangular focusing heliostat on the image plane. In this paper, we use the Gaussian 
flux density function to calculate the flux density distribution of rectangular focusing he-
liostats on the image plane which is perpendicular to the central reflected ray, then the 
flux density distribution on the receiver plane is calculated through projection. We com-
pare and validate the method with ray-tracing method. 

2. Materials and Methods 
2.1. The Point-Focus Fresnel System 

Figure 1 shows the layout of the heliostats for the point-focus Fresnel system in which 
all of the heliostats and receiver are installed on an azimuth tracking device, multi helio-
stats are fixed to a horizontal shaft which rotate to track the solar elevation variance. It is 
an experimental system in building. The height of the tower is 2.5 m, the tilt angle of the 
receiver plane to the vertical line is 0°. The parameters for calculation of the heliostats are 
listed in Table 1. 

 
Figure 1. The layout of 15 heliostats. 

  



Sustainability 2021, 13, 10367 3 of 11 
 

Table 1. The parameters of heliostats. 

# X(m) Y(m) Z(m) Focal Length (m) 
Length and Width 

(m) 
1 2.01 5.2659 0 5.9 0.25 × 0.25 
2 1.75 5.2659 0 5.9 0.25 × 0.25 
3 1.49 5.2659 0 5.9 0.25 × 0.25 
4 1.04 5.2659 0 5.9 0.25 × 0.25 
5 0.78 5.2659 0 5.9 0.25 × 0.25 
6 0.52 5.2659 0 5.9 0.25 × 0.25 
7 0.26 5.2659 0 5.9 0.25 × 0.25 
8 0 5.2659 0 5.9 0.25 × 0.25 
9 −0.26 5.2659 0 5.9 0.25 × 0.25 

10 −0.52 5.2659 0 5.9 0.25 × 0.25 
11 −0.78 5.2659 0 5.9 0.25 × 0.25 
12 −1.04 5.2659 0 5.9 0.25 × 0.25 
13 −1.59 5.2659 0 5.9 0.25 × 0.25 
14 −1.85 5.2659 0 5.9 0.25 × 0.25 
15 −2.11 5.2659 0 5.9 0.25 × 0.25 

2.2. Computational Methods 
The image plane is perpendicular to the solar ray reflected by the center of the helio-

stat from the center of the sun. The Gaussian flux density function [6] is used to calculate 
the flux density on the image plane. The main computational steps are as follows: 
(1) The receiver plane is discretized into a grid of equidistant nodes; 
(2) As shown in Figure 2, in order to calculate the flux density on the receiver plane, the 

grid nodes are projected onto the image plane in the direction to the center of the 
heliostat; 

(3) The flux density at projected point of the image plane is calculated by using the 
Gaussian flux density function which is shown in Table 2; 

(4) The flux density at a point of the receiver plane is proportional to that of its projected 
point of the image plane, although affected by the angel of incidence with the receiver 
plane, ω. The relationship between the flux density at a point of the receiver plane 
and the flux density at the projected point of the image plane satisfies: 

2

2
= cosimage

receiver image
receiver

dF F
d

ω× × , (1) 

where Freceiver is the solar flux density on the receiver plane, dreceiver is the distance from 
the grid nodes on the receiver plane to the center of the heliostat; Fimage is the solar flux 
density on the image plane, dimage is the distance from the grid nodes on the image 
plane to the center of the heliostat. 
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Figure 2. The schematic diagram of the projection. 

Table 2. The flux density function expression and the calculation equations of main parameters for 
rectangular heliostats. 

Gaussian Model Flux Density Function 
The Calculation Equations of 

Main Parameters 
Elliptical 

(for rectangular 
heliostats) 

2 2

2 2 2
1( ) [ ( )]

2 π 2
m 0
2

x y x y

A I x yF x, y = exp - +
 D σ σ D σ σ  

22 2 2 24sxx sun trx ixσ = σ +σ + σ +σ
22 2 2 24syy sun try iyσ = σ +σ + σ +σ  

where, H and W are the length and width of the actual rectangular heliostat, Am is the area 
of the heliostat, D is distance from a point at image plane to the reflection point, I0 is in-
tensity of reflected light, f is the focus length of the heliostat, σslopexslopey respectively repre-
sent standard deviation of the slope errors at optical surface in transverse(x) and longitu-
dinal(y) direction, σx,y, respectively represent standard deviation of the optical error distri-
bution in x or y direction, σ

_

sx,sy respectively represent the average standard deviations in 
the x or y direction, σi is the Gaussian function parameter of heliostat mirror image error, 
σsun represents the sunshape error, σtr is heliostat tracking error. 

The Gaussian function parameters of a rectangular heliostat image are given as: 

(1-cos )
2 2ix

W
D

λσ =           
(1 cos )
2 2iy

H
D

λσ = -
, (2) 

where, H and W are the length and width of the actual rectangular heliostat. 
The average standard deviations in both directions are given as: 

22 2 2(1- cos )= 4 +
8cos

sy slopey slopex
λσ σ σ
λ

   
22 2 2(1- cos ) = 4 +

8cos
sx slopex slopey

λσ σ σ
λ

  (3) 

where λ is the incident angle of solar ray to the heliostat. 

2.3. SolTrace Code 
SolTrace [7] is a software package developed at the U.S. National Renewable Energy 

Laboratory to model solar power optical systems and analyze their performance. The code 
utilizes ray-tracing methodology. The user selects a given number of rays to be traced. 
Each ray is traced through the system while encountering various optical interactions. It 
replicates real photon interactions and therefore can provide accurate results for complex 
systems that cannot be modeled otherwise. The disadvantage is longer processing time. 
Accuracy increases with the number of rays traced and larger ray numbers means more 
processing time. 
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2.4. The Calculation Method of Average Absolute Difference for Flux Contours 
In this paper, the flux density distribution of the point-focus Fresnel system is calcu-

lated by the elliptic Gaussian model and SolTrace code in several different situations. In 
order to analyze the reliability of the model, the average absolute difference between these 
two methods is calculated. The average absolute difference calculating formula of flux 
density distribution is as follows [6]: 

max max

u

1 1

( , ) ( , )[ ]

1

v
s u v c u v

s c

F x y F x y
F FRMSE

uv

−
=

−


, 

(4) 

In the formula above, the receiver plane is discretized into a series of grids, in which 
u represents the number of discrete points in the X-axis direction, v represents the number 
of discrete points in the Y-axis direction, Fs and Fc represent the flux density calculated by 
SolTrace code and the proposed method, respectively. 

2.5. Intercept Factor Calculation 
We assume that there is a square receiver centered over the receiver plane [8], the 

intercept factor is the integration of the flux density over the receiver domains. As the side 
length of the square receiver changes, the value of the intercept factor is also different. The 
receiver plane is discretized into a certain number of cells, each cell has a length ∆x and a 
width ∆y. And the calculation formula of intercept factor is as follows: 

( , )
int

( , )
u v

F u v x y
f

E

× Δ × Δ
=


,
 

(5) 

where fint represents the intercept factor, F represents the solar flux density on the receiver 
plane, E represents the total energy reflected from the heliostat onto the receiver plane. 

3. Results 
3.1. Model Validation: Compared to SolTrace 

We use the Gaussian flux density function for a rectangular heliostat to calculate the 
solar flux density distribution formed by a single heliostat of the point-focus Fresnel sys-
tem at different altitude angles of the Sun. The solar flux density distribution of the whole 
system is calculated by summation, and the results are compared with that calculated by 
SolTrace. In SolTrace code, the solar flux density calculated by 5 million random rays is 
accurate enough [9], so the desired number of ray intersections is set to 10 million. The 
origin of the global coordinate system is at the bottom of the receiver tower, with the pos-
itive X-axis pointing to the east, the positive Y-axis pointing to the north, and the positive 
Z-axis pointing to the zenith. The azimuth angle of the Sun is 0°, and other parameters are 
shown in Table 3. 

Table 3. The parameters of the Sun and heliostats. 

Incident Light Intensity Reflectivity σsun σslopex,y σtrk 
1 kW/m2 1 2 mrad 1 mard 0 

Figures 3a,b–8a,b show the contours of solar flux density and intercepts which are 
calculated by SolTrace and the elliptical Gaussian model at the receiver plane, respec-
tively. 
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(a) (b) 

Figure 3. Altitude angle of the Sun: 10°. (a) Solar flux contours which is calculated by SolTrace and the elliptical Gaussian 
model at the image plane (kW/m2); (b) SolTrace and the elliptical Gaussian model intercepts vs. the side length of a square 
receiver. 

 
Figure 4. Altitude angle of the Sun: 20°. (a) Solar flux Contours which is calculated by SolTrace and the elliptical Gaussian 
model at the image plane (kW/m2); (b) SolTrace and the elliptical Gaussian model intercepts vs. the side length of a square 
receiver. 
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(a) (b) 

Figure 5. Altitude angle of the Sun: 30°. (a) Solar flux Contours which is calculated by SolTrace and the elliptical Gaussian 
model at the image plane (kW/m2); (b) SolTrace and the elliptical Gaussian model intercepts vs. the side length of a square 
receiver. 

 
Figure 6. Altitude angle of the Sun: 45°. (a) Solar flux Contours which is calculated by SolTrace and the elliptical Gaussian 
model at the image plane (kW/m2); (b) SolTrace and the elliptical Gaussian model intercepts vs. the side length of a square 
receiver. 
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Figure 7. Altitude angle of the Sun: 60°. (a) Solar flux Contours which is calculated by SolTrace and the elliptical Gaussian 
model at the image plane (kW/m2); (b) SolTrace and the elliptical Gaussian model intercepts vs. the side length of a square 
receiver. 

 
Figure 8. Altitude angle of the Sun: 75°. (a) Solar flux Contours which is calculated by SolTrace and the elliptical Gaussian 
model at the image plane (kW/m2); (b) SolTrace and the elliptical Gaussian model intercepts vs. the side length of a square 
receiver. 

The results, which show great consistency with that of SolTrace code, are listed in the 
Table 4. 
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Table 4. The average absolute difference of flux density and intercept factor. 

Altitude Angle of the Sun 10° 20° 30° 45° 60° 75° 
Flux density 0.56% 0.46% 0.45% 0.64% 0.80% 3.54% 

Intercept 0.26% 0.23% 0.22% 0.32% 0.70% 3.12% 

3.2. The CPU Time of the SolTrace Code and Proposed Method 
Simulations are carried out in an Intel(R) CoreTM i7-8700 microprocessor at 3.20 GHz 

equipped with 16 GB of RAM memory. Our code takes 0.22 s on average to execute, while 
SolTrace simulations with 10 million rays require an average time of 31.79 s. Figure 9 
shows the CPU time for different numbers of rays, which indicates that the computational 
efficiency of the proposed method in this paper is higher than that of the SolTrace code. 

 
Figure 9. CPU time for different number of rays. (Heliostat #1). 

4. Discussion 
In summary, the results calculated by elliptical Gaussian model and SolTrace code 

are relatively consistent, the maximum error is 3.54%, and the minimum error is 0.45%. 
The largest differences correspond to the highest altitude angle of the Sun. The incidence 
angle of solar rays to the heliostat is about 25°, which is the largest in all cases. For the 
elliptical Gaussian model, according to the central limit theorem [10], when the parame-
ters of the optical error distribution function is equivalent to or larger than that of Gauss-
ian function parameters of heliostat image, the Gaussian distribution dominates the solar 
flux distribution function, and the error caused by the non-Gaussian part can be neglected. 
However, when the incident angle of solar ray to the heliostat is large, from the calculation 
equations of error parameters which is listed in Table 2, the Gaussian function parameters 
of rectangular heliostat image will also be large and it doesn’t satisfy the condition above, 
so the error would be larger. 

Furthermore, the elliptical Gaussian model proposed by Huang is based on the con-
volution integration method, this method assumes that the length of the image formed by 
the heliostat on the image plane in the sagittal and tangential direction is proportional to 
the length of the heliostat with the same ratio ([11], p. 181). However, this hypothetical 
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image of the heliostat is different from the actual one, therefore the convolution integra-
tion method itself has some errors. According to the geometrical optical knowledge [12], 
generally, the aberration is inversely proportional to the focal length and directly propor-
tional to the size of the heliostat. Thus the larger the ratio of the focal length to the size of 
the heliostat, the less error between the present method and SolTrace code. 

Besides, in the point-focus Fresnel system in this study, due to the fact the focal length 
of the heliostat is not equal to the distance from the heliostat to the receiver, the focal point 
is not on the receiver plane. The projection from the receiver plane to the image plane is 
different from the general case [9]. The method proposed in this paper assumes that all 
the rays are reflected from the center of the heliostat, the solar flux projection from the 
image plane to the receiver plane may increase prediction errors. In general, the closer the 
focal point is to the receiver, the less RMSE between these two methods. 

The other minor error source of the proposed method are analyzed as follows: 
• The contribution to the reflected rays from the optical error of the heliostat is different 

in different positions of the heliostat [13]. However, proposed method in this paper 
assume that it’s average, which would bring some errors; 

• It will bring some error to simulate the image function of the heliostat by Gaussian 
distribution. 
Additionally, in terms of the computational efficiency, the ray tracing method re-

quires about 5 million rays, and each ray needs multiple calculations, while for the method 
proposed in this paper, the flux density at all points on the image plane are calculated by 
a function, so the present method can reduce the amount of required calculations greatly 
when compared with the ray tracing method.  

5. Conclusions 
In this paper, a new design named point-focus Fresnel system, also known as inte-

grated azimuth tracking solar tower system, is studied. We propose an approximate cal-
culation method for the case that the focal length of the heliostat is not equal to the dis-
tance from the center of the heliostat to the center of the receiver plane. The SolTrace code 
is used to validate the accuracy of the proposed method. We calculate the solar flux den-
sity distribution on the receiver plane of the point-focus Fresnel system for different alti-
tude angles of the Sun. The results indicate that the method presented in this paper is 
accurate in most cases and can be used for design and optimization of the point-focus 
Fresnel system. Furthermore, the computational efficiency of the proposed method in this 
study is higher than that of SolTrace. 
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