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Abstract: In recent years, the penetration rate of intermittent distributed generation (DG) in active
distribution networks has been steadily increasing, leading to prominent issues such as voltage
violations and network congestion. Coordinated operation of soft open points (SOPs) and distributed
energy storage systems (DESSs) enable flexible resource management in both spatial and temporal
dimensions, allowing real-time voltage regulation and flow control. This enhances the controllabil-
ity, sustainability, and economic efficiency of the distribution network, ultimately improving user
satisfaction. The optimization of this coordinated configuration has become a central challenge in
research. Taking the different characteristics of DESSs and SOPs into account, this paper proposes a
coordinated configuration method by introducing local marginal price (LMP) under the configuration
scheme. The framework is modeled as a three-level problem, including planning and operation
levels. Initially, typical scenarios are generated to address the uncertainty of distributed generation
operation. At the upper level, the DESS configuration is optimized to minimize annual operational
costs, while at the middle level, SOPs are planned based on the annual comprehensive operational
cost of the distribution network. At the lower level, the objective is set as social welfare maximization
to reflect user satisfaction by incorporating LMP as a planning indicator. It is then transformed and
solved as a mixed-integer second-order programming model with a hybrid optimization algorithm.
The model is established with the modified IEEE 33-node distribution system as a case study to
validate the feasibility of the proposed configuration method. The case study results demonstrate the
effectiveness of the proposed approach in optimally configuring SOPs with DESSs to reduce overall
annual operating costs and enhance the economic efficiency of the system.

Keywords: active distribution network; soft open points; social welfare maximization; uncertainty
scenario analysis; second-order cone programming

1. Introduction

In recent years, to achieve carbon peak and neutrality targets, distributed energy
resources (DERs), like wind turbines and photovoltaic panels, have been significantly
integrated with distribution networks. Various DERs contribute to meeting the increasing
need for electric power, reducing users’ dependency on fossil fuels, as well as enhancing
the security of energy supply [1]. However, the integration of DERs also results in issues
such as voltage fluctuations, over-limit situations, feeder congestion, load imbalance, and
bidirectional power flow, making operation, planning, flexibility, and safety relatively
challenging. The traditional AC distribution network structure is a radial type, where
the power can only flow in one direction, and the feeders cannot be interconnected due
to the existence of electromagnetic loop problems [2]. In addition, the limited regulation
capacity of traditional distribution grids has also led to widespread concerns about opera-
tional challenges arising from the high penetration of distributed generation (DG). Thus,
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greater flexibility is needed in terms of power system operation to reduce undesirable
effects brought by the uncertainties of DG. An active distribution network equipped with
flexible interconnection devices (FIDs) has resilience to operation challenges arising from
uncertainties associated with the growing penetration of DERs.

The high integration of DERs into the distribution network could result in several
lines lacking sufficient capacity to transmit the contracted electricity in the day-ahead
electricity market. This phenomenon is referred to as network congestion [3]. Network
congestion occurs when network lines are overloaded. The occurrence of congestion and
surplus in power system operation alters locational marginal prices (LMPs) and leads to
user dissatisfaction. The LMP not only provides price signals to producers, consumers, and
regulators but also investment signals for investors. Problems such as network congestion
brought about by high DG penetration in the system can lead to unbalanced distribution
of LMPs, rising LMPs in some regions, and higher electricity costs for users. One of the
solutions is to use a distributed energy storage system (DESS) as a flexible source. To
build a reasonable connection, price plays a crucial role in ensuring that individuals with
lower incomes have access to the same power services as those with higher incomes,
thereby promoting an equitable distribution of power resources. The connection between
LMPs can impact both the electricity consumption patterns of users and the revenue of
grid enterprises, thereby influencing overall social welfare. Thus, FIDs, like DESSs and
SOPs, play a significant role in maximizing social welfare and enhancing the flexibility of
an ADN.

The ADN flexible interconnection scheme utilizes FIDs, predominantly composed
of intelligent soft open points (SOPs), replacing conventional tie switches, to achieve
flexible closed-loop operation, effectively addressing issues such as feeder load imbalance
and voltage over-limit resulting from high integration of DERs [4]. Meanwhile, due to
the isolation on the DC side and power control provided by SOPs, it can independently
and continuously regulate real and reactive power on both ends of the feeder in real
time, dynamically balancing line loads and optimizing voltage distribution. This not only
enhances the active regulation capability of the distribution network but also contributes
to enhancing the operational flexibility of the network, achieving load balancing within
connected network feeders, and optimizing the available configuration.

The application of SOPs enhance the controllability and flexibility of the traditional
distribution network. Coupled with DESSs, SOPs can work as a reserve source to decrease
the fluctuation of distributed generation power, reduce the over-limit situation and price
gap between different nodes, maximize social welfare, and enhance user satisfaction. The
combined utilization of DESSs and SOPs not only enhances the spatial-scale capability for
power flow distribution but also addresses the issue of energy supply-demand imbalance
at a temporal scale [5]. Since SOP functionality relies on fully controllable power electronic
devices, its configuration and maintenance costs are relatively high. To resolve the large-
scale integration challenges posed by high-penetration DG, it is crucial to strategically
coordinate the planning of DESSs and SOPs. This entails designing a coordinated plan that
maximizes the advantages of multiple resources while balancing the economic and flexible
aspects of the distribution network.

Several studies have investigated the benefits of integrating SOPs and energy stor-
age systems (DESSs) to improve the performance of distribution networks in steady-state
conditions [6]. Through diverse optimization approaches, these publications have show-
cased enhancements in voltage management, decreased network losses, and elevated
penetration of distributed generation. References [6,7] focused on optimizing SOP de-
ployment at different levels of renewable penetration, achieving multi-objective improve-
ments in voltage profile and power loss reduction. Additionally, reference [8] proposed
a model for the optimal configuration of ESSs, incorporating coordinated scheduling of
flexible resources, which has been developed based on the conditional value at risk theory.
Reference [9] considered the supplementary effect of building thermal storage, the objective
of which is to minimize the investment and operating costs of SOPs and intermittent DG,
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employing robust optimization methods for solving the problem. Other works, like [10],
proposed an optimization method for the operation of a distribution network based on the
joint integration of ESSs and SOPs. Other studies [11], based on the flexibility of the distri-
bution network, propose a flexible assessment model to quantify the benefits of integrating
SOPs into ADNs.

Further investigations [12–14] addressed SOPs’ role in network reconfiguration, in-
troduced robust optimization models for minimizing voltage violations and power losses,
and network topology change strategies for determining optimal DG placement in ADNs
while regulating SOP operation. Many previous studies assumed a fixed number and
predetermined installation sites for DESSs and SOPs, potentially limiting optimal network
operation. Additionally, a bi-level model in [15] coordinated DGs, capacitor banks, and
SOPs while simultaneously allocating SOPs and distributed generations for optimal distri-
bution network operation. It is crucial to note various methods for solving siting and sizing
optimization problems, including analytical techniques, artificial intelligence algorithms,
and classical optimization techniques.

The LMP of each node is determined by the equilibrium between supply and demand.
Several studies considered maximizing social welfare in decentralized market trading
strategies. Investigations like [16] demonstrate the maximization of social welfare for
residential households through peer-to-peer trading, facilitated by accepted negotiations
between buyers and sellers. In reference [17], a two-stage centralized model based on
LMP aims to maximize social welfare. This model is compared across two market clearing
categories, taking into account wind farms, elastic loads, and conventional power units.

However, there is limited research on integrating the maximization of social welfare
within the constraints of distribution network operations to construct optimization plan-
ning models for power systems. For the typical scenarios generated, this paper proposes a
hierarchical model to evaluate the cost-effectiveness of the overall distribution network.
This model determines the coordinated configuration of DESSs and SOPs based on eco-
nomic indicators. Integrating social welfare maximization under network constraints, the
flexible interconnection ability, and the high investment cost of SOPs compared to TSs and
DESSs are determinant factors. Considering the temporal and spatial regulation character-
istics of SOPs with DESSs, the upper and middle levels were set for the minimization of
the comprehensive investment cost with DESS configuration and the minimization of the
annual comprehensive operation cost of ADNs with SOP configurations, respectively. The
lower level aims to optimize the operation scenario with social welfare maximization. This
study has been conducted annually, taking into account various wind–solar joint genera-
tion scenarios. The problem has been addressed with a hybrid optimization algorithm of
simulated annealing second-order programming (SA-SOCP) for the modified IEEE 33-bus
system. The contributions of this paper can be summarized as follows:

• A proposal for a configuration model integrating the complementary characteristics of
different kinds of DGs with DESSs and SOPs and applying them to optimal operation
management of ADNs. Integrating the simultaneous regulation characteristics of
DESSs and SOPs, this paper proposes a three-level model to find a flexible resource
planning solution that maximizes overall social welfare while meeting the requirement
of minimizing the comprehensive costs and reducing disparities in LMPs.

• Introducing social welfare as a planning indicator to reflect the effectiveness of the
proposed model. Thus, to address the increased model size and computational time of
the coordinated configuration problem, the scenario generation method is employed to
resolve the uncertainties of DGs. By using the second-order cone programming (SOCP)
approach, the mixed-integer nonlinear programming (MINLP) model is converted
into a mixed-integer second-order cone programming (MISOCP) model, with the
SA-SOCP applied for planning solutions.

The remaining sections of this paper are organized as follows: Section 2 analyzes the
characteristics of DGs and generates typical scenarios for the planning model. Section 3
introduces the locational marginal price concept. Section 4 establishes a three-level configu-
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ration model for SOPs and DESSs. Section 5 introduces the SOCP method and the structure
of the hybrid optimization method. Section 6 demonstrates the effectiveness and validity
of the model.

2. Typical Scenario Generation Considering DG Uncertainty and Correlation

In ADNs, a large number of wind turbines and photovoltaic panels are integrated,
exhibiting stochastic, intermittent, and uncertain operational characteristics. Additionally,
there is a correlation among DG outputs in the distribution network region. Apart from
affecting the marginal electricity prices at different time nodes in the region, this also
significantly impacts distribution network planning and operating issues. To ensure the
feasibility of the flexible interconnection device optimal configuration method, which
considers social welfare and equivalent annual cost, it is imperative to take into account the
randomness and correlation of distributed generation output during both the planning and
operational phases. The objective of this section is to calculate the LMP and annual cost of
the planning model based on typical daily wind and solar output curves. The time scale
of wind speed and sunlight intensity sequences is considered using a scenario generation
approach that combines kernel density estimation and copula functions.

The power flow problem’s decision variables are impacted by the diverse power
injection values originating from DGs. According to statistical experience, wind speed
follows a Weibull distribution, while sunlight intensity follows a Beta distribution [18].
Then, the power generation values of DG can be obtained by Formulas (1) and (2) as Pw
and PP, respectively:

Pw =


0 v < vc,in

w or v > vc,out
w

(v − vc,in
w )Pr

w/
(

vr
w − vc,in

w

)
vc,in

w ≤ v < vr
w

Pr
w vr

w ≤ v < vc,out
w

(1)

PP = SAη (2)

where P is the injected power of DGs, vr
w and vc,out

w denote the cut-in, rated, and cut-out
wind speed, respectively. S is the actual solar intensity, A and η are the effective area and
photoelectric conversion rate of photovoltaic panels, respectively.

When using kernel density estimation, the calculation involves analyzing the distances
of each point within the x neighborhood to x. This analysis helps determine the proximity
of each point to x, thereby establishing the contribution of these points to the estimated
value of the probability density function f̂ (x).

f̂ (x) =
1

nh

n

∑
i=1

K
(

x − Xi
h

)
(3)

where n is the sample size, h represents the bandwidth, and K(x) represents the kernel
function. Xi represents independently and identically distributed samples from X.

Utilizing historical wind and solar output data (hourly data) as a foundation, the
initial step involves employing kernel density estimation with commonly used Gaussian
kernel functions to generate probability density functions for the wind and solar outputs
during each period within 24 h. Subsequently, accounting for the correlation between wind
and solar, a joint probability distribution function for the wind and solar outputs during
each period is established based on copula theory [19].

F(x1, x2, · · · , xn) = C
(

FX1(x1), FX2(x2), · · · , FXn(xn)
)

(4)

where n is the variable number and FXi(xi)(i = 1, 2, . . . , n) denotes the marginal distribu-
tion function of a single variable. C is the copula linking function. F(x1, x2, · · · , xn) is the
joint distribution function of variables.
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U and V represent the output of correlated wind power and photovoltaic power
stations, respectively. (u1, v1) and (u2, v2) are any two observed output sample val-
ues of their joint output (U, V), and these two values are mutually independent. If
(u1, v1) ∗ (u2, v2) > 0, it is termed that (u1, v1) and (u2, v2) exhibit consistency.

The Frank copula, as noted in [19], accommodates both non-negative and negatively
correlated relationships between variables. Given the observed negative complementary
relationship between wind and solar, the Frank copula function is introduced to depict the
correlation between wind and solar.

Utilizing the maximum likelihood estimation method for the parameter θ, the expres-
sion for the joint distribution function is as follows:

C(u, v) = 3.51 ln
[
1 − 4.03

(
e−0.28u − 1

)(
e−0.28v − 1

)]
(5)

Finally, sampling is performed on the joint probability distribution functions for each
period. The results of the sampling, along with the inverse transformation of the joint
probability distribution functions for wind and solar, yield the sampled outputs for wind
turbines and photovoltaics for each period. This process ultimately generates typical daily
curves that consider both the correlation and randomness of wind and solar outputs. The
scenario generation steps are illustrated in Figure 1.
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The traditional clustering methods, such as K-means, have the advantages of being
simple and efficient, but the initial clustering centers and the number of clustering centers
can significantly influence the clustering results [20]. In the realm of scenario generation,
the optimal method based on the enhanced kernel K-means algorithm for scenario reduc-
tion has been applied to identify the power distribution points and their corresponding
probabilities for wind and photovoltaic power generation [21]. The optimal joint scenarios
for wind–solar generation are thus obtained. To balance the relevance and similarity in
scenario data, the reduction objective function is formulated by considering both spatial
properties and random features in a bidirectional manner,

min
{

Closs(Ω, Ω̃) + ∆C(Ω, Ω̃)− Cdis(Ω̃)
}

(6)

where Closs and Cdis denote the correlation loss metric, probability similarity metric, and
distance metric of the scenario sets, respectively.
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3. Locational Marginal Price Concept

Scenario generation for typical daily DG output based on the aforementioned method
serves not only for calculating the annualized costs in the system planning model but also
facilitates the computation of marginal electricity prices at system nodes. This, in turn,
allows the setting of the objective of maximizing social welfare at the operational layer of
the model.

Locational marginal price, as the Lagrangian multiplier, depends on the active power
of the transmission lines, represented as LMPs,i,t for the energy consumption of node i
at time t of scenario s, and can be determined by employing the Karush–Kuhn–Tucker
(KKT) condition [22]. It is determined based on the actual value of active power on the
transmission line. LMP is described as the following equations:

LMPs,i,t = LMPEnergy
s,i,t + LMPLoss

s,i,t + LMPCongestion
s,i,t

LMPs,i,t = λ + λ
∂pLoss

∂pNet +
NL
∑

l=1
µ

∂pFlow
l

∂pNet

(7)

The LMP serves as an indicator reflecting the spatiotemporal characteristics of elec-
tricity supply and demand. It seamlessly integrates generators, DGs, various types of
loads, and network parameters across different locations. LMP differences and unused
transmission capacity between nodes may prompt entities serving areas with oversupply
to export excess production to other nodes, and vice versa. Power scheduling in this model
reflects both the DG capacity and the constraints of transmission lines in the grid. The LMP
is more effective than uniform pricing in limiting the exercise of local market power. When
meeting the balance of LMPs in the distribution network, the cost of electricity consumption
is minimized within the constraints of network transmission. From the perspective of social
welfare equilibrium, a coordinated configuration model is conducted.

4. Problem Formulation

A DESS, as a nodal flexibility resource, dynamically adjusts power magnitude and
direction, providing temporal flexibility for the operation of ADNs within a certain area.
As the scale of the distribution network expands, the impact of network losses on energy
transmission becomes significant. Therefore, the influence of energy storage configuration
at individual nodes on the operating costs of distribution networks for different user zones
is limited. Hence, the configuration of node-based energy storage resources is considered
the upper-level model to minimize the comprehensive investment cost of the ESS. This
aims to determine the location and capacity of the DESS to meet the flexibility requirements
arising from local DGs. The outcomes regarding the DESS’s location and capacity are then
communicated to the middle and lower levels.

An SOP, as a network-based resource, can serve as a transmission bridge, enabling the
flexible power transfer between feeders by coordinating various types of DERs. It facilitates
cross-zone energy mutual assistance, further amplifying the role of node-based resources.
Thus, the middle- and lower-level models serve as optimization sub-problems focused on
enhancing the social welfare of the distribution network’s operation. They are designed to
obtain the position and capacity of SOPs, along with the optimal operational strategies for
the distribution network under different scenarios. In particular, the middle-level model,
based on the DESS configuration provided by the upper level, optimally configures SOPs
to minimize the annual comprehensive operating cost of the distribution network for each
scenario. The lower level seeks the optimal operational approach for each scenario given a
predetermined network structure, considering distribution network power losses, injection
power from the higher-level grid, and SOP transmission power. The optimized results are
then communicated to the upper level, completing the feedback loop in the overall system.

The joint introduction of DESSs and SOPs effectively addresses the flexibility of the
supply–demand balance, ensuring the achievement of goals such as renewable energy
integration and optimal power flow operation. This, in turn, maximizes social welfare.
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4.1. Modelling of SOPs

SOPs facilitate the normalization of flexible connections between feeders, replacing the
traditional bus-tie switch for feeder interconnection. They provide reactive power support
and flexible control over the active power transfer between feeders, enabling power sharing.
This paper focuses on optimizing the siting and sizing of SOPs using a back-to-back voltage
source converter (BTB-VSC) as an example, as illustrated in Figure 2.
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4.2. Optimal Three-Level Coordinated Planning Model for a DESS and SOPs in an ADN
4.2.1. Upper-Level Objective Function

The upper-level model minimizes the comprehensive investment cost of DESS as its
objective. The objective function CUP primarily encompasses the annualized investment
cost CDESS

inv and annual operation cost CDESS
ope for the ESS devices to be planned in the ADN.

min CUP = CDESS
inv + CDESS

ope (8)

CDESS
inv =

λ(1 + λ)yDESS

(1 + λ)yDESS − 1 ∑
i∈ΩDESS

(
ceEDESS

i + cpPDESS
i

)
(9)

CDESS
ope =

T

∑
t=1

S

∑
s=1

∑
i∈ΩDESS

ηDESS

∣∣∣PDESS
i,t

∣∣∣ (10)

where CDESS
inv represents the annual investment cost of a DESS; CDESS

ope is the operational
maintenance cost of a DESS; λ is the discount rate; yDESS is the useful life of an ESS; ΩDESS
is set of nodes where DESSs are installed; ce and cp denote the unit capacity and unit power
investment costs of a DESS, respectively; S is the number of scenarios; PDESS

i,min , PDESS
i,max are

the lower and upper bounds of the planned rated power of a DESS, respectively; EDESS
i,max is

the upper limit of the planned rated capacity of the DESSs; ηDESS is the annual operational
maintenance cost of a DESS; PDESS

i,t represents the charging/discharging power of a DESS
at node i during the period t.

The DESS operation process is subject to the following constraints that describe the
physical limits of a DESS [23]. Considering the incoming power direction as the positive
direction, this model describes the energy transition and charging/discharging state of
the DESS:

SDESS
i,t+1 = SDESS

i,t −
ηcPDESS

i,t,c ∆t

EDS
i

−
PDESS

i,t,d ∆t

ηdEDS
i

(11)

−PDESS
i,c,max ⩽ PDESS

i,t,c ⩽ 0 , 0 ⩽ PDESS
i, t,d ⩽ PDESS

i, d,max (12)

PDESS
i,t,c PDESS

i,t, d = 0 , SDS
i,min ⩽ SDS

t,i ⩽ SDS
i,max (13)
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{
PDESS

i,min ⩽ PDESS
i ⩽ PDESS

i,max
EDESS

i,min ⩽ EDESS
i ⩽ EDESS

i,max
(14)

where i is the node number where the DESS is installed in the and; representing the duration
of each interval, ∆t is an hour; EDESS

i and SDESS
i,t represent the rated capacity and state of

charge for the DESS at node i and time t, respectively; PDESS
i,t,c , PDESS

i,t,d , PDESS
i,c,max, and PDESS

i, d,max
denote the charging, discharging, maximum charging, and maximum discharging power
of the DESS, respectively. ηc and ηd represent the charging and discharging efficiency of
the DESS. SDS

t,i represents the limits of the DESS state of charge.

4.2.2. Middle-Level Objective Function

The upper-level model transmits the location and capacity of the ESS to the middle-
level model. The middle-level model minimizes the annual comprehensive operating cost
of the distribution network, containing the investment cost CSOP

inv and operation cost CSOP
ope ,

plus the loss cost Cnet
loss and electricity purchasing cost Cnet

buy, and performs site selection and
capacity planning problems for SOPs.

min Cmiddle = CSOP
inv + CSOP

ope + Cnet
buy + Cnet

loss (15)

CSOP
inv =

λ(1 + λ)ySOP

(1 + λ)ySOP − 1

N

∑
i=1

∑
j⊂Ω(i)

cmCAPSOP
ij (16)

CSOP
ope = ηSOP

N

∑
i=1

∑
j⊂Ω(i)

cm ∗ CAPSOP
ij (17)

Cnet
loss = ct

S

∑
s=1

{
N

∑
i=1

N

∑
j=1

[
rij I2

s,ij + Ai,SOP

∣∣∣PSOP
i,t

∣∣∣]} (18)

Cnet
buy = 365

T

∑
t=1

S

∑
s=1

N

∑
i=1

LMPs,i,tPnet (19)

where Ω(i) represents the set of all nodes adjacent to node i. cm and CAPSOP
ij denote

the unit capacity cost of the SOP and installed capacity of the SOP; ηSOP is the annual
operation and maintenance cost coefficient of the SOP. rij I2

s,ij represents the network loss

power of branch ij in scenario s. PSOP
i,t is the power transmission of the SOP. Ai,SOP is the

loss coefficient of the SOP. LMPs,i,t is the LMP of node i in scenario s.
The decision variables contain the active and reactive power transmission through a

SOP, considering its converters. The aggregate of active powers delivered by the converters,
along with their internal power losses, must balance to zero across diverse scenarios of
renewable generation and loading conditions [24]. The constraints of the middle-level
model are organized as follows:

PSOP
i,t + PSOP

j,t + µloss
i

∣∣∣PSOP
i,t

∣∣∣+ µloss
j

∣∣∣PSOP
j,t

∣∣∣ = 0 (20)

PSOP
loss,ij = Ai,SOP(

√
(PSOP

i,t )
2
+ (QSOP

i,t )
2
+

√
(PSOP

j,t )
2
+ (QSOP

j,t )
2
) (21)√

(PSOP
i,t )

2
+ (QSOP

i,t )
2 ≤ SSOP

ij (22)√
(PSOP

j,t )
2
+ (QSOP

j,t )
2 ≤ SSOP

ij (23)

where SSOP
ij represents the SOP capacity connected between nodes i and j; PSOP

i,t , PSOP
j,t ,

QSOP
i,t , and QSOP

j,t are the active and reactive power outputs of the SOP, with positive values
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indicating injection into the grid; PSOP
loss,ij represents the device losses of the SOP, Ai,SOP is

the loss coefficient for the SOP.

4.2.3. Lower-Level Objective Function

The flexible interconnection within the ADN, facilitated by a DESS and SOPs plays
a significant role in social welfare maximization by efficiently managing electricity con-
sumption. It is beneficial for both distribution network operators and community users.
The main purpose of this stage is to maximize the social welfare of the whole system in
the presence of DG, DESS, and SOPs. The relevant objective function is composed of the
producer’s net profit and the net benefit to consumers [25]. The mathematical framework
for social welfare is constructed as

maxClower =
S

∑
s=1

N

∑
i=1

T

∑
t=1



NG
∑

i=1

(
PGen

s,i,t × LMPs,i,t

)
+

NDG
∑

i=1

(
PDG

s,i,t × LMPs,i,t

)
+

NS
∑

i=1

(
PSOP

s,i,t × LMPs,i,t

)
−
(

PLoad
s,i,t × LMPs,i,t

)
−

ND
∑

i=1
(PDESS

s,i,t × LMPs,i,t)


(24)

where pLoad
s,i,t , pSOP

s,i,t , and pDESS
s,i,t denote the power demand of load and power injected by

the SOP and DESS at node i in scenario s at time t.
Besides the constraints of the operation of the DESS and SOP shown in

Equations (11)–(14) and (20)–(23), the branch flow model is used to describe power
flow between connected feeders [26]. Specifically, the lower-level model must also meet
the power flow constraints in Equations (25) and (26), power balance constraints in
Equations (27) and (28), and operational safety constraints in Equation (29),

Pi,t = ∑
j∈Ω(i)

Vi,tVj,t
(
Gij cos θij,t + Bij sin θij,t

)
+ GiiV2

i,t

= PDG
i,t + PSOP

i,t − PLoad
i,t + PDESS

i,t

(25)

Qi,t = ∑
j∈ψ(i)

Vi,tVj,t
(
Gij sin θij,t − Bij cos θij,t

)
− BiiV2

i,t

= QDG
i,t + QSOP

i,t + QLoad
i,t + QDESS

i,t

(26)

V2
s,i +

(
r2

ij + x2
ij

)
I2
s,ij = V2

s,j + 2
(
rijPs,ij + xijQs,ij

)
(27)

V2
s,i I

2
s,ij = P2

s,ij + Q2
s,ij (28)

N

∑
i=1

Vmin
s,i ≤

N

∑
i=1

Vs,i ≤
N

∑
i=1

Vmax
s,i (29)

where Ω(i) denotes the set of nodes connected to node i; Pi,t and Qi,t represent the active
and reactive power injections of node i, respectively; θij,t is the phase angle difference in
scene s, node i; Vj(s) is the voltage amplitude difference in scene s, node i. PLoad

i,t is the
active power of load at node i; PDG

i,t , PSOP
i,t , and PDESS

i,t denote the active power transmitted
by the DG, SOP, and DESS at node i; Vs,i is the current amplitude of scene s, node i; Is,ij is
the maximum limit of the current.

Locational marginal price, denoted as LMPs,i,t for each node i consuming energy in
scenario s, time t, is determined using the Karush–Kuhn–Tucker condition. The active
power balance of the model is organized as follows to calculate the LMP:

PGEN
t + ∑

i∈ΩDG

PDG
i,t + ∑

i∈ΩDESS

PDESS
i,t + ∑

i∈Ωsop

PSOP
i,t = ∑

i∈Ωlad

Pload
i,t + ∑

i∈Ωb

Ploss
i,j,t (30)
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In detail, gi(·) represents the linear constraints (30) and li(·) represents the inequality
constraints of (14), (22), and (23). They are utilized to calculate the Lagrange coefficients
associated with electricity price.

L(α∗, β∗) =
T

∑
t=1

ctPi,t +
m

∑
i

α∗ · gi(·) +
n

∑
i

β∗ · li(·) (31)

where ct denotes the electricity price of generator at time period t.
Then, taking the first-order derivation of (30) as zero, coefficient parameters α∗ and β∗

are obtained, confirming the existence of an optimal solution for the proposed problem.
Following the locational marginal price principle, LMP is then obtained by applying the
first-order derivative of the cost objective function to the energy consumption at equilibrium.
More mathematical descriptions can be found in [22].

5. Hybrid Algorithm Based on SA-SOCP

The coordinated optimal siting and sizing of SOPs with distributed energy stor-
age systems (DESSs) pose a large-scale mixed-integer nonlinear programming (MINLP)
problem [26]. Due to the stochastic operation scenarios of renewable generation and
power flow constraints, the optimization model becomes intricate, making it challenging
to obtain the optimal global solution using a single artificial intelligence algorithm or
optimization algorithm.

To decouple the integer variables in the upper- and middle-level models from the
continuous variables in the lower-level model, a simulated annealing second-order cone
programming (SA-SOCP) hybrid optimization algorithm is used. Specifically, the simulated
annealing algorithm is utilized to obtain the optimal sites and sizes for the DESSs and SOPs
in the upper and middle layers. In each iteration of the simulated annealing algorithm, a
mixed-integer second-order cone programming (MISOCP) approach is employed to solve
the optimization of the social welfare problem for ADNs under different scenarios.

SOCP is a convex optimization method designed to address minimum linear objective
functions within a feasible region. The standard form is shown as follows [27]:

min
{

cTx | Ax = B, x ∈ K
}

(32)

where x denotes the dimension decision variables, cT and B denote constant vectors, while
A is the matrix, The convex cone K is the Cartesian product of a limited nonempty pointed
convex cone, commonly expressed using either a quadratic cone (33) or a rotated quadratic
cone (34).

K =

x ∈ Rn : x1 ⩾

√√√√ n

∑
j=2

x2
j , x1 ⩾ 0

 (33)

K =

{
x ∈ Rn : 2x1x2 ⩾

n

∑
j=3

x2
j , x1, x2 ⩾ 0

}
(34)

In the lower-layer model, due to the nonlinearity of the power flow Equations (27)
and (28), the physical constraints of SOPs in Equations (22) and (23), as well as the absolute
variables

∣∣∣PSOP
i,t

∣∣∣ and
∣∣∣PSOP

j,t

∣∣∣ in Equations (18) and (20), substitution and convex relaxation
methods are employed to transform them into a form that satisfies the second-order cone
structure, as shown below.

For the absolute value
∣∣∣PSOP

i,t

∣∣∣, ∣∣∣PSOP
j,t

∣∣∣ in Equation (20), auxiliary variables MSOP
i,t ,

MSOP
j,t are introduced to linearize them, as shown in Equations (35)–(37). The absolute
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value
∣∣∣PDESS

i,t

∣∣∣ in Equation (10), which pertains to power transmission through a DESS, is

relaxed by introducing auxiliary variables MDESS
i,t in a similar manner.

MSOP
i,t ⩾ 0, MSOP

j,t ⩾ 0 (35)

MSOP
j,t ⩾ PSOP

j,t , MSOP
j,t ⩾ −PSOP

j,t (36)

MSOP
i,t ⩾ PSOP

i,t , MSOP
i,t ⩾ −PSOP

i,t (37)

Nonlinear constraints (27) can be relaxed into quadratic cones (38) after linearizing.
By transforming the equality constraint (27) to the inequality constraint (38), GAP is
introduced to assess the accuracy of the convex relaxation, as shown (39). When the gap
value is sufficiently small, the convex cone relaxation can be considered accurate for model
conversion. More mathematical proofs can be found in [26].∥∥∥∥[2Ps,ij,t2Qs,ij,t Is,ij,t − V2

s,i,t

]T
∥∥∥∥

2
≤ Is,ij,t + Vs,i,t (38)

GAP =

∥∥∥∥∥Is,ij,t −
(

Ps,ij,t
)2

+
(
Qs,ij,t

)2

Vs,i,t

∥∥∥∥∥
∞

(39)

The capacity constraints of SOPs in (22) and (23) are transformed into rotated quadratic
cone constraints, as shown

(
PSOP

i,t

)2
+
(

QSOP
i,t

)2
≤ 2

(
sSOP

ij√
2

)(
SSOP

ij√
2

)
, ∀(ij) ∈ ΩSOP (40)

(
PSOP

j,t

)2
+
(

QSOP
j,t

)2
≤ 2

(
SSOP

ij√
2

)(
sSOP

ij√
2

)
∀(ij) ∈ ΩSOP (41)

After conic transformation, the MISOCP model to determine the joint planning model
for DESSs and SOPs is formulated, considering social welfare maximization and annual
operation cost. The model can be solved by using SA-SOCP, and the flow is shown
in Figure 3. The upper-level model minimizes the DESS investment costs through DESS
planning, communicating results to the middle and lower levels. The middle level optimizes
SOPs for social welfare, considering the DESS configuration. The lower level maximizes
social welfare, optimizing operational plans and sharing results with the upper level. The
joint introduction of DESSs and SOPs maximizes social welfare by balancing flexibility in
supply–demand for optimal power flow and renewable energy integration. The structure
of the SA-SOCP algorithm is shown in Figure 3.
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6. Case Study

This study validates the effectiveness of the proposed coordinated planning model
of SOPs and DESSs using the modified IEEE 33-node test case. The system structure
is illustrated in Figure 4, with a rated voltage of 12.66 kV. The details of the branch
impedance parameters are in reference [28]. The optimization model derived is imple-
mented in the YALMIP optimization toolbox using MATLAB R2016a and solved with the
GUROBI optimizer.

6.1. Modified IEEE 33-Node System

To validate the improvement in voltage violations and the enhancement of social
welfare brought about by the coordinated planning model of DESSs and SOPs in the
context of high DG penetration in the distribution network, three wind turbines (WT) and
two photovoltaic (PV) sources are integrated into the distribution system. The installation
locations for the wind turbines are nodes 7, 27, and 32, with capacities of 1200 kW, 800 kW,
and 600 kW, respectively. The PV sources are installed at nodes 13 and 22, with capacities
of 400 kW and 800 kW. The parameters of the studied SOP and DESS model are shown in
Table A1. The user load data and their distribution are presented in reference [29]. The
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distribution network is divided into four clusters using the cluster division method in
reference [29], so that the installation areas for DESSs and SOPs can be preselected suitably.
This ensures that a single SOP is installed between clusters, and there are five candidate tie
switches for SOP installation. One DESS device is configured within one cluster.
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The study evaluates the optimal coordinated planning of SOPs and DESSs in the
modified IEEE 33-node systems illustrated in Figure 4. The candidate user clusters in
all schemes are shown in Figure 4. The evaluation considers various schemes, including
renewable generation scenarios depicted in Figure 5.
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Figure 5. (a) Generation of WT output scenarios; (b) generation of WT output scenarios.

6.2. Results and Analysis
6.2.1. Typical Scenario Generation

Based on the annual wind speed and solar historical hourly distribution data for
a specific location [19], and applying the methodology outlined in Section 2, the scene
number was set to S = 500 to consider both scene accuracy and computational efficiency. The
resulting representative scene of DG output (normalized) for 24 time periods is presented
in Figure 5.

Employing the enhanced kernel K-means algorithm for scene reduction based on
the joint distribution scenarios for each period, five typical scenarios for wind turbine
(WT) and photovoltaic (PV) output were generated. The moment distribution of the
output (normalized) for a unit capacity distributed generation (DG) unit is illustrated in
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Figures 6 and 7, combining to form a set of uncertain operating scenarios. Wind and solar
power generation trends are characterized by their intermittent and fluctuating nature.
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This study has been conducted annually, taking into account various wind–solar joint
generation scenarios. The possibility of each scenario is as follows: scene 1 (0.21), scene 2
(0.18), scene 3 (0.16), scene 4 (0.23), and scene 5 (0.22).

6.2.2. Comparison of the Economic Benefits of Different Planning Schemes

The schemes evaluated in this study are listed below, with the renewable generation
scenarios given in Figures 6 and 7. The configuration planning results are shown in
Tables 1 and 2.

• Scheme 1: Without network topology changing, without installing SOPs and DESSs;
• Scheme 2: Only considering the configuration of SOPs in an ADN;
• Scheme 3: Only considering the configuration of DESSs in an ADN;
• Scheme 4: Using the coordinated configuration method of SOPs with DESSs.
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Table 1. Cost comparison of different contents.

Scheme
Planning of
SOP/Node
(cap/kVA)

Planning of
DESS/Node
(Power/kW,
cap/kWh)

Annual Cost of
SOP/USD

Annual Cost of
DESS/USD

ADN
Operation
Cost/USD

Total Economic
Benefits/USD

1 — — — — — — — — 1,375,836 — —

2
8–21 (550),

18–33 (350),
25–29 (300)

— — 14,978 — — 1,087,325 288,511

3 — —

10 (300, 2000),
15 (200, 1400)
21 (200, 1400),
24 (300, 1600)

— — 70,419 1,138,465 237,371

4
8–21 (350),

18–33 (300),
25–29 (200)

10 (200, 1100),
15 (200, 1200)
21 (100, 800),
24 (300, 1400)

9153 46,254 1,060,077 315,759

Table 2. Cost comparison of different contents.

Scheme CSOP
inv /USD CSOP

ope /USD CDESS
inv /USD CDESS

ope /USD Cnet
loss/USD Social Welfare/USD

1 — — — — — — — — 38,492 864
2 9357 5621 — — — — 14,857 1095
3 — — — — 64,812 5426 24,756 975
4 6211 2942 43,025 3229 19,514 1275

These planning schemes are designed to evaluate the economic feasibility, operational
efficiency, and social welfare impact of integrating SOPs and DESSs into a distribution
network. The joint introduction of these elements is expected to provide flexibility, optimize
power flow operations, and maximize overall social welfare.

In Schemes 2 and 4, all sectionalized areas and tie switches are considered candidate
locations for the configuration of SOPs and DESSs, and power injection from DERs into the
node is in the positive direction.

Comparing Scheme 1 with the other three configurations in Table 1 reveals that
combining flexible resources in the distribution network significantly enhances its economic
viability. In Scheme 3, where DESSs serve as a foundational node-based network resource,
it boosts DG utilization and demonstrates good economic efficiency. In contrast, Scheme
2 features SOPs as a network-based flexible resource, establishing transmission channels
between nodes for more flexible bidirectional power transfer. With a smaller annualized cost
(USD 14,978) compared to that of a DESS (USD 70,412), Scheme 2 exhibits superior economic
benefits (USD 288,511), which is 21.54% higher than Scheme 3. Scheme 4 validates that
the coordinated deployment of DESSs and SOPs in ADNs effectively improves economic
efficiency, highlighting the economic advantages of their coordinated planning (USD
315,757). According to Table 2, while the standalone installation cost of a DESS is high,
its coordinated planning with SOPs significantly reduces network loss costs, enhancing
overall economic viability.

6.2.3. Analysis of the Economic Factors of a Coordinated Configuration Plan

The social welfare under the four optimization schemes is illustrated in Table 2. The
average social welfare under the joint optimization of SOPs and DESSs is USD 1275,
representing a significant improvement over the original distribution network structure
at USD 864 (47.5%). While a single energy storage configuration scheme can enhance
social welfare to some extent at USD 975 (12.8%), the characteristics of node-based flexible
resources limit their impact on the partitioned distribution network zones. In contrast,
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SOPs’ ability to establish flexible interconnections between ADN clusters allows for the
integration of social welfare resources across zones, resulting in a substantial improvement
in social welfare.

LMP distribution across three planning schemes in a common scenario is analyzed in
Figure 8. Nighttime periods, characterized by low DG unit output and peak user loads,
result in elevated LMP at 53.3 USD/MWh. The comparison of LMP distribution under dif-
ferent schemes highlights the positive influence of flexible resource allocation on mitigating
distribution disparities and improving user satisfaction. In Scheme 3, the inclusion of a
DESS diversifies the system’s price distribution, lowering peak electricity prices. However,
its impact is limited as it can only affect specific user areas without establishing flexible
connections between network clusters. Scheme 4, incorporating multiple flexible resources,
significantly enhances LMP management capabilities. The coordinated planning in this
scheme has demonstrated favorable outcomes in system management, affecting electricity
prices during low-demand periods. This contributes to the overall economic efficiency of
the system, maximizing social welfare and further reducing peak-to-off-peak differentials
from 53.3 USD/MWh to 41.2 USD/MWh.
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6.2.4. Analysis of Benefits from Coordinated Configuration of Flexible Resources

Comparing Scheme 1 and Scheme 4 in terms of the global voltage distribution under
the same scenario, the results in Figure 9 indicate that in (a), there are instances of voltage
exceedances, with voltage levels falling below the safety limit (normalized value of 0.95)
in some periods. Scheme 4, which combines both network-based and node-based flexible
resources, exhibits a more favorable global voltage distribution, all within safe limits. DESSs,
as a node-based flexible resource, have limited capacity to regulate voltage distribution.
SOPs, on the other hand, can independently control real and reactive power at both ends of
the feeder in real-time, dynamic, and continuous ways, further balancing line loads and
optimizing voltage distribution, contributing to the enhanced active regulation capability
of the whole distribution network.

6.3. Analysis of Solution Methods

The comparison of solution methods for planning models is outlined below in Table 3.
The proposed model in this paper was implemented in the Yalmip toolbox 2023 [30] with
MATLAB R2016a with Gurobi optimizer 10.0, which is widely used to solve second-order
cone problems and nonlinear programming problems. The computation was performed on
a PC equipped with an AMD Ryzen 7 4800H @2.90 GHz processor and 16 GB RAM.
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Table 3. Parameters of battery energy storage unit.

Planning Scheme Solution Method Time/s

1 Gurobi 48.1

2 SOCP with Gurobi 210.4

4
SA-SOCP with Gurobi 870.9

SOCP with Gurobi 1340.6

Considering the MINLP problem introduced by the configuration of SOPs, and com-
paring Schemes 1 and 2, it is evident that the SOCP method exhibits superiority in solving
MINLP problems. Additionally, comparing Schemes 2 and 4, the SA-SOCP hybrid al-
gorithm, while ensuring global optimality, shows limitations in significantly improving
computational speed. Introducing SA-SOCP to transform MINLP to the MISCOP model
has superiority on large-scale MINLP problems like coordinate siting and sizing planning
problems of flexible interconnection devices.

7. Conclusions

Given voltage fluctuations, over-limit situations, and load imbalance caused by high
penetration of DGs into a distribution network, this paper takes advantage of nodal flexible
resource DESSs and network flexible resource SOPs as planning objects in a three-level
configuration model, which takes the uncertainty of DG output into account. Adopting
a hybrid algorithm based on SA-SOCP to transform constraints and obtain a globally
optimized result, the cost-effectiveness and system operation benefits are evaluated.

After linearization and verification, the MISOCP model is constructed to moderate the
computation time. The results show that a coordinated configuration approach involving
DESSs and SOPs could not only optimize the distribution network currents and improve
the global voltage profile but also significantly reduce the annual energy loss of distribution
networks. Optimal installation of SOPs as network flexible objects simultaneously with the
optimal presence of DESSs led to an additional reduction in the ADN. The presence of a
DESS with SOPs in the network alone will reduce energy losses by 49.3% annually, while
individually planning the DESS reduces energy losses in networks by 34.9%. Thus, the
coordinated configuration method increases the controllability and flexibility, both spatial
and temporal, of the whole ADN.
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From a social welfare perspective, the proposed economic indicators better reflect the
planning schemes’ energy management capabilities, facilitating the development of more
rational, flexible device configurations. The coordinated presence of SOPs with a DESS can
increase the social welfare of the whole system by up to 47.5%. The scenario generation
method efficiently captures uncertainties in wind–solar joint output.

The coordinated configuration method addresses energy supply–demand imbalances
in space and time as well as increases user satisfaction. The results presented in this paper
not only offer a novel approach to configuring flexible devices but also hold practical
significance for the future planning and operation of distribution networks.Next, research
efforts will consider the introduction of a demand response model and a configuration plan
for DG investors to achieve social welfare maximization.
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Appendix A

The parameters of the studied SOP and DESS model are shown in Table A1.

Table A1. Parameters of SOP and DESS used in configuration model.

Parameters of SOP Value Parameters of DESS Value

Discount rate 0.08 DESS-rated
capacity, kWh [1000, 4000]

SOP economical
service life, year 20.00 DESS unit capital cost,

USD/kWh 70

SOP minimum
optimum

capacity, kVA
50.00 DESS-rated power

range, kW [200, 600]

SOP unit capital cost,
USD/kVA 200 DESS unit power cost,

USD/kW 140

SOP loss coefficient 0.02
DESS minimum

optimum
capacity, kWh

100

Coefficient of annual
operational cost 0.01 Charge and

discharge efficiency 0.95

Economical service
life, year 15
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