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Abstract: The car-following model (CEM) utilizes intelligent transportation systems to gather compre-
hensive vehicle travel information, enabling an accurate description of vehicle driving behavior. This
offers valuable insights for designing autonomous vehicles and making control decisions. A novel
extended CFM (ECFM) is proposed to accurately characterize the micro car-following behavior in
traffic flow, expanding the stable region and improving anti-interference capabilities. Linear stability
analysis of the ECFM using perturbation methods is conducted to determine its stable conditions.
The reductive perturbation method is used to comprehensively describe the nonlinear characteristics
of traffic flow by solving the triangular shock wave solution, described by the Burgers equation, in
the stable region, the solitary wave solution, described by the Korteweg-de Vries (KdV) equation, in
the metastable region, and the kink-antikink wave solution, described by the modified Korteweg—
de Vries (mKdV) equation, in the unstable region. These solutions depict different traffic density
waves. Theoretical analysis of linear stability and numerical simulation indicate that considering
both the lateral gap and the optimal velocity of the preceding vehicle, rather than only the lateral
gap as in the traditional CFM, expands the stable region of traffic flow, enhances the anti-interference
capability, and accelerates the dissipation speed of disturbances. By improving traffic flow stability
and reducing interference, the ECFM can decrease traffic congestion and idle time, leading to lower
fuel consumption and greenhouse gas emissions. Furthermore, the use of intelligent transportation
systems to optimize traffic control decisions supports a more efficient urban traffic management,
contributing to sustainable urban development.
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1. Introduction

The technology of autonomous driving is increasingly being integrated into modern
daily life due to its safety, accuracy, efficiency, and real-time performance. It offers a practical
and effective solution to address urban road congestion issues. Scholars are exploring
methods not only to alleviate traffic congestion at the macro level but also to develop
new approaches at the micro level. The car-following theory provides a microscopic
perspective on traffic flow characteristics, establishing a connection between the micro-
behavior of drivers and the macroscopic phenomena of traffic flow. It serves as a bridge
between the micro and the macro levels. The car-following model (CFM) is a fundamental
aspect in microscopic traffic flow theory. It quantifies the inherent connection between
the following vehicle and the surrounding vehicles, enabling an understanding of the
motion characteristics of traffic flow and revealing the underlying mechanisms of traffic
congestion phenomena [1]. The traditional CFM primarily focuses on the preceding vehicle
within the current lane. However, in real-world traffic environments, vehicles often deviate
from the lane centerline, and lane boundaries may be absent or unclear. Furthermore,
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with the advancements in autonomous driving technology and intelligent transportation
systems (ITSs), vehicles can gather multidimensional information about surrounding
vehicles, including the motion details of the preceding vehicle. By utilizing this information,
vehicles can simultaneously follow multiple cars instead of solely focusing on the preceding
vehicle in a single lane. This approach holds the potential to alleviate traffic congestion.
Consequently, it is necessary to extend the traditional CFM to describe the car-following
behavior in complex road traffic environments.

The CFM simulates the longitudinal displacement of traffic flow by describing the
driving behavior of vehicles [2]. Significant progress has been made in the research on
CFMs. Li et al. [3] incorporated the inter-vehicle distance into the full velocity difference
(FVD) model to enhance its adaptability to acceleration and deceleration conditions. Based
on the FVD model, Delpiano et al. [4] presented a two-dimensional CFM that addresses
traffic flow issues by using continuum lateral lengths, allowing for a more straightforward
and intuitive mathematical formulation compared to conventional CFMs. Li et al. [5]
expanded the CFM to include manual driving behaviors across various safety levels and
analyzed the road traffic flow within environments transitioning from manual to high-level
intelligent driving, accounting for different delays. Kuang et al. [6] introduced an improved
CEFM considering both the average velocity and the average expected velocity field effects
in a vehicle-to-vehicle (V2V) environment. Sun et al. [7] and Zhu et al. [8] included
the double headway in the optimal velocity function, presenting a CFM that accounts
for the positions of two preceding vehicles. Zong et al. [9] incorporated the velocity of
multiple front vehicles and a rear vehicle, along with the velocity difference, acceleration
difference, and headway between each front vehicle and the host vehicle, to mitigate
the impact of speed changes on traffic flow stability, enhance the operating efficiency of
autonomous vehicles, and improve the overall stability of traffic flow. Ma et al. [10] pointed
out that drivers observe the information of the following vehicle through the rearview
mirror and incorporated the optimal velocity of the following vehicle into the FVD model.
Cao et al. [11] considered the memory effect of headways and velocity differences in the
FVD model. Sun et al. [12] incorporated the effects of driver memory and the average
velocity of preceding vehicles into the FVD model. Zhai et al. [13] considered both timid
and aggressive driving behaviors and proposed an extended CFM (ECFM) based on the
optimal velocity (OV) model. Li et al. [14] developed a generalized CFM considering
heterogeneous time delays under fixed and switching communication topologies to capture
the realistic behaviors of connected and automated vehicles (CAVs), characterized by the
graph theory in the V2V communication environment. Despite the excellent performance
achieved by CFMs through extensive research, the aforementioned models assume that
vehicles travel along the centerline of the lane. However, in many practical situations,
vehicles are not always positioned along the centerline of the lane but exhibit lateral
gaps following a normal distribution [15]. The lateral gap between vehicles can impact
the stability of traffic flow. Thus, it is essential to incorporate the lateral gap of vehicles
into CFMs.

Some scholars incorporated lateral gaps into CFMs and verified that these gaps effec-
tively enhance the anti-interference capability and expand the stable region of traffic flow.
Considering the influence of lateral vehicles on the driving behavior, Liu et al. [16] proposed
two improved CFMs based on an optimal velocity model. Numerical simulation results show
that the lateral vehicles influence the stability of traffic flow. Jin et al. [17] proposed a CFM
for non-lane vehicles, considering the influence of lane width. Hadadi et al. [18] investigated
the physical and dynamic characteristics of drivers on an urban highway for each vehicle,
focusing on lateral gaps and the strength influence factor. Subsequently, they proposed an
expanded continuum model that does not rely on lane discipline. Kashyap et al. [19] pro-
posed two new variables, namely, the oblique spacing and the angle between the leader
and the follower, to establish a multivariate linear regression model for the velocity of the
follower in mixed traffic flow without lane discipline, considering both strict following and
lane-changing states. The results demonstrate that the oblique spacing and the angle between
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the leader and the follower significantly affect the behavior of the following vehicles. The
aforementioned studies effectively reduce the unstable region of traffic flow and mitigate
the impact of disturbances on traffic flow stability through the introduction of lateral gaps.
While considering only lateral gaps can effectively expand the stable region of traffic flow
and improve its anti-interference capability, the expansion of the stable region is limited.
Research results from References [7,8] demonstrate that considering the optimal velocity of the
preceding vehicle can also effectively improve traffic flow stability. Therefore, incorporating
both lateral gaps and the optimal velocity of the preceding vehicle into CFMs is expected to
further enhance the anti-interference capability and expand the stable region of traffic flow.

CFMs are pivotal in autonomous vehicle technology, serving as foundational systems
that promote safe and efficient driving. These models enable autonomous vehicles to
precisely predict and respond to the movements of preceding vehicles by dynamically
adjusting velocity and spacing [20,21]. By incorporating both lateral gaps and optimal
speeds, the ECFM allows autonomous vehicles to navigate more safely and efficiently in
dense urban environments. This is crucial for avoiding collisions and optimizing traffic flow
in multi-lane scenarios where lane boundaries may not be clearly defined. Consequently,
this reduces traffic accidents, minimizes injury and fatality rates, and lowers associated
societal and economic costs. Advanced driver assistance systems can integrate the ECFM
to provide real-time feedback to drivers [22]. This helps in maintaining safe distances and
optimal speeds, thereby reducing the likelihood of accidents caused by sudden braking
or lane changes. Additionally, this reduces the risk of accidents and enhances the driving
comfort. Furthermore, urban planners can use insights from the ECFM to design road
networks that accommodate both human-driven and autonomous vehicles [23,24]. This
includes optimizing the placement of lanes, intersections, and traffic signals to maximize
the traffic flow and minimize congestion. By improving traffic flow stability and reducing
interference, the ECFM can decrease traffic congestion and idle time, leading to lower fuel
consumption and reduced greenhouse gas emissions.

To obtain the aforementioned benefits, recent enhancements integrating artificial in-
telligence and diverse sensor inputs have significantly improved the adaptability and
accuracy of these models. As the field progresses, CFMs increasingly employ machine
learning to enhance the responsiveness to real-time traffic conditions and integrate with
vehicle-to-everything (V2X) communications to optimize the traffic flow [25,26]. For in-
stance, Qu et al. [27] developed a data-driven CFM based on CNN-BiLSTM-Attention
for CAVs, aimed at predicting trajectories by adapting the principles of traditional CFMs.
Similarly, Lin et al. [28] introduced an efficient safety-oriented CFM for CAVs that accounts
for the effects of discrete signals. Their findings suggest that the model maintains safety
and driving comfort, even in environments with high packet loss rates. Han et al. [29]
identified the adverse effects of heavy and new-energy vehicles on platoon stability, traffic
operation, fuel consumption, and exhaust emissions, offering insights into car-following
behaviors and traffic characteristics influenced by the type of the preceding vehicles in the
V2X context. Moreover, Peng et al. [30] proposed a novel coupled-map CFM to improve
traffic flow stability and reduce pollutant emissions. While these studies demonstrate the
integration of the CFM with intelligent vehicle systems enhancing vehicle safety, they stop
short of suggesting improvements to the CFM itself for creating an ECFM more suited to
autonomous vehicles.

To develop a traffic model that better withstands disturbances and enhances the
overall traffic efficiency, with significant implications for autonomous vehicle technology;, it
is essential to focus on creating an ECFM that more accurately predicts vehicle dynamics
and improves traffic flow stability. This study assumes that the ITS acquires information
on the lateral gap, optimal velocity, and velocity difference with respect to the preceding
vehicle. It introduces the ratio of the lateral gap to lane width as a determinant for the
car-following weight of the preceding vehicle. Subsequently, this study incorporates a
car-following coefficient based on the optimal velocity of the preceding vehicle into the
CFM and proposes an ECFM that simultaneously accounts for both lateral gap and optimal
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velocity. The stability conditions of the model are obtained by employing linear and
nonlinear stability analyses. Here, the triangular shock wave in the stable region is solved
using the Burgers equation. The kink—antikink wave in the metastable region is solved using
the modified Korteweg—de Vries (mKdV) equation, and the solitary wave in the unstable
region is solved using the Korteweg—de Vries (KdV) equation. Finally, the effectiveness of
the proposed ECFM is verified through simulations conducted under periodic boundary
conditions. The results demonstrate that the proposed ECFM can effectively enhance both
the anti-interference capability and the size of the stable region of traffic flow. The research
flow of this study is outlined in Figure 1, providing a visual representation of the various
stages of the investigation. The main contributions of this research can be summarized
as follows:

(1) Integrated Car-Following Weight: introducing the ratio of lateral gap to lane width as a
car-following weight enhances realism and facilitates adaptive headway adjustments.

(2) Expanded FVD Model: incorporating both lateral gap and optimal velocity of the
preceding vehicle into the FVD model reduces the critical headway, expands the stable
region, and improves traffic flow stability and efficiency.

(3) Cumulative Enhancement: simultaneously considering lateral gap and optimal ve-
locity synergistically enhances the traffic flow resistance to interference, reduces
disruptions, and boosts the overall traffic efficiency.

Problem definition and model establishment
1. Lateral gap.
[ * Proposal of ECFM 2. Velocity of preceding vehicle.

v

Theoretical analysis

[ e Linear stability analysis

1. Stable region.

[ ¢ Nonlinear stability analysis ]—)2. Metastable region.

3. Unstable region.

v

Numerical simulation

1. Reducing the critical headway.
. . 2. Improving road traffic efficiency.
[ * Stability analysis of ECFM 3. Expanding the stable region of traffic flow.
4. Enhancing the ability to suppress disturbances.

1. Improving traffic efficiency.
2. Diminishing the impact of disruptions.

[ e Numerical simulation of traffic flow ]—>

Figure 1. Research flow.
2. Proposal of the ECFM
The FVD model accurately describes the car-following behavior, as shown below [31]:

an(t) = k[V(Axn(t)) — va(t)] + AAv, (1), (1)

where a,, (t) represents the acceleration of vehicle n at time f; x and A are the sensitivity
parameters for optimal velocity and relative velocity, with x = 1/7, and 7 being the driver’s
reaction time; and Ax;, () = xu41 (t) — x4 (t) and Avy(t) = V441 (£) — v (f) represent the
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headway and the relative velocity between vehicle n and vehicle n + 1 at time ¢, respectively.
V(Ax) is the optimal velocity function, expressed as follows:

V(Ax) = 0.50max[tanh(Ax — ) + tanh(hs)], ()

where F; is the safety distance, and vmax is the maximum velocity.

The FVD model assumes that all vehicles travel along the centerline of the lane, but
vehicles are laterally positioned within the lane, following a normal distribution [15]. This
phenomenon results in a lateral gap between the following vehicle and the preceding
vehicle, which increases as the lane widens, as depicted in Figure 2. To address this issue,
the FVD model was modified as follows [17]:

an(t) = k[V1(Axn(t), Axppi2(t)) — vn(t)] + AG(Avy(t), Avy nia(H)), (3)

where V7 (-) and G (-) are expressed as follows:
Vi (Axn(t)r Axn,n+2(t)) = V((l - Pl)Axn(t) + Plen,n+2(t))r 4)

G(Avy(t), Avnnia(t) = (1 — p1)Avn(t) + prAvsnia(t), ©)

where Axy, ;4 (t) = xp42 () — X (1) and Avy 40 (1) = U2 () — vy () represent the headway
and the relative velocity between vehicle n and vehicle n + 2 at time ¢, respectively. p;
is the influencing parameter for the lateral gap of the preceding vehicle, defined as the
following weight. In this study, p; is defined as a variable rather than as a constant [32] and
is represented as follows:

pP1 = LS, /LSmax, (6)

where LS, represents the lateral gap between vehicle n and vehicle # + 1, while LSnax
represents the maximum lateral gap where the preceding vehicle has no influence on the
following vehicle, and in this study, LSmax is set to the lane width of 3.6 m.

Axn, n+2s Avn, n+2

Ax,, Av, Axpips AV,

»le
>

- EDE - €D

Figure 2. A vehicle deviating from the centerline while following another vehicle.

A

O .

. Y___

Considering the lateral gap, this study proposes an ECFM that simultaneously con-
siders the lateral gap and the optimal velocity of the preceding vehicle. The motion of the
following vehicle is described as a function of the lateral gap and the optimal velocity be-
tween the following vehicle and the preceding vehicle. The expression for the acceleration
of the following vehicle is as follows:

an(t) = k[V(Axn(t), Axypni2(t), Axpi1(t)) — 0a(8)] + AG(Av (L), Avy uia(t)),  (7)

V(Axn(t)/ Axn,n+2(t)/Axn+1(t)) = (1 - p2)V((1 - Pl)Axn(t) + Plen,n+2(t)) + PzV(AJCn+1 (t))/ (8)

where p; represents the weight coefficient of the optimal velocity of the preceding vehicle,
with 0 < pp < 1. It quantifies the extent to which the optimal velocity of the preceding
vehicle n + 1 influences the current vehicle n. When p; = 0, the optimal velocity of the
preceding vehicle n + 2 has no impact on the optimal velocity of vehicle n. Conversely,
when p; =1, the optimal velocity of the preceding vehicle n + 2 fully determines the optimal
velocity of the current vehicle 7. It should be noted that when a vehicle follows a vehicle in
front, the lateral lag with respect to the front vehicle is generally not too large; therefore,
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p2 < 0.2. Axpy1(t) = xp4p (F) — X441 (f) denotes the headway between vehicle n + 1 and
vehicle n + 2 at time .

The parameter p; is used to describe the influence of the lateral gap. According to
Equation (7), vehicle n follows both vehicle n + 1 and vehicle n + 2. When LS, is equal
to zero, that is, p; = 0, there is no lateral gap between vehicle n and vehicle n + 1. When
LS, = LSmax, that is, p; =1, vehicle n + 1 is in another lane and has no impact on vehicle
n. pp quantifies the extent to which the optimal velocities of the two vehicles ahead,
namely, vehicles n + 1 and n + 2, affect the current vehicle n. This parameter is crucial for
simulating the real driving behavior, as it allows the trailing vehicle to adjust its velocity
according to the optimal vehicles of multiple vehicles, rather than of just the one directly in
front. This extended predictive capability is particularly useful in dense traffic situations
or autonomous driving environments, where a smooth traffic flow and the reduction of
sudden velocity changes are critical.

3. Linear Stability Analysis

Linear stability analysis is essential for determining the stability conditions of traffic
flow under small disturbances, identifying stable regions, and understanding the prop-
agation characteristics of perturbations. These insights help in designing more stable
traffic control strategies. When a small perturbation is applied to a vehicle within a stable
traffic flow, its motion states, such as acceleration and velocity, undergo abrupt changes.
These changes also affect the headway and velocity differences between the vehicle and
those ahead and behind it, ultimately disrupting the stable state of the traffic flow. This
disturbance generates a perturbation wave that propagates backward. If this perturbation
wave diminishes or disappears during its propagation, allowing the traffic flow to quickly
stabilize or fluctuate slightly near the steady state, the traffic flow is considered stable. A
linear stability analysis was performed on the model to obtain the stability conditions and
evaluate the expanded effect of the proposed ECFM on the stable region. In this section,
the perturbation method was employed to conduct a linear stability analysis on the ECEM.
Equation (7) was rewritten as follows:

2
L) — [(1— p)V(Axa(8), Mtuusa(£)) + pV (Axy (1)) — 2500

x &)
+A (1 _ pl)d(AdlZ(t)) + p1 d(Axnt,irlt+2(t))i|

Assuming a stable traffic flow, the vehicles within the flow maintain the same headway
and velocity. The velocity of vehicles in a stable traffic flow is given by:

vo = (1= p2)V(h,2h) + p2(h), (10)

where V(h,2h) = V[(1 — p1)h + 2hp4].
In a stable traffic flow, the distance of a vehicle relative to its initial position is given by:

Xy (8) = hn 4 [(1 = p2)V (h, 2) + paV (h)]t. (11)
Applying a small perturbation yy, (f) to xJ(¢), the vehicle position relationship becomes:
xa(t) = x9(8) + ya (1), (12)

The representation of the other vehicle states is as follows:

Axy(t) = xp11() — xn(t) = h+ Ayxu(t), (13)
Axn,n-‘rZ(t) = xﬂ-‘rz(t) - x"(t) =h+ A]/n,n-‘rZ(t)' (14)
vn(t) = dxy(t)/dt = dy, (t)/dt + [(1 — p2)V(h,2h) + p2V (h)], (15)

an(t) = d?x,(t)/dt*> = d?y,(t)/dt>. (16)
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Substituting Equations (11)—(16) into Equation (9) and linearizing the resulting equa-
tion, we obtain:

dzZ?z(t) = x| (1= p2) V(1 20)[(1 = p1)Ayn(t) + p1AYwni2()] + P2V (1) Ay (t) — yn(f)]

. . , (17)
FA (1= p1)AY (1) + P18, (1)

V( ): dV(Axn)

where V(h,2h) = dV(Azx,) Thn,

dAx;,

Axp=1+pih’ Axp=h
In the Fourier mode, y;, (t) can be expressed as elkn+zh) Therefore, we have:

Ayn<t) _ (eik _ 1)eikn+zt, (18)

AYpnia(t) = (ezm _ 1) pikn+zt (19)
By substituting Equations (18) and (19) into Equation (17), we obtain:

2= x {(1 — p2)V(h,2h) [(1 —p1) (eik — 1) +m (eZik - 1)} + 2V (h) (63”‘ - eZik) — z}
+A {(1 —p1)z (eik — 1) + plz(ezik - 1)} ’

Let z = zq (ik) + 2, (illc)2 + ..., considering only the first two terms. Using the Taylor
series to expand ek ie., ek =1+ ik + 053k + ..., Equation (20) can be rewritten as:

(20)

2

(21000 + (0] =x (1= p2)V (1, 21) [ (1 + pr)ik + § (1 +3p1) (iK)’]

2V () (ik+ 3(8)%) — [22 (i) + 22 (k)] .@
+[21() + 22 (iK)] [ (1 + pr)ik + § (14 3p) (iK)°]

Rearranging the equation as a polynomial in terms of ik, the coefficients of the first-
order term and the second-order term are:

(1= p2)(1+ p1)V (h,2h) + p2V (k) — 21 = 0 )
Y[ (1= p2) (1 +3p0) V (1, 20) +5p2V ()| — k2 + A(1+ pr)zs =212 =0
The above equation can be further rewritten as:
1 ’ } /\(1+p1)21—212 N (23)
22 = 1[(1 = p2) (14 3p1)V (1, 2h) + 5oV ()| + Azl
Setting z, = 0, we can obtain the neutral stability condition as follows:
T 24

K = ’
2c1(c1 = A(1+p1))

where ¢c; = (1 — p2)(1+ p1)V (1, 2k) 4+ paV (), ca = (1 — p2) (1 + 3p1)V(h, 2h) + 5paV (k).
The condition that ensures the stability of the traffic flow against longer-wavelength

disturbances is: c
2

K> )
2cq(c1 = A(1+p1))

If the aforementioned conditions are met, then the traffic flow can return to a stable state
after being perturbed. The larger the stable region, the stronger the disturbance resistance of
the CFM. Conversely, if the perturbation does not dissipate in a timely manner and continues
to propagate backward, it will ultimately cause the traffic flow to lose stability.

(25)
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4. Nonlinear Stability Analysis

Nonlinear stability analysis delves into traffic flow behavior under large disturbances or
nonlinear conditions, describing phenomena such as traffic jams, solitary waves, and density
waves. It also helps validate the linear analysis results and provides practical guidance for
managing large-scale traffic disruptions. Vehicle traffic flow is prone to forming density
waves, leading to traffic congestion when subjected to disturbances. To analyze the nonlinear
characteristics of the proposed ECFM, in this section, we utilized the reduced perturbation
method to derive different nonlinear density wave equations and investigate the evolution
mechanisms of stable, metastable, and unstable traffic flows [33,34]. The stable region refers
to the conditions under which the traffic flow remains stable even when subjected to small
disturbances. In this region, any perturbations will gradually dissipate, allowing the traffic
flow to return to its steady state without forming traffic jams or other disruptions. The
metastable region describes conditions where the traffic flow appears stable under small
disturbances but can transition to an unstable state when subjected to larger perturbations.
In this region, minor fluctuations can be absorbed without significant impact, but larger
disruptions can trigger persistent traffic congestion. The unstable region indicates conditions
where the traffic flow is inherently unstable, and any disturbance, whether small or large,
will grow over time, leading to traffic jams and severe disruptions. In this region, the traffic
flow cannot maintain a steady state, and instability is inevitable. These regions collectively
describe the varying degrees of stability in traffic flow, with the stable region representing
robust stability, the metastable region indicating conditional stability, and the unstable region
signifying inherent instability.

For the convenience of subsequent calculations, Equation (7) was rewritten as follows:

E(Axa(t) " [(1 = p2) (V(Bxp11(t), Axpi1,n43(t)) — V(Axn(t), Axynia(t)))
+p2(V(Axpy3(t) = V(Axui2(t)))

dr?
d(Ax, 1 (t d(Axy .
_pdax(t) |y (1_p1)( : df()) - dt())) 26)
K= + (d(Axn+1,n+3(t)) o d(AXWH—Z(t)))
P1 dr dr

4.1. Burgers Equation for the Stable Region

Deriving the Burgers equation for the stable region facilitates the description of the
spatiotemporal evolution mechanism of small perturbations using the equation’s solutions.
Introducing the slow variables X and T with respect to the spatial variable n and the
temporal variable t:

X =¢e(n+bt)
{ T — szt 7 (27)

where ¢ is a perturbation parameter, with 0 < € < 1, and b is a scaling constant used to scale
the spatial variable and the temporal variable.
Let the headway be defined as:

Axy(t) =h+eR(X,T). (28)
Therefore,
Axn,n—‘rZ(t) = Axn(t) + Axn+l(t)' (29)
Consequently,
V(Axy(t), Axypni2(t)) = V(Axy(t) + p1Ax,41(1)). (30)

Substituting Equations (27)—(30) into Equation (26) and expanding ¢ in a third-order
Taylor series, we obtain the following nonlinear partial differential equation:

drR — (1= p2) (14 p1)*RV (1, 2h) + paRV ()| xR

e2(b—c1)oxR + €
(b= c1)ox —l—[sz— %cz—/\rb(l—kpl)]a%(R

=0, (31)
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- _ d2V(Axy) - _ d2V(Ax) __ 9R _ 9R
where V(h 2h) = 5% | peyet i V(h) = Fvon I JorR = 57, 0xR = 5%,
%R = ZE.
Letting b = ¢; and eliminating the second-order term of ¢, simplifying Equation (31)
yields the following:
. . 1
JoTR — {(1 — pz)(l + P1)2RV(1’I, 2]’1) + PzRV(h)} oxR = |:2C2 + Aty (1 + pl) — Tc12] a%(R (32)

Under the stability condition, the second-order partial derivative coefficient in Equation
(31) is positive, that is:
0.5¢c; + Atey(1+ p1) — 112 > 0. (33)

In this case, Equation (32) is a Burgers equation, and one of its solutions is:

_ 1 Mn1+1n (1n4+1=1n)
R(X,T) = mr {X_ . } — St % (34)
tanh (3e + ATer (14 py) — 70,2 st OBl |1

where m = (1— p2)(1+ p1)*RV (h,2h) + p2RV (h), 1, represents the slope parameter
along the X-axis, and ¢, represents the coordinate of the front of the shock wave. c; is the
propagation speed of the triangular shock wave in the backward direction.

Equation (34) describes the propagation of a perturbation wave within the stable
region following a disturbance in an initially stable traffic flow. As T — oo, R(X,T) — 0,
any density wave in a stable traffic flow will eventually evolve into a uniform and smooth
traffic flow. A stable traffic flow can be described as vehicles traveling in a formation where
both vehicle velocity and headway are the same.

4.2. KAV Equation for the Metastable Region
When deriving the KdV equation for the metastable region, we substitute Equations

(27) and (28) into Equation (26) and expand ¢ in a sixth-order Taylor series. This process
yields the following nonlinear partial differential equation:
S(b—cp) aXR te (Tb2 —loy— Ath(1+ p1))8§<R+
_ 3 _1 2
{ [Ler+ca+ATb(%+3p1) |O4R — beaxR2} + , (35)

ZbT — )\T 1+ pl))axaTR — 7C682 R? 0
-1 12cz +ca+2p V() + 1ATh(1+ 7p1)}8§(R
. _ dPV(Axy) - _ A2V (Axn)
where V(h/Zh) T dAxy? AX}1:1+p1h, V(h) T dAx,? Axg=h"
The coefficients for the other terms are shown in Table 1.
Table 1. Coefficients (c;) of the model.
C3 Cy Cs
1—p2)(1+3p1 + P23 + RS ' 1—p2)(1+5p, + pA(7+3
G g O+ pril = p2) VIR + 3paV G b o)
Ce C7
(1= p2) A+ p1)*V (B, 21) + paV () (1= p2)(1 + p1) (1 +3p1)V (1, 21) +5p2V (i)
where vF(h’ 2h) = ds:x;(rf?) Axy=1+pyhe ( )= d‘;‘gﬁx;) Axn=hc

Let b = ¢;. Near the neutral stability curve 7 = (1 — €2)T., where T, = (2c1(c; — A1
+ p1)))/ 2, by eliminating the third- and fourth-order terms of ¢, Equation (35) can be
simplified to:

& (aTR — m %R — mzasz) Teb (—m38§(R +myd R + m5a§(R2) -0, (36)



Sustainability 2024, 16, 5983

10 of 19

The coefficients in the equation are shown in Table 2.

Table 2. Coefficients (m;) of the model.

mi ny ms ms

2¢7(201T5—ATs (14-p1)) —ce
4

%c1+c4+/\rb<%+%p1> 1er Tsc1 2 — Atser (1 + py)

my

(20175 — A (1 4+ p1)) [%cl +c4 +Arb(% + %pl)] -1 [ﬁcz + g +2p2 V() + 1ATh(1 + 7p1)

To obtain the standard KdV equation with higher-order remainder terms, the following

transformation is applied to Equation (36):

1
T = \/mlTk,X = 7\/1’Yl1Xk,R = mka,
2

From Equation (37), we can obtain:

dTR = iﬂzaTkRk,aZ R = ;0% Rk,ag( R= _7%1 ag'(kRk
ny 2
4 —_ 4 2 _ 2 P2 _ 2

Substituting Equation (38) into Equation (36) and simplifying, we obtain:

1, R + 0%, Ry +0x, R > +0(e) =0,

where 0(e) = eM[Ryo(Xx, Te)] = /- ( m30% Ry + m484 %aﬁksz).

(37)

(38)

(39)

Equation (39) is the KAV equatlon with a correctlon term of o0(g). When the correction
term o(e) is neglected, the solitary wave solution of the standard KdV equation is given by:

A A
Rio(Xg, Ti) = A sech? < o (Xk - 3Tk>>,

(40)

where A represents the amplitude of the solitary wave solution of the KdV equation.
Assuming that Ry (Xi, Tx)= Rro (X, Tx) + eRx1 (Xk,Tk), in order to determine the value

of the parameter A, it is necessary to satisfy the solvability condition [34,35]

(Ryo,M[Ryo]) = /::o d Xy Rio Xk, Te) M[Ryo (Xx, T)] = 0.

By evaluating the integral value of Equation (41), we obtain A as:

_ 21mymyms
o 577’[27’14 — 24111111’[5.

(41)

(42)

Thus, the headway expressed by the solitary wave solution is obtained as follows:

Axn(t):h—i-i 1— L )sech? A 1-° n+c1t—{—é 1— 2 ).
my Ts 12m4 T 3 Ts

(43)

Through the derivation, we obtain the KdV equation near the neutral stability curve,
which describes the propagation of a perturbation wave within the metastable region after
an initially stable traffic flow is disturbed. This equation is used to describe the formation of
solitary density waves in the traffic flow evolution and capture the “stop-and-go” driving

phenomenon of vehicles within congested traffic.
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4.3. mKdV Equation in the Unstable Region

We studied the slow variations in the spatial variable 7 and the temporal variable ¢ of
Equation (26) near the critical point (k,7.) in the unstable region, where 7. represents the
critical sensitivity, and &, denotes the critical headway. When the slow variables X and T
are defined as in Equation (27), the headway between vehicle n and vehicle n + 1 can be
expressed as:

Axy(t) = he +eR(X, T). (44)

Substituting Equations (27) and (45) into Equation (26) and expanding it in a Taylor
series up to the fifth order with respect to ¢, we obtain the following nonlinear partial
differential equation:

e2(b—c1)oxR +¢€ (Tb2 — 1o —ATb(1+ pl))ag(R—i—
54{9TR - [%61 + o+ Aﬂ?(% + %pl)}ag’(R — %C3axR3}+

85{ (2bT — AT(1+ p1))ox9TR — 5505 R3

(45)
; =0
-1 [%CZ + ey +2paV (h) + IATh(1 + 7p1)} 4R }

Letb =cy, T = (1+¢€*)7. Here, 7. = (2c1(c1 — A(1+ p1)))/co, and h = h, in ¢ and
2. When approaching the vicinity of the critical point (k, a¢), by eliminating the quadratic
and cubic terms of ¢, Equation (45) can be simplified to:

et (97R — K19} R + kadx R ) + & (ksd} R + ksd§ R + ksdkR*) = 0. (46)
The coefficients in the equation are shown in Table 3.

Table 3. Coefficients (k;) of the model.

k1 k2 k3 k5
tei e — A (% + %m) —1c Tee1? — Ateer (1+ p1) 2032017 AL (14pr)) s

kg

(2c1c — A (1+p1)) [%cl +c4— Atecq (% + %m)] -1 [%cz +cg+2p V! + EATH(1 + 7p1)]

The transformation applied to Equation (46) is as follows:

1 K
T= TR =1/ R (47)

The resulting standard mKdV equation, including the correction term, is obtained as follows:
o1, Ry — 0% Ry + axRy> +0(e) =0, (48)

where o(e) = eM[X, Ry] = kl—l (k38§(Rk + kgo% Ry + ks %ag(erj).
By neglecting the correction term o(e), we obtain the kink-antikink density wave
solution of the standard mKdV equation as:

Rio(X, Ty) = ﬁtanh(\/g(X - ch)). (49)

Similar to the process of deriving the amplitude A of the KdV equation in Section 4.2,
we can obtain the propagation velocity of the kink-antikink density wave solution as:

Skoks

€= Zhoky — 3kiks 0)
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Therefore, the solution for the headway of the kink-antikink density wave is obtained
as follows:

st =t (% (2 1) (2 1) o (1 (1)) e

The amplitude C of the kink—-antikink density wave is:

- kl T
C= CkZ(Tc 1). (52)

The solution of the kink—-antikink density wave represents coexistent phases of the
traffic flow, including free flow with low density and congested flow with high density,
and represents the propagation of a perturbation wave within the unstable region after an
initially stable traffic flow is disturbed. The headways in the free and congested flow are,
respectively, given by Ax;, (t) = he + C and Ax;, (t) = h. — C. This description captures the
occurrence of kink-antikink density waves in the traffic flow evolution and characterizes
the “stop-and-go” driving phenomenon of vehicles within congested traffic.

From Ax,, (t) = he £ C, it can be inferred:

_ 1 Ck1 (53)

K = — > .
Te (Axn(t) — he) ko + chy

1
T

5. Stability Analysis of the ECFM

In this section, we analyze the stability of the proposed ECFM, an extension of the
original FVD model, which does not consider lateral gaps and the optimal velocity of the
preceding vehicle. Building on the established framework of the original FVD model, we
introduce our enhancements. Instability in traffic flow occurs when small disturbances
grow over time, leading to congestion and “stop-and-go” patterns, indicating that the flow
cannot return to a steady state. Stability, on the other hand, implies that small disturbances
dissipate, allowing the traffic to return to a steady state, resulting in a smooth and con-
sistent flow. Metastability is an intermediate state where traffic can remain stable under
small disturbances but may become unstable if disturbances exceed a certain threshold,
causing oscillations between stable and unstable states. We used perturbation methods
to conduct this stability analysis, determining the conditions under which the traffic flow
remains stable. By linear stability analysis, we identified the thresholds for transitions
between stable, metastable, and unstable regions. By nonlinear stability analysis, we further
explored the traffic flow behavior under various perturbations, providing a comprehensive
understanding of the model’s stability characteristics.

Figure 3 illustrates the critical stability curve (solid line) and coexistence curve (dashed
line) under different values of p; and p» when A = 0.15. The coexistence curve was de-
termined by Equation (53). The region below the critical stability curve represents the
unstable region, indicating that an initially stable traffic flow will lead to traffic congestion
as it evolves with slight disturbances. The region above both the critical stability curve and
the coexistence curve represents the stable region, indicating a free-flowing traffic phase.
In the stable region, an initially stable traffic flow will dissipate disturbances as it evolves
with slight perturbations. The other region is the metastable region, which indicates areas
where the traffic flow can maintain temporary stability but is prone to losing stability when
subjected to larger disturbances. When p; = 0 and p; = 0, the ECFM model degenerates into
the FVD model.
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Figure 3. Comparison of traffic flow stability under different values of p; and p,.

From Figure 3, it can be observed that the parameters p; and p, have a significant

impact on the stable region of the ECFM, as follows:

@

@)

®)

4)

In Figure 3a, when p; = 0, the critical stability curve shifts to the left as p; increases
from 0 to 0.1 and 0.2. This phenomenon indicates that a larger lateral gap results
in a smaller critical headway, leading to improved traffic efficiency. Additionally,
the critical stability curve moves downward, resulting in a reduction in the unstable
region area by 15.32% and 26.62%, respectively, compared to p; = 0. Thus, introducing
a lateral gap in the FVD model decreases the critical headway and expands the stable
region, improving road traffic efficiency and enhancing traffic flow stability, effectively
reducing the occurrence of traffic congestion.

In Figure 3b, when p; = 0.1, the critical headway decreases, and the unstable region
area reduces by 9.40% and 16.24% as p; increases from 0 to 0.1 and 0.2, respectively.
Considering the lateral gap under the premise of a certain influence of the optimal
velocity of the preceding vehicle will expand the stable region of traffic flow.

In Figure 3c, when p; = 0, increasing p, from 0 to 0.1 and 0.2 does not change the
critical headway. However, both the critical stability curve and the coexistence curve
decrease significantly. The unstable region area decreases by 28.57% and 44.44%
compared to pp = 0, indicating that introducing the optimal velocity of the preceding
vehicle in the FVD model also expands the stable region and enhances the traffic
flow stability.

In Figure 3d, when p; = 0.1, increasing p, from 0 to 0.1 and 0.2 results in a downward
shift of the critical stability curve, and the unstable region area decreases by 23.05%
and 38.07% compared to p, = 0. Compared to the cases of p; = 0 and p; = 0, the
unstable region area decreases by 34.82% when p; = 0.1 and p, = 0.1.

In summary, considering either the lateral gap of the preceding vehicle or the optimal

velocity of the preceding vehicle in the CFM improves the stability and efficiency of the
traffic flow, expanding the stable region of the CFM. Simultaneously considering both
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the lateral gap and the optimal velocity of the preceding vehicle in the CFM results in
cumulative enhancement effects. Therefore, the proposed ECFM not only reduces the
critical headway and improves road traffic efficiency but also expands the stable region of
the traffic flow, enhancing the ability to suppress disturbances. These advantages contribute
to reducing harmful gas emissions and energy consumption, promoting the sustainable
development of the environment.

6. Numerical Simulation of the Traffic Flow

In this section, periodic boundary conditions were adopted to describe the evolution
of headways in the traffic flow after being perturbed using the ECFM. The objective was
to verify the inhibitory effect of considering the lateral gap and optimal velocity of the
preceding vehicle on perturbations. As in the analysis in Section 4, when p; = 0 and
p2 = 0, the ECFM model was reduced to the FVD model. The advantages of the ECFM
improvements can be clearly observed by comparing the results.

It was assumed that there were N vehicles distributed on the lane, and the front-to-
following vehicle gaps were fixed. The initial conditions were as follows [17]:

When n # 0.5N and n # 0.5N +1:

Axn (t) ‘t:O,l - 4/ (54)
When n = 0.5N +1:
Axy(t)]—gp = 4+0.5, (55)
When n = 0.5N:
Axy (1) |t:0,1 =4-05 (56)

The remaining unspecified parameters of the model were set as follows: ¥ = 1.2s71,
Umax =2.0m/s, N =100, and k. = 4 m. To reflect the influence of the lateral gap and optimal
velocity of the preceding vehicle on traffic flow evolution, an analysis was conducted on
how parameter variations affect the headway in traffic flow. To ensure that the analyzed
traffic flow had sufficiently evolved, the headway evolution data after 10,000 s of numerical
simulation were provided, as shown in Figure 4. In this figure, the “vehicle number” refers
to the index of the vehicle participating in the simulation, i.e., the nth vehicle. According
to the stability condition (27), the traffic flow is stable only when p; = 0.1, p, = 0.1, and
A = 0.15. For the remaining five sets of parameter conditions in Figure 4, the traffic flow is
in an unstable state. Therefore, only when p; = 0.1, pp = 0.1, and A = 0.15, small perturba-
tions will gradually disappear over time, while perturbations under other conditions will
gradually evolve into traffic congestion.

The standard deviation reflects the dispersion of a dataset. In this study, the standard
deviation of the headway in a simulation time from 10,000 s to 10,300 s was used to
represent the dispersion in the numerical simulations. Headway dispersion is crucial for
assessing traffic stability and smoothness; a lower dispersion indicates a more stable traffic
flow, with reduced congestion and enhanced overall traffic efficiency. Table 4 presents the
headway dispersion under different values of p1, py, and A. Combining the analyses of
Table 4 and Figure 4, the following observations can be made:

(1) From Figure 4a,b, it can be observed that whenp; =0,p, =0,and A =00r A =0.15, a
small disturbance applied to a stable traffic flow amplifies as the traffic flow evolves,
leading to vehicle congestion. When A = 0, the traffic flow is in an unstable state
and prone to congestion. However, with an increase in A to 0.15 and considering the
velocity difference, the headway dispersion in the traffic flow decreases by 30.99%
compared to Figure 4a, indicating an improvement in the stability of the traffic flow.

(2) From Figure 4c,d, it can be observed that when p; = 0.05, p, =0 or p; =0, and p, = 0.05,
the same disturbance in the traffic flow amplifies during traffic evolution, resulting in
traffic congestion. The headway dispersion in the traffic flow decreases by 8.29% and
47.92% compared to Figure 4b, respectively, when considering only the lateral gap or



Sustainability 2024, 16, 5983 15 of 19

the optimal velocity of the preceding vehicle. This indicates that considering only the
lateral gap or the optimal velocity of the preceding vehicle can suppress disturbances
but not eliminate their effects completely.

(38) From Figure 4e, when p; = 0.05 and p, = 0.05, simultaneously considering the lateral
gap and the optimal velocity of the preceding vehicle, the headway dispersion in the
traffic flow decreases by 94.63% and 90.55% compared to Figure 4c,d, respectively.
This indicates that simultaneously considering the lateral gap and the optimal velocity
of the preceding vehicle can further improve traffic congestion. The proposed model
in this study outperforms the CFM considering only the lateral gap proposed in
reference [17].

(4) From Figure 4f, when p; = 0.1 and p; = 0.1, the disturbance does not evolve into traffic
congestion but completely disappears as the traffic flow tends to a stable state. This
indicates that increasing the following weight and the coefficient of optimal velocity
of the preceding vehicle can prevent disturbances from spreading in the traffic flow.

Headway /m

Umy, er 01 (‘\6\6 01 «(\6@

6
£ £
> >
=]
s 5
= s
2
100
Ven;
cl,
€ Muppy, 01

Headway /m
Hecadway /m

ber 01 Umpy,. 01
(e) p1=0.05, p2=0.05, A=0.15 (f)p1=0.1,p2=0.1,A=0.15

Figure 4. Headway evolution.
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Table 4. Headway dispersion under different parameters.
Figures Parameters of ECFM Dispersion
Figure 4a None of them taken into consideration 1.1894
Figure 4b Considering only the velocity difference 0.8208
Figure 4c Not considering the optimal velocity of the preceding vehicle 0.7527
Figure 4d Not considering the lateral gap 0.4275
Figure 4e Considering all of them simultaneously 0.0404
Figure 4f Increase in the following weight and the coefficient of optimal velocity 0.0004

In summary, simultaneously considering the lateral gap and the optimal velocity of
the preceding vehicle can effectively enhance the anti-interference capability of the traffic
flow, suppress the impact of disturbances, and improve traffic efficiency.

Figure 5 shows the headway distribution influenced by different values of p1, p», and
A att =10,300 s for the ECFM. From the figure, it can be observed that as A increases while
p1 and p; are fixed, the headway variation decreases, indicating an increased ability of
the traffic flow to suppress congestion. When p, and A are fixed, increasing p;, that is,
increasing the following weight, leads to a reduced variation in the headway when the
traffic flow is disturbed. As the traffic flow evolves, the impact of disturbances on the
traffic flow decreases. Similarly, when p; and A are fixed, increasing p», that is, increasing
the coefficient of optimal velocity for the following car, gradually reduces the headway
variation when the traffic flow is disturbed, indicating that the lateral gap and the optimal
velocity of the preceding vehicle promote the stability of the traffic flow. Investigations
into headway profiles indicate that concomitantly considering both the lateral gap and the
optimal velocity of the leading vehicle significantly enhances the traffic flow’s ability to
resist interference. This method not only improves traffic efficiency but also diminishes the
impact of disruptions. Collectively, these results corroborate the superior performance of
the proposed ECFM, in alignment with the findings depicted in Figure 4.

6.0 —— p,=0,p,=0,A=0 ——p,;=0,p,=0,A=0.15 ——p,=0.05,p,=0,2=0.15

s 5 b= p,=0.p,=0.05,1=0.15 £,=0.05.p,=0.051=0.15 £,=0.1p,=0.11=0.15

L AReAL AR
éz;z;_,uwﬂ : x%%, %

2.5} |

0 40 1 00
Vehicle number

Figure 5. Headway profile.

7. Conclusions

This study introduces an ECFM that simultaneously considers the lateral gap and
the optimal velocity of the preceding vehicle. The model was subjected to both linear
stability and nonlinear analyses, and stability conditions were derived. The theoretical
analysis of linear stability revealed that considering the optimal velocity of the preceding
vehicle, in addition to the lateral gap, further expanded the stable region of traffic flow,
thereby reducing the probability of congestion. A nonlinear analysis was conducted
using the perturbation method, and the numerical simulation results demonstrated that
considering both the lateral gap and the optimal velocity of the preceding vehicle, compared
to considering only the lateral gap as in the CFM, effectively enhanced the anti-interference
capability of the traffic flow, suppressed the impact of disturbances, and improved traffic
efficiency. The mutual validation between the theoretical analysis and the numerical
simulation confirmed the effectiveness, rationality, and superiority of the proposed ECFM.
The advantages of the ECFM in ITSs include reducing traffic accidents, minimizing the
injury and fatality rates, and lowering the associated societal and economic costs. In
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Notations

Symbol Description

n Vehicle index

t Time

an Acceleration of vehicle n at time ¢

K Optimal velocity sensitivity

A Relative velocity sensitivity

T Driver reaction time

Ax Headway between two vehicles

Avy, () Relative velocity between two vehicles

Umax Maximum vehicle velocity

V() Optimal velocity function

hs Safety distance

Umax Maximum velocity

121 Influencing coefficient of lateral gap

P2 Weight coefficient

LS Lateral gap between two vehicles

LSmax Maximum lateral gap

] First stability coefficient

e Second stability coefficient

€ Perturbation parameter

b Scaling constant

m Flow stability coefficient

W Slope parameter

Cn Coordinate of the front of the shock wave

T¢ Critical sensitivity

he Critical headway

A Amplitude of the solitary wave solution of the KdV equation
C Amplitude of the kink-antikink density wave
c Propagation velocity of the kink-antikink density wave solution
N Number of vehicles
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