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Abstract

Roof instability in coal mines is one of the primary causes of mining disasters, casualties,
and environmental damage. Accurately assessing its reliability is crucial for achieving
safe production and sustainable development in coal mining. Based on 192 small mea-
sured samples from multiple domestic coal mines (including Anhui, Shanxi, Shaanxi, and
Inner Mongolia), this study constructs multidimensional Gaussian Copula and t Copula
models to characterize the complex correlation structure of mechanical parameters. The
hybrid adaptive multi-method data augmentation (HAMDA) method with three distinct
weighting strategies is proposed. Through Monte Carlo Simulation (MCS), systematic
reliability assessments are conducted for different roof locations. The results indicate that
multidimensional elliptical Copulas effectively simulate the correlation structure of highly
variable multidimensional coal mine roof mechanical parameters. Roof system instability
is primarily triggered by failure in the bottom zone, accompanied by sidewall instability in
approximately 60% of cases, while the top zone remains relatively secure. This provides cru-
cial insights for optimizing support design. The HAMDA method significantly overcomes
the limitations of small sample data, with its expanded statistical characteristics closely
matching measured data. Failure probability estimates vary across different HAMDA
schemes: conservative programs may underestimate risks, while diverse programs tend
toward conservatism in lateral zones. These results provide theoretical support for re-
fined roof support design in coal mines, holding significant theoretical and practical value
for advancing safety, environmental sustainability, and sustainable development in the
coal industry.

Keywords: roof; uncertainty; failure probability; multivariate Copula; data augmentation

1. Introduction

Roof instability in coal mines is one of the most significant hazard patterns during
coal extraction [1,2]. Under mining influence, the original stress field of the roof soil mass is
disrupted, causing the surrounding rock to undergo a sequence of unloading, stress concen-
tration, and progressive failure: the roof of the goaf deforms under its own weight and the
pressure from overlying strata. As fractures propagate and connect, this ultimately leads to
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localized or complete instability and failure. This phenomenon significantly impacts the
sustainable development of the environment near coal mines and the safety of social pro-
duction [3,4]. Such instability not only jeopardizes the safety of underground operations but
also triggers ground subsidence, groundwater contamination, and ecosystem degradation,
exerting profound impacts on the environmental sustainability of mining areas and sur-
rounding regions [5-7]. The evolution characteristics of mechanical parameters are crucial
in roof instability failure, exhibiting significant spatial heterogeneity and variability [8-11].
Simultaneously, the complexity of geological sedimentary environments creates intrinsic
correlations among mechanical parameters, and the coupling effects of multidimensional
parameters further exacerbate the uncertainty in instability mechanisms [12,13]. Tradi-
tional deterministic analysis methods struggle to comprehensively reflect the impact of
this uncertainty on roof stability. As the global clean energy transition accelerates, the coal
mining industry must prioritize sustainable development to ensure the long-term health of
ecosystems and communities. Therefore, establishing complete probabilistic distribution
characteristics for soil mechanical parameters and their correlation structural models is
meaningful for preventing roof instability disasters and promoting the safe, green, and
sustainable development of the coal industry [14-17].

In roof stability analysis, obtaining comprehensive probabilistic information on multi-
dimensional mechanical parameters and establishing a reliability analysis model are critical
steps [18-20]. However, constrained by field investigation conditions and experimental
limitations, it is challenging to obtain extensive measured data in practical engineering
projects [21-23]. Under small sample conditions, traditional multidimensional joint dis-
tribution modeling methods (such as multidimensional normal distributions) struggle
to flexibly describe complex correlation structures among parameters and impose strict
requirements on marginal distributions [24]. Recently, Copula theory has gained significant
attention in geotechnical reliability analysis due to its ability to separate marginal distribu-
tions from correlation structures and its flexibility in constructing joint distributions [25-27].
Agarwal and Pain [28] employed the Gaussian Copula to model the dependency structure
between internal friction angle, unit weight, and tensile strength of reinforcing steel within
soil, conducting probabilistic stability analysis for geosynthetic-reinforced slopes. Cui
et al. [29] employed Copula functions to construct a bivariate seismic vulnerability function,
comprehensively considering both the maximum inter-story drift angle and cumulative
hysteretic energy dissipation during structural damage processes at subway stations. Jia
and Wu [30] utilized Copula functions to establish a joint distribution function for multiple
demand extremes, demonstrating that ignoring parameter correlations is detrimental to
reliability analysis.

Furthermore, data augmentation techniques offer viable solutions to parameter un-
certainty problems under small sample conditions. By appropriately expanding limited
samples, the robustness of reliability analysis results can be enhanced [31,32]. However,
a single data augmentation method often lacks the capacity to fully characterize the sta-
tistical properties of the original data, leading to excessive data smoothing and failure to
comprehensively capture nonlinear relationships in the measured data [33]. This prevents
the augmented data samples from fully reflecting the statistical characteristics of measured
coal mine roof mechanical parameters under conditions of high variability and uncertainty,
thereby compromising the accuracy of reliability analysis. Employing hybrid data augmen-
tation methods, with adaptive weight allocation, enables more comprehensive preservation
of the statistical information from the measured samples and more accurate representation
of the probability distribution characteristics of mechanical parameters under conditions of
uncertainty [34-38].
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In this study, 192 sets of data from multiple coal mine roof strata in China were utilized
to analyze the statistical characteristics of coal mine roof geotechnical structures. Building
upon existing models for analyzing coal mine roof stability, this study assumes that roof
stability factors are solely dependent on mechanical parameters, disregarding uncertainties
such as human factors and geological activity. First, multidimensional elliptical Copula
models were constructed under different correlation coefficient methods to characterize
the complex dependency structure of mechanical variables. Second, the failure probability
at different roof locations was evaluated and compared using simulated elliptical Copula
sample data. Finally, the HAMDA approach with three distinct weighting strategies was
proposed to discuss the reliability impact of different structural models on roof locations.
The results provide a reliable data foundation and theoretical support for assessing coal
mine roof stability under small sample conditions.

2. Stability Analysis Model for Coal Mine Roof Soil Structures

The stability analysis model for the overburden soil parameters in this coal mine study
was developed based on the planar roof model established by Cao et al. [39]. The initial
conditions established include: (1) planar soil with horizontal isotropy; (2) neglect of in
situ stress and excavation height effects; (3) rock and soil forces acting on the roof surface
treated as uniformly distributed loads.

2.1. Reliability Function of Coal Mine Roof

Taking the roof of a unit void zone as the analysis object, the simplified stress diagram
of the roof is shown in Figure 1 below. The stress diagram for the red dashed-box area
in Figure 1a is depicted in Figure 1b. g represents uniformly distributed load, F; denotes
the vertical support force from the mine pillar, and F, signifies lateral pressure. Based on
existing derivation results [39], the reliability function for the roof rock-soil structure can be
obtained by solving the roof stress components using the compatibility equation, yielding
the following expression.

__h Sy Al oy - 1.3, 0
Fs = > tan ¢ k0+1+4n +10b] c+ > (fs cos ¢ + sin g tan ¢) |k 1+4n +10b
__ B 2]k i _3p_
Fsp = 5 tan ¢ | ko 1" 10b} c+ > (fs cos @ + sin g tan @) |ko " 108 (1)
Fggz%ho(fscosgo+sinq)tango) 411+Zn2—32ﬂtango—c

where 1 is the average weight of the overburden soil, E is the elastic modulus of the soil
(GPa),a=1/(G — 2v(1 — v)/E), b= (1 — v?)/E, G is the shear modulus, fs is the set safety
factor (GPa), ¢ is the cohesion (MPa), ¢ is the internal friction angle (°), h is the roof burial
depth (m), n is the roof thickness-to-height ratio, and kg is the lateral pressure coefficient.
Fs1, Fsp, and Fgj represent the safety factors for the top, bottom, and side regions of the roof,
respectively. When Fg > 0, it indicates the failure of the soil structure. In Equation (1), due
to the uncertainty and variability of parameters within the longitudinal space of the roof,
this study selects E, v, c and ¢ as uncertain soil parameters for uncertainty characterization.
After determining the mechanical research parameters, Figure 2 illustrates the process of
expanding the measured sample using multidimensional Copula models and HAMDA
under small sample conditions. This aims to generate a large volume of simulated data
with the original feature distribution for roof stability analysis.



Sustainability 2025, 17, 10028 4 of 21

VLI

roof -]

SIS

| i

P

e () q
minepillar__‘%h F, !

- =

y

Figure 1. Roof stress diagram. (a) simplified diagram of the roof in the unit goaf; (b) the detailed
stress diagram within the red dotted frame in (a).
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Figure 2. Flowchart for reliability analysis of uncertainty parameters in coal mine roof mechanics.

2.2. Multidimensional Elliptical Copula Model

Due to limitations in the practical survey and testing process, data obtained in engineer-
ing projects cannot secure sufficient samples to derive complete probabilistic information
about unknown parameters, unlike other fields such as finance. Copula models can be
employed to establish quantitative parameter characteristics by constructing the correlation
structure of uncertain parameters under small sample conditions. In multidimensional
scenarios, multidimensional elliptical Copulas offer the most convenient approach for
establishing the multiparameter dependency structures: the bivariate correlation coefficient
can be straightforwardly extended to the required parameter matrix. Furthermore, elliptical
Copulas exhibit excellent symmetry and positive and negative correlation representative-
ness, serving all parameter correlation representation needs. Common multidimensional
elliptical Copulas include the multidimensional Gaussian and t Copula.
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2.2.1. Multidimensional Gaussian Copula

The cumulative distribution function (CDF) and probability density function (PDF) of
the multidimensional Gaussian copula are:

Cr, (U1, Uz, up; 0) = Py (Cp_l(m),q)_l(uz),' X ,¢_1(Mn);9) 2)

_1 1 _
Diy.. pltig,ua, -+ up;0) = |0] 2 exp<—2XT(6 ! —I)X) 3)

where u; = ®(x;), i = 1, 2, ..., n denotes the normal distribution function of x;; ®~1(u;)
represents the inverse of the standard normal distribution function for u;; 6 is the correlation
parameter matrix, and 10| denotes its determinant value. X = (x1, xp, ..., x), I is the
unit matrix.

The key to constructing a multidimensional Gaussian copula lies in obtaining the
copula’s correlation parameter matrix. This study employs the Pearson method, the
Kendall method and the Spearman method to estimate the correlation coefficient matrix.
The correlation coefficients for these three methods are calculated as follows:

CO’U(Xl,Xz)

For Pearson, p = 107 4)
For Kendall, T = P((Xll — Xll’l) (X2i — XZi/) > 0) — P((X]l — Xli/) (le‘ — X21‘/) < 0) (5)
For Spearman, Y = 3P( (Xli — Xli/) (XZi — XZiN) > 0) — P( (Xli — Xli/) (X2i — le’”) < 0) (6)

where X; and X, represent the measured values of two parameters, o denotes the standard
deviation; X;, X, and X;” are three independent and identically distributed vectors of pa-
rameter X. P[(---)(---) > 0] and P[(- - - )( - - ) < 0] denote the probabilities of consistency and
inconsistency between the two sets of vectors, respectively. After obtaining the correlation
coefficients for the three construction methods, the correlation parameter 6 can be further
derived from them.

p= /_0; /_o:o (xtlyl) (xz — Vz)D(Fl(xﬁ/Fz(Xz);9)f1(x1)f2(x2)dx1dx2 7)

%]
1 1
=4[ [ ClR(x), () 0)dC(F (v), B(x2);6) ~ 1 (8)
1 1
Y= 12'/0 /0 C(P1(X1),P2(X2),‘9)d1:1 (xl)dP2(X2) -3 (9)

where F(x) represents the marginal CDF value of parameter X, and C and D represent the
CDF and PDFs of the bivariate copula between parameters.

2.2.2. Multidimensional t Copula
The CDF and PDFs for the multidimensional t Copula are:

Ci2, (U1, g, un;0) = Te,df(Tdf_l(ul)/Tdf_l(”2>/‘ - /Tdf_l(un)) (10)

(Y (Y s Loeig
D1 n(uy,un, -+ un;0) = (0] 2 ( ﬁ(d)fgrg)z}z] 1n1<{1+%>(df+]1)/2 (11)
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where Ty 4(1;) denotes the standard t-distribution function for u; under a correlation coeffi-
cient matrix 6 and degrees of freedom df, and Tdffl(ui) is its inverse function. I'(-) represents
the gamma function; {’ = (Tdf’l(ul), Tdf’l(uz), e, Tdf’l(ul-)). As the degrees of free-
dom approach infinity, the multidimensional t Copula converges to the multidimensional
Gaussian Copula.

2.3. Hybrid Adaptive Multi-Method Data Augmentation (HAMDA) Method

Beyond copula methods capable of modeling the correlation structure among pa-
rameters, there are small sample data augmentation techniques in machine learning and
statistical analysis. By increasing data diversity and quantity, these methods can over-
come issues such as weak model generalization and overfitting caused by insufficient
data. However, common data augmentation approaches like flipping and cropping rely on
simple transformations and fail to generate meaningful samples. Interpolation methods
like SMOTE typically rely solely on local neighborhood information, potentially overlook-
ing global distribution characteristics [40]. Training generative models such as GANs
under small sample conditions may be unstable and prone to pattern collapse. Meanwhile,
statistical sampling methods like Bootstrap and Kernel Density Estimation (KDE) exhibit
limited sample diversity when employed as standalone approaches. [41-43] Therefore, this
study proposes an optimized hybrid adaptive multi-method data augmentation framework.
This framework essentially integrates multiple data augmentation methods, leveraging
the strengths of different approaches to configure varying proportions of original data
for augmentation. This approach satisfies the need for sample diversity and more closely
approximates the true measured sample distribution.

This study integrates six complementary data augmentation techniques. The principles
and primary advantages of each method are as follows: (1) SMOTE: Increases the number of
minority class samples by synthesizing new samples through linear interpolation between
a selected minority sample and its nearest neighbors, rather than simply duplicating
minority samples. (2) KDE: Estimates the probability density function of data using
a nonparametric method, then samples new instances from the estimated distribution.
It demonstrates significant advantages when handling complex distributions and high-
dimensional data. (3) Adaptive Gaussian Noise (AGN): Adjusts noise levels based on
the local density of data, adding adaptive noise to the original samples. It is easy to tune
parameters, effectively learns the model’s generalizable features, and avoids overfitting.
(4) Mixup Data Blending (MDB): Generates new samples by linearly interpolating between
two existing samples to enhance data diversity. (5) Spline Interpolation Augmentation
(SIA): Captures nonlinear trends by fitting smooth curves connecting multiple data points.
Compared to linear interpolation, spline interpolation produces smoother, more naturally
occurring samples. (6) Conditional Multivariate Normal Sampling (CMNS): Assuming data
follows a multivariate normal distribution, it utilizes a covariance matrix to capture linear
correlations between variables, sampling new instances from the estimated distribution.
This method preserves linear correlations between variables and is suitable for original
data approximating a normal distribution. The core principle of HAMDA is the Weighted
Ensemble Strategy, which dynamically adjusts different weights to generate distinct data
augmentation schemes. Its primary concept is outlined as follows:

K
Dgyn = kL:JlSk (Dorigz Wk, Gk) (12)

where Dsyn denotes the synthetic sample set, Dorig denotes the measured sample set, K
denotes the total number of augmentation methods (K = 6 in this study), Sy denotes the
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kth augmentation method, wy denotes the weight of the kth method satisfying Zlewk =1,
and 0 denotes the hyperparameter of the kth method.

3. llustrative Example
3.1. Construction of Multidimensional Elliptical Copula Models

The measured data used in this study comprises 192 sets of mechanical parameters
including E, v, c and ¢ for roof strata in domestic coal mines, collected by Cao et al. [39].

Specific details of the roof strata are shown in Table 1. Following preliminary statistical
analysis of the data, two-dimensional comparison charts incorporating the measured data

histogram distribution are drawn, as shown in Figure 3 below.

Table 1. Source information table of measured data [39].

Name of Coal Mine

Roof Conditions

Number of Measured
Data Sets

Xiadian gold deposits, north China
Xinpu phosphate deposit, Lianyungang City
Yuanjiacun iron mine, Shanxi
104 regiment coal mine, Xinjiang
Heilong coal mine, Shanxi
Qingdong coal mine, Anhui
Cangshan iron mine, Shandong
Zhujiaba copper mine, Yunnan
a coal mine in southwest China
Shennanwa coal mine, Shanxi
a coal mine in Guizhou
Shilawusu coal mine, Inner Mongolia
Xiaotun coal mine, Guizhou
Panbei coal mine, Anhui
Huangyuchuan coal mine, Inner Mongolia
Huainan Panji mining area, Anhui
Linsheng coal mine, Liaoning
Jingcheng coal mine, Shanxi
Heilong coal mine, Shanxi
Datunsong mine, Yunnan
Zhaozhuang mine, Shanxi
Dongdong coal mine, Shaanxi
Zhujixi coal mine, Anhui
Shenzhou coal mine, Shanxi
Hengsheng coal mine, Shanxi
Zhaozhuang mine, Shanxi
East Kouzi coal mine, Anhui
Baode coal mine, Shanxi
Shuangxin coal mine, InnerMongolia
Sanjiaohe coal mine, Shanxi
Ann hill coal mine, Shaanxi

inclined thick-large orebody
hard rock mass
Overburden goaf under open pit boundary
steep coal seam mining area
water-sprinkling roof
hard roof
hard rock stratum roof
slightly inclined orebody
compound roof
compound roof
compound roof
large section roadway roof
compound roof
regenerative roof of large dip angle coal seam
layered roof
deep coal-bearing rock series
hard roof of steeply inclined coal seam
water-drenched surrounding rock roof
water-sprinkling roof
complex orebody of large goaf
compound roof
compound roof
compound roof
extra-thick compound roof
hard roof
layered roof
component roof
thick coal-seam with hard roof
soft roof
roof near fault
layered roof

UNOWGORNOROWWWRZTOEENONGNUOWR WO W

Based on the two-dimensional measured histogram distribution results of coal mine
roof data, the distribution of each mechanical parameter exhibits high dispersion and a wide
range. This is due to the collected roof mechanical data originating from multiple coal mines
with differing geological conditions, resulting in significant variations in parameter values.
Nevertheless, distinct correlation patterns emerge among the four mechanical parameters.
For instance, a clear positive correlation exists between E—c, while a pronounced negative
correlation is observed between c—¢. Figure 4 illustrates the comparison of these two
correlation patterns under empirical distributions. The empirical distribution results reveal
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that both correlation patterns are distributed near the 45° and 135° diagonals, exhibiting
distinct symmetry characteristics.
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Figure 3. Experimental Two-Dimensional Histogram Distribution of Mechanical Parameters. (a) E-v;
(b) E—; (c) E-¢; (d) v—; (e) v—¢; (f) c—¢.
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Figure 4. Empirical Distribution Plot of Positive and Negative Correlation Structures. (a) E—c; (b) c-¢.

To construct the multidimensional Gaussian Copula structure with four mechanical
parameters using three different construction methods, the first step is to identify the
marginal distribution functions of these four parameters. The AIC criterion can be used to
estimate the marginal distribution characteristics of the parameters under the measured
data. The AIC test expression for the marginal distribution function is [44]:

N
AIC = —2) "In f(x;;€) + 2k (13)
i=1

where ¢ is the vector of distribution parameters, k is the number of parameters in the
marginal distribution function (k = 2 in this study), and N is the total number of observed
samples. Four alternative marginal distribution functions were selected as candidates for
identification, with their AIC calculation results shown in Table 2. The bolded values in the
table represent the minimum AIC values, indicating the optimal marginal CDF for each
variable. The optimal marginal CDF for all four mechanical parameters in this study is
the Weibull function. This is attributed to the Weibull function’s shape parameter, which
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allows flexible adjustment of skewness, enabling it to adequately fit uncertain mechanical
parameters characterized by high variability.

Table 2. Calculation Results of Marginal Distribution of Roof Mechanical Parameters.

Parameter E v c @
normal 1638.9 —455.66 1247.7 1142.4

lognormal 1537.9 —435.62 1036.9 1166.3
Gumbel 1662.6 —405.05 1268.4 1209.8
Weibull 1414.2 —456.45 1031.3 1129.8

Having obtained the marginal distribution characteristics of the mechanical parame-
ters, the correlation coefficients and correlation parameter matrices are calculated using
three construction methods, with the results shown in Table 3. Substituting the correlation
parameter matrices into Equation (3) yields the joint distribution results of the multidi-
mensional Gaussian Copula under different construction approaches. Comparing the
correlation parameter matrices from the three construction methods, consistent with the
results in Figure 4, the correlation parameters between parameters E and c, as well as
between c and ¢, are relatively large, with absolute values around 0.5. Within these two
correlation structures, the Kendall method yields larger correlation parameters than the
Spearman method, while the Pearson method produces the smallest correlation parameters.
This is due to a certain degree of amplification effect when solving correlation parameters
using Kendall’s correlation coefficient, whereas the Spearman method exhibits a weaker
amplification effect.

Table 3. Correlation coefficients and correlation matrix for different construction methods.

Construction Method Correlation Coefficients Matrix Correlation Parameter Matrix

1 0.0153 0.6227 —0.0937] [ 1 —0.0719 04737 —0.0708]

Pearson 0.0153 1 0.0243 —0.1249 —0.0719 1 0.0684 —0.1745
0.6227 0.0243 1 —0.3025 0.4737 0.0684 1 —0.4515

| —0.0937 —0.1249 —0.3025 1 | [-0.0708 —0.1745 —0.4515 1]

1 —0.0981 0.3339 —0.05211 [ 1 —0.1534 0.5008 —0.0817]

Kendall —0.0981 1 0.0282 —0.0973 —0.1534 1 0.0444 —0.1522
0.3339 0.0282 1 —0.3448 0.5008 0.0444 1 —0.5155
| —0.0521 —0.0973 —0.3448 1 | [-00817 -0.1522 -0.5155 1]
1 —0.1420 04757 —0.0732] [ 1 —0.148 0.4930 —0.0766]

Spearman —0.1420 1 0.0409 —0.1399 —0.1486 1 0.0428 —0.1464
P 0.4757 0.0409 1 —0.4908 0.4930 0.0428 1 —0.5083
| —0.0732 —0.1399 —0.4908 1 | [-0.0766 —0.1464 —0.5083 1]

Similarly, the joint parameter matrix of the t Copula model can be calculated using
maximum likelihood estimation, with the results shown in the following equation. Sub-
stituting these into Equation (11) yields the multidimensional t Copula joint distribution
model. It is noted that when performing maximum likelihood estimation for the degrees
of freedom of the t Copula, the results were found to be significantly greater than 100.
Therefore, it can be concluded that the constructed multidimensional t Copula in this study
approximates the multidimensional Gaussian Copula model. Furthermore, the correla-
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tion parameter results from Equation (14) reveal values that closely resemble those of the
Gaussian Copula correlation parameter matrix under the Pearson method.

1 —-0.0706  0.4797 —0.0769
—0.0706 1 0.0742 —0.1776 (14)
0.4797  0.0742 1 —0.4618

—-0.0769 —-0.1776 —0.4618 1

3.2. Stability Analysis of Coal Mine Roof Based on Multidimensional Elliptical Copula Models

After constructing the multidimensional elliptical copula models, to investigate the
stability of roof soil structures under small sample mechanical parameters, 1000 sets of
Gaussian Copula under three different construction methods and t copula models were
simulated using MCS. Table 4 presents the statistical characteristics of simulated samples
under different Copula models. The simulation results indicate that the statistical char-
acteristics of the four roof mechanical parameters simulated by various Copula models
are highly consistent with measured values. For elastic modulus, the simulated mean
and variance of the Gaussian_Pearson model most closely match the measured values.
Regarding Poisson’s ratio, all models deliver excellent simulation results with minimal
discrepancies. For cohesion, the simulated mean and variance of the Gaussian_Kendall
model most closely matched the measured values. For the internal friction angle, the
simulated mean of the Gaussian_Spearman model most closely matched the measured
value, while the variance of the t Copula model most closely matched the measured value.
It is evident that for the statistical characteristics of different mechanical parameters, each
scheme yields optimal simulation results. Therefore, it is necessary to further discuss the
correlation structure simulation results of different schemes. To validate the effectiveness of
the models in simulating small sample correlation structures, the E-c and c—¢ correlations
with obvious correlation structures are still selected as representative simulation visualiza-
tion outputs. Figures 5 and 6, respectively, show the comparison between simulated and
measured samples for E-c and c—¢ under different construction methods, where blue solid
dots represent measured samples and black hollow dots represent simulated sample points.

Table 4. Statistical characteristics comparison between simulation results and measured samples.

Method Parameter Mean Value Variance Coefficient of Variation
E (GPa) 14.789 293.695 1.159
M 44 v 0.249 0.005 0.295
easured data ¢ (MPa) 5.350 38.282 1.156
9 (°) 31.128 22.122 0.151
E (GPa) 14.489 294.082 1.184
Gaussion P v 0.252 0.006 0.305
ausstan_tearson ¢ (MPa) 4.991 28.350 1.067
¢ (°) 31.212 21.052 0.147
E (GPa) 15.449 332.544 1.180
. v 0.246 0.006 0.306
Gaussian_Kendall ¢ (MPa) 5.380 33.046 1.069
9 (°) 31.058 19.070 0.141
E (GPa) 14.284 269.977 1.148
Gaussian_Spearman v 0.247 0.005 0.295
- ¢ (MPa) 5.683 38.044 1.085

¢ (°) 31.121 21.302 0.148
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Table 4. Cont.

Method Parameter Mean Value Variance Coefficient of Variation
E (GPa) 15.588 361.111 1.221
t Copula v 0.246 0.008 0.367
P ¢ (MPa) 5.363 29.954 1.021
@ (%) 31.256 22.218 0.151
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Figure 5. Comparison of simulated and measured E—c values under different construction methods.
(a) Pearson method of Gaussian Copula; (b) Kendall method of Gaussian Copula; (c¢) Spearman
method of Gaussian Copula; (d) t Copula.

From the comparison of simulated results against measured data for the two corre-
lation structures, it is evident that regardless of the modeling approach employed, the
simulated samples fully envelop the overall shape of the measured points. This validates
the effectiveness and convenience of the multidimensional elliptical copula in characteriz-
ing and simulating the multidimensional soil structure of the roof.

Based on the reliability functional of the coal mine roof soil structure from Section 2.1,
constant values for the roof geotechnical parameters are first established, excluding the
study variables E, v, c and ¢ selected in this research, as shown in Table 5 below. Using
the peak expression for the roof classification value region in Equation (1), substituting
simulation data from different structural models into the discriminant equation yields the
failure probability py for the roof top, bottom and side positions, as well as the overall
failure probability. pf represents the ratio of the sample count of failures to the total
sample count. Due to significant uncertainties in the MCS process, the failure probability
obtained from each simulation is not always consistent. To reduce errors introduced by
MCS, simulations are repeated in rounds of 100, 200, 300, .. ., 1000 cycles, with each round
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comprising 1000 MCS iterations. The resulting variations in failure probability at different

roof locations for various structural models are shown in Figure 7.
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Figure 6. Comparison of simulated and measured c-¢ values under different construction methods.
(a) Pearson method of Gaussian Copula; (b) Kendall method of Gaussian Copula; (c) Spearman
method of Gaussian Copula; (d) t Copula.

Table 5. Constant values for roof soil structure.
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Figure 7. Plots of failure probability at different roof locations under various construction methods
with simulated rounds. (a) Pearson method of Gaussian Copula; (b) Kendall method of Gaussian
Copula; (¢) Spearman method of Gaussian Copula; (d) t Copula.

As shown in Figure 7, the failure probability distribution across different locations
of the roof stabilizes after 100 simulated rounds. Regarding failure locations, py at the top
area remains consistently near zero, indicating that the top area is relatively safe within
the entire roof soil structure. Conversely, pr at the bottom area is nearly equivalent to the
system py of the entire roof soil structure, indicating that most roof system instabilities are
accompanied by failure at the bottom. The failure probabilities in the side areas of the roof
account for approximately 60% of the overall system failure probability. This occurs because
the bottom region of the roof directly bears the full weight of the overlying strata, resulting
in peak vertical compressive stress. Furthermore, as illustrated by the stress diagram of the
roof in Figure 1a, the roof can be modeled as a cantilever beam with fixed ends at the sides
and a free end at the span center, where the bottom experiences maximum tensile stress.
When tensile stress exceeds tensile strength, cracks form. These bottom cracks propagate
upward, reducing the bearing area and further concentrating stress. In the side region,
lateral constraints cause stress to gradually transition inward from the boundary, unlike the
abrupt change at the bottom, resulting in relatively lower stress concentration. Therefore,
the bottom is the primary failure zone. To address this phenomenon, practical engineering
should reinforce support at the bottom of the roof. Measures include using high-strength
bolts with reduced spacing in the tensile stress zone and installing additional anchor cables
above the bottom area. In the side region, leverage the advantage of natural constraints by
appropriately increasing anchor spacing, while densifying arrangements in the transition
zone with the bottom. Combine this with dynamic early warning monitoring for real-time
intelligent adjustments.

Figure 8 shows the variations in failure probability at different locations on the roof
as the number of simulation rounds increases. Since py at the top area is nearly zero, the
figure only displays failure probability distributions for the bottom, side regions and the
entire roof structure. Consistent with the conclusions in Figure 7, after 100 simulation
rounds, the failure probabilities for the bottom area and the entire roof structure show no
significant changes. Furthermore, both methods exhibit similar failure probabilities in both
the multidimensional Gaussian and t Copula models. However, in the top and side regions,
the multidimensional Gaussian Copula model constructed using the Kendall method and
the Spearman method shows lower failure probabilities. Conversely, the multidimensional
Gaussian and t Copula models constructed using the Pearson method exhibit higher failure
probabilities in the side regions.
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Figure 8. Plot of failure probability at different locations on the roof with the simulated rounds.
(a) bottom area; (b) side area; (c) overall roof structure.

3.3. Stability of Coal Mine Roof Based on HAMDA

This section utilizes HAMDA to obtain augmented samples with the characteristics
of the original samples and evaluates the stability of coal mine roof soil structures under
small sample conditions. Based on the characteristics of different data augmentation meth-
ods, the failure probability characteristics of coal mine roof soil structures are explored
through three weighting allocation schemes for the augmented samples: HAMDA _balance,
HAMDA_conservative and HAMDA _diverse. HAMDA _balance employs SMOTE and
KDE as primary methods, allocating 55% weight to ensure statistical fidelity of augmented
data. Exploratory methods like AGN and MDB receive 45% weight to enhance sample
diversity. By maintaining a roughly 1:1 balance between accuracy and diversity, this
approach preserves the original distribution characteristics of augmented data while boost-
ing generalization capabilities through random perturbations and blending strategies.
HAMDA_conservative prioritizes robustness by allocating 70% weight to SMOTE and
KDE. These well-validated interpolation methods minimize potential extreme values in
augmented data. By reducing weights for AGN and MDB as well as completely excluding
CMNS, which relies on a multivariate normal assumption, it strictly limits the introduction
of additional uncertainty. This ensures the vast majority of synthetic samples are generated
via linear interpolation or density estimation. HAMDA_diverse follows a multi-method
averaging principle, assigning equal 20% weights to SMOTE, KDE, AGN, and MDB. It
adheres to the maximum entropy principle without prior information allocation. This ap-
proach balances the strengths of each method while enhancing the diversity of augmented
data. Each program comprises 1000 data sets including the measured samples. The specific
sample allocation results are shown in Table 6.

Table 6. Weight allocation for different HAMDA programs.

Data Augmentation
Methods

SMOTE KDE AGN MDB SIA CMNS

HAMDA _balance

HAMDA _conservative

HAMDA _diverse

245 (30.3%) 202 (25.0%) 160 (19.8%) 121 (15.0%) 40 (4.9%) 40 (4.9%)
325 (402%)  242(29.9%) 121 (15.0%) 80 (9.9%) 40 (4.9%) 0 (0.00%)
165 (20.4%) 161 (19.9%) 161 (19.9%) 161 (19.9%) 80 (9.9%) 80 (9.9%)

Figure 9 illustrates the fitting results of the three HAMDA programs for the den-
sity functions of the four augmented mechanical parameters. Overall, all three programs
demonstrate relatively well-fitting results for the elastic modulus density, though some
discrepancies exist at the density peaks. Among them, the HAMDA _diverse program
exhibits the smallest deviation from the measured density peak, indicating the best en-
hancement effect. For Poisson’s ratio, similar deviations are observed at the peak. The
HAMDA_balance program adopts an intermediate height between the two density peaks
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(al)

of the measured data, while the HAMDA_conservative program achieves the closest fit to
the peak height of the density distribution, albeit with a certain peak offset. Although the
density peak of the Poisson’s ratio under the HAMDA _diverse program shows no offset,
it exhibits a height discrepancy similar to that of the HAMDA _balance program. In the
cohesion augmentation samples, the enhancement effects of the three programs are similar
to those of the elastic modulus, with all density peaks being relatively large. However,
the deviations between the HAMDA _conservative and HAMDA _diverse programs are
comparable, both being smaller than that of the HAMDA _balance program. For the inter-
nal friction angle augmentation programs, the HAMDA_balance and HAMDA _diverse
programs yielded similar density fitting results. However, the difference between the valley
values between the two density peaks of the HAMDA _balance program and the measured
curve is greater than that of the HAMDA_diverse program. Meanwhile, both the two
density peaks and the valley values of the HAMDA _conservative program exhibit certain
differences from the measured curve.
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Figure 9. Fitting results of mechanical parameter density functions for different HAMDA programs.
(a1) Balance of E; (b1) Conservative of E; (c1) Diverse of E; (a2) Balance of v; (b2) Conservative of v;
(c2) Diverse of v; (a3) Balance of ¢; (b3) Conservative of c; (¢3) Diverse of c¢; (a4) Balance of ¢;
(b4) Conservative of ¢; (c4) Diverse of ¢.

Figure 10 presents box plots of four mechanical parameters under three HAMDA
programs for the augmented sample, with the red boxes representing the measured data.
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The overall box plots of the four mechanical parameters under HAMDA closely resemble
those of the measured sample, validating the rationality and effectiveness of the HAMDA
program for augmenting small sample data on roof soil structure. Regarding the statisti-
cal results for elastic modulus, due to the presence of numerous outliers in the original
measured data, the HAMDA-augmented samples also exhibit widespread distribution of
outliers. Based on the 1.5IQR results, the statistical outcomes of the HAMDA _conservative
and HAMDA _diverse schemes align more closely with the measured samples. Further-
more, the box plot statistics for cohesion closely resemble those for elastic modulus, with
both augmented and measured samples exhibiting numerous outliers. This is due to the
high variability and dispersion inherent in the mechanical parameters collected in this
study. In the boxplot statistical results for Poisson ratios and internal friction angles, the
statistical outcomes from HAMDA closely align with the measured boxplots. For Poisson
ratios, the 1.5IQR results from the HAMDA_balance and HAMDA _diverse programs are
closer to the measured samples, indicating that these two programs provide more reason-
able ranges for supplemental data distribution under this mechanical parameter. In the
boxplots for the internal friction angle, the 1.5IQR results from the HAMDA _balance and
HAMDA_conservative programs are closer to the measured samples. However, the mean
distribution results from the HAMDA_conservative program are more accurate.
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Figure 10. Boxplots of augmented samples for mechanical parameters under the HAMDA programs.

(@) E; (b) v; (c) ¢; (d) ¢.

Based on the peak expression for the roof determination value region in Equation (1),
substituting the three HAMDA-augmented samples into the discriminant equation yields
failure probability results for different locations within the roof soil structure under various
HAMDA programs. These results are compared with the failure probability outcomes
from the multidimensional Gaussian Copula model in the previous section, as shown in
Figure 11. Similar to the multidimensional Gaussian Copula model, py at the top area under
all programs approaches zero, confirming the relative safety of the roof soil structure at
this location. However, in the bottom area of the roof, only the HAMDA_diverse program
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yielded failure probability results comparable to those from the multidimensional elliptical
copula model. py calculated for the bottom area using the HAMDA _conservative program
is significantly lower than the results from other programs. This phenomenon is evident
in both the side area and the overall failure probability calculations. This indicates that
the augmented samples obtained using the HAMDA _conservative program significantly
underestimate the failure probability of the roof soil structure, creating potential hazards
in the stability design of the roof. In the side area, the failure probability results from the
HAMDA_diverse program are markedly higher than those from the multidimensional
elliptical Copula model, leading to overly conservative stability designs for the side area.
Overall, the HAMDA_balance program and the multidimensional Gaussian Copula model
provide more similar representations of the small sample data for the roof soil structure.
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Figure 11. Failure probability plot for different locations of the roof soil structure under the HAMDA
programs and multidimensional copula models.

In practical engineering, different elliptical copula models and HAMDA methods
can be applied to roof stability studies under varying requirements. For instance, the
Pearson method under multidimensional Gaussian copulas tends to underestimate failure
probabilities, making it suitable for shallow, low-risk zones with favorable rock properties
and conducive to cost savings. The Kendall method is more sensitive to variations in failure
probabilities in the side areas of the roof, rendering it more appropriate for stability assess-
ments in these side regions. The Spearman method offers high stability and is suitable for
environments with highly variable mechanical parameters. The multidimensional t-Copula
model balances accuracy with conservatism, making it appropriate for the preliminary
stages of roof support design. For detailed risk assessments and support design formulas
requiring roof stability analysis, different risk scenarios within HAMDA can be selected
based on the practical roof conditions.

4. Discussion

This study established a multidimensional elliptical copula model based on existing
domestic coal mine roof small-sample data and proposed three HAMDA approaches with
distinct weighting schemes. Systematic reliability assessments were conducted for different
roof locations through MCS. Results indicate that multidimensional elliptical Copulas and
HAMDA effectively mitigate limitations of small samples while evaluating coal mine roof
soil stability. However, the authors acknowledge current limitations. For instance, roof
data sources are diverse, with varying geological conditions and mine specifications across
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coal mines. The obtained roof mechanical parameters exhibit significant variability (as
evidenced by COV > 1 for parts of the mechanical parameters in Table 4), resulting in
greater uncertainty in the conclusions drawn from this analysis. Furthermore, while the
study employs multidimensional elliptical copulas to model the correlation structure of
multidimensional geotechnical parameters, it is noted that copula functions are numerous,
and the multidimensional elliptical copula is not necessarily the optimal model. Determin-
ing how to obtain the optimal multidimensional copula model represents a worthwhile
research topic for future work. Third, while the proposed data augmentation scheme can
generally simulate data with original feature distributions, its fitting capability for peaks
is relatively poor in the results shown in Figure 9. Numerous outliers remain visible in
Figure 10. Furthermore, the three HAMDA schemes introduced in this paper still employ
relatively fixed weight allocations across different data augmentation methods. Explor-
ing how to achieve adaptive adjustments through dynamic weight allocation remains a
worthwhile research direction. Future research could utilize long-term monitoring data,
such as roof displacement and stress variations to validate the consistency between failure
probabilities and practical stability [45]. Nevertheless, this work effectively simulates the
structural characteristics of multidimensional coal mine roof mechanical parameters with
high variability, providing a reasonable foundation for stability analysis of coal mine roof
geotechnical structures under small sample conditions.

5. Summary and Conclusions

In this study, based on statistically obtained measured data from 192 sets of coal mine
roof in China, three multidimensional Gaussian Copula models and multidimensional t
Copula models were constructed under different correlation coefficients, building upon
the reliability analysis model for coal mine roof soil structures. The correlation structures
of multidimensional mechanical parameters under multidimensional elliptical Copulas
were simulated, and reliability analyses were conducted for different locations within
the coal mine roof soil structure. Three HAMDA programs with different weights were
proposed to conduct stability analysis of roof soil structures using augmented data. The
main conclusions are as follows:

(1) Multidimensional elliptical Copulas can effectively simulate the correlation structure
of multidimensional coal mine roof mechanical parameters with high variability, offer-
ing the advantages of convenience and efficiency. Their simulation results accurately
reflect the variation patterns of failure probability across different locations within the
coal mine roof soil structure, providing valuable guidance for engineering practice.

(2) Under the roof soil stability model developed in this study, roof system instability
typically occurs with failure at the bottom of the roof. Concurrently, there is a 60%
probability of instability in the side area, while the top area of roof remains in a
relatively safe position. This requires attention in stability structural design.

(3) Using the integration of multiple data augmentation methods effectively combines the
advantages of each approach. The three proposed HAMDA programs can effectively
enhance data limitations arising from small sample conditions in coal mine roof soil
structures. The density distributions fitted by the expanded mechanical parameter
samples and the box plot statistical results are both very close to the measured samples.

(4) The failure probability of roof soil structure calculated by the HAMDA _conservative
program is significantly lower than results from other programs, indicating potential
risks in roof stability design. Conversely, in the side area of roof, the failure probability
calculated by the HAMDA_diverse program is markedly higher than that from the
multidimensional elliptical copula model, leading to overly conservative stability
designs for these side regions.
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