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Abstract

This paper presents fully transient analytical solutions for organic contaminant transport
through composite liner systems consisting of a geomembrane (GMB) underlain by either
a compacted clay liner (CCL) or a geosynthetic clay liner (GCL). The proposed solutions
simultaneously account for three key mechanisms, namely advection due to GMB defects
and wrinkles, first-order degradation, and thermodiffusion induced by temperature gra-
dients. The solutions provide steady-state temperature distribution, transient contami-
nant concentration profiles, mass flux, and cumulative mass outflow at the base of the
liner. The analytical solutions are rigorously verified against experimental thermodiffu-
sion data from the literature, an existing analytical solution, and a numerical model using
COMSOL Multiphysics 5.4. A parametric study is conducted to investigate the effects of
thermodiffusion, Soret coefficient, and thermal conductivity on benzene transport. Results
show that thermodiffusion substantially increases benzene outflow; neglecting it may lead
to unconservative liner design. The benzene transport rate increases almost linearly with
the Soret coefficient. The thermal conductivity of the GMB and GCL significantly affects
benzene transport in the GMB/GCL system, while the thermal conductivities of the GMB
and CCL have negligible effects on the GMB/CCL system. The proposed analytical solu-
tions enable rapid parametric analysis, preliminary liner design, environmental risk as-
sessment, and early warning. By enabling rapid comparison of GMB/CCL versus
GMB/GCL systems (material selection), optimization of clay layer thickness for required
breakthrough time (thickness optimization), and quantification of thermal effects on con-
taminant flux (temperature control), the solutions serve as an efficient tool for sustainable
liner design.

Keywords: composite liners; geomembrane; geosynthetic clay liner; thermodiffusion;
analytical solutions; sustainable design
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1. Introduction

Bottom liner systems consisting of a geomembrane (GMB) underlain by either a com-
pacted clay liner (CCL) or a geosynthetic clay liner (GCL) are widely used in modern mu-
nicipal solid waste landfills to isolate waste and leachate from the surrounding environ-
ment [1-3]. Although such GMB-based composite liners are effective, organic contami-
nants can still diffuse through intact GMBs [4,5]. Moreover, defects and wrinkles are com-
monly present in GMBs even under strict construction quality assurance programs [6,7].
Advection through these defects can significantly enhance contaminant migration, espe-
cially when a high leachate head and many defects exist [8-11]. In addition, degradation
has been recognized as a key attenuation process for organic contaminants in clay liners
[12-14].

Numerous analytical and numerical models have been developed to predict organic
contaminant transport in liner systems considering molecular diffusion, advection, and
degradation [9-11,15-17]. However, most of these studies have been conducted under iso-
thermal conditions, neglecting the fact that landfills often experience elevated tempera-
tures due to waste degradation or hydration of incinerated ash. Temperatures in landfill
liners can reach 50-70 °C [18-20] and even up to 80 °C in mining applications [21]. Such
thermal gradients induce thermodiffusion (Soret effect), which can drive additional con-
taminant mass flux comparable to molecular diffusion [22-23]. Experimental evidence has
confirmed that thermodiffusion enhances solute transport in compacted clays [23]. There-
fore, a reliable assessment of liner performance must account for the combined effects of
advection through GMB defects, degradation, and thermodiffusion.

In recent years, several studies have incorporated thermodiffusion into analytical
models for liner systems. Xie et al. [24] presented an analytical model for chemical diffu-
sion under thermal effects in semi-infinite porous media. Yan et al. [25] derived analytical
solutions for thermally induced diffusion under steady-state heat transfer. Peng et al. [26]
developed an analytical model for organic contaminant transport through a GMB/CCL
composite liner, including thermodiffusion but without considering GMB defects or deg-
radation. More recently, Qiu et al. [27] proposed analytical solutions for a GMB/GCL/CCL
triple-layer liner under non-isothermal conditions, accounting for temperature-depend-
ent diffusion and partition coefficients; nevertheless, advection due to GMB defects was
neglected. Qiu et al. [28] provided analytical solutions for a GMB/CCL composite liner
that incorporated GMB defects, effective porosity, and thermodiffusion, but degradation
was not included. Meanwhile, numerical solutions capable of handling transient heat
transfer and temperature-dependent properties (e.g., [29,30]) have been developed, but
they are not as convenient for rapid parametric studies or for use as benchmarking tools.

However, no analytical solution has been reported that simultaneously considers (i)
advection due to GMB defects/wrinkles, (ii) first-order degradation, and (iii) thermodiffu-
sion in a unified framework covering both GMB/CCL and GMB/GCL composite liners.
Furthermore, most existing analytical solutions are limited to steady-state approximations,
which cannot capture the transient evolution of contaminant concentration, mass flux, and
cumulative outflow. These transient characteristics are key information for liner design
and breakthrough time assessment.

This paper fills the above gap by presenting fully transient analytical solutions for
organic contaminant transport through GMB-based composite liners (GMB/CCL and
GMB/GCL), considering the combined effects of advection, degradation, and thermod-
iffusion. The proposed solutions account for the presence of GMB defects and wrinkles,
and they provide both temperature distribution (steady-state heat conduction) and tran-
sient contaminant concentration profiles, mass flux, and cumulative mass outflow at the
base of the liner. Two common bottom boundary conditions (zero-concentration and zero-
concentration-gradient) are considered, which bracket the realistic range of subgrade
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conditions. The analytical solutions are rigorously verified against experimental thermod-
iffusion data, an existing analytical solution, and a numerical model using COMSOL Mul-
tiphysics. Using the verified solutions, a parametric study is performed to investigate the
effects of thermodiffusion, Soret coefficient, and thermal conductivity on benzene
transport. The results highlight the importance of including thermodiffusion in perfor-
mance assessments. Furthermore, the solutions enable rapid evaluation of alternative
liner configurations, supporting the selection of eco-friendly designs that minimize mate-
rial consumption while maintaining containment performance. This capability contrib-
utes to environmental risk assessment and sustainable mitigation of pollution caused by
contaminant leakage from landfills.

2. Mathematical Model

Figure 1 presents the configuration of the composite liner system consisting of two
individual layers, i.e., from top to bottom, a geomembrane (GMB) and a clay layer (de-
noted as CL, which can be either a CCL or a GCL), with an aquitard or aquifer underlying
the CL. The CL is assumed to be non-deformable, homogeneous, and fully saturated. The

thicknesses of the GMB and CL are Lg and LC, respectively, and the total thickness
H=L,+L,, with the vertical coordinate z directed downward from the top of the GMB.

The hydraulic leachate head is h,. The concentration of organic contaminant contained

in the leachate is Co, which is assumed to be sufficiently dilute and could not change the
properties of CL [31,32]. Because defects and wrinkles are commonly found in GMBs used
for landfill liners, the GMB is assumed to contain wrinkles and defects in this study; con-
sequently, advection plays a role in driving organic contaminant transport in the liner

system. The temperature on the top and bottom of the GMB/CL liner system are 7, and
T,, respectively, which will produce a temperature gradient and generate contaminant

thermodiffusion.

-

Leachate. Cp, T, h,,

Molecular =& =— Thermo-
diffusion Z—¢ = diffusion

(I
(i

-

Advection

CCL or GCL

Subgrade layer (aquitard or aquifer), 7

Figure 1. Configuration of GMB/CL composite liner system. (Solid Horizontal Lines: Denote physi-
cal boundaries and material interfaces. Triangular Symbol (V): Indicates the free leachate surface
(upper hydraulic boundary). Double-Headed Vertical Arrows: Indicate dimensional measurements.

Vertical/Curved Flux Arrows: Represent mass and heat transport pathways.).
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The governing equation for organic contaminant transport through the GMB, con-
sidering advection, molecular diffusion, and thermodiffusion, can be expressed as
[10,11,24]

aC,(z,0) _p 6‘2Cg(z,t)_v 5C§°‘°(ZJ)+ 6( aT]

- e 1
ot S ‘oz oz\ "8 oz (1)

where C,(z,7) is the concentration of organic contaminant in the GMB; D, is the effec-

tive diffusion coefficient of organic contaminant in the GMB; V, is Darcy velocity of the
leakage flow through the composite liner; T is the temperature; D;, is the thermodiffu-
sion coefficient of organic contaminant in the GMB, and  Dj, =C,(z,1)S;D,; §; is the So-

ret coefficient, which is defined as the ratio of the thermodiffusion coefficient to the mo-

lecular diffusion coefficient [24]; Dg is the effective diffusion coefficient of organic con-
taminant in the GMB; C ; °(z,t) is the concentration of organic contaminant in the flow
through the holes in GMB, and C;‘)'e (z,)=C,(z,1)/ K, [10];and K, is the partition co-

efficient for the organic contaminant and GMB. According to Park and Nibras [33], the
sorption between organic contaminant and GMB can be assumed to follow a linear, equi-
librium sorption isotherm for low concentrations (<100 mg/L). According to Rowe et al.

[34], the D, and K, arechanged with different temperatures, and can be obtained by

D, =D,(T)d5, " )

K, =K,(T)0, " 3)

where D, (T) and K . (T) are the effective diffusion coefficient and partition coefficient

r

at a reference temperature 1, respectively; 6

iz and 0, ¢ are the constant temperature

coefficients for D, and K,, respectively. The explicit solution to Equation (1) is diffi-

cult to obtain because of the variable coefficients. In this study, the Dg

and K g are
assumed to be the average value in the GMB for simplified.
Similarly, organic contaminant transport in the CL, considering molecular diffusion,

advection, degradation, and thermodiffusion, can be expressed as [10,11,24]

C,(z) _ D, @C(z)_ v, (20 1 a( oT

D, — |—AC . (z,t
o R, & R, &z R, e\ " 82] (=0 @

where CC (z,t) is the contaminant concentration in the CL; DC is the effective diffusion
coefficient of the organic contaminant in the CL; V, is the seepage velocity in CL and is
calculated as v, =V, /n,, n_ isthe porosity of the CCL; D, is the thermodiffusion co-

efficient of the organic contaminant in the CCL, and Dy, =C,(z, 1)8,D,; 2 is the first-
order degradation constant for dissolved organic contaminant masses in the pore water

of CL and is assumed to be calculated as 1= ln(2)/ ty>, by is the organic contaminant
half-life in CL; and R,, is the retardation factor and can be obtained by

PucKe
R, =1+ dn d (5)

c

where 0, and K, are, respectively, the dry density and distribution coefficient of the

CL. The effective diffusion coefficient D, and distribution coefficient K, are reported
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to change with different temperatures [7,35], which are neglected in this study for sim-
plicity, and this is the limitation of the proposed analytical model.

One-dimensional heat conduction in the GMB/CL is assumed to be at steady state.
Under this assumption, the general solution to the governing equation of one-dimensional
heat conduction is

Tg = Agz+Bg (6)

I,=4z+B, @)

where T . and T, are the temperature in the GMB and CL, respectively; Ag and 4,
are proportionality constants about the temperature distribution of GMB and CL, respec-
tively; and B, and B, are coefficients to be determined by the temperature boundary
conditions.

According to Bouazza et al. [36], the heat flux, QT, in the GMB/CCL composite liner

can be expressed as

QT:—KVT-l—vaapW(T—Tr) (8)

where . is the thermal conductivity; AT is the temperature gradient; C, is the spe-

cific heat capacity of liquid; p, is the density of liquid; and T, is the reference temper-
ature.
Substituting Equations (6) and (7) into Equations (1) and (4), the governing equation

of C,(z1f) and C.(z,t) can be reformulated as

oC (z,t 0*C.(z,t oC (z,t
20 _ 5 E(2 ) Y 45D ¢(2:) )
ot £ 0z K, ¢ z
2
0C.(z1 _ D, 2°C.(0 _(V_C_ACSTDCJ(?CC(z,t) A 10
ot R, Oz R, R, oz

The Darcy velocity of the leakage flow through the composite liner V, can be deter-

mined from the leakage rate through the GMB defects. The leakage rate through a single
hole in the composite liner is given by [1,37]

Q=%(kb+@) (11)

where Lw is the length of wrinkle; 2b is the width of wrinkle; ¢ is the transmissivity of

the interface between GMB and CL; and f is the hydraulic conductivity of CL. V, can
then be obtained by [8,16,38]

v, =mQ/ 4 (12)

where 1, is the number of the defects in GMB per unit area; Ao is the cross-sectional
area of the flow.

The leakage rate @ in Equation (11) adopts the analytical solution developed by
Rowe [1] to predict the leakage rate of leachate flow through a single hole of GMB coinci-
dent with a wrinkle. This leakage solution agrees well with the results of numerical anal-
ysis [37], and has been widely used by researchers to evaluate contaminant transport in
liner systems [10,28,29]. According to El-Zein and Rowe [39], one-dimensional predictions
of leakage and transport can provide reasonable estimates of contamination in most cases.
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It should be noted that the effect of wrinkles is accounted for through the geometric pa-

rameters L, and 2b in Equation (11), rather than by artificially increasing the number of

defects M, in Equation (12).
The initial concentrations of the contaminant in GMB and CL are assumed to be
hg (z) and hc (2), respectively, and therefore, the initial condition of the GMB and CL can

be given as

C,(z1=0)=h(2) (13)

C.(zt=0)=h(z) (14)
The top boundary condition for the GMB/CCL composite liner system is [40]:
C,z0|_, =K,C, (15)

The continuity conditions in terms of the contaminant concentration and mass flux
at the interface between GMB and CL are

G0, =KCG, »
oC,(z,t)
(v, /K, —A4,8,D,)C,(z.1) ) 22 y _
oc g (17)
(von — 4.5, D,.)C.(z,0)|_, —n.D, 22D
e oz |,

2

where K- is the partition coefficient between GMB and CCL.
Two different bottom boundary conditions are considered: (1) a zero-concentration
boundary (ZC), and (2) a zero-concentration-gradient (ZCG) boundary, expressed, respec-

tively, as
C(z.0).., =0 (18)
0C (z,t)
AL SALE] -
= |, (19)

The ZC and ZCG conditions bracket the range of possible subgrade conditions [10,11].
The ZC condition corresponds to a highly permeable subgrade (e.g., an active aquifer),
providing an upper-bound estimate of contaminant flux, while the ZCG condition corre-
sponds to a low-permeability subgrade (e.g., bedrock or an aquitard), providing a lower-
bound estimate. The choice between them for practical applications should be guided by
site-specific hydrogeological conditions. Mixed or transition boundaries, though poten-
tially more refined, are not considered, as they would significantly complicate the analyt-
ical solution.

3. Analytical Solutions
3.1. Steady-State Analytical Solutions

Separating C,(z,t) and C,(z,) into two parts:

C,(z,0)=w,(z,0)+u,(2) (20)

C.(z,t)=w,(z,t)+uz) (21)

https://doi.org/10.3390/su18147354
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Substituting Equations (20) and (21) into Equations (9) and (10), respectively, leads
to the governing equation and boundary conditions of #,(z) and u, (z). The u,(z) and
U, (z) are the steady-state concentrations for GMB and CL, respectively, and are deter-

mined by the following equation:

uz) (v ou,(z)
o s 22)
D, 0*u_(2) v. AS,D, \ou_.(z)
c c _| e T T ¢ c —/I =0
R, o7 (Rdc R, J Oz 4 (2) (23)
The top boundary condition for Equations (22) and (23) is
Uy (Z)L:o =K. (24)

The continuity conditions at the interface between GMB and CL are
ug (Z)L:L - KC U <Z>|Z:Lg (25)

ou, (2)

(v,/K,-A4,5,D,)u, (z)L:LE D~

z=L,

: (26)
=(v.n, — AS;n.D, )u, (Z)L:L —neD, 8u(;z(Z)

z=L,

The bottom boundary conditions for Equations (22) and (23) are

u,(2),_, =0 7)
Ou,(z) B
—62 » =0 (28)

The general solution to Equations (22) and (23) are

— 4,5, D,K
A ] gz}F, (29)
DgKg

u,(z)=E exp{
u,(z) = E, exp(r;z) + F, exp(r,2) (30)

where E1 to F: are coefficients that can be obtained by substituting Equations (29) and (30)
into Equations (24) to (26) and Equation (27) or Equation (28); ; and 7, are determined
by

(v, = 4,8,D,) +J(v, — 4.5,D,)} +44.D,R,,
7"12 _ ¢ c c ¢ (31)
: 2D,

The steady-state mass flux, J,,, at the bottom boundary can be obtained as follows:
; -n.D, (E,r, exp(r;H)+ Fyr, exp(r,H))  for ZC boundary condition

5= .. 32

(v, —A4S,;n.D,)(E, exp(r,H)+ F, exp(r,H)) for ZCG boundary condition (32)

where “ZC” and “ZCG” represent the zero-concentration bottom boundary and zero-con-
centration-gradient bottom boundary, respectively.

3.2. Fully Transient Analytical Solutions
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Substituting Equations (20) and (21) into Equations (9) and (10), respectively, leads

to the governing equation of Ww,(z,f) and W, (z,0):

ow (z,t O’w,(z,t ow,(z,t
o0y EED (v ¢ o -
ot ¢ 0oz . o F 0z
ow(z,1) _ D, &*w,(z,0) (v, AS,D, \ow(z,1) aw 34
ot R, oz* R, R, Oz ¢ (34)

Similarly, substituting Equations (24) to (28) into Equations (15) to (19), respectively,

leads to the boundary conditions and continuity conditions of w,(z,f) and ¥, (z,0):

Wg (Zs t)L:O =0 (35)
w, (2, t)|z=Lg =KowG, t>|Z=Lg 0
ow, (z,1)
(v, /K, —4,5,D,)w, (Z’t)L:Lg —D, gaz
e 7
w,(z,t
= (vcnC —A.S;n.D, )Wc (Z’t)L:Lg —n.D, T .
We (Zat)L:H =0 9
and
ow, (z,1)
e\ =0
62 (39)

z=H

The initial conditions of Equations (33) and (34) can be obtained by substituting Equa-
tions (20) and (21) into Equations (13) and (14), respectively, and can be expressed as fol-
lows:

W, (2,0) = h(2) —u,(2) (40)

w,(2,0)=h,(z)~u,(z) (41)

Based on the conditions and assumptions discussed above, the analytical solutions
are derived to solve Equations (33) and (34) (see Appendix A). The analytical solutions to
the governing Equations (33) and (34) are given as follows:

w,(2,0)= Y8, [, ,(2)exp(a,z = 5,1) (42)
k=1
w,(2,0)= DS, [ (2)exp(a.z = 6,0) (43)
k=1
where
0 YT 45 DK, g = Ye=ASiD, @)
2D,K, 2D,
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2
(v,-4,5,D,K,)
H, sin z) whens, >+2 T ¢ ¢
k (é:k,g ) 3 4DgKg2
fus®)= (v,~4,5,D.K,) “
H, sinh(& z) whens, <~ 1 ¢ ¢
k (‘fA,g ) (3 4DgKg2
—4.58,D,)
G, sin(&,.2)+ 0, cos(&,.z) when d, > % +2
ROE PR (46)
G, sinh(§k’cz)+Q,( cosh(f,"cz) when 6, < %+ﬂ
s, RS R,
ék,g: F;_aé,ék,c:\/chk_acz_ld)_c (47)
N, N, — N, N
H — 3k Tk 8k "2k )
‘ Ny Ny o (48)
N,
G, =——*0k
TN, 0 (49)
“[hy(2)=u,(2) | fi o (2 exp(-a,2)dz + n R K., [ [ho(2)=11,(2)] f, o (2) exp(-a,2)dz
0 L,
S, = — — (50)
ﬁ(,g (Z)dZ +ncRd(:77Kc f}(,c (Z)dZ
0 L
The values of 0, can be obtained by the following equation:
Noy (leNék _NSkN4/c)+N8k (NZkN4k _leNSk) =0 (51)

where the expressions of Ni to Nsx are given in Appendix A.
The fully transient analytical solution to the governing Equation (1) can be obtained
by substituting Equations (30) and (43) into Equation (21) as follows:

v, — 4,5, D,K

C(z0=E exp|: DK : gZ:|+E+;Skfk’g(z)exp(ag2—5kt) (52)
ghe -

Similarly, the fully transient analytical solution to the governing Equation (4) can be
obtained by substituting Equations (30) and (43) into Equation (21) as follows:

C.(z2.1) = E, exp(rz) + F exp(r,2) + 3 S, f, . (2) expla,z - 5,0) (53)

k=1

The contaminant mass flux, J , at the base of the liner can be obtained as

oC (z,t
J0)_, = (v, ASmD)Coizn)_, —np, 2B (54)
0z |y
The cumulative mass outflow, M, at the base of the liner can be obtained as
‘ 10C (z,7)
M(z,0)|__, = (va - A,S,n.D, )IO C.(z, T)LZH dr—nD, IO BT — . dr (55)

The infinite series in Equations (53) and (54) converges quickly, with errors smaller
than 1%, 0.1%, and 0.01% when summing 5 terms, 10 terms, and 15 terms, respectively.
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4. Model Verification

4.1. Comparisons with Experimental Results

Two thermodiffusion experiments in compact clays reported by Rosanne et al. [23]
are used to validate the proposed analytical solution. Both experiments describe the
transport of NaCl solution in a 2 mm thick compact clay with porosity n = 0.6. Although
the present study focuses on organic contaminants, the proposed solution can also be used
to analyze the transport of inorganic compounds. For experiment 1, the concentrations of

NaCl solution on the top and bottom boundaries were 1.01 mol/m? (C,) and 9.14 mol/m3
(C,), respectively, and the temperatures on the top and bottom boundaries were 311 K

(T;) and 285.1 K (T}), respectively. For experiment 2, the values of C,, C,, T, and T,

are 1.21 mol/m?, 8.83 mol/m?, 284.8 K and 311.1 K, respectively. According to Rosanne et
al. [23], the effective diffusion coefficient of the compact clay for experiments 1 and 2 was
1.7 x 10" m?/s and 6 x 101" m?/s, respectively; these values were measured in pure diffu-
sion tests without any thermal gradient. The Soret coefficients for experiments 1 and 2
were determined by inverse analysis using the measured concentration profile at + = 0.55
h from the thermodiffusion experiments of Rosanne et al. [23], yielding values of —0.26
and 0.21 K-, respectively. These values were not taken directly from Rosanne et al. [23],
because their reported Soret coefficients were obtained under a numerical model with
temperature-dependent diffusion coefficients, whereas the present analytical solution as-
sumes constant coefficients evaluated at the average temperature. The same Sr values
were then used to predict the concentration profiles at subsequent times (f=0.83, 1.39, and
2.22 h) without further adjustment.

The proposed analytical model does not consider a non-zero concentration at the bot-
tom boundary; therefore, the boundary conditions are modified accordingly.

C0.n=C (56)
C.(H,1)=C, (57)
Based on the proposed analytical model, the analytical solution for the CCL is given
as follows:
S . (knz
C.(z,t) = Eexp(r,z) + F exp(r,z) — ZSk sin 72 exp (acz - §kt) (58)
k=0
where

JOH [h,(z) — E exp(r;z) - F exp(r,z) |sin (kIZZj exp(-a.z)dz

S, = (59)
J.H sin’ (k;rzj dz
0 H
E+F=C (60)
Eexp(rH)+ Fexp(r,H)=C, (61)
D k'n* D.a;
= +—==+ 1 (62)

"R, H R

de

Figure 2 compares the sodium chloride concentration profiles within the compact
clay obtained from the proposed analytical solution with the experimental results of Ro-
sanne et al. [23] at ¢ =0.55, 0.83, 1.39 and 2.22 h. To quantitatively evaluate the agreement,
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the root mean square error (RMSE) and coefficient of determination (R?) were calculated
for each time instant as well as for the overall dataset. The results are summarized in Table
1, which confirms the excellent agreement between the proposed analytical solution and

the experimental data.

10 v ' v v 1 v ' v v 1 v ' v v 1 v ' v N 1 2 T 1 1 b
| . (@) Proposed solution (b) ]
Proposed solution I @ £=0.55h - experimental result
s | @ ¢=0.55h - experimental result 10 m s=083n- experimental result ]
[ H t=083h- experimental result [ @ ¢=1.39 h- experimental result
| ¢ t=1.39 h- experimental result | A £=2.22h - experimental result
A t=2.22 h- experimental result 8
~ I o~ L
Lag} 6 Lag}
g 70 g
= =
= 3 S 6
E I
N 4 ; |
& L
I 4
2 2 [
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Figure 2. Comparison of sodium chloride concentration profile within the compact clay between the
proposed analytical solution and the experimental results reported by Rosanne et al. [23]: (a) exper-

iment 1, and (b) experiment 2.

Table 1. Quantitative comparison between the proposed analytical solution and experimental data

of Rosanne et al. [23].

Experiment 1 Experiment 2

Timet () —pVISE (mol/m) R? RMSE (mol/m?) R
0.55 0.01507 0.99995 0.02247 0.99988
0.83 0.01478 0.99995 0.01023 0.99988
1.39 0.00777 0.99999 0.00845 0.99999
222 0.00344 0.99999 0.26210 0.98782

Overall 0.01138 0.99997 0.13172 0.99633

4.2. Comparisons with an Analytical Solution

In this section, a closed-form analytical solution for degradable organic contaminant
transport through GMB/CCL composite liners presented by Peng et al. [26] is used to val-
idate the proposed analytical solution. A hypothetical GMB/CCL composite liner system
suggested by Peng et al. [26] is adopted here. The related parameters were given in Table
1 in Peng et al. [26]. The solution of Peng et al. [26] does not consider the defects and
wrinkles occurred in GMB, so the seepage velocity is assumed to be zero in this section.
The comparisons between the proposed analytical solution and the solution of Peng et al.
[26] are presented in Figure 3, including (a) contaminant concentration at the base of the
liner for the ZCG boundary condition, and (b) contaminant mass flux at the base of the
liner for the ZC boundary condition. Two kinds of simulation were conducted with and
without the effect of thermodiffusion. Figure 3 indicates that, for both boundary condi-
tions, the proposed analytical solution is in excellent agreement with the analytical solu-
tion of Peng et al. [26].
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Figure 3. Comparison between the proposed analytical solution and analytical solution of Peng et
al. [26]: (a) contaminant concentration at the base of liner for ZCG boundary condition, and (b) con-

taminant mass flux at the base of liner for ZC boundary condition.

4.3. Comparisons with a Numerical Model

To more comprehensively verify the proposed analytical solution, the contaminant
mass flux profiles for the GMB/CCL and GMB/GCL composite liner systems calculated by
the analytical solution are compared with those obtained from the finite-element software
COMSOL Multiphysics 5.4. Benzene, a common organic contaminant in landfill leachates
[41], is chosen as the representative contaminant. The leachate is assumed to contain a
constant benzene concentration of 100 Ug/L [42]. The transport properties of Benzene for
the GMB/CCL and GMB/GCL composite liner systems are presented in Table 2. The con-
stant temperature coefficients 0, ¢ and 0, ¢ are 1.083 and 1.026, respectively [34].

In the COMSOL model, the GMB and CCL layers in the GMB/CCL system were dis-
cretized with 3 and 200 elements, respectively, while the GMB and GCL layers in the
GMB/GCL system were discretized with 5 and 30 elements, respectively. A mesh refine-
ment study confirmed that further refinement altered the results by less than 0.5%. The
automatic Newton solver was used to solve the nonlinear system. The top boundary was
set to a constant concentration Cg 0,¢) = Kg C,, and the bottom boundary was assigned as
either ZC or ZCG, with flux continuity enforced at the GMB-clay interface.

Two kinds of numerical results obtained by the COMSOL Multiphysics 5.4 are com-
pared with the proposed analytical solution, which are presented in Figure 4. Figure 4a,c
present the simplified numerical solution with the assumption of constant D, and K,
and Figure 4b,d present the full numerical solution with temperature-dependent D,
and K ¢ - Figure 4a,c show that, for both ZC and ZCG boundary conditions, the benzene
mass flux curves from the proposed analytical solution agree closely with those from the
simplified numerical model, confirming the accuracy of the analytical solution. For the
GMB/CCL system (Figure 4a), the relative errors E, between the analytical and numeri-

cal solutions are 0.19% and 0.28% for the ZC and ZCG boundary conditions, respectively.
For the GMB/GCL system (Figure 4c), the corresponding errors are 0.19% and 0.05%, re-
spectively.

Figure 4b shows that the proposed analytical solution can accurately predict contam-
inant transport in the GMB/CCL composite liner system even with constant Dg and Kj,
yielding relative errors of 0.61% and 0.62% for the ZC and ZCG boundary conditions,

https://doi.org/10.3390/su18147354


https://doi.org/10.3390/su18147354

Sustainability 2026, 18, 7354

13 of 25

respectively. However, Figure 4d shows that the analytical solution predicts slightly lower
mass fluxes than the full numerical solution for the GMB/GCL system, with relative errors
E, =5.4% and 17.3% for ZC and ZCG boundary conditions, respectively. The relative
errors in the GMB/GCL system under both the ZC and ZCG conditions (Figure 4d) arise
from the analytical simplification that Dy and K; are assumed constant in the GMB,
whereas the numerical solution accounts for their temperature dependence. This simpli-
fication introduces negligible error in the GMB/CCL system because the GMB thickness is
only 0.15% of the CCL thickness. However, for the GMB/GCL system, the GMB thickness
is 15% of the GCL thickness, making the error non-negligible. Overall, the analytical solu-
tion is sufficiently accurate for GMB/CCL systems under all conditions. For GMB/GCL
systems, it captures the key trends and provides conservative estimates for preliminary
design. For a final detailed design requiring high accuracy, the full numerical model with
temperature-dependent properties is recommended.

Table 2. Benzene transport parameters for the GMB/CCL and GMB/GCL composite liner systems.

Property GMB CCL GCL
Thickness (m) 0.0015 [13,14] 1[13,14] 0.01[13,14]
Effective diffusion coefficient at 7, , D (x10-13 m¥/s) 2.7 [34] 6000 [13,14] 3850 [43]
Partition coefficient at T, 36 [34] 36 [34] 36 [34]
Distribution coefficient at T,, K, (mL/g) - 0.5 [13,14] 4.4 [43]
Porosity - 0.4 [44,45] 0.8 [46,47]
Dry density, p; (kg/m?) - 1650 [13,14] 440 [13,14]
Thermal conductivity, K (W/mK) 0.3 [48,49] 1.2 [26] 0.7 [36]
Hydraulic conductivity, k (x10-° m/s) - 1[10,11] 0.01 [13,14]
Length of the wrinkle, L, (m) 200 [50,51] - -
Width of the wrinkle, 2b (m) 0.2 [50] - -
Number of defects in GMB per unit area, M, (holes/ha) 2.5[52] - -
Hydraulic leachate head, #, (m) 0.3 [10,11]
Interface transmissivity, € (x10-% m?/s) 5[10,11]
Half-life of benzene, [, (years) 20 [53]

The temperature on the top of the liner, 7, (K)
The temperature on the top of the liner, 7, (K)
The reference temperature, I, (K)

Soret coefficient, S; (K-)

324.15 [7,54]
284.15 [55,56]
295.15
0.01 [23,57]
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Figure 4. Comparison of benzene mass flux at the base of the liner between the proposed analytical
solution and the COMSOL Multiphysics 5.4: (a) compared with simplified numerical solution for
GMB/CCL composite liner system, (b) compared with full numerical solution for GMB/CCL liner
system, (c) compared with simplified numerical solution for GMB/GCL composite liner system, and

(d) compared with full numerical solution for GMB/GCL composite liner system.

5. Parametric Study

Based on the example in Section 4.3, the verified analytical solutions are used to in-
vestigate the effects of thermodiffusion, Soret coefficient, and thermal conductivity on
benzene transport through the GMB/CL composite liner systems.

5.1. Effect of Thermodiffusion

Rowe [7,54] and Rowe and Hoor [19] reported that temperatures on the upper surface
of landfill liners can range from 30 to 90 °C, while aquifer temperatures below the liner
range from 5 to 25 °C [55,56]. Thus, the temperature difference AT between the top and
bottom boundaries can vary from 5 to 85 K. To illustrate the importance of considering
thermodiffusion in the analysis of benzene transport through the GMB/CL liner system,
Figure 5 presents the benzene mass flux | at the base of the liner for three different AT
(=0, 40 and 80 K) under both ZC and ZCG conditions. The bottom temperature is kept
constant at 284.15 K in all cases. Figure 5a,b present the | curves for GMB/CCL and
GMB/GCL composite liner systems, respectively, and indicate that | increases with increas-
ing AT for both boundary conditions. For example, in the GMB/CCL system under the ZC
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condition, the steady-state mass flux J; increases from 0.42 to 0.72 pg/m?/year (i.e., 71%
increment) when AT increases from 0 to 80 K. The GMB/GCL system exhibits much
higher mass fluxes and a stronger temperature response than the GMB/CCL system be-
cause of its smaller total thickness. For all three AT values, the ZC boundary condition
yields higher | values and shorter breakthrough times than the ZCG condition, because
advection is the only mechanism driving contaminant outflow under the ZCG condition.

To illustrate the effect of thermodiffusion in the presence of advection, Figure 6
shows the benzene mass flux under the ZC condition for three liner configurations: (i)
GMB/CL with a damaged GMB (including defects and wrinkles), (ii) GMB/CL with an
intact GMB, and (iii) CL alone (representing a heavily damaged or missing GMB). As ex-
pected, the mass fluxes increase significantly when the GMB is damaged or absent because
advection becomes more dominant. For AT =40K, J increases from 6.01 pg/m?/year
for the GMB/GCL system to 117.16 pg/m?/year for the GCL alone. Figure 6a shows that
when AT increases from 0to 40K, J increases by 57.7% for the intact GMB/CCL sys-
tem, by 45.2% for the damaged GMB/CCL system, and by only 18.3% for the CCL alone.
Thus, the relative effect of thermodiffusion decreases as advection becomes more im-
portant. Similar trends are observed in Figure 6b for GCL-based systems.
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Figure 5. Benzene mass flux at the base of liner for different AT: (a) GMB/CCL composite liner sys-
tem, and (b) GMB/GCL composite liner system.
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Figure 6. Benzene mass flux at the base of liner for different liner systems: (a) CCL-based liner sys-
tems, and (b) GCL-based liner systems.

5.2. Effect of Soret Coefficient

The Soret coefficient St has been reported to range from 0.005 to 0.05 K- [23,57]. To
illustrate the effect of the Soret coefficient on benzene transport through the GMB/CL liner
system, Figure 7 presents the benzene mass flux | at the base of the liner for three different

Soret coefficients S; (= 0, 0.005, and 0.01 K-). Figure 7a,b present the | curves for
GMB/CCL and GMB/GCL composite liner systems, respectively, and indicate that | in-

creases almost linearly with increasing §; for both ZC and ZCG boundary conditions.
Table 3 presents the values of J,; for GMB/CCL and GMB/GCL composite liner system
for the three different §;. The ZCG boundary condition shows a higher relative increase

in J than the ZC condition as St increases, because thermodiffusion significantly raises
the benzene concentration in the liner, which in turn enhances advective mass flux. For
S; =0 and ZCG condition, the GMB/GCL system gives J, of the same order as the
GMB/CCL system, indicating that even a thin GCL can effectively contain contaminants
when advection is the dominant transport mechanism. Under the ZC condition, however,
the GMB/GCL system exhibits a steady-state mass flux two orders of magnitude higher
than that of the GMB/CCL system, because diffusion becomes much more important.
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Figure 7. Benzene mass flux at the base of liner for different St: (a) GMB/CCL liner system, and (b)
GMB/GCL composite liner system.

Table 3. Steady-state mass flux Iy for GMB/CCL and GMB/GCL composite liner system for dif-

ferent Sr.
Steady-State Mass Flux J; (ug/m?/year)
S (K GMB/CCL Composite Liner System GMB/GCL Composite Liner System
ZC Condition ZCG Condition ZC Condition ZCG Condition
0 0.514 0.159 70.370 0.680
0.005 0.560 (8.9% T) 0.204 (28.3% T) 77.010 (9.4% T) 14.978 (2102% T)
0.01 0.610 (8.9% 1) 0.252 (23.5% 1) 84.025 (9.1% 1) 29.137 (94.5% 1)
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5.3. Effect of Thermal Conductivity

Hu et al. [58] reported the thermal conductivity of HDPE polymer ranging from 0.4
to 0.45 W/mK. According to the laboratory measurement data, the thermal conductivity
of the GMB is around 0.3 W/mK [48,49]. Data for CCL thermal conductivity are scarce;
this study adopts values for clay ranging from 0.9 to 3 W/mK [59-61]. For GCLs, labora-
tory measurements show thermal conductivities between 0.2 and 0.7 W/mK [36]. To illus-
trate the effect of thermal conductivity on benzene transport through the GMB/CL com-
posite liner system, benzene mass flux | at the bottom of the liner system was calculated

with &, (=0.3, 0.4 and 0.5 W/mK), K (=0.8, 1.2 and 1.6 W/mK) and &, (=0.2, 0.45

and 0.7 W/mK), respectively. The chosen &, and K, are the same as those used by

Peng et al. [26] for their investigation on contaminant transport through a GMB/CCL liner
system.
Figure 8a,c presents the | curves for the GMB/CCL composite liner system. For either

ZC or ZCG boundary condition, all the &, and K produce the same | curves

throughout the 100 yr. simulation period, because GMB is very thin relative to CCL, and,
thus, the &, and s can hardly change the temperature distribution in the GMB/CCL

composite liner system. In contrast, Figure 8b,d for the GMB/GCL system show that the
thermal conductivities of the GMB and GCL have significant effects. Because the GMB

thickness is not negligible relative to the GCL, higher &,,, increases the temperature gra-
dient in the GCL, while higher &, reduces that gradient. Consequently, ] increases with

increasing K, and decreasing K, .
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Figure 8. Benzene mass flux at the base of liner for different thermal conductivities: (a) GMB/CCL
composite liner system with varying GMB thermal conductivity, (b) GMB/GCL composite liner sys-
tem with varying GMB thermal conductivity, (c¢) GMB/CCL composite liner system with varying
CCL thermal conductivity, and (d) GMB/GCL composite liner system with varying GCL thermal

conductivity.

6. Summary and Conclusions

This paper developed fully transient analytical solutions for organic contaminant
transport through GMB/CCL and GMB/GCL composite liner systems, incorporating the
coupled effects of advection through GMB defects, first-order degradation, and thermod-
iffusion. The proposed analytical solution was validated against experimental data, an
existing analytical solution, and a finite-element numerical model. It is sufficiently accu-
rate for GMB/CCL systems under all conditions. For GMB/GCL systems, it captures the
general trends and provides conservative estimates for preliminary design, though the
constant Dg and Kg assumption in the GMB introduces non-negligible errors. For a final
detailed design requiring high accuracy, a full numerical simulation incorporating tem-
perature-dependent properties is recommended. Using the validated solutions, a para-
metric study was performed to evaluate the impacts of thermodiffusion, Soret coefficient,
and thermal conductivity on benzene transport. The main findings are summarized as
follows:

(1) Thermodiffusion significantly accelerates benzene transport in both GMB/CCL
and GMB/GCL. For the GMB/CCL system under a zero-concentration bottom boundary,
increasing the temperature difference from 0 to 80 K increased the steady-state mass flux
by 71%. Neglecting thermodiffusion can substantially underestimate contaminant out-
flow, leading to unsafe liner design.

(2) The effect of thermodiffusion is more pronounced in intact GMB liners than in
damaged ones, because advection dominates when defects are present and weakens the
relative contribution of thermodiffusion. The GMB/GCL system exhibits much higher
benzene mass flux and stronger temperature response than the GMB/CCL system due to
its smaller thickness.

(3) The benzene transport rate increases almost linearly with the Soret coefficient for
both liner systems and both bottom boundary conditions. The zero-concentration-gradi-
ent condition shows a larger relative increase (up to 2102% when Sr increases from 0 to
0.005 K1 in the GMB/GCL system) because thermodiffusion becomes the primary driving
mechanism.
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(4) Thermal conductivity effects depend on the liner type. In the GMB/GCL system,
higher GMB thermal conductivity and lower GCL thermal conductivity increase benzene
transport by altering the temperature gradient within the GCL. In contrast, thermal con-
ductivities of the GMB and CCL have negligible effects on the GMB/CCL system because
the CCL dominates the total thickness.

(5) The proposed analytical solutions provide a computationally efficient tool for pre-
liminary liner design, parametric sensitivity analysis, and early-stage risk assessment.
They enable (i) rapid comparison of GMB/CCL and GMB/GCL systems to select environ-
mentally preferable materials, (ii) optimization of clay liner thickness to balance contain-
ment performance against material consumption, and (iii) quantification of temperature
effects to inform thermal mitigation strategies. The closed-form expressions offer explicit
physical insights into the relationships between key transport parameters and liner per-
formance, which are often obscured in numerical models. The analytical solution also
serves as a reliable benchmarking tool for verifying numerical implementations.
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Appendix A
The general solution to the governing Equations (33) and (34) can be written as fol-
lows:
w,(2,0) =D S, f, . (2)exp(a,z - 5,1) (A1)
k=1
w2, =2 S fi () explaz - i) (A2)
k=1

where f,,(z) and f,.(z) are determined by the following equations:

0, (2) (v.-A4S,DK,)
kg _\a g T g g

Dg Py 4DgKg2 fk,g (2)+ 5kfk’g (z2)=0 (A3)

&azf;ﬁc(z)_(vc_‘ACS’TDC)2 _ _
T DR e @ LD AL () =0 (A4)
fk,g(Z)L:O =0 (A5)
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exp(agz)fk,g (Z)|z=L = KC eXp(aCZ)‘f;fvc <Z)|2=L (A6)
U (2)
{(AgSTDg + ang VY /Kg )eXp(agZ)fk’g @)+ Dg eXp(agZ) kégZ } )
h (A7)
U e (2)
(4.8,n.D,+an.D,—vn, )exp(a.z)f, (z)+n.D, exp(a,z) a
zZ
z:Lg
fk.c (Z) . =0 (AS)
and
U (2)
a Y =0
[ oJre(?) 0z )
z=H
The solution to Equations (A3) and (A4) can be expressed as follows:
(v, - 4,5, D,K,)
. a g T g g
Hk Sln(gk,gz) When 5/( 2 4DgKg2
f}(,g (Z) = ( )2 (A].O)
v —AS.D K
. a e T g g
H, s1nh(§k’gz) when 5 < 4D,;Kg2
| v,—AS,D,Y
G, sin (fk)cz) + 0, cos (§k,cz) when o, > ﬁ +
£ ) (A11)
. (vc — ACSTDC )
Gk sinh (:k,cz) + Qk cosh (fk’CZ) when §k < W +A

where H,, G, and 0§, are the parameters to be determined by substituting Equations
(A10) and (A11) into Equations (A6) to (A7) and Equation (A8) or Equation (A9) as follows:

M][H, G, 0] =0 (A12)

in which matrix M is a matrix that depends on O . A non-zero solution of Equation (A12)

only exists if the determinant of the matrix M is zero. The values of J can be obtained
by the following equation:

N7k (leN6k _N3kN4k)+N8k (NZkN4k _leNSk):O (A13)

(va B AgSTDgKg )2
and

Depending on the relative magnitude of 0, ,

2
4DgKg
2
% +a, N w to N, g« can be determined by one of the following three cases:
¢’ tde
(v, ~4,5,D,K,) (v~ 4.5,D.)
Case 1. When 6, >~ gng 2 and §, > Ve = A4S D) o
4DgKg 4D.R,,

Ny = sin(§k,ng)exp(ang) (A14)
N,, =K, sin(meg )exp(ach) (A15)
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Ny, =K, cos(& L, )exp(a,L,) (A16)
N, = (AgSTDg +a,D,-v,/ K, )sin (§k!ng )exp(ang ) +D,¢, , cos (ék’ng )exp (ang ) (A17)
Ny, =(A4,8;n.D, +an.D,—vn,)sin(& L, )exp(a.L,)+nD.E, cos(& L, )exp(a.L,) (A18)
Ny, =(AS;n.D, +an.D,—v.n, )cos(fk’ch )exp (ach ) —n.D.&,  sin (§k’ch )exp (ach ) (A19)
sin(cfk’cH ) for ZC bottom boundary
= . (A20)
&, . cos (fk,cH ) +a, sin (fk,cH ) for ZCG bottom boundary
cos(cfk’cH ) for ZC bottom boundary
sk = ) (A21)
—&.c Sin (z:k)cH)Jrac cos (cfkycH) for ZCG bottom boundary
2
- A4,5.D,K - :
Case 2. When (Va £k g) <6, < (v~ 45:D.) +4 N, and N,, arethesame
4D, K’ 4DR,
as Equations (A14) and (A17), respectively, and others can be expressed as follows:
N,, =K, sinh(ékych)exp(ach) (A22)
N,, =K_cosh (rf,(,cLg )exp (ach ) (A23)
Ny, =(A4,8,n.D, +a.n.D, —v,n,)sinh (é‘,ﬂch )exp (ach ) +n.D.&, . cosh (fk’ch )exp (ach ) (A24)
Ny =(AS,n.D, +an.D, —v.n )cosh(&, L, )exp(a.L,)+nD.E, sinh(& L, )exp(a.L,) (A25)
sinh (§kYCH) for ZC
w = ) (A26)
She cosh(fk'cH) +a_ sinh (.f,(’cH) for ZCG
cosh (fk,cH ) for ZC bottom boundary
8k = . (A27)
& sinh (fk’cH) +a, cosh (§k’cH) for ZCG bottom boundary
(v.—AS,D.) (v,~4,5,DK,)
Case 3. When ") 4 <5 <~ 2L 28 N, Ny and Ny to
4DR, 4D,K;
Ny, are the same as Equations (A15), (A16) and (A18) to (A21), respectively, and N,
and N, canbe expressed as follows:
N, = sinh(;fkﬁng)exp(ang) (A28)
N, =(4,8,D, +a,D, —v, /K, )sinh (&, L, )exp(a,L,)+D,&, , cosh(&, L, )exp(a,L,) (A29)

Using the orthogonal relation, the following equation can be obtained (see Appendix B):

=0 (k=m)

(6,-8,)| [\ @A e sn Rk [ 1,27, (o) | = L 0 thm)

(A30)

n= exp[2(ac —ag)LgJ

Based on the initial conditions, we can obtain that

where
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3801 a2 = [ 12 -, () expi-a,2)dz (A31)
ncRanKciSk [ 1@ @)z =R K. [ L': [h.(2)u.(2)] £, (2) exp(—a,z)dz (A32)

The following equation can be obtained by accumulating Equations (A31) and (A32)

£Ms

S| [ 5@ @ +n R[] )1, o |-
° (A33)

—
=

[h () -1,(2)] (D exp(-a,2)dz +n R K, [ [ (2)~u,(2)] £, .(2) exp(-a,z)dz

0

Uniting Equation (A30), the value of §; can be expressed as follows:

[ [h@-1,&)] @ exp(-a,2)dz+nR K, [ [h () -1, (2)] .. (2)exp(-a.z)dz
S, = - = (A34)
_[0 ) sz,g (Z)dZ +nc Rdcan -‘-L, f;(z,c (Z)dZ

Appendix B
Based on Equations (A3) and (A4), it can be obtained that

(0-0,)| [/ @ et tn Rk [ 1. 11, (o) |

—I { af“(z) (vn-4S,DK )

4Dk’ S E(Z)]fm,g(Z)dZ

2
., 3 f,,(2) (v.-4,5.D,K,)
+J.o f,{,g(z){Dg 6; - 4;) Kz[j - fm,g(z) dz

D, & () (v.~ASD,)
R, o7 4D.R,

(A35)

Rk, [ —[ fio@)- mxz)]ﬁw(z)dz

D, 3/,.2) (v.-4S5D.)
R, o7 4D R,

52fmg( 2

1 RK, [ fk,c<z>{ Jre®)- /lfmc(z)]

:—DJ‘Lafk&()fm}:()dZ'i'DJ- fk;:()

fkc()

-n. DK, j dz

o z
Jne(2)dz 0D UKJLQ fie(2) ];"Z’Z( )

where

fm g(Z)

D jL o f"g( )fmg(z)derDJ fia ()

o o,
{(fk,,( Lo f"‘g(z) /. g(z)fm( )J

U e (Ly) U, g(O)J

. g(Z) 5fk Ui (2)

a2 )j

fkg()

(fk (D ] (A36)

p,[Fal

= Jie(0) Jne(Ly) ———

g

_p [ﬂ,g@g) £,4(0 )]

Similarly,
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fkc() fmc()

N DK [, =25, @)+ DK [, ()=

P e (2) afkc(Z) U e (2) afkc(Z)

=nDnK, [fkc( e € )J (A37)

(fkc( )—— Tz )]

z=H z:Lg

2 o, (H &, (L,
ok 1 P gy P nchan(%mm—%fmﬁj

According to Equations (A5) to (A9), we can obtain that

Dty T2y i g, 0 T

nK (4.Sn.D, +nDa,-vn)f, (L), (L)~ (4,5D,+a,D,-v, /K, f, ,(L) ], (L)

(A38)

sz,( )fmg(L)— nDK, f/“( )fmc(L)‘

nk, (ACSTnCDC +n,D,a, —v,n,) f,w(Lg Vfo L)~ (4,8,D, +a,D, -v, 1 K,) f, ,(L) ], (L)

(A39)

Uniting Equations (A38) and (A39) can obtain that

fmg( )

{D foo(L)" —n DK f, (L,

{ f“’( )fmg(L)— nDnK, f“( )fmc(L)}

o))
Oz

(A40)

Substituting Equations (A36) and (A37) into (A35) and uniting Equation (A40) can
determine that the right-hand side of Equation (A35) equals zero. Furthermore, we can
then obtain the following equation:

J.OLg S frp(2)edz+n,R, 1K, .[LH Jne@ 1o (2)dz =0 (k=m) (A41)
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