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Abstract 

Steel production involves energy-intensive thermal processes, where improvements in 
heat management can contribute to enhanced efficiency and reduced environmental im-
pact. This study analyses the cooling and heating processes of steel billets in small-to-
medium-sized steelworks, with the aim of identifying potential energy, time, and cost 
savings. Currently, billets leaving the casting process cool down freely in an open-air stor-
age area from approximately their casting temperature to ambient conditions, and they 
are subsequently reheated to 1265 °C before rolling. A numerical model based on the finite 
difference alternating-direction implicit (ADI) method has been developed in MATLAB R 
2025a to simulate these processes. The numerical implementation was verified against the 
analytical lumped-capacitance solution under the assumption of uniform billet tempera-
ture during slow cooling. For loading times of 15–30 min, the billets retained temperatures 
of 1112–806 °C after 15 days of insulated storage. Compared with reheating from 25 °C, 
the predicted heat savings were 672–936 MJ per billet, corresponding to fuel savings of 
600–836 kWhLHV, gross fuel-cost savings of EUR 18–25 per billet, and reheating-time re-
ductions of 17.7–33.3 min. An improvement scenario was then analysed, consisting of 
placing 36 billets from each casting batch into an insulated container to reduce heat losses 
after casting. The results show that with reasonably well-insulated containers, billet tem-
peratures can be maintained above 800 °C for up to 15 days. This increase in the inlet 
temperature to the reheating furnace reduces both the required energy and processing 
time. These results suggest that relatively simple thermal management strategies can im-
prove energy efficiency and reduce operational demand in steel production, supporting 
more sustainable industrial processes. 

Keywords: steel billets; energy efficiency; cooling and heating processes; numerical  
methods; alternating-direction implicit method; industrial sustainability 
 

1. Introduction 
Global warming is one of the most important issues that humanity has to deal with. 

One of the main causes of global warming is greenhouse gases (GHGs) such as CO2 or 
CH4. In Europe, the main energy consumption sectors are as follows: 33.15% transport, 
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25.71% households, 24.99% industry and 13.54% services [1]. Reducing CO2 emissions and 
final energy consumption are two of the main objectives of the European Union’s climate 
and energy policies. The EU has set the objective of further reducing greenhouse gas emis-
sions by 80–95% by 2050, as described in Roadmap 2050 [2]. 

Energy-intensive sectors, like iron and steel industries, will be affected by CO2 reduc-
tion measures [3]. Among the different industrial sectors, the steel industry is one of the 
major producers of carbon dioxide emissions in Europe [4]. The steel sector is a major 
industrial source of greenhouse gas emissions. Sarker et al. [5] examined the relationship 
between energy sources and carbon emissions in the South Asian iron and steel industry, 
whereas the International Energy Agency [6] provided a broader international inventory 
of CO2 emissions from fuel combustion. 

In this context, improving thermal management in existing industrial processes is a 
practical way to enhance sustainability without introducing major technological changes. 
In energy-intensive industries, reducing heat losses and making better use of residual heat 
can lead to significant improvements in energy efficiency and lower CO2 emissions. Sim-
ple measures, such as improving insulation or maintaining higher temperatures between 
process stages, can reduce fuel consumption while keeping production conditions un-
changed. For this reason, considering energy, time, and economic aspects together is im-
portant for developing more sustainable steel production processes, particularly in oper-
ations involving repeated heating and cooling stages such as billet production. 

The steelmaking process is a complex process comprising several steps [7]. The pro-
cess analysed in this research takes place in small–medium-sized steelworks where steel 
billets are produced and rolled. The billets leave the casting process at approximately 1500 
°C and have dimensions of 0.145 m × 0.145 m × 8.4 m. These billets cool down freely in an 
open-air storage area from approximately 1500 °C to 25 °C (ambient temperature). First, 
the steel is in a liquid state, and solidification does not occur until the steel reaches tem-
peratures of 1455 °C. 

Depending on the clients’ demands and factory organization, the billets might be in 
the open-air storage area up to 30–40 days, so they usually have enough time to cool down 
until they are about 25 °C. Then, these cold billets are carried to the reheating furnace, and 
they are heated up until they reach 1265 °C. Then, they are rolled to their corresponding 
size. The reheating furnace is responsible for 40.85% of a steelworks’ natural gas consump-
tion. 

The understanding of heat removal phenomena during different processes is very 
important to steel industries. One of the processes in which they are more interested is the 
continuous casting process. The influence of the geometrical configuration and the oper-
ating conditions of the continuous casting machine must be known to guarantee safe op-
erating conditions and good productivity and quality. Computational simulation has be-
come a useful tool to simulate different industrial processes because it is a low-cost 
method that avoids physical experimentation. It also allows for the testing of critical op-
erating conditions without any risk [8]. 

Early numerical descriptions of heat transfer during continuous casting were con-
strained by the computational resources available at the time. Choudhary et al. [9] devel-
oped a mathematical representation of heat transfer phenomena during continuous cast-
ing, while Choudhary and Mazumdar [10] subsequently provided a broader treatment of 
the associated transport phenomena. The general transport principles used in these early 
formulations were described by Geiger [11]. Improvements in numerical methods and 
computational capacity have since enabled more detailed transient and multidimensional 
models. 
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Previous numerical studies of steel billet cooling, solidification, and reheating have 
generally been based on the transient heat-conduction equation combined with convec-
tive and radiative boundary conditions. Santos et al. [12] developed a solidification heat 
transfer model for continuous-casting applications. Dubey and Srinivasan [13] analysed 
transient billet reheating while considering convection, radiation, and oxide-scale growth. 
Kakhki et al. [14] modelled continuous cooling to predict the microstructure and hardness 
of low-alloy steel. Kim [15] investigated transient slab heating in a direct-fired walking-
beam furnace, whereas Han et al. [16] focused on the radiative heating characteristics of 
this type of furnace. 

Different numerical methods have been used to solve these transient heat transfer 
problems. Santos et al. [12] used a finite difference formulation, whereas Dubey and Srini-
vasan [13] developed a finite-volume model for transient billet reheating. Kim [15] applied 
a control-volume approach to slab heating in a direct-fired walking-beam furnace, while 
Han et al. [16] focused on transient radiative heating in the same type of furnace. Dubey 
and Srinivasan [17] also used a control-volume formulation to investigate billet reheating 
and oxide-scale growth. These methods allow multidimensional billet temperature fields 
to be calculated during cooling and reheating. 

Different approaches have also been used to represent steel solidification. Fixed-grid 
methods account for latent heat through a solid-fraction relationship [12,18], whereas sin-
gle-domain methods incorporate the latent heat released at the solid–liquid interface [19]. 
Yu and Luo [20] represented phase-change behaviour using effective thermal conductiv-
ity and effective heat capacity. These studies provide the numerical basis for modelling 
billet temperature evolution. The governing equations, boundary conditions, and solidi-
fication treatment adopted in the present study are described in Section 2. 

Although previous studies have proposed different numerical approaches for billet 
cooling, solidification, and reheating, they have mainly focused on continuous-casting 
control, furnace performance, heat transfer coefficients, or metallurgical quality. The use 
of passive insulated storage to preserve billet heat between casting and reheating has re-
ceived less attention, particularly in small- and medium-sized steelworks where billets 
may remain in storage for several days. 

Therefore, the objective of this study is to quantify the energy, reheating-time, and 
economic savings that may be achieved by storing hot billets in an insulated container 
instead of allowing them to cool freely in an open-air storage area. The actual billet free-
cooling and reheating processes are first modelled. The model is subsequently applied to 
an improved scenario in which the 36 billets produced in each casting batch are placed in 
an insulated container. Different container loading times and storage periods are evalu-
ated because the billet temperature at the reheating-furnace inlet depends on both param-
eters. 

The main contribution of this study is the integrated numerical assessment of three 
consecutive stages: post-casting billet cooling, insulated intermediate storage, and furnace 
reheating. Unlike previous studies focused primarily on individual casting or reheating 
stages, the proposed approach relates the retained billet temperature to reheating energy 
demand, processing time, natural gas consumption, and operating cost. It also quantifies 
the influence of container loading time and storage duration, providing a preliminary de-
cision-support tool for evaluating passive billet heat preservation in small- and medium-
sized steelworks. 
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2. Methodology 
2.1. Governing Equations and Heat Transfer Boundary Conditions 

The transient temperature field in the steel billet is described by the three-dimen-
sional heat-conduction equation. The nomenclature adopted in Equation (1) follows Çen-
gel and Ghajar [21]: 

𝜕𝜕
𝜕𝜕𝜕𝜕
�𝑘𝑘 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
� + 𝜕𝜕

𝜕𝜕𝜕𝜕
�𝑘𝑘 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
� + 𝜕𝜕

𝜕𝜕𝜕𝜕
�𝑘𝑘 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
� + 𝑒̇𝑒𝑔𝑔𝑔𝑔𝑔𝑔 = 𝜌𝜌𝜌𝜌 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
     [W/m3], (1) 

where T is the temperature field, k is the thermal conductivity, 𝜌𝜌 is the density, C is the 
specific heat, t is time and 𝑒̇𝑒𝑔𝑔𝑔𝑔𝑔𝑔 is the internal heat generation. 

There are three main families of numerical methods: (1) finite differences, (2) finite 
elements and (3) finite volumes. 

Numerous investigations start with Equation (1), but for correctly solving the billets 
heating problem within a furnace, it is crucial to precisely define the boundary conditions 
of the analysed process. With the total heat flux (𝑞̇𝑞𝑡𝑡𝑡𝑡𝑡𝑡) accounting for both convection and 
radiation heat flux [17], the following can be obtained: 

𝑞̇𝑞𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑘𝑘
𝜕𝜕𝜕𝜕
𝜕𝜕𝑛𝑛𝑛𝑛

= ℎ𝑡𝑡𝑡𝑡𝑡𝑡�𝑇𝑇𝑔𝑔 − 𝑇𝑇𝑠𝑠�    [W/m2] (2) 

where nn is the unit vector normal to the billet outer surface, T is the billet temperature 
field, k is the thermal conductivity of the billet, Tg is the furnace’s flue gas temperature and 
Ts is the billet surface temperature. The total heat transfer coefficient htot accounts for both 
the convective heat transfer coefficient hconv and the radiative heat transfer coefficient hr 
and is expressed as follows: 

ℎ𝑡𝑡𝑡𝑡𝑡𝑡 = ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + ℎ𝑟𝑟 = ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝜀𝜀𝜀𝜀�𝑇𝑇𝑔𝑔2 + 𝑇𝑇𝑠𝑠2��𝑇𝑇𝑔𝑔 − 𝑇𝑇𝑠𝑠�    [W/m2 · K] (3) 

where ε is the emissivity of the billet surface and σ is the Stefan–Boltzmann constant. 
In ref. [13], although they start from the same equation, the boundary conditions are 

different and also consider the billet direct heat exchange with the inner surface of the 
furnace. This time, the heated billets also consider convection and radiation heat exchange 
with the gas, but the equation is represented as follows: 

𝑞̇𝑞𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑘𝑘
𝜕𝜕𝜕𝜕
𝜕𝜕𝑛𝑛𝑛𝑛

=
𝜎𝜎𝜀𝜀𝑠𝑠

�1 − (1 − 𝜀𝜀𝑠𝑠)�1 − 𝐴𝐴𝑔𝑔𝑔𝑔��
�𝜀𝜀𝑔𝑔𝑇𝑇𝑔𝑔4 − 𝐴𝐴𝑔𝑔𝑔𝑔𝑇𝑇𝑠𝑠4� + ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐�𝑇𝑇𝑔𝑔 − 𝑇𝑇𝑠𝑠�

+ 𝜎𝜎𝜀𝜀𝑠𝑠𝑠𝑠(𝑇𝑇𝑤𝑤4 − 𝑇𝑇𝑠𝑠4)    [W/m2] 
(4) 

where Tg is the furnace gas temperature, Ts is the billet surface temperature, Tw is the fur-
nace internal wall temperature, εg is flue gas emissivity, Ags is the absorptivity of the fur-
nace flue gas and εsw is the direct exchange factor between the furnace inner wall and the 
billet surface. 

Starting from Equation (1), M. E. Kakhki et al. [14] propose applying different bound-
ary conditions to analyse the billet cooling process. The heat is transferred by convection 
and radiation during the cooling, and the boundary condition is written as follows: 

𝑞̇𝑞𝑡𝑡𝑡𝑡𝑡𝑡 = −𝑘𝑘
𝜕𝜕𝜕𝜕
𝜕𝜕𝑛𝑛𝑛𝑛

= ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑎𝑎) + 𝜀𝜀𝜀𝜀(𝑇𝑇𝑠𝑠4 − 𝑇𝑇𝑎𝑎4)    [W/m2] (5) 

where hconv is the convective heat transfer coefficient, ε is the billet surface emissivity, σ is 
the Stefan–Boltzmann constant, Ts is the billet surface temperature and Ta is the ambient 
temperature. 

The solidification of the steel is a complex phase to simulate using numerical meth-
ods. 

https://doi.org/10.3390/su18157959


Sustainability 2026, 18, 7959 5 of 34 
 

https://doi.org/10.3390/su18157959 

𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑓𝑓𝑠𝑠 ∙ 𝑘𝑘𝑠𝑠 + 𝑚𝑚(1 − 𝑓𝑓𝑠𝑠) ∙ 𝑘𝑘𝑙𝑙     [W/m · K] (6) 

𝐶𝐶𝑒𝑒𝑒𝑒𝑒𝑒 = 𝐶𝐶 − 𝐿𝐿 �
𝜕𝜕𝑓𝑓𝑠𝑠
𝜕𝜕𝜕𝜕

�      [J/kg · K] (7) 

Here, kl and ks are the liquid and solid thermal conductivity coefficients, respectively, 
m is a parameter [22], fs is the solid fraction, C is the latent heat of fusion [J/kg], and 𝐿𝐿 �𝜕𝜕𝑓𝑓𝑠𝑠

𝜕𝜕𝜕𝜕
� 

is the pseudo-specific heat. 
The differential equation to predict the temperature field in a solid is a linear differ-

ential equation of partial second-order derivatives [23]. If the thermal conductivity of the 
steel (𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠) is considered independent of the temperature and reordering Equation (1), 
the Equation (8) differential equation is obtained: 

𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜌𝜌 ∙ 𝐶𝐶𝑠𝑠

∙ �
𝜕𝜕2𝑇𝑇
𝜕𝜕𝜕𝜕2

+
𝜕𝜕2𝑇𝑇
𝜕𝜕𝜕𝜕2

+
𝜕𝜕2𝑇𝑇
𝜕𝜕𝜕𝜕2

� +
𝑒̇𝑒𝑔𝑔𝑔𝑔𝑔𝑔
𝜌𝜌 ∙ 𝐶𝐶𝑠𝑠

=
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

     [K/s]  (8) 

where 𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 is the steel thermal conductivity [W/m ∙ K], 𝜌𝜌 is the steel density [kg/m3], 
𝐶𝐶𝑠𝑠 is the steel specific heat [J/kg ∙ K], 𝑒̇𝑒𝑔𝑔𝑔𝑔𝑔𝑔 is the term associated to the internal heat gen-
eration [W/m3], 𝑇𝑇 is temperature field [K] and 𝑡𝑡 is time [s]. 

To solve any transient problem of heat transfer by conduction, the temperature field 
in the solid 𝑇𝑇(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) must be known. The temperature distribution is obtained by inte-
grating this differential equation considering the correct initial and boundary conditions. 
In this work, the solution to the temperature field is obtained by numerical methods, spe-
cifically the alternating-direction implicit finite difference method. 

2.2. Alternating-Direction Implicit Method 

Since the billet length (8.4 m) is two orders of magnitude higher than the billet sides 
(0.145 m × 0.145 m), heat transfer in the longitudinal direction can be neglected, except 
near the billet ends. Therefore, the cooling and reheating processes are modelled as a two-
dimensional transient heat-conduction problem in the billet cross-section. 

The differential equation for a transient two-dimensional problem without internal 
heat generation is given by Equation (9). 

𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜌𝜌 ∙ 𝐶𝐶𝑠𝑠

∙ �
𝜕𝜕2𝑇𝑇
𝜕𝜕𝜕𝜕2

+
𝜕𝜕2𝑇𝑇
𝜕𝜕𝜕𝜕2

� =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

     [K/s]  (9) 

Figure 1 shows the variation in the thermal conductivity and the specific heat of the 
steel in function of the temperature. Since these properties affect thermal diffusivity, tem-
perature gradients, and transient cooling and heating rates, representative average values 
corresponding to the temperature interval between the initial billet temperature and am-
bient temperature were used in the simulations. This simplification preserves a linear ADI 
formulation and enables consistent comparison among the investigated scenarios. Conse-
quently, the absolute temperature histories and processing times should be regarded as 
engineering estimates. A temperature-dependent implementation would require updat-
ing the local properties at every node and time step using reliable grade-specific data and 
is proposed for future work. 
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Figure 1. Thermal conductivity and specific heat of the steel as a function of temperature. 

𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜌𝜌 ∙ 𝐶𝐶𝑠𝑠

∙ �
𝑇𝑇𝑖𝑖−1,𝑗𝑗,𝑛𝑛
∗ − 2 ∙ 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛

∗ + 𝑇𝑇𝑖𝑖+1,𝑗𝑗,𝑛𝑛
∗

∆𝑥𝑥2
+
𝑇𝑇𝑖𝑖,𝑗𝑗−1,𝑛𝑛 − 2 ∙ 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛 + 𝑇𝑇𝑖𝑖,𝑗𝑗+1,𝑛𝑛

∆𝑦𝑦2
�

=
𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛
∗ − 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛

∆𝑡𝑡/2
    [𝐾𝐾/s]  

(10) 

The numerical method used to solve this two-dimensional transient equation is the 
alternating-direction implicit method. The method consists in applying two finite differ-
ence equations alternatively in two different steps. Each step describes a ∆𝑡𝑡/2 magnitude 
of time. The first step is only implicit in the x direction, and the second step is implicit in 
the 𝑦𝑦 direction [23]. 

Therefore, at time 𝑛𝑛, the temperature distribution is 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛, and the equation is ap-
plied in the 𝑥𝑥 direction with a ∆𝑡𝑡/2 increment in time. The result is the temperature dis-
tribution in 𝑛𝑛 + ∆𝑡𝑡/2, which is called 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛

∗ . Thus, Equation (9) can be written in a finite 
difference form as in Equation (10). 

Considering that ∆𝑥𝑥 = ∆𝑦𝑦 and therefore 𝜏𝜏 = ∆𝑡𝑡
∆𝑥𝑥2

∙ 𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜌𝜌∙𝐶𝐶𝑠𝑠

= ∆𝑡𝑡
∆𝑦𝑦2

∙ 𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜌𝜌∙𝐶𝐶𝑠𝑠

, Equation (10) can 

be rearranged, and as a result, an implicit equation for a single node in the first step of the 
integration is obtained. The unknown terms are on the left and the known terms on the 
right: 

−𝑇𝑇𝑖𝑖−1,𝑗𝑗,𝑛𝑛
∗ + 2 ∙ �

1
𝜏𝜏

+ 1� ∙ 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛
∗ − 𝑇𝑇𝑖𝑖+1,𝑗𝑗,𝑛𝑛

∗ = 𝑇𝑇𝑖𝑖,𝑗𝑗−1,𝑛𝑛 + 2 ∙ �
1
𝜏𝜏
− 1� ∙ 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛 + 𝑇𝑇𝑖𝑖,𝑗𝑗+1,𝑛𝑛      [K]  (11) 

After performing the first step integration, 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛
∗  temperature distribution is calcu-

lated. Then, starting from the 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛
∗  temperature distribution in the moment 𝑛𝑛 + ∆𝑡𝑡/2, the 

finite difference equation is applied in the 𝑦𝑦  direction with a ∆𝑡𝑡/2  increment in time. 
This time, the result is the temperature distribution in 𝑛𝑛 + 1, which is called 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛+1. Then, 
Equation (9) can be written in finite difference form as in Equation (12). 
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𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜌𝜌 ∙ 𝐶𝐶𝑠𝑠

∙ �
𝑇𝑇𝑖𝑖−1,𝑗𝑗,𝑛𝑛
∗ − 2 ∙ 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛

∗ + 𝑇𝑇𝑖𝑖+1,𝑗𝑗,𝑛𝑛
∗

∆𝑥𝑥2
+
𝑇𝑇𝑖𝑖,𝑗𝑗−1,𝑛𝑛+1 − 2 ∙ 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛+1 + 𝑇𝑇𝑖𝑖,𝑗𝑗+1,𝑛𝑛+1

∆𝑦𝑦2
� 

=
𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛+1−𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛

∗

∆𝑡𝑡/2
      [K/s]  

(12) 

Rearranging Equation (12), the implicit equation for a single node in the second step 
of the integration is obtained, for the 𝑛𝑛 + 1 moment. The unknown terms are on the left 
and the known terms on the right. 

𝑇𝑇𝑖𝑖,𝑗𝑗−1,𝑛𝑛+1 + 2 ∙ �
1
𝜏𝜏

+ 1� ∙ 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛+1 + 𝑇𝑇𝑖𝑖,𝑗𝑗+1,𝑛𝑛+1 = 𝑇𝑇𝑖𝑖−1,𝑗𝑗,𝑛𝑛
∗ + 2 ∙ �

1
𝜏𝜏
− 1� ∙ 𝑇𝑇𝑖𝑖,𝑗𝑗,𝑛𝑛

∗ − 𝑇𝑇𝑖𝑖+1,𝑗𝑗,𝑛𝑛
∗       [K] (13) 

In each ∆𝑡𝑡 interval of time, the boundary conditions in 𝑥𝑥 are updated in the first 
step and in 𝑦𝑦 in the second step. The MATLAB R2025a code developed to solve these 
equation systems for the actual cooling process of the billets is shown in Appendix A. 
Note that this code considers the solidification process if the initial temperature of the 
cooling process starts over the solidification temperature. The code for the actual heating 
process and for any of the proposed improved heating processes is similar to the Appen-
dix A code. However, it is simpler since the reheating furnace does not reach the melting 
temperature. The required changes in the code are the next ones: ambient temperature 
should be that of the furnace flue gas, initial temperature should be the billet inlet tem-
perature to the reheating furnace, and the formulas to obtain the convection coefficients 
are different since the billet surfaces are heated instead of cooled. 

A uniform mesh with 14 divisions in each cross-sectional direction and a time step of 
1 s was applied consistently to all simulations. Although a formal mesh- and time-step-
independence analysis was not conducted, the numerical implementation was verified 
against the analytical lumped-capacitance solution. 

Figure 2 summarises the computational procedure. The model first defines the input 
parameters and initializes the temperature field. It then applies the boundary conditions 
and performs the two ADI half-steps. The calculation is repeated until the stopping crite-
rion for cooling, insulated storage, or reheating is satisfied. Finally, the temperature fields, 
heat losses, reheating time, fuel consumption, and gross fuel-cost savings are calculated. 
The complete MATLAB implementation is provided in Appendix A to facilitate repro-
ducibility. 

2.3. Solidification 

When the billets get out of the electric arc furnace, they have a temperature of about 
1500 °C. Knowing that the solidification temperature of the steel is 1455 °C, when the bil-
lets get out of the casting, they are in a liquid state. Thus, this solidification process is 
included in the code of Appendix A. 

In this work, to simulate the solidification, an equivalent value for the specific heat 
(𝐶𝐶𝑠𝑠_𝑒𝑒𝑒𝑒) is proposed, which is a similar approach to the one used in [20]. This equivalent 
specific heat is calculated as in Equation (14), and it is associated with all the nodes that 
are over the solidification temperature. Thus, the solidification latent heat is distributed 
among the 45 °C required for cooling from the initial temperature to the solidification 
temperature. Then, once the nodes’ temperatures are below the solidification temperature, 
the specific heat of the solid steel is used in the calculations. Even if this assumption could 
introduce slight errors, the whole billet solidification process occurs in about 15 min. This 
is a very short time within the 3- to 15-day simulation periods considered in this research. 
Furthermore, since the latent heat of solidification is distributed along the 45 °C (differ-
ence between 1500 °C and 1455 °C) of the liquid phase cooling, the nodes that are over the 
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solidification temperature will have a slightly higher temperature than in reality. Thus, 
since the temperature gradient between internal liquid nodes and surface solid nodes will 
be higher than the real one, this assumption will estimate slightly faster cooling of the 
billet while there are still liquid fractions within the billet. Once the solidification is com-
plete, this assumption will generate no error. Then, the energy, time and economic calcu-
lations will be done from a security point of view. 

𝐶𝐶𝑠𝑠_𝑒𝑒𝑒𝑒 =
𝑞𝑞𝑙𝑙𝑙𝑙𝑙𝑙 + 𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠
𝑇𝑇𝑖𝑖 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠

     [J/kg · K] (14) 

 

Figure 2. Structural flowchart of the ADI numerical model used to simulate billet cooling, insulated 
storage, and reheating. 

Here, 𝑇𝑇𝑖𝑖 is the initial temperature of the steel billet, 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠 is the solidification temper-
ature of the steel, 𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠 is the latent heat of the solidification with a value of 290 kJ/kg [24], 
and 𝑞𝑞𝑙𝑙𝑙𝑙𝑙𝑙 is the heat transfer between the initial temperature and the solidification temper-
ature, which can be expressed as follows: 

𝑞𝑞𝑙𝑙𝑙𝑙𝑙𝑙 = 𝐶𝐶𝑠𝑠𝑠𝑠 ∙ (𝑇𝑇𝑖𝑖 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠)    [J/kg] (15) 

where 𝐶𝐶𝑠𝑠𝑠𝑠 is the average specific heat between 𝑇𝑇𝑖𝑖 and 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠. 
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Therefore, the Appendix A code calculates and uses this equivalent specific heat 
(𝐶𝐶𝑠𝑠_𝑒𝑒𝑒𝑒) when there are nodes above the solidification temperature. The Appendix A code 
uses the solid steel specific heat (𝐶𝐶𝑠𝑠) when the node temperature is below the solidifica-
tion temperature. 

2.4. Initial and Boundary Conditions 

The initial temperature of the steel billet, 𝑇𝑇𝑖𝑖, is assumed to be uniform in the entire 
body for all the analysed cases: 

𝑇𝑇|𝑡𝑡=0 = 𝑇𝑇𝑖𝑖     [K] (16) 

For the boundary conditions of both cooling and heating processes, the approach 
used in [14] is considered. The heat can be removed or added from the billet’s surface by 
convection and radiation. Thus, the boundary conditions can be described as follows: 

𝑞̇𝑞𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑎𝑎)    [W/m2] (17) 

𝑞̇𝑞𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜀𝜀 ∙ 𝜎𝜎 ∙ (𝑇𝑇𝑠𝑠4 − 𝑇𝑇𝑎𝑎4)    [W/m2] (18) 

where 𝑞̇𝑞𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is the heat transfer by convection [W/m2], ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is the convective heat trans-
fer coefficient [W/m2 ∙ K], 𝑞̇𝑞𝑟𝑟𝑟𝑟𝑟𝑟 is the heat flux by radiation [W/m²], 𝜀𝜀 is the emissivity of 
the billet surface, σ is the Stefan–Boltzmann constant, 𝑇𝑇𝑠𝑠 is the surface temperature and 
𝑇𝑇𝑎𝑎 is the ambient temperature (for the heating case, the ambient temperature will be the 
furnace flue gas temperature). 

The term ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is different depending on the orientation of the face. However, it is 
then considered constant for each billet face along the whole cooling or heating process 
because of slight variations in this coefficient due to the billet surface to air temperature 
variation barely affecting the simulation results. On the other hand, due to its importance, 
a parametric analysis is done to see the influence of the considered billet surface emissivity 
in the simulation results. 

2.5. Lumped-Capacitance Analysis for Numerical Verification 

Some bodies behave like “lumps”, as if their temperature was always uniform during 
a cooling or heating process. The temperature in those bodies is only a function of time, 
𝑇𝑇(𝑡𝑡). Heat transfer analysis that uses this idealization is called lumped system analysis. 
This method will help to validate the Appendix A MATLAB code. 

Consider a billet of mass 𝑚𝑚, volume 𝑉𝑉𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, total surface area 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏, density 𝜌𝜌, spe-
cific heat 𝐶𝐶𝑠𝑠 and initial temperature 𝑇𝑇𝑖𝑖. At time 𝑡𝑡 = 0, the body is left in a place where 
the ambient temperature is 𝑇𝑇𝑎𝑎 and the heat transfer between the body and the ambient 
starts. The total heat transfer coefficient ℎ𝑡𝑡𝑡𝑡𝑡𝑡  of this hypothetical process will be small 
enough so as to provide an extremely low Biot number. Therefore, the conduction heat 
flow movement within the billet will be much faster than the heat transfer from the billet 
surface to the ambient. Then, the billet temperature will be homogeneous during the 
whole heat transfer process. The analysis works for both 𝑇𝑇𝑖𝑖 > 𝑇𝑇𝑎𝑎 and 𝑇𝑇𝑖𝑖 < 𝑇𝑇𝑎𝑎. 

For a differential time interval 𝑑𝑑𝑑𝑑, the body’s temperature increases by a differential 
amount 𝑑𝑑𝑑𝑑 (if 𝑇𝑇𝑖𝑖 < 𝑇𝑇𝑎𝑎). The energy balance of the billet for the time interval 𝑑𝑑𝑑𝑑 is the 
following: 

ℎ𝑡𝑡𝑡𝑡𝑡𝑡 ∙ 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ∙ (𝑇𝑇𝑎𝑎 − 𝑇𝑇) ∙ 𝑑𝑑𝑑𝑑 = 𝑚𝑚 ∙ 𝐶𝐶𝑠𝑠 ∙ 𝑑𝑑𝑑𝑑     [J] (19) 

Where m is the billet mass (m = 𝜌𝜌 ∙V), d(T − Ta) is the differential temperature differ-
ence between the billet and the surroundings, and Ta is assumed constant. So, Equation 
(19) can be rearranged as follows: 
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𝑑𝑑(𝑇𝑇 − 𝑇𝑇𝑎𝑎)
𝑇𝑇 − 𝑇𝑇𝑎𝑎

=
ℎ𝑡𝑡𝑡𝑡𝑡𝑡 ∙ 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝜌𝜌 ∙ 𝑉𝑉𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ∙ 𝐶𝐶𝑠𝑠

∙ 𝑑𝑑𝑑𝑑     [−] (20) 

If the equation is integrated from 𝑡𝑡 = 0, at which 𝑇𝑇 = 𝑇𝑇𝑖𝑖, to any time 𝑡𝑡, at which 𝑇𝑇 =
𝑇𝑇(𝑡𝑡): 

𝑙𝑙𝑙𝑙
𝑇𝑇(𝑡𝑡) − 𝑇𝑇𝑎𝑎
𝑇𝑇𝑖𝑖 − 𝑇𝑇𝑎𝑎

= −
ℎ𝑡𝑡𝑡𝑡𝑡𝑡 ∙ 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝜌𝜌 ∙ 𝑉𝑉𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ∙ 𝐶𝐶𝑠𝑠

∙ 𝑡𝑡     [−] (21) 

Taking the exponential of both sides of the equation, the result is the following: 

𝑇𝑇(𝑡𝑡) − 𝑇𝑇𝑎𝑎
𝑇𝑇𝑖𝑖 − 𝑇𝑇𝑎𝑎

= 𝑒𝑒−𝑏𝑏𝑏𝑏     [−] (22) 

where 𝑏𝑏 is a positive quantity whose dimension is [1/s]: 

𝑏𝑏 =
ℎ𝑡𝑡𝑡𝑡𝑡𝑡 ∙ 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝜌𝜌 ∙ 𝑉𝑉𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ∙ 𝐶𝐶𝑠𝑠

      [1/s] (23) 

The lumped analysis system is valid if the Biot number is 𝐵𝐵𝐵𝐵 ≤ 0.1  [21]. The Biot 
number is calculated using Equation (25). 𝐿𝐿𝐶𝐶 is the characteristic length of the billet, and 
𝑘𝑘 is the conduction coefficient of the steel. 

𝐿𝐿𝐶𝐶 =
𝑉𝑉𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

       [m]  (24) 

𝐵𝐵𝐵𝐵 =
ℎ𝑡𝑡𝑡𝑡𝑡𝑡 ∙ 𝐿𝐿𝐶𝐶

𝑘𝑘
      [−]    (25) 

The smaller the Biot number, the more precise the lumped system analysis is. Con-
sidering very small Biot numbers leads to extremely long cooling periods. Considering 
the available computer simulation capacity, the smallest Biot number that has been rea-
sonable to simulate is 𝐵𝐵𝐵𝐵 = 0.0001. Then, from Equation (25), the total heat transfer coef-
ficient can be obtained, referred to as ℎ𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 . This coefficient is used in the lumped 
system analysis and in the code of Appendix A in order to analyse the change in temper-
ature over time. Using this extremely low ℎ𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 in the Appendix A code leads to a 
temperature distribution in the billet that is only a function of time 𝑇𝑇(𝑥𝑥,𝑦𝑦, 𝑡𝑡) ≈ 𝑇𝑇(𝑡𝑡). Note 
that, when using the Appendix A code, the equations of the boundary conditions have to 
be modified since both the radiation and convection effects are now considered within 
ℎ𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣. The radiation equation of the boundary conditions of the Appendix A code has 
to be cancelled out, and in the convection equation, ℎ𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 must be used instead of 
ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, since ℎ𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 is equal for all the billet faces. 

Root-mean-square error (RMSE) has been used as a measure of the deviation of the 
simulation result (𝑧̂𝑧𝑖𝑖 = 𝑇𝑇�𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐_𝑖𝑖) against the lumped system analysis result (𝑧𝑧𝑖𝑖 = 𝑇𝑇𝑖𝑖) [25]. 
The RMSE for the whole cooling process has been calculated, with n being the number of 
data points of the whole cooling process: 

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = ��
(𝑧̂𝑧𝑖𝑖 − 𝑧𝑧𝑖𝑖)2

𝑛𝑛

𝑛𝑛

𝑖𝑖=1

      (26) 

where zi represents the numerical simulation temperature and 𝑧̂𝑧𝑖𝑖  represents the 
lumped-capacitance solution temperature. 
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2.6. Energy Efficiency Improvement Method 

Once the Appendix A simulation code for the actual cooling process has been vali-
dated through the comparison to the lumped system analysis, the code can be used to 
reliably simulate the actual free cooling of the billets in ambient air (this is the code pre-
sented in Appendix A). To simulate the actual heating within the reheating furnace from 
the ambient temperature to the reheating-furnace exit temperature, it is required to make 
the abovementioned small modifications to the Appendix A code. Thus, the actual case 
cooling and heating parameters are first presented, and then the proposed passive energy 
efficiency measures are detailed. 

2.6.1. Actual Case 

The billets, once that they are out of the casting process, are left in ambient air. There, 
they cool down to ambient temperature. This means that they go from 1500 °C, which is 
the exit temperature from the casting process, to ambient temperature (25 °C ). Subse-
quently, the billets are put in the reheating furnace, and they are heated up from ambient 
temperature (25 °C) to 1265 °C. 

In the analysed steelworks, the billets are inside the reheating furnace for 3 h. During 
those 3 h, the billets reach a homogenous temperature before lamination. The reheating 
furnace is divided into three parts where the ambient temperatures are usually about: 
1250 °C, 1280  °C and 1270  °C. The simulation of the heating process was made using 
the average temperature of the three parts, 1265  °C. 

2.6.2. Energy Efficiency Improved Case 

In this case, instead of storing the billets in ambient air, the storage takes place within 
an insulated container. The improvement method has the purpose of avoiding the heat 
loss the billets suffer when they cool down freely in the outdoor storage area of the factory. 
By storing the billets in containers that act like insulators, the heat loss rate should be 
drastically reduced. 

Once the billets get out of the casting process, they should be placed in the containers 
as fast as possible. The new cooling process will have two parts. The first part of this new 
cooling process is similar to the actual one, and it considers the time it takes to store all 
the billets of a cast into the container. For this research, this first period will be considered 
to be between 5 and 30 min. In this first period, the cooling process will be very fast. Then, 
when the container is closed, the billet cooling velocity will drastically slow down. Then, 
the billets pack will behave as a lumped system, where the billets’ temperature mainly 
depends on time. Thus, the heat loss of the billets will be partially avoided by keeping the 
billets hot until the billets are carried to the next process (the heating process). The new 
heating process will be faster and more efficient, since the billets will be introduced in the 
reheating furnace at a much higher temperature. 

In the studied case, each cast produces a 6 × 6 pack of billets, and considering the 
billets’ dimensions, the packs’ dimensions are 0.87 m × 0.87 m × 8.4 m. In order to avoid 
problems when the billets are placed in the containers, the container’s inner dimensions 
should be bigger than those of the pack. For this research, inner dimensions of 1 m × 1 m 
× 8.5 m. are considered, as shown in Figure 3. 
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Figure 3. Inner dimensions of the insulated container. Dimensions in millimetres. 

The average thermal conductivity of the insulation layer of the container walls is con-
sidered to be 0.037 [W/m·K], and the calculus is done assuming an insulation layer thick-
ness of 0.6 m. No thermal bridges are considered. Furthermore, since the insulation layer 
thermal resistance is orders of magnitude bigger than the inner and outer surface thermal 
resistances and the container’s metal structure layer thermal resistances, only the insula-
tion layer thermal resistance is considered in the calculations. Then, the one-dimensional 
steady state heat transfer through the walls of the containers can be expressed as follows: 

𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
𝑇𝑇𝑖𝑖𝑖𝑖 − 𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜

𝑒𝑒
𝑘𝑘𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤

 ∙ 𝐴𝐴𝑐𝑐      [W]   (27) 

where 𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is the heat transfer rate through the container [W], Tout and Tin are the 
outside and inside temperatures of the container [K], e is the thickness of the container 
walls [m], kwall is the considered average conductivity of the insulation layer [W/m·K], and 
Ac is the internal surface area of the container [m2]. 

Knowing that inside a container there are 36 billets, the heat loss rate associated with 
each billet can be obtained as follows: 

𝑄̇𝑄𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 =
𝑄̇𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

36
         [W] (28) 

The container heat loss is calculated for the complete 36-billet batch and then allo-
cated equally among the billets using Equation (28). Thus, the model does not treat the 
billets as 36 independently exposed bodies. The per-billet formulation assumes that the 
billet pack reaches an approximately uniform temperature and that the total container 
heat loss can be distributed according to the billet mass. Under these assumptions, the 
total energy and gross fuel-cost savings scale linearly with the number of processed billets. 

The thermal mass of the air inside the container is negligible compared with that of 
the billet pack. Internal convection and radiation are assumed to produce a relatively uni-
form internal temperature after the initial transient temperature following container clo-
sure. Therefore, the billet surface, internal air, and inner-wall temperatures are approxi-
mated as equal. This approximation is expected to be less accurate during the initial pe-
riod following container closure. Once the internal temperature becomes approximately 
uniform, the average heat-loss rate allocated to each billet can be expressed as follows: 

𝑄̇𝑄𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 = ℎ𝑒𝑒𝑒𝑒 ∙ 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ∙ (𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜) ≈ ℎ𝑒𝑒𝑒𝑒 ∙ 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ∙ (𝑇𝑇𝑖𝑖𝑖𝑖 − 𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜)      [W] (29) 
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where heq is the equivalent billet surface to the outer air total heat transfer coefficient 
[W/m2·K], Abillet is the billet surface area [m2], and Ts is the billet surface temperature [K]. 

If Equations (28) and (29) are equated, heq can be obtained. As demonstrated by Equa-
tion (30), heq is the equivalent heat transfer coefficient that the billets have inside the con-
tainer for (Ts − Tout) ≈ (Tin − Tout): 

𝑇𝑇𝑖𝑖𝑖𝑖 − 𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜
𝑒𝑒

𝑘𝑘𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤
 ∙ 𝐴𝐴𝑐𝑐

36
= ℎ𝑒𝑒𝑒𝑒 ∙ 𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ∙ (𝑇𝑇𝑖𝑖𝑖𝑖 − 𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜)  →  ℎ𝑒𝑒𝑒𝑒 =

𝐴𝐴𝑐𝑐/𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏
36 � 𝑒𝑒

𝑘𝑘𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤
�
 (30) 

Using this new equivalent coefficient, the boundary conditions of the billet cooling 
process change, because the heat transfer coefficient is different. With these new condi-
tions, the cooling of the billets should be slower. This simulation made with the new heq 
shows the cooling process inside the containers. As for the verification case, the equations 
of the boundary conditions have to be modified since both the radiation and convection 
effects are now considered within heq. In Appendix A, the radiation equation of the bound-
ary conditions has to be cancelled out, and in the convection equation heq must be used 
instead of hconv, since heq is equal for all the billet faces. 

As mentioned before, using the containers, the inlet temperature of the billets in the 
reheating furnace will be higher; therefore, there are time, energy and money savings in 
the reheating furnace. By knowing the actual time needed to heat up each billet form from 
25 °C to 1265 °C and the necessary heat for that, the energy and time savings can be ob-
tained for the new heating process. 

A reheating-furnace efficiency of 31.10% was assumed for the case study and applied 
consistently to all scenarios. It is defined as the ratio between the heat absorbed by the 
billet and the natural gas energy supplied on an LHV basis. The lower heating value of 
natural gas was set to 10.45 kWhLHV Nm−3 (37,620 kJ/Nm3), with a cost of EUR 0.03 kWhLHV. 
Since detailed plant data were not available to determine variations in furnace efficiency, 
it was assumed to remain constant. Therefore, the reported monetary values represent 
estimated gross fuel-cost savings under the assumed operating conditions. Container in-
vestment, handling, operation, and maintenance costs were not considered because plant-
specific cost data were unavailable. 

The main modelling assumptions are two-dimensional heat conduction, a uniform 
initial billet temperature, representative temperature-independent thermophysical prop-
erties, constant ambient and furnace temperatures, prescribed surface emissivity, negligi-
ble longitudinal heat transfer except near the billet ends, homogeneous container insula-
tion, negligible thermal bridges, and constant furnace efficiency. These assumptions re-
duce computational complexity and allow consistent comparison among the investigated 
scenarios. 

3. Results and Discussion 
3.1. Numerical Verification 

Starting from hvalidation = 0.07 [W/m2·K], which makes a Biot number of 0.0001, the code 
of Appendix A is validated. In Figure 4, the billet temperature variation in function of 
time is shown. Using the simulation code, it can be seen that the billet temperature field 
is homogenous from 1450 °C to 25 °C (ambient temperature). The three temperatures 
shown in the graphic are: temperature of the centre of the billet (Tcentre), the temperature of 
one of the corners of the billet (Tcorner), and the temperature obtained from the lumped 
system analysis equation (T(t)) (Equation (22)). 
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As illustrated in Figure 4, the lumped-capacitance solution predicts slightly faster 
cooling than the numerical model. After 173 days, the lumped-capacitance solution pre-
dicted a billet temperature of 29.76 °C, whereas the numerical model predicted centre and 
corner temperatures of 30.79 °C and 30.78 °C, respectively. The RMSE of 10.43 °C corre-
sponds to approximately 0.73% of the 1425 °C verification interval. The final difference 
between the lumped-capacitance solution and the numerical centre temperature was 1.03 
°C. This agreement verifies the numerical implementation under the limiting condition of 
Bi = 0.0001. 

 

Figure 4. Verification of the code. Simulation results of the billet centre and billet corner temperature 
evolution against the lumped system billet temperature evolution using hvalidation for the whole cool-
ing process. 

3.1.1. Actual Case Results 

Using the code from Appendix A, the results of the actual cooling process are ob-
tained (Figures 5 and 6). The code follows what is described in Section 2.2 and the initial 
and boundary conditions explained in Section 2.4. First, a parametric study regarding the 
billet surface emissivity is presented. The parametric study results for cooling from 1500 
°C to 25 °C are represented in Figure 5, whereas the reheating results from 25 °C to 1265 
°C are represented in Figure 6. The values of the specific heat and thermal conductivity of 
the solid steel are considered to be Cs = 0.64 [kJ/kg·K] and ksteel = 25.2 [W/m·K]. 

During cooling, the time is stopped when the highest temperature on the billet is 
lower than 30 °C. During heating, the time is stopped when the lowest temperature in the 
billet is higher than 1260 °C. The heat transfer for a billet during cooling is 1.66 GJ and 
during heating is 1.064 GJ. 

The parametric study with different values for emissivity revealed that when the con-
sidered emissivity values are higher, the estimated time for the cooling process is consid-
erably decreased. The relationship between the considered emissivity and the needed 
time in the heating process follows the same pattern; when the considered emissivity val-
ues are higher, the estimated time is considerably lower. 
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Figure 5. Parametric study of the actual cooling time of the billet in function of the considered billet 
surface emissivity. 

 

Figure 6. Parametric study of the actual heating time of the billet in the function of the considered 
billet surface emissivity. 

For the first 15 min of the actual cooling process, the core of the billets is in a liquid 
state, and after the first 15 min the whole billet is in a solid state. In the upper left corner 
of Figure 7, the central part of the billet is horizontal, because all of that area is still in a 
liquid state after 300 s (5 min). In the upper right corner, after 840 s (14 min), there are only 
a few horizontal central nodes because almost the whole billet is in a solid state. Here, the 
highest thermal gradients within the billet are found, having up to 150°C of difference 
between the billet surface and the billet core. 

Once the billet is a complete solid body, the cool-down velocity is gradually slowed 
down. For that reason, as can be seen in the lower left corner of Figure 7 (after 1500 s (25 
min)), the temperature in the billet becomes more uniform, although there are still differ-
ences between the temperatures of the core and the surface. The cooling process ends after 
71,100 s (19.75 h) when the billet core temperature reaches 30 °C. 

https://doi.org/10.3390/su18157959


Sustainability 2026, 18, 7959 16 of 34 
 

https://doi.org/10.3390/su18157959 

 

Figure 7. 2D temperature field of the billet cross-section during the actual cooling process. Time is 
in seconds; billet surface emissivity is 0.5. (Obtained with Appendix A code). 

Using the code from Appendix A but making a few changes to consider a heating 
process instead of a cooling one, the heating process was simulated. The following modi-
fications were made to simulate reheating: ambient temperature of 1265 °C, initial tem-
perature of 25 °C, the limits of the Z axis, and the formula to obtain the convection coeffi-
cients being different since the billet surfaces are heated instead of cooled. Obviously, the 
last node to reach 1260 °C in the heating process is the centre node (this value is considered 
the end of the heating process). Assuming the 0.5 emissivity value, it takes 4350 s (72.5 
min) to heat up the billet. During the heating process, the temperature gradients within 
the billet are considerable, reaching up to 300 °C in temperature difference between corner 
nodes and central nodes for the 600 s instant (10 min). In this case, none of the nodes’ 
temperatures surpass 1265 °C, so there is no melting in any point of the billet. 

The transient temperature distributions during the reheating process are presented 
in Figure 8. 

The Appendix A code estimated that the heating process takes 72.5 min (assuming a 
0.5 billet surface emissivity value), while in the analysed steelworks the billets are left for 
180 min (3 h) within the furnace. The difference is considerable, but in the real case, due 
to operative issues and mainly to ensure the billet temperature in the furnace exit is per-
fectly homogenised, the billets are left for a considerable extra amount of time within the 
furnace. 
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Figure 8. 2D temperature field of the billet cross-section during the actual heating process. Time is 
in seconds; billet surface emissivity is 0.5. 

3.1.2. Energy Efficiency Improved Case Results 

The equations presented in Section 2.6 were used to obtain the equivalent total heat 
transfer coefficient heq for a billet cooling process within the insulated containers. The 
value of the equivalent total heat transfer coefficient is 0.0125 [W/m2·K]. As explained in 
the Methodology section, the Appendix A code has been modified to consider the two 
modes of cooling for the billet. 

In Figure 9, an example of a cooling process using the containers is represented. In 
the presented example, the billet is first cooled down in ambient air for 10 min until it is 
placed within the container for another 20 min. While the billet is still outside, the 
cooldown begins like in the actual case. After 10 min, the billet is a mixture of liquid parts 
(the core) and solid parts, as it can be seen in the upper right corner of Figure 9. Like in 
the actual case, the central part of the billet is horizontal in the graphic because the nodes 
are still in a liquid state. 

From the moment the billet is put inside the container, the heat loss rate of the billet 
becomes much slower, so the temperature field becomes uniform. After container closure, 
internal conduction reduces the temperature gradients: cooler surface nodes warm tem-
porarily, while the hotter central nodes cool. The temperature increments of the corner 
nodes because of the slow cooldown can be clearly noticed in the upper right and lower 
left images of Figure 9. After 20 min within the container, the billet temperature becomes 
approximately homogeneous, with a maximum nodal difference below 1 °C. From this 
point on, the more time the billet is stored within the container, the lower its temperature. 
However, the temperature of the billet in the inlet of the reheating furnace will be approx-
imately homogenous. Thus, estimating the time and energy required for the reheating of 
the billets that come out from the containers can be done with the same code as for the 
actual heating case but with the corresponding initial temperature obtained from the cool-
ing process occurring within the container. Furthermore, it can also be stated that the inner 
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temperature of the whole container will be homogeneous; thus, with just one inner tem-
perature measurement, the temperature of all the billets could be monitored. 

The predicted temperature uniformity refers to the equivalent billet representation 
used in the model. Linear batch scaling remains a first-order approximation. In a real billet 
pack, the outer billets are more directly exposed to the container walls, whereas the inner 
billets are partially shielded and exchange heat mainly with neighbouring billets. Gaps, 
supports, contact resistance, radiation view factors, and loading arrangement may there-
fore produce nonuniform temperature and heat-loss distributions. A detailed batch model 
resolving the complete billet pack and container geometry would be required to quantify 
these spatial effects. 

 

Figure 9. The cooling process inside the containers. Time is in seconds. 

In order to analyse this new cooling process, several possible cases are presented. 
Different values for the time that the billets are outside and inside the container were an-
alysed, so the influence of these two parameters in the exit temperature of the billets from 
the containers can be seen (Table 1). The total heat exchanged by the billets was also cal-
culated. 

Table 1. Comparison between different cases for the improved cooling process. 

Time Outside the Container Time Inside the Container Exit Temperature Heat Transfer Per Billet 

5 min 

2 days 1468 °C 304.7 MJ 
5 days 1466 °C 324.0 MJ 
7 days 1465 °C 338.0 MJ 

15 days 1459 °C 392.0 MJ 

10 min 
2 days 1373 °C 507.8 MJ 
5 days 1352 °C 526.7 MJ 
7 days 1337 °C 539.0 MJ 
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15 days 1281 °C 587.0 MJ 

15 min 

2 days 1192 °C 664.0 MJ 
5 days 1173 °C 680.4 MJ 
7 days 1161 °C 691.1 MJ 

15 days 1112 °C 732.9 MJ 

30 min 

2 days 863 °C 947.0 MJ 
5 days 850 °C 958.0 MJ 
7 days 841 °C 966.0 MJ 

15 days 806 °C 996.0 MJ 

The outdoor exposure time strongly influences heat retention in the improved cool-
ing process. The ideal cases of staying outside only for 5 or 10 min are nearly impossible 
in real life, but the two other cases could be executed. 

As shown in Table 1, the exit temperatures of the billets from the containers range 
from 806 °C to 1468 °C. Figure 10 shows how the billet temperature at the container outlet, 
corresponding to the reheating-furnace inlet temperature, influences the required reheat-
ing time. 

 

Figure 10. The influence of the billets’ inlet temperature on the time they need to heat up in the 
reheating furnace. Billet surface emissivity is 0.5. 

Introducing the billets inside the reheating furnace with a higher inlet temperature 
not only results in time savings but energy savings too. The heat needed to reach 1265 °C 
is decreased compared to the actual case, meaning less natural gas is required. Using the 
reheating furnace’s efficiency with a value of 31.10% and knowing that the energy cost of 
the natural gas is 0.03 €/kWhLHV, the economic savings for a billet can be obtained. Table 
2 summarises the data of the savings for each analysed improved cooling–heating process. 

As Table 2 presents, when the billets are outside only for five or ten minutes, the 
reheating-furnace inlet temperature is higher than 1265 °C, meaning that heating up in 
the furnace is not necessary. Therefore, the time in the reheating furnace and the energy 
needed to heat up the billets could be completely saved. It can also be noticed that the 
economic and energy savings are mainly influenced by the time it takes for the billets to 
be introduced into the containers, with each extra minute the billet is out of the container 
being crucial. 
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To finish, the economic savings of having the billets spend less time in the container 
would be even bigger, since spending less time in the containers means that a smaller 
number of containers are needed in the factory. In these cases, not only does energy effi-
ciency matter but also good organization of the factory, that is, efficient organization of 
time and space in the factory is important. 

Table 2. Predicted heat, fuel, reheating-time, and gross fuel-cost savings for the investigated scenar-
ios. 

Time Outside 
the Container 

Time Inside 
the Con-

tainer 

Needed 
Heat [MJ] 

Saved 
Heat [MJ] 

Time in the 
Furnace 

[min] 

Saved Fuel Con-
sumption 

[MJLHV and 
kWhLHV] 

Gross Fuel-
Cost Sav-

ing 
[€/billet] 

Time Saved in Re-
heating Furnace for 
Each Billet [min/bil-

let] 
Actual case 1064 0.0 72.5 0 MJ 0 0 

5 min 

2 days 0 1064.0 0 
3421.2 MJLHV 

= 
950 kWhLHV 

28.50 72.5 

5 days 0 1064.0 0 
3421.2 MJLHV 

= 
950 kWhLHV 

28.50 72.5 

7 days 0 1064.0 0 
3421.2 MJLHV 

= 
950 kWhLHV 

28.50 72.5 

15 days 0 1064.0 0 
3421.2 MJLHV 

= 
950 kWhLHV 

28.50 72.5 

10 min 

2 days 0 1064.0 0 
3421.2 MJLHV 

= 
950 kWhLHV 

28.50 72.5 

5 days 0 1064.0 0 
3421.2 MJLHV 

= 
950 kWhLHV 

28.50 72.5 

7 days 0 1064.0 0 
3421.2 MJLHV 

= 
950 kWhLHV 

28.50 72.5 

15 days 0 1064.0 0 
3421.2 MJLHV 

= 
950 kWhLHV 

28.50 72.5 

15 min 

2 days 59.9 1004.1 33.33 
3228.6 MJLHV 

= 
897 kWhLHV 

26.90 39.2 

5 days 76.0 988.0 35.00 3176.8 MJLHV 
=882 kWhLHV 

26.40 37.5 

7 days 86.0 978.0 35.33 
3144.7 MJLHV 

= 
874 kWhLHV 

26.20 37.2 

15 days 128.0 936.0 39.16 
3009 MJLHV 

= 
836 kWhLHV 

25.00 33.3 

30 min 2 days 342.8 721.2 52.50 
2318.9 MJLHV 

= 
644 kWhLHV 

19.32 20 

5 days 354.1 709.9 53.50 2282.6 MJLHV 19.00 19 
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= 
634 kWhLHV 

7 days 362.0 702.0 53.80 
2257.2 MJLHV 

= 
627 kWhLHV 

18.80 18.7 

15 days 392.0 672.0 54.80 
2160.7 MJLHV 

= 
600 kWhLHV 

18.00 17.7 

Industrial implementation would depend strongly on crane availability, billet-trans-
fer distance, container positioning, loading and unloading time, and coordination be-
tween casting and rolling. The simulations show that delays before container closure sub-
stantially reduce the retained temperature and associated savings. The required number 
of containers would also depend on casting frequency, storage duration, furnace demand, 
and container turnover. 

4. Conclusions 
This research work has modelled the actual cooling process the steel billets usually 

suffer after an electric arc furnace in small- and medium-sized steelworks. This cooling 
process is usually a free cooling process occurring in an open-air storage area of the fac-
tory. If the storage takes more than 24 h, the billets will reach ambient temperature. Then, 
the billets have to be heated in a reheating furnace to about 1260°C for rolling, where a 
considerable amount of energy is consumed. For more realistic loading times of 15–30 
min, insulated storage reduces the reheating demand by 672–936 MJ per billet and the 
calculated furnace time by 17.7–33.3 min. The corresponding fuel and gross fuel-cost sav-
ings were 600–836 kWhLHV and EUR 18.0–25.0 per billet, respectively. 

These cooling and heating processes were modelled using a two-dimensional transi-
ent approach and calculating the billets’ cross-section temperature field by means of the 
alternating-direction implicit finite difference method. The finite difference simulation 
code was successfully validated against a hypothetical extremely slow cooling process 
with a Biot number lower than 0.0001. 

The proposed energy, reheating-time and fuel-cost improvement consisted in storing 
the hot billets as fast as possible in insulated containers just after the billets leave the elec-
tric arc furnace. This way, the approximately 36 billets produced in each cast can be stored 
for several days within the insulated containers. Then, when they are introduced to the 
reheating furnace, the billets’ temperature should be much higher and could produce con-
siderable energy, time and economic savings. 

The results show that insulated storage can provide important improvements to the 
process. Different cooling and reheating scenarios were analysed by varying the time re-
quired to place the billets in the containers and the storage period. The main conclusions 
are as follows: 

• The time the billets are outside the container is the main influencer of the improved 
cooling process. Therefore, the time it takes to place the billets in the container should 
be as short as possible. 

• The higher the inlet temperature of the billets when put into the reheating furnace, 
the lower the required time for the billets to be within the reheating furnace, thereby 
saving time and money, since less time in the furnace means lower fuel expenditure. 
However, the time to heat up the billet from 25 °C to 1265 °C and from 100 °C to 1265 
°C is very similar, which means that the first stage of the heating process does not 
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take much time. When the billet temperature approaches the reheating furnace’s tem-
perature, the temperature increase is much slower. Even so, any saving in the process 
is an improvement in pursuit of the energy efficiency. 

• The containers can retain billet heat for several days. For all the analysed cases, the 
billet temperature decreased by less than 100 °C during the 15 days of insulated stor-
age. The numerical model predicts that the billet temperature becomes approxi-
mately uniform after the initial transient temperature inside the container. However, 
temperature uniformity across the complete 36-billet batch should be confirmed ex-
perimentally. 

• The scenarios with outdoor exposure times of 5 and 10 min provide the greatest pre-
dicted savings and could eliminate the modelled active reheating requirement. Nev-
ertheless, these loading times may be difficult to achieve under actual plant condi-
tions. The scenarios with loading times of 15 and 30 min also provide substantial 
energy, time, and gross fuel-cost savings and are considered more realistic for indus-
trial implementation. 

From a sustainability perspective, the proposed improvement contributes to reduc-
ing fuel consumption in the reheating furnace, which directly implies a reduction in asso-
ciated CO2 emissions. Since the reheating stage represents a significant share of the total 
energy demand in the analysed steelworks, minimizing the required heating through sim-
ple thermal management strategies can lead to a noticeable decrease in the environmental 
impact of the process. Moreover, as the proposed solution is based on passive insulation 
and does not require complex technological modifications, it can be easily implemented 
in small- and medium-sized steel plants, supporting a more efficient and sustainable use 
of energy in the steel industry. 

The results should be regarded as preliminary because formal mesh- and time-step-
independence analyses and plant-scale experimental validation were not conducted. 
Other limitations include the use of constant thermophysical properties and furnace effi-
ciency, the simplified container model, and the omission of thermal bridges. The reported 
monetary values represent gross fuel-cost savings, as container investment, handling, and 
maintenance costs were not considered. 
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Abbreviations 
The following abbreviations are used in this manuscript: 

Bi Biot number [-] 
EU European Union 
GHG Greenhouse gases 
RMSE Root-mean-square Error 
Symbols 
𝐴𝐴𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  Billet surface area [m2] 
𝐴𝐴𝐶𝐶   Internal surface area of the container [m2] 
𝐴𝐴𝑔𝑔𝑔𝑔  Absorptivity of the furnace gas [-] 
𝑏𝑏  Positive quantity for lumped system analysis [1/s] 
𝐶𝐶  Specific heat capacity [J/kg ∙ K] 
𝐶𝐶𝑒𝑒𝑒𝑒𝑒𝑒  Effective heat capacity [J/kg ∙ K] 
𝐶𝐶𝑠𝑠  Solid steel specific heat capacity [J/kg ∙ K] 
𝐶𝐶𝑠𝑠_𝑒𝑒𝑒𝑒  Steel equivalent specific heat capacity [J/kg ∙ K] 
𝐶𝐶𝑠𝑠𝑠𝑠  Liquid steel specific heat capacity [J/kg ∙ K] 
𝑒𝑒  Thickness of the container walls [m] 
𝑒̇𝑒𝑔𝑔𝑔𝑔𝑔𝑔  Internal heat generation [W/m3] 
𝑓𝑓𝑠𝑠  Solid fraction [-] 
ℎ𝑒𝑒𝑒𝑒  Equivalent heat transfer coefficient [W/m2 ∙ K] 
ℎ𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  Convective heat transfer coefficient [W/m2 ∙ K] 
ℎ𝑟𝑟  Radiative heat transfer coefficient [W/m2 ∙ K] 
ℎ𝑡𝑡𝑡𝑡𝑡𝑡  Total heat transfer coefficient [W/m2 ∙ K] 
ℎ𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣  Validation heat transfer coefficient [W/m2 ∙ K] 
𝑘𝑘  Thermal conductivity coefficient [W/m ∙ K] 

𝑘𝑘𝑒𝑒𝑒𝑒𝑒𝑒  Effective thermal conductivity coefficient  
[W/m ∙ K] 

𝑘𝑘𝑙𝑙  Liquid thermal conductivity coefficient [W/m ∙ K] 
𝑘𝑘𝑠𝑠  Solid thermal conductivity coefficient [W/m ∙ K] 
𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  Steel thermal conductivity coefficient [W/m ∙ K] 

𝑘𝑘𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤    
Average thermal conductivity coefficient of the container wall insulation layer 
[W/m ∙ K] 

𝐿𝐿 �𝜕𝜕𝑓𝑓𝑠𝑠
𝜕𝜕𝜕𝜕
�  Latent heat of fusion [J/kg] 

𝐿𝐿𝐶𝐶  Characteristic length of the billet [m] 
m Mass [kg] 
𝑛𝑛𝑛𝑛  Unit vector normal to the outer surface [m] 
𝑄̇𝑄𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  Heat loss rate of the billet [W] 
𝑞̇𝑞𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  Heat flux by convection [W/m2] 
𝑞𝑞𝑙𝑙𝑙𝑙𝑙𝑙  Heat transfer between 𝑇𝑇𝑖𝑖 and 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠 [J/kg] 
𝑞̇𝑞𝑟𝑟𝑟𝑟𝑟𝑟  Heat flux by radiation [W/m2] 
𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠  Latent heat of solidification [J/kg] 
𝑞̇𝑞𝑡𝑡𝑡𝑡𝑡𝑡  Total heat flux [W/m2] 
𝑄̇𝑄𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤  Heat transfer rate through the walls of the container [W] 
𝑡𝑡  Time [s] 
𝑇𝑇  Temperature [K] 
𝑇𝑇𝑎𝑎  Ambient temperature [K] 
𝑇𝑇𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 Billet centre temperature [K] 
𝑇𝑇𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  Billet corner temperature [K] 
𝑇𝑇𝑔𝑔  Furnace gas temperature [K] 
𝑇𝑇𝑖𝑖  Initial temperature [K] 
𝑇𝑇𝑖𝑖𝑖𝑖  Temperature inside the container [K] 
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𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜  Temperature outside the container [K] 
𝑇𝑇𝑠𝑠  Billet surface temperature [K] 
𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠  Solidification temperature [K] 
𝑇𝑇𝑤𝑤  Furnace inner wall temperature [K] 
𝑇𝑇|𝑡𝑡=0  Temperature at time t = 0 [K] 
𝑉𝑉  Volume [m3] 
𝑉𝑉𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏  Billet volume [m3] 
𝑥𝑥, 𝑦𝑦, 𝑧𝑧  Coordinate directions [m] 
𝜀𝜀  Emissivity [-] 
𝜀𝜀𝑔𝑔  Emissivity of the furnace gas mixture [-] 
𝜀𝜀𝑠𝑠  Emissivity of the billet surface [-] 
𝜀𝜀𝑠𝑠𝑠𝑠  Direct exchange factor [-] 
𝜌𝜌  Steel density [kg/m3] 
σ Stefan–Boltzmann constant with the value of 5.67 ∙ 10−8 [W/m2 ∙ K4]  

Appendix A. MATLAB Implementation for Reproducibility 
% ACTUAL COOLING CASE CODE 
  
% Heat transfer not stationary, two dimension 
% alfa*(d^2T/dx^2 + d^2T/dy^2) = dT/dt 
  
clc 
clear 
  
%Physical parameters 
  
k_steel = 25.17          %[W/m·K] 
Ro = 8000                %[kg/m^3] 
Cs = 640                 %[J/kg·K] 
alfa = k_steel/(Ro*Cs)   %[m^2/s] 
X = 0.145                %[m] 
Y = 0.145                %[m] 
g = 9.81                 %[m^2/s] 
  
%Boundary and initial conditions 
  
Ti = 1773        %[K] Initial temperature 
Tsol = 1728      %[K] Solidification temperature 
Ta = 298         %[K] Ambient temperature 
  
Tf=(Ti+Ta)/2     %[K] Average temperature 
  
%Equivalent specific heat for liquid phase plus solidification 
  
Delta_T_liq_sol = Ti - Tsol 
  
Cs_liq = 790                   %[J/kg·K] 
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q_liq = Cs_liq*Delta_T_liq_sol %[J/kg] 
  
q_solidif = 290000             %[J/kg] 
  
Cs_eq = (q_liq + q_solidif)/Delta_T_liq_sol  %[J/kg·K] 
  
alfa_eq = k_steel/(Ro*Cs_eq)   %[m^2/s] 
  
%Fluid properties (air at Tf) 
  
k_fluid = 0.06822        %[W/m·K] 
Beta = 1/Tf              %[K^-1] 
Pr_fluid= 0.7302         %[-] 
Nu = 1.265e-4            %[m^2/s] Kinematic viscosity  
  
%Radiation parameters 
  
epsilon = 0.5       %[-] emissivity 
sigma = 5.67*10^-8  %[W/m^2·K^4] Steffan Boltzmann constant 
Tsurr=Ta            %[K] Surroundings temperature 
  
%Numerical grid and constants (MAKE dx = dy) 
  
Mx = 14;                 %make "visualx" a whole number 
MPx1 = Mx + 1;           %Node number in x axis 
Nx = Mx - 1;             %Number of equations in x axis 
dx = X/Mx                %[m] 
  
My = 14;                 %make "visualy" a whole number 
MPy1 = My + 1;           %Node number in y axis 
Ny = My - 1;             %Number of equations in y axis 
dy = Y/My                %[m] 
  
dt = 1                   %[s] 
  
tau = alfa*dt/(dx*dx)            
tau1 = 2*(1/tau + 1)            % This is the other repeated constant 
tau2 = 2*(1/tau - 1)            % This is the other repeated constant 
  
tau_eq =  alfa_eq*dt/(dx*dx)     
tau1_eq = 2*(1/tau_eq + 1)      % This is the other repeated constant 
tau2_eq = 2*(1/tau_eq - 1)      % This is the other repeated constant 
  
visualx = Mx/2            %result display issues 
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visualy = My/2            %result display issues 
  
%x and y vector creation 
  
for i = 1:MPx1 
    x(i) = (i-1)*dx;    % x vector created  
end 
  
for i = 1:MPy1 
    y(i) = (i-1)*dy;    % y vector created  
end 
x 
y 
  
%Initial conditions in T 
  
T = ones(MPx1,MPy1);        %Create T matrix 
T = Ti*T                    %Create T matrix 
  
Tprint = T' 
mesh(x,y,Tprint) 
xlabel('x [m]') 
ylabel('y [m]') 
zlabel('T [K]') 
xmin = x(1) ; xmax = x(MPx1) ; ymin = y(1) ; ymax = y(MPy1) ; zmax = Ti+50 ; zmin = 0 

%Just to make all graphs under the same axis 
axis([xmin xmax ymin ymax zmin zmax]);  
  
T; 
T1 = T;     % Create T1 vector to store dt/2 time steps information  
  
time = 0; 
  
%Solver 
  
for print = 1:1    
    for itime = 1:71100  %71100 s (about 20 hours) is the actual total cooling time         
           
        %Convection coefficient for the side walls 
         
            Lc_1 = 0.145; % [m] 
  
            Ra_1 = ((g*Beta*(Ti-Ta)*(Lc_1)^3)/(Nu)^2)*Pr_fluid; 
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            Nusselt_1 = 

(0.825+(0.387*(Ra_1)^(1/6)/(1+(0.492/Pr_fluid)^(9/16))^(8/27)))^2; 
  
            hconv_1 = (k_fluid/Lc_1)*Nusselt_1;  % [W/m^2*K] 
         
        %Convection coefficient for top wall 
         
            Awall =0.145*8.4; % [m^2] 
            perimetre = 2*0.145+2*8.4; %[m] 
            Lc_2 = Awall/perimetre; %[m] 
  
            Ra_2 =((g*Beta*(Ti-Ta)*(Lc_2)^3)/(Nu)^2)*Pr_fluid; 
  
            Nusselt_2 = 0.54*(Ra_2)^(1/4); 
  
            hconv_2 = k_fluid/Lc_2*Nusselt_2;  % [W/m^2*K] 
         
        %Convection coefficient for bottom wall 
         
            Nusselt_3 = 0.27*(Ra_2)^(1/4); 
  
            hconv_3 = k_fluid/Lc_2*Nusselt_3;  % [W/m^2*K] 
  
                        
         % Integration in x 
  
            %Boundary conditions in x=0 in dt 
         
              for r=2:MPy1-1 
  
                  qconv1 = hconv_1*dy*(Ta - T(1,r));             %[W/m] Convection 
                  qrad1 = dy*epsilon*sigma*(Tsurr^4-T(1,r)^4);   %[W/m] Radiation  
                  qcond1 = -k_steel*dy*((T(2,r)-T(1,r))/(dx));   %[W/m] Conduction 
                  qevac1 = (qconv1+qrad1-qcond1)*dt;             %[J/m] 
  
                  if T(1,r)>Tsol 
  
                      T(1,r) = T(1,r) + qevac1/(1*(dx/2)*dy*Ro*Cs_eq);  %[K] If the 

node is in liquid state 
  
                  else 
  
                      T(1,r) = T(1,r) + qevac1/(1*(dx/2)*dy*Ro*Cs);     %[K] If the 

node is in solid state 
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                  end 
              end 
              qevac1; 
               
            %Boundary conditions in x=Mpx1 in dt 
        
              for r=2:MPy1-1 
  
                  qconv2 = hconv_1*dy*(T(MPx1,r)-Ta);                   %[W/m] Convec-

tion 
                  qrad2 = dy*epsilon*sigma*(T(MPx1,r)^4-Tsurr^4);       %[W/m] 

Radiation 
                  qcond2 = -k_steel*dy*((T(MPx1,r)-T(MPx1-1,r))/(dx));  %[W/m] Conduc-

tion 
                  qevac2 = (qconv2+qrad2-qcond2)*dt;                    %[J/m] 
  
                  if T(MPx1,r)>Tsol 
  
                      T(MPx1,r) = T(MPx1,r) - qevac2/(1*(dx/2)*dy*Ro*Cs_eq);  %[K] If 

the node is in liquid state 
  
                  else 
  
                      T(MPx1,r) = T(MPx1,r) - qevac2/(1*(dx/2)*dy*Ro*Cs);     %[K] If 

the node is in solid state 
  
                  end 
              end 
              qevac2;   
          
              T1 = T;     % Create T1 vector to store dt/2 time steps information 
               
            % Begins the integration in X 
           
                  for j = 2:My 
  
                    for a = 1:Nx 
                        if T(a+1,j)>Tsol 
                            voldx(a) = T(a+1,j-1) + tau2_eq*T(a+1,j) + T(a+1,j+1);   % 

vold contains the independent value of the equation system 
                        else 
                            voldx(a) = T(a+1,j-1) + tau2*T(a+1,j) + T(a+1,j+1);   % 

vold contains the independent value of the equation system 
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                        end 
                    end 
  
                    voldx(1) = voldx(1) + T(1,j);    % First value of the vold vector 

needs the information of the boundary conditions 
                    voldx(Nx) = voldx(Nx) + T(MPx1,j); % Last value of the vold vector 

needs the information of the boundary conditions 
  
                    %Create the Matrix Ax 
  
                        Ax = zeros(Nx,Nx);          %Initialize the Ax Matrix 
  
                        for r=1:Nx 
                            if T(r+1,j)>Tsol 
                               Ax(r,r)=tau1_eq;     %Diagonal constants 
                            else 
                                Ax(r,r)=tau1;       %Diagonal constants 
                            end 
                        end 
                        for r1=1:Nx-1 
                                Ax(r1,r1+1)=-1;     %Constants over the diagonal 
                                Ax(r1+1,r1)=-1;     %Constants under the diagonal 
                        end 
                        Ax; 
  
                        vnewx = inv(Ax)*voldx';      % We can already solve the equa-

tion system for dt/2 time step in j row 
  
                        for p = 1:Nx 
                            T1(p+1,j) = vnewx(p);    % Information of vnew is trans-

lated to the whole T1 matrix 
                        end 
                    T1; 
  
                  end     
               
         % Integration in y 
              
            %Boundary conditions in y=0 n+1 
         
              for r=2:MPx1-1 
  
                  qconv3 = hconv_3*dx*(Ta - T(r,1));             %[W/m] Convection 
                  qrad3 = dy*epsilon*sigma*(Tsurr^4-T(r,1)^4);   %[W/m] Radiation 
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                  qcond3 = -k_steel*dx*((T(r,2)-T(r,1))/(dy));   %[W/m] Conduction 
                  qevac3 = (qconv3+qrad3-qcond3)*dt;             %[J/m] 
  
                  if T(r,1)>Tsol 
                       
                      T(r,1) = T(r,1) + qevac3/(1*(dy/2)*dx*Ro*Cs_eq);  %[K] If the 

node is in liquid state 
                       
                  else 
                       
                      T(r,1) = T(r,1) + qevac3/(1*(dy/2)*dx*Ro*Cs);     %[K] If the 

node is in solid state 
                   
                  end 
              end 
              qevac3; 
               
            %Boundary conditionx in y=Mpy1 in n+1 
        
              for r=2:MPx1-1 
  
                  qconv4 = hconv_2*dx*(T(r,MPy1)-Ta);                   %[W/m] Convec-

tion 
                  qrad4 = dy*epsilon*sigma*(T(r,MPy1)^4-Tsurr^4);       %[W/m] Radia-

tion 
                  qcond4 = -k_steel*dx*((T(r,MPy1)-T(r,MPy1-1))/(dy));  %[W/m] Conduc-

tion 
                  qevac4 = (qconv4+qrad4-qcond4)*dt;                    %[J/m] 
  
                  if T(r,MPy1)>Tsol 
                       
                      T(r,MPy1) = T(r,MPy1) - qevac4/(1*(dy/2)*dx*Ro*Cs_eq); %[K] If 

the node is in liquid state 
                       
                  else 
                       
                      T(r,MPy1) = T(r,MPy1) - qevac4/(1*(dy/2)*dx*Ro*Cs);    %[K] If 

the node is in liquid state 
                   
                  end 
              end 
              qevac4; 
               
            % Begins the integration in Y 
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                  for i = 2:Mx 
  
                    for b = 1:Ny 
                        if T1(i,b+1)>Tsol 
                            voldy(b) = T1(i-1,b+1) + tau2_eq*T1(i,b+1) + T1(i+1,b+1);   

% vold contains the independent value of the equation system 
                        else 
                            voldy(b) = T1(i-1,b+1) + tau2*T1(i,b+1) + T1(i+1,b+1);   % 

vold contains the independent value of the equation system 
                        end 
                    end 
                     
                    voldy(1) = voldy(1) + T(i,1);       % First value of the vold vec-

tor needs the information of the boundary conditions 
                    voldy(Ny) = voldy(Ny) + T(i,MPy1);  % Last value of the vold vector 

needs the information of the boundary conditions 
  
                    %Create the Matrix Ay 
  
                        Ay = zeros(Ny,Ny);          %Initialize the Ay Matrix 
  
                        for r=1:Ny 
                            if T1(i,r+1)>Tsol 
                               Ay(r,r)=tau1_eq;     %Diagonal constants 
                            else 
                                 Ay(r,r)=tau1;      %Diagonal constants 
                            end       
                        end 
                        for r1=1:Ny-1 
                                Ay(r1,r1+1)=-1;      %Constants over the diagonal 
                                Ay(r1+1,r1)=-1;      %Constants under the diagonal 
                        end 
                        Ay; 
  
                        vnewy = inv(Ay)*voldy';       % We can already solve the equa-

tion system for dt/2 time step in j row 
  
                        for p = 1:Ny 
                            T(i,p+1) = vnewy(p);      % Information of vnew is OVER-

WRITED IN T matrix!!!! 
                        end 
                    T; 
                 end 
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         %Corner nodes 
              
              T(1,1) = (T(1,2)+T(2,1))/2; 
              T(MPx1,1) = (T(MPx1,2)+T(MPx1-1,1))/2; 
              T(1,MPy1) = (T(1,MPy1-1)+T(2,MPy1))/2; 
              T(MPx1,MPy1) = (T(MPx1,MPy1-1)+T(MPx1-1,MPy1))/2; 
              T; 
  
        time = time + dt; 
    end 
     
   %Post-processing 
    
   time 
   T;    
   Tprint = T'; 
   figure 
   mesh(x,y,Tprint) 
   axis([xmin xmax ymin ymax zmin zmax])  
   xlabel('x [m]') 
   ylabel('y [m]') 
   zlabel('T [K]') 
    
   printtime = num2str(time);                %printtime is not a number, is a string 

(text) 
   text(x(visualx),y(visualy),T(visualx,visualy)+150,printtime);      %This command en-

ables to print the time of each curve on the graph 
   t(print)=time;                            %This vector will store the time of the 

printed curves 
    
    
end 
t 
T 
Tcenter=T((Mx/2)+1,(My/2)+1)-273 
Tdowncenter = T((Mx/2)+1,1)-273 
  
%HEAT TRANSFER 
  
q = 0; %Initialize q 
  
for j = 2:MPy1-1 
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    for i = 2:MPx1-1                            %We first calculate heat evacuated by 

the central nodes 
    q = q + Ro*Cs*(Tsol - T(i,j))*dx*dy + Ro*Cs_eq*(Ti - Tsol)*dx*dy;   %[J/m] 
    end 
end 
  
for j = 2:MPy1-1 
    q = q + Ro*Cs*(Tsol - T(1,j))*dx*dy/2 + Ro*Cs_eq*(Ti - Tsol)*dx*dy/2;   %Frame 

nodes 
    q = q + Ro*Cs*(Tsol - T(MPx1,j))*dx*dy/2 + Ro*Cs_eq*(Ti - Tsol)*dx*dy/2;%Frame 

nodes 
end 
  
for i = 2:MPx1-1 
    q = q + Ro*Cs*(Tsol - T(i,1))*dx*dy/2 + Ro*Cs_eq*(Ti - Tsol)*dx*dy/2;   %Frame 

nodes 
    q = q + Ro*Cs*(Tsol - T(i,MPy1))*dx*dy/2 + Ro*Cs_eq*(Ti - Tsol)*dx*dy/2;%Frame 

nodes 
end 
q = q + Ro*Cs*(Tsol - T(1,1))*dx*dy/4 + Ro*Cs_eq*(Ti - Tsol)*dx*dy/4;      %Corner node 
q = q + Ro*Cs*(Tsol - T(1,MPy1))*dx*dy/4 + Ro*Cs_eq*(Ti - Tsol)*dx*dy/4;   %Corner node 
q = q + Ro*Cs*(Tsol - T(MPx1,1))*dx*dy/4 + Ro*Cs_eq*(Ti - Tsol)*dx*dy/4;   %Corner node 
q = q + Ro*Cs*(Tsol - T(MPx1,MPy1))*dx*dy/4 + Ro*Cs_eq*(Ti - Tsol)*dx*dy/4;%Corner node 
  
q              %[J/m]  
qbillet = q*8.4 %[J] heat transfer in the billet 
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