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Abstract: This paper introduces two new contractive conditions in the setting of non-Archimedean
modular spaces, via a C-class function, an altering distance function, and a control function.
A non-Archimedean metric modular is shaped as a parameterized family of classical metrics; therefore,
for each value of the parameter, the positivity, the symmetry, the triangle inequality, or the continuity
is ensured. The main outcomes provide sufficient conditions for the existence of common fixed points
for four mappings. Examples are provided in order to prove the usability of the theoretical approach.
Moreover, these examples use a non-Archimedean metric modular, which is not convex, making the
study of nonconvex modulars more appealing.
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1. Introduction

Lately, various modular structures, viewed as alternatives to classical normed or metric spaces,
have been intensely studied in connection with the fixed point theory. Many modular related research
papers adopted the setting of a modular vector space (see [1-5]), while others used the more general
framework of a metric modular space (see [6-11]). The notion of a metric modular, together with its
stronger convex version, was firstly introduced and studied by Chistyakov in [6-9]. Although the
convexity of a modular metric brings considerable advantages, the absence of the triangle inequality
generates major difficulties when trying to expand some results to the modular setting. A possible
solution was provided by Paknazar in [12,13] by defining the so-called non-Archimedean metric
modular. In fact, the new modular proves to be a parameterized family of classical metrics; therefore,
for each value of the parameter, the triangle inequality or the continuity is ensured. This makes the
newly defined object a very good instrument for analyzing various contractive conditions or for using
non-standard iterative procedures.

This paper uses the setting of a non-Archimedean metric modular space and defines and studies
new nonlinear contractive conditions. The source for this approach is the work of Shatanawi et al. [14],
who developed a similar theory, but in the framework of a complete metric space. Their work
considered the almost generalized (S, T)-contractive condition introduced by Shobkolaei et al. [15]
on partial metric spaces and the almost nonlinear contractive condition (via some control functions)
on metric spaces introduced by Shatanawi and Postolache [16] and expanded them by means of a
C-class function (see [17]). The result was a new contractive condition, called the almost nonlinear
(S,T,L,F,1,¢)-convex contractive condition. In this context, this paper aims to provide an upgrade
for the work of Shatanawi et al. [14]. In fact, it does not just substitute the framework of ordered
metric spaces with ordered non-Archimedean metric modular spaces; it also provides two possible
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modular extensions for the almost nonlinear (S, T, L, F, {, ¢)-convex contractive condition. Moreover,
by properly including concepts as weakly compatible mappings (see Jungck [18]) or dominating and
weak annihilators (see Abbas et al. [19]), several new outcomes regarding the existence of common
fixed points are obtained.

2. Preliminaries

We start by recalling basic facts about metric modular spaces.

Definition 1. [6] A function w: (0,00) x X x X — [0, 0], written as w(A, x,y) = w,(x,y), is known
as a metric modular on X if the following axioms hold:

(i) wa(x,y) =0, VA >0ifand only if x = y;

(i) foreachx,y € X, wy(x,y) = w)(y,x), YA > 0;

(iii) foreachx,y,z € X, wai,(x,y) < wr(x,z) +wu(z,y), YA, u > 0.

If (iii) is replaced with:

wy(x,z) + /\VTywy(y,z), VA, u>0, Vx,y,z € X,

(i) ooy < 7

then the metric modular is called convex, while if (iii) is replaced with:
(iii") Omax{au} (0 Y) < wa(x,2) +wulz,y), VA, p >0, Vx,y,z € X,
the metric modular is called non-Archimedean (see [12,13]).

Remark 1. Note that the function A — w, (x, y) is nonincreasing on (0, o), for each x,y € X. In fact,
Chistyakov called this “the essential property” of a metric modular (see [8]). Indeed, if 0 < p < A,
then, by using the triangle property, we have:

wy(x,2) S wrp(x,x) +wu(x,z) = wy(x,z).

In addition, if w is a convex modular, then the function A — Aw, (x, y) is also nonincreasing on
(0, 00) (“the main property of a convex modular”; see [7]).

Remark 2. If w is a non-Archimedean metric modular, we notice that:
WA (%, Y) = Wmaxiany (1Y) S wa(x,2) + wa(zy), Yx,y,z € X, YA > 0. 1)

Basically, Paknazar’s definition includes the metric modulars for which the triangle inequality is
valid. Moreover, the triangle inequality makes the metric modular continuous in the following sense:
if lign w1 (x4, x) = 0, then liﬁm wr(xn,y) = wi(x,y), Yy € X.

n [e0] n (o)

In addition, given a metric modular on X and a point xg € X, the following two sets can be defined:
Xw(xg) ={x € X :w)(xo,x) >0as A — oo}

and
X5 (x0) = {x € X:3A = A(x) > 0 such that w, (xp, x) < oo}.

They both are known as metric modular spaces (around xy), although in general, they just satisfy
the inclusion X, (xg) C X (x0). In particular, when w is a convex metric (pseudo)modular, the two
sets are equal. Throughout this paper, we shall fix a point x(, and we shall simply denote by X, and
X, the metric modular spaces around xy.
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The metric modular can be used to define concepts as convergence, completeness, and so on,
properly.

Definition 2. [20] Let w be a metric modular on a set X.

(i) Asequence {x,} C X (or X}, if w is convex) is called w-convergent to a point x € X,, (x € X7,
respectively) if nh_r}r;o w1 (xp,x) = 0.

(i) A sequence {x,} C X (or X} is called w-Cauchy if ; %13 w1 (X, xp) = 0.

(i) The modular space X, (or X*(w) when w is convex) is called w-complete if each w-Cauchy
sequence {x, } is w-convergent.
(iv) Asubset C C X, is said to be w-closed if the w-limit of an w-convergent sequence of C is in C.

The following lemma proves to be a very useful tool when dealing with non-standard contractive
conditions.

Lemma 1. Suppose that X, is a non-Archimedean metric modular space. Let {x, } be a sequence in X, such
that wy (X, Xy41) — 0as n — +oo. If {x,} is not a Cauchy sequence, then there exist an ¢ > 0 and two
subsequences { X, } and {xn, } of {x,} such that:

1 i<m; <ng

2 Wl(xm,/ xnl—) =g

3. wi(xmy, Xp—1) <&

4 dim wq (X, xn;) = M w1 (X1, Xp,—1) = M w1 (Xp,—1, Xm;)

i—-+oo 1—>+00 1—>+00
= lim wi(xm,, xp,-1) = &
1—+00

In addition to the above framework description, we also recall some mapping related properties.
Let f and g be self-mappings of a set X. If w = fx = gx for some x € X, then x is called a coincidence
point of f and g, and w is called a point of coincidence of f and g. Two self-mappings f and g are
said to be weakly compatible if they commute at their coincidence point, that is fgx = gfx whenever
fx = gx. For details, please see Jungck [18].

Now, consider (X, <) a partially ordered set. According to Abbas et al. [19], a mapping f is called
a weak annihilator of g if fgx < x, forall x € X, and f is called dominating if x < fx, forall x € X.

Let us also consider the following classes of functions (see [14,16,17,21]):

e the class of altering distance functions ¥ contains all functions ¢: [0, +00) — [0, +00) such that:

(1) ¥ is continuous and nondecreasing;
(2) ¢(t) =0ifand onlyif t = 0.

e @, denotes all functions ¢: [0, +00) — [0, +o0) that satisfy the following conditions:
(1) ¢ is continuous on [0, +o0);
(2) ¢(t) >0, foreacht > 0.

e the class of control functions ® denotes all functions ¢: [0, +00) x [0, +00) X [0, +00) — [0, +00)
such that:

(1) ¢ is continuous;
(2) ¢(t,s,u)=0ifandonlyifu =s=t=0.

e @ denotes all functions ¢: [0, +0o0) X [0, +00) x [0, +00) — [0, +00) such that:

(1) ¢ 1is continuous;
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() ¢(u,s,t) >0, Y(u,s, t) # (0,0,0).

e ( denotes the set of all C-class functions (see [17]), i.e., those functions F: [0, oo)2 — R with the
following properties:

(1) F(s,t) <s;
(2) F(s,t) = s implies that either s = 0 or t = 0;
(3) Fis continuous.

By combining ¥,®; and C, a general nonlinear contractive condition was defined in [14],
as follows.

Definition 3. [14] Let f, g, S, and T be self-mappings on a metric space (X, d). Then, f and g are said to
satisfy the almost nonlinear (S, T, L, F, i, ¢)-convex contractive condition if there exist p € ¥, ¢ € P,
FeC,and L € [0, +00) such that:

P f3,8)) < (9o gy (53, Ty) + b (Fx, 53) + cd(gy, Ty)

+ed(Sx,y) + ed(fx, Ty)]), ¢ (A(Sx, Ty), d(Sx, gy), d(fx, Ty)) ) @)
+Lmin {d(Sx, Ty),d(Sx,gy),d(fx, Ty)},

forall x,y € X, wherea,b,c,e > 0, witha +b +c+2e > 0.

The main outcome obtained in connection with the above contractive property consists of
sufficiency conditions for the existence of common fixed points.

Theorem 1. [14] Let (X, d, <) be a complete ordered metric space. Let f, g, T, S be self-mappings of X such that
for any two comparable elements x,y € X, the mappings f and g satisfy the nonlinear (S, T,L, F, , ¢)-convex
contractive condition (3). Assume also the following assertions:

X C TX;

gX C SX;

F(y(a),¢(a,a,a)) + La < ¢(a) foralla > 0;

f is dominating and a weak annihilator of T;

g is dominating and a weak annihilator of S;

{f,S} and {g, T} are weakly compatible;

oneof fX,gX,SX, and TX is a closed subspace of X; and
X has the property ().

O NSOk L=

Then, f,g,S, and T have a common fixed point.

3. First Extension to Partially Ordered Non-Archimedean Metric Modular Spaces

Since for each metric d(x, y), there exists a natural extension to a non-Archimedean metric modular

d
wy(x,y) = % (which means that d(x, y) = wi(x,y)), the definition introduced in [14] inspires us

to provide the following natural extension to non-Archimedean metric modular spaces.

Definition 4. Let f, g, S, and T be self-mappings on a non-Archimedean modular metric space X,,.
Then, f and g are said to satisfy the almost nonlinear (S, T, L, F, i, ¢)-convex contractive condition of
type Lif there exist p € ¥, € @1, F € C, and L € [0, +o0) such that:
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P(wr(fx,gy)) < F( (awr (Sx, Ty) + Bon (fx, $x) +0n gy, Ty)

+61(S%, 8y) + dwr (fx,Ty) ), ¢ (1 (Sx, Ty), w1 (Sx,gy), wr (fx, Ty)) ) ()
+Lmin {w(Sx, Ty), w1 (Sx,gy), w1 (fx, Ty)},

forall x,y € X, wherea,B,v,0 > 0, witha + 4+ v +25 = 1.

Furthermore, it is opportune to define a modular version of property (7): Let (X, <) be an
ordered non-Archimedean metric modular space. We say that X,, satisfies the property (7,) if the
following statement holds true:

(7tw): If {x,} is a nondecreasing sequence in X, and {y, } is a sequence in X, such that x,, < y,
for all n, but finitely many, and vy, is w-convergent to u, then x,, < u for all n, but finitely many. We
mention that the w-convergence considered here is in the sense of Definition 2.

In the following, we combine the data defined above in order to state and prove our first common
fixed point result.

Theorem 2. Let (X, =) be an w-complete (in the sense of Definition 2) ordered non-Archimedean metric
modular space. Let f,g, T, S be self-mappings of X, such that for any two comparable elements x,y € X,,, the
mappings f and g satisfy the nonlinear (S, T, L, F,, ¢)-convex contractive condition of type I (4). In addition,
assume that the following assertions hold true:

(1) fXo CTXy,

(2) §Xw C SXu;

(3) F(p(B),¢(x,a,a)) + Lo < p(a) forall o, p > 0 with p < a;
(4)  f is dominating and a weak annihilator of T;

(5) g isdominating and a weak annihilator of S;

(6) {f,S}and{g, T} are weakly compatible;

(7)  oneof fXw,8Xw,SXw, and TX,, is an w-closed subspace of X,
(8) X has the property (7).

Then, f,g,S, and T have a common fixed point.

Proof. Let us start with an arbitrary element xp € X,. By using Hypotheses (1) and (2), we generate
two sequences {x,, }, {yn} € X insuchaway thatyy; := fxp; = Txppp1 and yoq 1= gX0p11 = SXpp40.
Using (4) and (5), we have:

xop = fxor = Txoppn 2 fTXop41 = Xopp1 = §%2p41 = SXop42 = 8Sx2142 = X242,

Step 1. In the following, we shall focus on proving that {y, } is convergent.
Case L. Let us assume that there exists 19 € N such that y,, = v;,+1.

which means that x, < x,,4; for any nonnegative integer #; therefore, they are comparable.

o If ng is even, that is np = 2t, we have yy; = ya+1. Using the fact that xp;11 and x4 are
comparable and Condition (4), we have:
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(w1 (yaev2, Yar11)) = P(w1(fxar2,§%2111))
F(¢’ (“w1(5x2t+2, Txop41) + Bwr (fx2t42, Sx2t42)

IN

+ywi (X241, Txor41) + w1 (Sxor42, §%2141) + dwr (fXx2e 42, TXop41 )) ,

P(w1(Sx2t12, Txor11), w1(Sx2t42, 8X2641), w1 (f X2t 12, Tx2t+1)))
+Lmin{wy (Sxot42, Txp11), w1 (SX2t42, §X2141), w1 (fX2t42, Txp41) } 4)

= F(‘I’ (“wl (Yor41,Y2r) + Bt (Y2r+2, Yor+1) + Ywi (Yors1, Yor)
+0w1 (Yar41, Yor1) + dwn (]/2t+2,]/2t)>,

¢>(w1 (y2t+1/ th)/ w1 (]/Zt-i-l/ y2t+1)/ w1 (}/2t+2, th)))
+L min{w1 (Yor41, Y2t), W1 (Y2r4+1, Yor+1), w1 (Y2r+2, Yor)

= F (IIJ (5601 (V2r+2, Yor41) + 0wi (Yors2, y2t)) (0,0, w1 (yar+2, y2t+1))) -
Using the properties of F, we have:
P(w1(yae42,Y2r41) < lP(,Bwl (Y2142, Yor41) + dwn (}/2t+z,y2t)>-
Since 1 is nondecreasing, then the last inequality holds only if:

w1 (Yor42,Y2t41) < Pwi(Yor+2, Yor41) + 0w (Yars2, Yor),

which, using the triangle inequality (1), leads to:

w1 (o2, Yorr1) < Bwi(Yorso, Yore1) + 0w (Yors2, Yors) + 0w (Yar1, Yor)
Bwr (Y242, Y2r41) + 0w (Yor12, Yor+1) 5)
= (B+9)wi(yarr2,Y2t41)-

Moreover, the conditions «, ,,6 > 0, and o« + f+ v + 26 = 1 lead either to f+J < 1 or to
B=1land a = v = = 0. In the first case, we find from (5) that wi (y2r+2,y21+1) = 0; hence,
Yor+2 = Yor+1- In the other case, by taking a step back into the chain of inequalities (4), we find:

(w1 (Yar42, Y2141)) < F<l/J (wl (]/2t+2/]/2t+1)>/ ¢(0,0, wr (y2t+2/y2t+1)))-

This tells us, in fact, that F(l[) (w1 (y2t+2,y2t+1)>,¢(0, 0, w1 (y2t+2,y2t+1))) is actually equal to
P(w1(Y2r+2,Y2t+1)). By considering the properties of F, this gives us ultimately the same
conclusion as above, namely y2¢1+2 = Y2s41-

o Ifngisodd, thatis ny = 2t + 1, by using the same technique, we find that y;+3 = yos49.

Combining these two items, we may conclude that, starting with ng, the sequence {y,} is a
constant sequence in X,,, and hence, it is convergent.

Case II. Let us assume now that y, # y,+1 for all n € N. We analyze again, separately, the
situation of n being even and the opposite of this.

e If niseven, then n = 2t for some ¢t € N. Using the comparability property of xo; and x4,
we have:
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P(w1(Yn, Yni1)) = P(w1(y2e, y2r11)) = Y(wr(fx2r, x2141))
F <1P (“wl (Sxat, Txpsy1) + Bawr(fxat, Sxot)

Fywr(gx2¢41, TXopq1) + e (Sxap, §x0p41) + dwr (fx2r, Tx2t+l)) ,

¢ (w1 (Sxae, Txop1), w1(Sx2t, §X0p41), wi(fx2t, Tx2t+1))>
+Lmin{w; (Sxa, Txop41), w1 (Sx2t, §X2141), w1 (f X2, Txp41) }

F(#’ (’le (Y2r—1,y2¢) + Bwi (Y2t Yar—1) + w1 (Yars1, Yor)

+dwy (]/thl/]/ZtJrl))/ ¢(w1(Yar—1,Y2t), w1 (Y2r—1, Y2t41), 0))
+Lmin{w (y2r—1, Y2t), w1 (Y2t—1,Y2t+1),0}
F (lP (D‘wl (Y2t—1,Y2t) + Bwi (Yot Yar—1) + Yw1 (Yar+1, Yot)

+owq (y2t—1r]/2t+l)) ’ 47(w1 (th—lr]/Zt)r w1 (th—1, }/2t+1), 0)) .

If wi(yar—1,y2r) < wi(Yar, Yar+1), then, using again the triangle inequality for the non-Archimedean
metric modular, together with the nondecreasing behavior of i, we find:

Thus,

IN

IN

IN

IN

IN

P(w1(Yn, Yni1)) = P(w1(yar, y2r41))
F(#’ (“w1 (Y2r—1,y2¢) + Bwi(Yor, Yar—1) + w1 (Yar41, Yor)

+owr (y2r-1, y2t+1)) (w1 (y2r—1,v2t), w1 (Yar—1, Yor+1), 0))
{2 (lxwl (y2r-1,Y2t) + Bwi(Yar, Yar-1) + Yw1(Yar+1, Yat)
+owr (yar-1, ]/2t+1))

[ (lxwl (y2t-1,Y2t) + Bwi(Yar, y2r—1) + ywi(Yar+1, Yar)
+6wr (y2r-1,Y2t) + 5w1(y2t/y2t+1))

Pt B+ 0) wr(yar1,yar) + (v +0) @1 (var,yai))

lp( (a+B+7+20)wn (y2t1y2t+1))
(w1 (Yo, Yar1)) = P(w1(Yn, Yny1))-

F (lP (Oéwl (Y2t—1,Y2t) + Bwi (Yot Yor—1) + Yw1(Yar+1, Yat)

+owq (yzt—1, y2t+1)) ’ 47((01 (yzt—1, yzt), w1 (]/2t—1, Yor4+1 ), 0))

= Eb(lwh (Y2r—1,Y2t) + B (Yo, Yor—1) + Y1 (Yar+1, Yor) + 5w1(y2t71/y2t+1)>~

Using the properties of F, we conclude that either:

1P(D¢w1 (Y2r—1,Y2¢) + Bw1 (Y2t Yor—1) + Yw1(Yor41, Yor) + dws (thflr]/ZtJrl)) =0

or

¢(w1(Yar—1,Y2t), w1 (Y2r—1,Y2¢41),0) = 0.
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In both cases, we obtain that yp;_; = vy is necessary, leading to a contradiction. Thus,

w1 (Y2t Yari1) < wi(Y2r-1,Y21), (6)

and:
P(w1(Yar, Yort1))

IN

F(i,b (‘le (Y2r—1,Y2¢) + Bwi (Yot Yor—1) + w1 (Yaes1, Yor) o

+0wr (Yor—1, Y241 )) (w1 (Yar—1,Y2t), w1 (Y2r—1, Y2r+1), 0))
< P(wi(yar—1,Y2t)-

e Ifnisodd, thenn = 2t + 1 for some t € N. Using the same arguments as in the case of an even
number, we can prove that:

w1 (Yor+2, Y2r+1) < wi(Yars1,Yot)- 8)

From (6) and (8), we have:

W1(Yn, Yn+1) < W1(Yn-1,Yn), ¥Vn € N.

Therefore, {w1(Yy+1,Yn) : n € N} is a nonincreasing sequence. Thus, there exists r > 0 such that:

Jm @1 i) =

By taking lim inf in (7), we find:

F (lP ((0‘ +B+y)r+9- I}Lnj?ofwl (th—1/y2t+1)> (7, ltignglofwl (th—l/y2t+1)/0)) =9(r). 9)

Assuming that 6 = 0, we find:

F <lp(r)r¢(rrltigl_&gfwl<]/2tl/]/2t+1)/0)> =y(r),

and since F € C, it follows ¢(r) = 0 or ¢(r, iminf;_, { oo w1y (Y2r—1,Y2t41),0) = 0; both relations
bring us to the conclusion that » = 0.

Assume now that § > 0. Equation (9) leads to:

Y(r) <y <(‘X +B+Y)r+d- ltigjgfwl(yzthyztﬂ)) ,

that is
r< (at B+ )r+d-Iiminfwr (yar—1, yor41),

and even simpler, after dividing with 6,
2r < liminf _ .
r= tlgljg w1(Y2r-1,Y2t+1)
On the other side, due to the triangle inequality, we also have:

w1(Y2r—1,Y2t4+1) < w1(Y2r—1,Y2¢) + w1(Yar, Yor41),
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which gives:

lim inf B < 2r.
t@ﬁ?o aJ1(]/2t 1,y2t+1) >

Therefore, liminf; ;oo w1 (Y2¢—1, Y2r+1) = 2r. Substituting this in (9) brings us to:

E(y(r),¢(r,2r,0)) = (),

which finally leads (due to the properties of F, i, and ¢) to the conclusion r = 0. Hence:

Um w;(yn Yut1) = 0. (10)

n—-+oo

In the following, we take one more step closer to proving the convergence of the sequence {y, }.

For this, we show that {y, } is a Cauchy sequence in the complete non-Archimedean metric modular
space X,. It is sufficient to show that {y} is a Cauchy sequence in X,,. Suppose on the contrary,
namely, that {yy;} is not a Cauchy sequence in X,,. According to Lemma 1, there exist ¢ > 0 and two

subsequences {vy,, } and {y2,,} of {y2,} such that:

1.

w1(Yom; Xon,) > &
w1 (Yom,, Yon,—2) < &

dim wq(xom,, Xon;) = €.
1—+00

Using again the triangle inequality and Relation (10), we can easily prove that:

Am w1 (Yom, Yon—1) = Hm w1 (Yom+1,Yon—1) = Hm w1 (Yom,+1,Y2n;)
1—+00 1— 400 1— 400

= hm CUl (yZm,-, yZn,-) = €.
—+o0

1

Since x5, and xy,, 1 are comparable, we have:

(w1 (Yan;, Yam+1)) = P(w1(fxon, §%om; 1)
F (IIJ (lxwl (Sxan;, Txom41) + Bwi (fX2n,, Sxon;)

IN

+yw1(8Xom,+1, TXom;41) + 0w1(SX2n;, §Xom,+1) + 0w (fx2n,, Tmei+1))r
¢ (w1 (Sxan, Txom;+1), W1(SX20,, §¥2m;+1), W1 (f X2m;, szm,-+1)))
+Lmin{ws (Sxan;, TX2m,41), w1(SX2n,, §%2m;+1), w1 (f X2n,, TXom;41) }

= F(ll) <06w1(y2n171,y2m,-) + Bw1(Yan; Y2n,—1)
Fyw1 (Yom+1,Y2m; ), 61 (Yan,, Yom;) + dwi (yZnFl/yZmﬁl)),

P(w1(Yan,—1,Yom, ), 01(Y2n, Yom; ) W1 (Y2n,—1, Yom;+1 )))

+Lmin{wi (Yon,—1,Yom, ), W1 (Y2n;s Yom; ), @1 (Yon,~1, Yom;+1) }-
Letting i — +oc0 and using the continuity of F, ¢, and ¢, we get that:
P(e) < F(l[)((tx + 2(5)6),47(6, e,e)) + Le.

By Condition (3), we also have:

F(¢((a +25)e),<p(e,e,e)) + Le < ¢(e),
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which is impossible. Therefore, our assumption that y,, is not a Cauchy sequence does not hold.
Moreover, because of the triangle inequality, combined with Relation (10), we may conclude that {y, }
itself is a Cauchy sequence in X,,.

Ultimately, by the completeness of X,,, there exists y € X, such that:

Jim wi(ya,y) = 0. (11)
Step 2. In the next section of the proof, we shall focus on proving that y is a common fixed point
of gand T.
For this, we turn our attention to Condition (7) in the hypotheses. Assume that T'X,, is closed.
Since {yar = Txp:41} is a sequence in TX,, w-convergent to y, it follows that y € TX,,; hence, there
exists u € X,, such that y = Tu. Therefore,

Jim wi(yn y) = Um wi(yn, Tu) = 0.

Now, we show that gu =y = Tu.

Since, as we checked at the beginning of our proof, {x, } is a nondecreasing sequence and x, =< v,
with y, w-convergent to y, it follows, from property (71, ), that x, < y. Since the mapping f is
dominating and a weak annihilator of T, we obtain xp; < y = Tu < fTu < u. Thus:

(w1 (yar, gu)) = P(wi(fxar, gu))
F(lP (“wl(stt/ Tu) + Bws (fxor, Sxor) + yws(gu, Tu)

IN

+0w (Sxpr, gu) + dw1(fxor, Tu)), ¢(wr (Sxar, Tu), wy (Sxor, gu), wr (fxar, Tu)))
+L min{wl (SXZt/ Tu)/ w1 (szt/ g”): w1 (fxzt/ Tu)}
= F(IIJ (“w1(y2t71/y) + Bwi (Yo, Yor—1) + yw1(gu, y)
+owr (Yor—1,8u) + dwq (yzt,y)),qb(wl (Y2r-1,Y), w1 (Yar—1,8u), w1 (th/y)))
+L min{w1 (y2r—1,Y), w1 (Y2r—1, 1), w1 (Y2t y) }-

Letting n — +oc in the above inequalities and using (10) and (11), as well as the continuity of the
metric modular stated in Remark 2, we get that:

Plwr(v,gu)) < F(9(rwr (gu,y) +wn (gu,y)), (0, wn (y, g1),0) ).

If we are in the particular case when v = 1 and « = 8 = § = 0, the above inequality becomes:

Pl (v,gu) < F(9(wi(gw,1)), 9(0,w1 (v, g),0))

and since F € C, this ultimately leads to wy (gu,y) = 0, thatis gu = y.
Otherwise, v+ 6 < 1 and:

Plwi(y, gu)) < P(ywi(gu,y) + dwi(gu,y)),

that is:
w1(y, gu) < ywr(gu,y) +dwi(gu,y) = (v +)wi(y, gu),

leading to the same conclusion. Hence, gu = y = Tu. Since g and T are weakly compatible, we
also have:

gy =8gTu=Tgu = Ty.
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Now, by the comparability of xy; and y, we have:

P(w1(yat, gy)) = P(wi(fxat, gY))

F (4) (zxwl (Sxat, Ty) + Bawr (fxot, Sxor) + ywi(8y, Ty)

0w (Sx21,8Y) + 001 (fx1, Ty) ) pleor (Sx21, Ty), w1 (Sxar, gy), n (fx, Ty) )
+Lmin{wi (Sxat, Ty), w1 (Sxat, gY), wi(fxar, Ty) }

= F(¢ (“w1<y2t71/ Ty) + Bw1(yat, Yar—1) + rw1(8y, Ty)

IN

+ow1 (Yar—1,8Y) + dwr (Yt Ty)), $(w1(yar—1, Ty), w1 (Yar-1,8Y), wi (Yo, T]/)))
+Lmin{w (y2r—1, Ty), w1 (y2r—1,8Y), w1 (Y2t Ty) }.

Letting n — +co in the above inequalities and using again (10) and (11), we obtain:

p(wi(y,8y))
<F (lP (aw1 (v, Ty) + dwi (y, Ty) + dws (y, Ty)) P(wi(y, Ty), w1y, Ty), wi(y, Ty))
+Lawr (y, Ty)
< F( (a1 (,8Y) + 61 (v, 8y) + 60n (v, 8) ) (w1 (4, v), o1 (v, 8¥), w1 (4,8Y) )
+Lewi(y, 8y)-

If assuming w1 (y, gy) > 0, we find, by considering again Condition (3) from the hypotheses,
P(w1(y,gy)) < p(w1(y,gy)), which is impossible. Thus, w1 (y, gy) = 0, and hence, gy =y = Ty.

Step 3. Finally, we shall prove that y is a common fixed point for f and S, as well.

As gX,, C SXu, wehavey = gy € 5X,,, so there exists v € X, such that y = gy = Ty = Swv.
Since the mapping ¢ is dominating and a weak annihilator of 5, we have y = gy = Sv <X ¢gSv X v.
Thus, y and v are comparable, and hence:

Pl@i(fo.y)) = plwr(fo,gy))
F(p (aw1 (S0, Ty) + e (fo, 50) + 71 (83, Ty)

+0w1 (S0, 8y) + dwi (fo, Ty) ), §(wi (S0, Ty), w1 (Sv,gy), w1 (fo, Ty))
+Lmin{w; (Sv, Ty), w1 (Sv, gy), w1(fv, Ty) }
= F(y(Bar(foy) +dwi(fo.)), #(0,0,0n(fo,y))

< y(Bar(foy) +own(fo.y)).

IN

Analyzing again the cases p = 1and f+ 6 < 1, we find w1 (fv,y) = 0. Thus, y = gy = Ty = Sv = fo.
Since f and S are weakly compatible, we also have:

fy=fSv==Sfv=_5y.
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Finally, using the fact that y is comparable with itself, we find:

Y(w1(fy,y)) = $(wi(fy,8y))

F (lP (‘le (Sy, Ty) + pan(fy, Sy) + ywi(gy, Ty)

+6w1(Sy,gy) + 6wn (fy, Ty) ) (i (Sy, Ty), wn (Sy, gy), 1 (fy, Ty)))

+Lmin{wi(Sy, Ty), w1(Sy, gy), @1 (fy, Ty)}

= F (¢ (ww1<fy,y) +owi(fy,y) + 5w1<fy,y))/4>(w1 (fy,y),wl(fy,y),wl(fy,yﬂ)
+Lawr (fy,y)-

IN

Hence, according to Condition (3) in the hypotheses’ list, we have w;(fy,y) = 0, that is
fy =y = Sy. Consequently, f,g, T, and S have a common fixed point. If fX, is not closed, but
one of the other sets in Condition (7) is closed, we follow similar arguments as above to prove the
existence of a common fixed point. [

The following apparently more general result is in fact a consequence of the previous theorem.

Corollary 1. Let (X, <) be an w-complete ordered non-Archimedean metric modular space. Let f,g, T, S be
self-mappings of X, such that for any two comparable elements x,y € X, the mappings f and g satisfy the
following condition: there exist Ag > 0, p € ¥, ¢ € @1, F € C,and L € [0, +00) such that:

Y(Rowr(F,8y) < F((ahowr (Sx, Ty) + BAowr (f, 5x) + yhows (gy, Ty)

+Mown (5x,8Y) + OAown (Fx, Ty) ), ¢ (wi (Sx, Ty), w1 (Sx,gy), an (fx, Ty)) ) (12)
+Lmin {w;(Sx, Ty), w1 (Sx, gy), wi(fx, Ty)},

forall x,y € X, where a, B,,6 > 0, with a + B + v + 26 = 1. Assume also the following assertions:

(1) fXw CTXy,

(2)  8Xw € SXu;

(3)  F(p(BAo), (&, ) + Lo < p(ary) forall o, p > 0 with p < a;
(4)  fis dominating and a weak annihilator of T,

(5) g isdominating and a weak annihilator of S;

(6) {f,S}and {g, T} are weakly compatible;

(7)  oneof fXuw,8Xw, SXw, and TX,, is w-closed;

(8) X has the property (7).

Then, f,g,S, and T have a common fixed point.

Proof. By rewriting Condition (13) using the function ¢ € ¥, {(t) = 1(Aot), we arrive exactly at the
hypotheses of Theorem 2, hence the conclusion. [

The following example shows the useability of our results.
Example 1. On X = [1, +0), consider the metric modular:

[yl
VA

Let us also consider F: [0,00)2 — R, F(s,t) = is; ¢: [0,+00) — [0,+0), (t) = t; ¢ € P
arbitrary, and L = 0. Define a relation on X by x =< y if and only if y < x. Furthermore, define the
mappings f,g,S, T: X — X by the formulas fx = gx = /x, Tx = Sx = x%. Then:

w: (0,00) x X x X — [0, 4], wy(x,y) =
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Y 0N e

—_
<

w is a non-Archimedean metric modular, which is not convex;

Xw = X = [1,0); moreover, X,, is complete in the sense defined by Abdou (see Definition 2).
FeCyeVY,

F(yp(B), ¢(a,a,a)) + La < ip(a) foralla, > 0 with f < ;

fXCTX,

f is dominating and a weak annihilator of T,

The pair { f, S} is weakly compatible,

fXis a closed subset of X,,,

X, satisfies the property (71,,), and

f and g satisfy the nonlinear (S, T, L, F, ¢, ¢)-convex contractive condition of type I, for a = 1
andp=7=6=0.

Proof. The positivity and the symmetry of w are trivial properties. Let us focus on the last property.
Assume that A > u. We notice that:

wmax{/\,y}(x/y) = WA(x/]/)
_ x—y
VA
[x—z|  |z—y
< n
TV VA
o el 2oyl

hence w is non-Archimedean. To prove that w is not convex, we turn our attention to Remark 1. Indeed,
in our example, the function A — Aw, (x,y) = v/A|x — y| is nondecreasing, so “the main property of a
convex modular” is not satisfied.

The proofs of Parts (2) to (9) are clear. The condition stated on (10) is equivalent, for the selected

elements F, ¢, ¢, and L with:

1
wi(fx,gy) < Zwi(Sx, Ty).

This holds true, since we have:

wi(fx,gy) = |Vx—yl

(VA VG +Y)
< gle-p

1
= Zwl(Sx, Ty).

Thus, Example 1 satisfies all the hypotheses of Theorem 2. Therefore, f, g, T, and S have a common

fixed point. Here, 1 is the common fixed point of f,g,T,and 5. O

Example 2. Let us consider now the same metric modular space as in the example above and the same mappings
f,4,S, T. In addition, take F: [0,00)?> — R, F(s,t) = s —t, : [0, +00) — [0, +00), () = t, the control
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function ¢: [0,00)3 — [0,00), ¢(t,5,u) = i (|¢] + |s| + |u|), and L = % Then, the conditions (1)—(3) and

(5)—(9) listed in the previous example are satisfied again. Let us now take a closer look at Condition (4). We have:

FW(B) pla,mm) +La == +5 = -5 <a

which holds true for all o, B > 0 with B < w. Finally, let us also prove that f and g satisfy the nonlinear

1 1
(S, T,L,F,,p)-convex contractive condition of type I, for & = 5 B=7=0,andé = T Indeed, for these
particular choices, Inequality (4) in Definition 4 becomes:

1 1 1
wi(frgy) < Fwi(SxTy) + zwi(Sx,gy) + jwi(fx, Ty)
1
— (@1(Sx, Ty) + w1 (Sx, gy) + wi(fx, Ty))
1 .
+§ min {w1(Sx, Ty), w1 (Sx, gy), wi(fx, Ty)},

that is
1 1
|[fx =gyl < 41S% = Ty| + 5 min {|Sx — Tyl [Sx — gyl, |fx = Tyl},

or, after substituting f,g,S, T,

1 1 .
VE =il < gl =]+ S min {22 = 2], 152 = /7], [VE =21}
This condition is satisfied, as seen before. [

4. Second Extension to Partially Ordered Non-Archimedean Modular Spaces

Definition 5. Let f, g, S, and T be self-mappings on a non-Archimedean modular metric space X,,.
Then, f and g are said to satisfy the almost nonlinear (S, T, L, F, i, ¢)-convex contractive condition of
type I if there exist p € ¥, ¢ € &1, F € C, and L € [0, +00) such that:

P(@r(fx,gy) < F(9(wy (5%, Ty) +wy (fx,52) +w; (g, Ty)

w1 (8%, 8Y) + w1 (fx,Ty) ), ¢ (wn (Sx, Ty), w1 (Sx,gy), «n (fx, Ty)) ) (13)
+Lmin {w;(Sx, Ty), w1 (Sx, gy), wi(fx,Ty)},

forall x,y € X, wherea,B,7v,6 >0, witha +p+7+25 =1.

Now, we present the main result of this section. We emphasize the fact that it needs some stronger
requirements regarding the modular than the outcome of the previous section. More precisely, we
shall consider the non-Archimedean metric modular, which is also convex. In fact, the convexity of
the modular interferes in our arguments, not directly, but through one of its immediate consequences,
namely the following inequality (resulting from the monotonicity of A — Aw, (x,y)):

w%(x,y) < Awq(x,y), VA < 1. (14)

Theorem 3. Let (X, <) be a complete ordered non-Archimedean metric modular space, induced by a convex
modular. Let f,g,T,S be self-mappings of X, such that for any two comparable elements x,y € X, the
mappings f and g satisfy the nonlinear (S, T,L,F,, $)-convex contractive condition (14). Assume the
following assertions:
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(1) fXo C TXo;

() gXw C SXui

(3) F(p(B),¢(x,a,a)) + Lo < p(a) forall o, p > 0 with p < a;
(4)  f is dominating and a weak annihilator of T;

(5) g isdominating and a weak annihilator of S;

(6) {f,S}and {g, T} are weakly compatible;

(7)  oneof fXw,8Xw,SXw, and TX,, is a closed subspace of X.,; and
(8) X has the property (7).

Then, f,g,S, and T have a common fixed point.

Proof. Start with xg € X,,. By using Hypotheses (1) and (2), we generate two sequences {x,}, {yn} €
X, in such a way that yp; 1= fxp; = Txppyq1 and Yo7 1= X441 = Sx2t4+2. Using (4) and (5), we have:

xop = fxor = Txoppn 2 fTx0p41 = Xop1 = 8%0p41 = SXoiq0 = 8Sx0142 = X240,

which means that x,, < x,,11 for any nonnegative integer n; therefore, they are comparable.
Step 1. In the following, we shall focus on proving that {y, } is convergent.
Case I. Let us assume that there exists 19 € N such that y,, = v,,,41.

o If ng is even, that is ny = 2t, we have yy; = yp+1. Using the fact that xp;; and x5 are
comparable and Condition (14), we have:

1(W2t12, Y26 41)) = P(w1(f X212, %26 41))

(w
( (wl Sxpr42, Topp1) +w 1 (fx2t42, Sx2t42)
+w

IN

1 (%2141, Txpr1) + w1 (Sx2t42,8%2141) + w1 (fx2t42, szt+1)>

¢(w1(Sx212, Tx2p41), w1(Sxat12, §%2¢11), W1 (f X2t 42, Tx2t+l)))
+Lmin{wi (Sxat12, Tx2s41), w1(Sx212,8%0141), w1 (fx2r42, TX2p41) }

= F(¢ (W% (Yars1,y2t) + wy (Vart2, Yor+1) + w1 (Yor+1,Y2t)

w1 (Yor1, Y2r41) + wi (y2t+2r]/2t)>

w1

5 5

917(601 (y2t+1, ]/Zt)z w1 (y2t+1/ Y241 ), w1 (y2t+2/ yzt)))

+L min{wl (y2t+1, y2t), w1 (y2t+1/ Yor+1 ), w1 (y2t+2, Yot )}

= F (llJ (w% (Yor42,Yor41) + w1 (Y242, }/2t)> ,$(0,0, w1 (Y242, y2t+1))) .
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Using the properties of F, we have:

(w1 (yar2, Yar+1) < ¢<w%(]/2t+2/]/2t+1) %(]/2t+2z]/2t))
Since 1 is nondecreasing, then the last inequality holds only if:
w1 (Va2 Y2r1) < w1 (Yarr2,Yore1) + @ w1 (Vat+2,Y2t),

73:

which, using the triangle inequality (1), leads to:

w1 (Yart2, Y2r+1) < %(y2t+2/]/2t+1)+ %(]/Zt-l-]/]/zt)

(Yor42,Yor41) +w
+

= w w% (y2t+2,]/2t+1)~

w1
B
% (yzt+z,]/zt+1)

> 1, and

7

| =

Moreover, the conditions «,8,7,6 > 0O and a + B+ v +25 = 1 lead to

using Inequality (14), we find w ! (Vor2,Y2e41) < Bwi(Yorv2, Yor+1) and wi (Yori2, Yory1) <

dw1 (Yat4+2, Yar+1); thus:

1
)

w1 (Vo2 Y2r+1) < (B+7) wi(Vars2, Yors1),

which makes sense only if w1y (y2r+2, Y2r+1) = 0 and, hence, yor+2 = Yor41-
o Ifnpisodd, thatis ny = 2t + 1, by using the same technique, we find that y;+3 = ys42.
Combining these two items, we may conclude that, starting with n, the sequence {y,} is a

constant sequence in X,,, and hence, it is convergent.

Case II. Let us assume now that y, # y,+1 for all n € N. We analyze again, separately, the
situation of n being even and the opposite of this.

e If niseven, then n = 2t for some ¢t € N. Using the comparability property of xp; and x4,
we have:

Y(w1(Yn, Ynv1)) = P(w1(yar, y2r1)) = P(w1(fxor, 8x2141))
( ((,U1 Sxot, Tx2t+1) + CLJ1 (fX2t, sz,g)

IA

%(gx2t+1/ Tx441) + w1 (Sx2t, §Xo141) + w1 (fx2r, Tx2t+1))

P(w1(Sxar, Txopi1), w1 (Sxar, §X2141), wi(fxot, Tx2t+1)))
+Lmin{w; (Sxos, Txp11), w1(Sx2r, §x241), w1 (fx2r, TXop41) }

= F(IIJ (W% (Yor—1,Y2t) + W%(]/Zt/]/ztfl) + w%(y2t+lr]/2t)

+W% (]/2%11]/21%1))14)(“]1 (Yor—1,Y2t), wn (yzH,yth),O))
+Lmin{w1 (Yar—1,Y2t), w1 (Y2t—1,Y2t+1),0}
F (IIJ(W% (Y2r—1,Y2t) + wy (Yo, yor—1) + w1 (Y2t+1,Y2t)

IN

(y2r— 1,]/2t+1)> ‘P(wl(y2t—1,]/2t),w1(th—1,y2t+l)ro)>-

w1
)
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If wi(yr—1,y2) < wi(yar, Yo2r41), then using again the triangle inequality for the

non-Archimedean metric modular and Relation (14), together with the properties of ¢ and

F, we find:
(@1 (Yn, Ynt1)) = P(w1(y2e, y2i11))
< F(1P<w1 Yot 1,yzt)+w1(yzt,yzt 1) +tw %(y2t+1r]/2t)
+wi (Yo 1/y2t+1)> (P(w1<]/2t71/y2t)/wl(]/thlrthJrl)/O))
< 1/’( L(y2i-1,920) + @1 (21, y21-1) + @1 (Y241, Y1)
%(]/21‘ 1/y2t+1))
< lP( w1 (yar- lerZt)"‘w%(thrthfl) w1 (Yar1, Yar)
Wi (Yar-1,y2) + Wi (y2t1y2t+1)>
< IIJ( a+ B+ 0)wi(yar-1,Y2) + (7 +5)w1(y2t,y2t+1))
< g (et B2 @iy ya))
= P(wr(yar,y2r41)) = P(@01(Yn, Yns1))-
Thus,
P(lp(w%(]ﬁt 1,y2t)+w1(y2t,y2t 1) + @1 (Y21, y2)

+w %(th l/y2t+1)) ¢(w1(y2t—1,y2t) wl(yzt 1/y2t+1 )

= ( %(I/Zt 1,]/2t)+w1(]/2t,]/2t 1)+w1(]/2t+1,y2t) w%(]/Zt 1/y2t+1>)

Using the properties of F, we conclude that either:

(y2t+1ry2t)+WI(y2t 1:y2t+1)) 0

~e\~

I/J(w% (Yor—1,y2¢) + w% (Yot Y2t—1) + w

or
¢(w1(Var—1,Y2t), w1 (Y2t—1,Y2t4+1),0) = 0.

In both cases, we have y,;_1 = Y2, a contradiction. Thus,

w1 (Yot Yor1) < w1(Yar—1,Y2t), (15)
and:
(w1 (Yar, Yars1))
< F(l,b(cm Yor— 1/y2t)+w1(y2t,y2t 1) +w %(thJrlr]/Zt)
%(VZt 1/y2t+1)) 47(W1(y2t—1/3/2t)/wl(y2t71/y2t+1)/0))
< P(wi(Yor—1,Y2¢)- (16)
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If nis odd, then n = 2t 4+ 1 for some t € N. Using the same arguments as in the case of an even
number, we can prove that:

w1 (Yor+2, Y2r+1) < Wi (Yors1,Yot)- (17)

From (15) and (17), we have:
W1(Yn, Yn+1) < W1(Yn—1,Yn)-

Therefore, {w1(yn+1,¥x) : n € N} is a non-increasing sequence. Thus, there exists r > 0 such that:

nEToo W1 (Yn, Ynt1) = 1.

Assume that A < 1, and denote r}\ = liminf, 1w 1 (Yn,Yn+1)- Then, according to (14),
@1 (Yn Yn+1) < Aw1(Yn, Yn41), leading to:

In addition, w1 (Y Ynt2) < w1 (Yn, Ynt1) + @1 (Ynt1,Ynt2), leading to:

1 1
A A

2 = liminfw;
n—+oo A

(Y, Yny2) < 2Ar.
By taking lim inf in (16), we find:
F(p(ra+rp 1y +75), ¢(r liminfwn (yar1,¥241),0)) = $(r).
This leads, on the one hand, to the following chain of inequalities:
1,11, .2 1,11 .2 —
P(r) < 1/)(1’“+rﬁ—|—r7+r§) =r<rytrg+r,+r; < [a+B+y+2]r=r,
and, consequently, by turning back into the equality relation, to
E((r), ¢(r, liminf wi (y2—1,y2141),0)) = 9(r),

which ultimately means that either ¢(r) = 0 or ¢(r, iminf;— 0 w1 (Y2t—1,Y2¢+1),0) = 0. In both
cases, we find » = 0; hence:

im w1 (Yn, Yni1) = 0. (18)

n—+oo

In the following, we take one more step closer to proving the convergence of the sequence {y, }.

For this, we show that {y, } is a Cauchy sequence in the complete strongly non-Archimedean metric

modular space X,,. It is sufficient to show that {y } is a Cauchy sequence in X,,. Suppose the contrary;
that is, {y2¢} is not a Cauchy sequence in X,,. According to Lemma 1, there exist ¢ > 0 and two
subsequences {y2,;, } and {y2,, } of {2, } such that:

L .

i <2m; < 2ny;
w1 (Yom,, Xon,) > &

w1 (yZm,v/]/Znifz) <eg

lm wy (X, Xon,) = &
1—r+00
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Using again the triangle inequality and Relation (18), we can easily prove that:

lim w1(y2m1,y2n,—1) = lim wl(yzmﬂrl,]/znifl) = lim wy (]/2mi+1r]/2"i)
i—+o00 it e
= hm w1 (yZmir yZHi) =€
1—+00
By denoting:
k1
eg\ ) — hlrgg}fan (yzm +kr Yon; +1)

for two indices k € {0,1} and I € {0, —1} and using again Inequality (14), we find:
e&o’o),e/(xl’o),e&o’_l),egl’_l) < Ag, VA > 1.

Since x2;,, and xp;;, 11 are comparable, we have:

120, Yom 1)) = (w1 (fx2n;, §X2m;+1)

P(w
( (wl Sxon,, Tx2m+l)+wl(fx2nrsx2n)
w

IN

+w1 (8%om+1, TXom+1) + w1 (SX2p;, §Xom;+1) + %(fxz;q s Txom, +1))

1 1
Y J
(w1 (Sx2m;, Txom41), W1 (SX2;, §%2m;+1), W1 (fX2n,, Tx2mi+1)))

+Lmin{w (Sx2u;, Tx2m;41), W1(SX2n,, §%2m;+1), W1 (f X2, TXom; 1) }

= F<lp(w%(y2ni_1’y2mi) +(U% (]/Zn,v/]/Zn,-—l)
—HAJ%(]/Zm,--i-l/]/Zmi) + w1 (Yon, Yom,) + w1 (y2ni—1/y2mi+1))/

P(w1(Yon,—1,Yom,;)r 01 (Y2n;, Yom,; ), w1 (yZni—lfl/Zmi+1))>

+Lmin{wi (Yon,—1, Yom; ), W1 (Y2n, Yom; ) W1 (Y2n,—1, Yom+1) }-
Letting i — +oc0 and using the continuity of F, ¢, ¢, we get that:

(0,-1) (1,-1)

Ple) < F(l/] (ea + 6550'0) + €5 ),cp(e,e, e)) + Le.

By Condition (3), since € > 0 and 6,&0/71) + 6((50,0) + egl’fl) <(a+0+0)e <€ weget:

P(e) < F(lp (e,&oﬁl) + e((;o'o) + 6((51'71)),4)(6, €, 6)) + Le < ¢(e),

which is impossible. Therefore, our assumption that 1, is not a Cauchy sequence does not hold.
Moreover, because of the triangle inequality, combined with Relation (18), we may conclude that {y, }
itself is a Cauchy sequence in X,,.

Ultimately, by the completeness of X,,, there exists y € X, such that:

Jim wi (ya,y) = 0. (19)
Step 2. In the next section of the proof, we shall focus on showing that y is a common fixed point
of gand T.
For this, we turn our attention to Condition (7) in the hypotheses. Assume that TX,, is closed.
Since {yo; = Txp41} is a sequence in TX,, convergent to y it follows that y € TX,,; hence, there exists
u € X such that y = Tu. Therefore,

lim wi(yor, Tu) = 0.

t—+oo
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Now, we show that gu =y = Tu.

Since, as we checked at the beginning of our proof, {x;} and {y} are nondecreasing sequences
with xp; < yor and yo; — y, it follows that xp; < y. Since the mapping f is dominating and a weak
annihilator of T, we obtain xp; < y = Tu < fTu < u. Thus:

P(wi(yar, gu)) = P(wi(fxor, gu))
F(¢ (w% (Sxpp, Tu) + w% (fxor, Sxop) + w

IN

(gu, Tu)

1

v
+w% (Sxpp, gu) + w% (fxot, Tu)), ¢(wr (Sxpp, Tu), wy (Sxar, gu), wi (fxor, Tu)))
+Lmin{w (Sxpt, Tu), wq(Sxpt, gu), wr (fxor, Tu)}

= Py (w1 am1,) + @y (2, y21) + w3 (80,y)

w1 (yor—1,8u) + w1 (yzt,y)),¢(w1(yzt_1,y),w1 (yor—1,8u), wi (th/y)))
+Lmin{wq (y2r—1,Y), w1 (Y2r—1,8u), w1 (Yar, y) }-

Letting t — 4-o00 in the above inequalities and using (18) and (19), we get that:

Pleor(y, gu) < F(9(ws (gu,y) +wi (gu,y)), ¢(0,wi (v, gu),0) ).

1 1
v )

Therefore:

Plwi(y, gu)) < plwi(guy) +wi(gu.y)),
that is:

wi(y,gu) < wi(gu,y) +wi(gu,y) < (v+06)wi(y, gu),

: :
leading to the conclusion that wy(gu,y) = 0, hence gu = y = Tu. Since g and T are weakly compatible,
we also have:

gy =8gTu =Tgu = Ty.

Now, by the comparability of x,; and y, we have:

(w1 (2, 8y)) = Y(wi(fxae, gY))
F (lp (w% (Sxz, Ty) + w% (fxot, Sxot) + w

IN

(8v, Ty)

1

>
w1 (Sxar, 8y) + w1 (frar, Ty)), ¢(w1(Sxar, Ty), wi(Sxar, 8Y), wi(fxat, Ty)))
+Lmin{w, (Sxa, Ty), wi (Sxat, gY), w1 (fxae, Ty) }

= F (#’ (w% (y2i-1, Ty) + wy (Y2, y2t-1) + w1 (8, Ty)

w1 (yae-1,8y) + w1 (yar, Ty)) S P(w1(y2r-1, Ty), w1 (Yar -1, 8Y), w1 (Yot Ty)))
+L min{w1 (y2t—1, Ty), w1 (Y2t—1,8Y), w1 (Y2, Ty) }-

Letting t — +o0 in the above inequalities and using (18) and (19), we obtain:

w1y, 8y))

< F(9 (1 (v, Ty) + 1 (1, Ty) + w1 (1, Ty) ), pleor (v, Ty), or (v, Ty), wn (v, Ty) ) + Leon (y, Ty).

1
)

If assuming that w; (y, gy) > 0, we find, by considering again Condition (3) in the hypotheses,

P(w1(y,8y)) < p(w1(y,gy)), which is impossible. Thus, w1 (y, gy) = 0, and hence, gy =y = Ty.
Step 3. Finally, we shall prove that y is a common fixed point for f and S, as well.
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As ¢X, C SXw, wehavey = gy € 5X,, so there exists v € X, such thaty = gy = Ty = So.
Since the mapping g is dominating and a weak annihilator of S, we have y = gy = Sv < gSv < v.
Thus, y and v are comparable, and hence:

p(wr(fo,y) = p(wr(fo,gy))

< F(llJ (w% (Sv, Ty) + Wy (fo,Sv) + w1 (8, Ty)
@1 (S0, 8y) + w1 (o, Ty) ), (s (S0, Ty), wi (Sv,8y), wn (0, Ty)))
+Lmin{w (Sv, Ty), w1(Sv, 8y), wi(fv, Ty)}

= F(y(wy(foy) +wi(foy)),¢(0,0,wi(fo,y)))

< '#(w%(fvry) +w%(fv,y)),

which leads to:

(fo.y) < (B+90)wi(foy),

and makes sense only if wi(fv,y) = 0. Thus, y = gy = Ty = Sv = fo. Since f and S are weakly
compatible, we also have:

wi(fo,y) w1 (foy) +w

1
¢

fy = fSv=Sfv=_5y.

Finally, using the fact that y and y are comparable, we have:

b(w1(fy,y) = (w1 (fy, 8y))
F(ll) (w%(sy, Ty) + wy (fy,Sy) + w1

+w1 (Sy,8Y) + w1 (F1, Ty) ), (w1 (Sy, Ty), w1 (Sy, 8y), w1 (fy, Ty)))
+Lmin{w; (Sy, Ty), w1(Sy, 8y), w1 (fy, Ty) }

= F(yp(wr (fry) + w1 (Fry) + @1 (Fu.m)) ol (Fry) o (Fyy) o (Fy,))
+Lwr(fy,y).

IN

(8v, Ty)

Hence, according to Condition (3) in the hypotheses, we have w1 (fy,y) = 0, thatis fy = y = Sy.
Consequently, f,¢, T, and S have a common fixed point. If fX,, is not closed and one of the sets in
Condition (7) is closed, we follow the similar arguments as above to prove the common fixed point of
the four mappings f,g,T,5. O

5. Conclusions

This papers defines the notions of the almost nonlinear (S,T,L,F,, ¢)-convex contractive
condition of type I and type Il on a non-Archimedean modular space, as two distinct extensions
for a similar contractive condition defined on metric spaces. The key elements regarding these
definitions are the use of a C-class function, an altering distance function, a control function, and most
importantly, the use of a complete ordered non-Archimedean metric modular space.

The main results refer to the newly defined contractive conditions and additional properties
related to notions as the coincidence point, weakly compatible mappings, weak annihilator, or
dominating mapping, among others. They finally state the existence of a common fixed point of
four mappings.

Moreover, an example is provided to test the useability of the theoretical content. This example
uses a non-Archimedean metric modular, which is not convex; this way, it becomes clear that the class
of non-Archimedean modulars is not necessarily related to the class of convex modulars. While the
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second one was intensely studied, the former did not enjoy the same interest. Our results prove that is
worth taking more interest in modulars for which the convexity is replaced by other particularities.

Funding: This research received no external funding.
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