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Abstract: In this work the authors establish a new generalized version of Montgomery’s identity in
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cases from the main results are obtained and some known results are recaptured as well. At the end,
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1. Introduction

Quantum calculus, or g—calculus, has had an important development in recent decades, both in
pure mathematics and its applicability, for example in Physics [1]. The convexity of a function has
played an important role as a tool in the development of inequalities. Some fields of Mathematics have
used this property: harmonic analysis, interpolation theory, and control theory, as can be seen in the
works of C.P. Niculescu [2], C. Bennett and R. Sharpley [3], S. Mititelu and S. Trentd [4], S. Trentd [5,6].

Furthermore, it is important to note that in recent decades, the evolution of the concept of
convexity has been extended and its evolution has been subject of many studies as is shown in the
works of Ben-Israel A. and Mond B. [7], Herndndez Herndndez, J. E. [8,9], Niculescu C.P. [2], Mitrinovi¢
D.S. etal. [10], Noor M. et.al. [11,12], Sarikaya M.Z. et. al. [13], Vivas-Cortez M.]J. et al. [14], Weir, T,
Mond, B. [15] and others.

Recently, Tariboon et al. in [16], defined g-derivative and g-integral as follows:

Definition 1. Let Y : [a1,a2] — R be a continuous function and let x € [aq,a3] and 0 < q < 1 be a constant.
Then the q-derivative on [ay, ap] of function Y at x is defined as

Y(x) = Y(gx + (1 —g)a1)

DY) = T g

;X 7é ai, (1)
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We say that Y is g-differentiable on [ay, a5] provided 4, DqY (x) exists for all x € [ay, az].

Definition 2. Let Y : [a1,az] C R — R be a continuous function. Then q-integral on [ay,ay) is defined as
X [ee]
[YW) gy = (1= @) (x = a1) ¥ a"Y(@"x + (1= q")ay), @
n=0
for x € [ay,az).
Some properties of interest regarding these definitions are the following.

Theorem 1. ([17]) Let f : ] — R be a q—differentiable functions. Then we have

1. The sum (f + g) is q—differentiable on | with

aDq(f(t) +8(t)) =a Dgf(t) +a Dgg(t)
2. For any constant o € R, the function (af is q—differentiable and
qu(“f(t)) = "‘aqu(t)
3. The function (fg) is q—differentiable with

aDg(fg)(t) = f(t)aDqg(t) +g(qt + (1 —q)a)aDqf(t)
= g(1)aDyf(t) + f(qt + (1 —q)a)aDyg(t)

Lemma 1. [17]. Let « € R, then we have
1—q" -1
aDq(x—a)“:(l_ >(x—a)“

Theorem 2. [17] Let f : | — R be a continuous function. Then we have

L aDy [ £(1 dqf=f(X)
2. [ aDgf (adgt = f(x) — F(c) for c € (a,x)

Theorem 3. [17] Let f,g : ] — R be a continuous functions and « € R. Then, for x € | we have
Lo [X(f(t) +8(1))adgt = [ f(Badgt + [ g(t)adyt

)a
20 [S(af(t)adgt = a [ f(£)adyt
3. o f(t)aDag(t)adgt = f(H)(1)|7 — [ 8(qt + (1 — q)a)aDyf (t)adgt

For more details on g-calculus and certain g-analogues of classical inequalities, see [16,18-29].

The following famous identity in [10], is called Montgomery identity:

)= — — “w—a)f vdv, @)

[ rwavs [ w=ans wyav+

where f (x) is continuous function on [a1, 4,] with a continuous first derivative in (a1, a;). By changing
the variable, the Montgomery identity (3) could be expressed as follows:

Fx) - /:f(v)dv: (az—al)/OlK(v)f’((l—v)al—i—vaz)dv, 4)

ap —m
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where
v , VG[O,; o
2—
K(v) = o
v—1 , ve(a S0
2—ay’

This identity has been used in various works to establish bounds for quadrature rules via
specialized algorithms [30].
We recall now some basic definitions for our study as follows:

Let E C R" be a non-empty set, Y : E — R be a continuous functions and 6 : E x E — R" be a
continuous bifunction.

Definition 3. [7] A set E C R" is said to be invex with respect to bifunction 6(.,.), if
a1 +v0(az,a1) €E, Vay,a €E, velo1].
Definition 4. [15] A function Y : E — R is said to be preinvex with respect to bifunction 6(.,.), if
Y(ay +v0(az,a1)) < (1—v)Y(a1) +vY(ap), Vay,ay€E, velol].

Some properties of this class of functions can be found in [31].

Motivated by the above literatures, the main objective of this article is to obtain a generalization of
the Montgomery identity given in (4) using the concepts of g-calculus. From this identity, several new
and known g-analogues of integral inequalities involving preinvex functions will be obtain. We also
discuss some new special cases of the main results. At the end, a briefly conclusion is provided as well.

2. Main Results

In this section, before we derive our main results, for brevity we define the following notations:

X —a

— h 0 .
Bz ar) where 6(ap,a1) >0

P =[ay,a1 +0(az,a1)], po(x) =
Lemma 2. (Generalized quantum Montgomery identity) If Y : P — R is a q-differentiable function such that
eDqY is quantum integrable on P° (the interior of P), then the following identity holds:

a1+6(ap,a1) 1
Y(v) gy dqv = 0(az, a1 / To(v) o, DoY (a1 +v0(az, a1)) odqv,  (5)
0

where
qu, if ve[0,pp(x)];
Tq(v) =
qQ—1, if ve(po(x)1].
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Proof. By using Definitions 1 and 2, we have

1
0(az, a1) / Tq(v) a,DgY (a1 +v0(u2,a1))0dq1/
0

[ 00 (x) 1
= 0(az, a1) / qQu e, DqY (a1 +v6(az,a1)) odqv + / (qu —1) 4, DqY (a1 +v0(az,a1)) odqv
| 0 ©0(x)
0 (x)
=0(ay,a1) / qQV e, DqY (a1 +v6(az, a1)) odqv + /(qv —1) 4,DqY(ay +v0(az,a1)) odqv
| 0 0
£ (x)
/ qu — 1) 4, DqY (a1 +v0(az,a1)) odqv
0
[ 1 0 (%)
= 6(ap,a1) /(qv —1) 4, DqY(ay +v6(az, a1)) odqv + / a1 DqY (a1 +v0(az, a1)) odqv
0 0

1

— 0(ay, 1) / Qv o, DY (a1 + v0(az, @) 0dqv — [ o DqY (a1 + v8(az, a1)) odqv
LO 0

po(x)
+ / a1 DqY (a1 +v0(az, a1)) odqv
0

1 1
= lq {/Y(al +v6(az,a1)) odqv — O/Y(a1 + qub(ay,a1)) odqv]

1% v

1 1
/ Y(a + V9(azlﬂ1))dqv B / Y(a; + qvg(ﬂzlh))dqvl
0 0

o (x) o (x)

/ Y(aq +v9 az,al))d v / Y(ay + qub(ayp,a1))
q .

0 0

+ dqv

1%
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= 11q |f](l - q) (i an(ﬂl + q”@(az,al)) — i an(lll + qn+10(a2, al))>
n=0 n=0
—(1-q) (i an(al + qnf(az,ul)) B i an(al + q”+:9(a2,a1))>
n=0 q n=0 q
_ a3 g Y@+ q'ee(x)8(az,a1)) ¢ 2 Y (a1 +q" g (x)6(az,a1))
H1- @l (ngoq Lol Ta e )]

=q (Z q"Y(a1 4+ q"0(az,a1)) — Y q"Y (a1 + q"“f’(az,al)))
n=0 n=0

n=0 n=0

<Z Y 611 +q 9 612,011 Z Lll +q"+19(a2,a1))>

+<iY(a1+an)( (az,a1)) i (ﬂ1+q"+1 ()9(a2,ﬂ1)>>

n=0 =

=q (i q"Y(a1 +q"0(az,a1)) — (11 i q"Y(a; + q"9(112,111))>
n=1

(ZY a1+q9a2,a1 Z a1+q9a2,a1))>

n=0 n=1

+ (i Y (a1 +q"pe(x)0(az,a1)) — i Y (a + q”@e(x)G(az,a1))>

n=0 n=1

1 Y(a; +6(ap,a
=q [ 1—a anY a1 +q 9(02,&1))“‘ ( ! q( 2 1))
n=

—Y(ay +0(az,a1)) + Y (a1 + pe(x)0(az,a1))

=Y(x)-(1-q) ian(ﬂl +q"0(az,a1))

a1+0(az,a1)

6(az, a1)

=Y(x)— Y(v) g dqu.

1

The proof is complete. [

Remark 1. Taking q — 17 in Lemma 2, we have

a1+0(az,a1)

Y(x)— B(an,a1) Y (v)dv
a
0 (x) 1
— 0(az, ay) / VY (a1 + v8(az, a1))dv + / (v —1)Y (ay + v8(az, a1))dv
0 oolx)

Remark 2. Taking 0(ap,a1) = ap, — ay in Lemma 2, we get ([20], Lemma 3).

Remark 3. Taking q — 1~ and 6(ay,a1) = ap — aq in Lemma 2, we obtain Montgomery identity given in (4).
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Remark 4. Tnking x = w in Remark 1, we get ([11], Lemma 3.10).

a1+vB(az,aq)

Y(v)dv

Y 20y +0(ag,a1) )
2 9({12,a1)

1
2

1
= 0(ay, a1) /vY’(al +v0(ay,ar))dv + /(1/ —1)Y'(a; +v8(ap, a1))dv

0 1
2

Remark 5. Taking x = % and 6(ap, a1) = ay — ay in Lemma 2, we obtain equality (4.1) of [18].

a

qay + ap B 1 /
Y( 1+q ) az — a1 Y0 adqr

1

1
T+q

— (12— ) / qV o, DgY (1 = v)ay + vay) odqv
0

+ [ (qu—1)4,DqY((1 = v)ay + vay) gdqv

‘H\H

[y
+
Qa

a1+q(a1+6(az,a1))

g in Lemma 2, we have

Remark 6. Taking x =

a,+6 (u2,a1)

a1 +q(a+0(az,am))) 1
Y ( 14 8, a1) Y(v) g dqu

q
I+q

= 0(ap,a7) / qQV o, DqY(ay +vB(az, a1)) odqv
0

+ | (qu —1) 4, DqY(ay +v0(az, a1)) odqv

—
I‘Q\H

Now using Lemma 2, we are in position to derive our main results for the class of preinvex functions.

Theorem 4. Let Y : P — R be a function such that ,, DqY is q-integrable on P° (the interior of P). If
| 0y DqY|" is preinvex function on P, then for r > 1and p~1 + =1 = 1, the following inequality holds:
a1+6(az,aq)
Y(x) - — Y d
(X) 9(“2; al) (V) aqV

aq

=

1
< qf(az, a1) {(h(q/ﬂl/ﬂz/x))” (| sy DqY(a1)|"La(q, a1, a2, x) + | 4, DqY (a2)|"La(q, a1, a2, x))

==
~I=

+ (L4(q,a1,82,%)) 7 (| ayDqY (a1)["L5(q, a1, a2, %) + | 4, DqY (a2)|"L6(q, a1,a2,%)) " | ,
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where

1 _
L1(q, a1, 82, %) = [pp(x)]P T ——3

1— qp+1 ’
1 2
L 7 7 7 = - 4, - 7
2(q 01,02,3) = () ~ - [o0()]
La(q 1,82, ) = ——[po(x)]2
3\q, a1, a2, - 1 q 0 ’
" 1 P 00 1 P
L4(q,a1,a2,x) Zq (q - ) — po(x Z (q oo (x ) ’
q =0 q
9 1 2
Ls(q,a1,a2,x) = 1+q po(x) + H_q[@e(xﬂ ’
_ 1 2
Le(q, a1,a2,x) = T+q (1 — [po(x)] ) -
Proof. Using Lemma 2, preinvexity of | ;, DqY|" and Holder’s inequality, we get
a1+60(ag,a1)
Y(x) — W Y(V) glqu
9 (x)
< 0(ay,ar) / qQu| a; DqY (a1 +v8(az,a1))] odqv
0
1
+ / (qu —1)| 4y DgqY (a1 + vB(az,a1))| 0dqv
0o (%)
1 1
£ (x) P pe(x) ’
< 0(az, 1) / (qv)” odqv / | oy DqY (a1 +v8(az, a1))|" odqv
0 0
1 [ v
+ / (qu—1)P odgv / |y DgY (a1 + v0(az, a1))|" odqv
0 (x) 90 (x)
1 1
9 (x) p 9 (x) 09 (x) r
< qf(ap,a1) / vPodqv | a; DqY(a1)] / (1—=v)odqv+ |4, DgY( / vodqv
0 0 0
1 1
1 N Z 1 1 g
+ / (v— q) odqv | | 1o DgY(ar)" / (1-v)odqv + | o DY (a2)|" / Vodqv

9(x) 0 (x) ©o(x)
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Letting

‘ -
@m0 = [ o odgy = [oe)
0

1 q’”’l'
©9(x)
Ligaa) = [ 1 -v)odgy = polx) - 1 loo()P
’ 7 7 ) q 1 _|_q /
©0(x)
1 2
gl

1\” ad 1\? ad 1\?
Llganmn) = [ (v=1) sy =(-a9) | La (¢ 1) —ot0 Lo (e -5) |,
q n=0 q n=0 q
oo (x)
1
Ls(q,a1,a2,x) = /(1_V)od Vzi—m(x)+i[@9(x)]2r
® a 14q 14+q
0 (X

1
1
Lo(qammx) = [ vedgy = 7o (1= [po(0)P),

we have the desired result. The proof is complete. [

We point out some special cases of Theorem 4.

Corollary 1. L. Taking q — 1~ in Theorem 4, we have

a1+6(ag,aq)

Y(x)— Y (v)dv

0 (ﬂZ, a] )

~=

S 9(512,611) {[L7(a1,a2,x)ﬁ’ [|Y'(a1)\rLg(a1,a2,x) + |Y'(a2)|’L9(a1,a2,x)]

1
r

1
+[Lio(ar, a2, x)]7 [|Y' (a1)|"L11 (a1, a2, x) + |Y'(a2)|"L12(a1,a2,x)] 7 | ,
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where
©0/(x) 1
Ly(ay,a2,x) = 0/ V= m{pe(xﬂpﬂf
©0(x)
Ls(ar,nz) = [ (1=v)dv = po(x) = 5[0(x)]%
0
©0(x) 1
Lo(ar,a2,%) = [ viv = 3[po(x),
0
1
1 a1+9(112,a1)—x pl
et —_ p el
LlO(a]rQZIx) [) (1 V) dv p+1 ( e(azlal) ’
£ (X

_ay+0(a,ar) —x
9(02,01)

1
(ot = [ (1= -5 (1= w0?),

©0(x)
Lip(ay,ap,x) = vdv =

(1= [po()2).

—_
N —

—

£ (x)

IL. Taking q — 17 and x = %2(”2’“1) in Theorem 4, we get ([13], Theorem 6).
ay+0(az,aq)

2a1 +0(ap, 1) 1
Y( o )_ewz,al) Y(dv

1
;

= 9(?’6“1) (pily [(3|Y’(a1)lr+ Y (@)) "+ (Y (@)l +3]Y (@)]")

L Taking x = 142 4nd @ ay,a1) = ap — ay in Theorem 4, we obtain ([18], Theorem 18).
g 1+q

ap

qay + ap _ 1 /
‘Y( 1+‘1) ap — (V) aidqy

a1

1 (1-
= e =) [((1 +q)p 1(— qgl)

1
(q2+2q)|ﬂ1DqY(’ll)|r qz‘ﬂquY(QZ)lr '
(1+q)? (1+q)?

=
~ =

(14+q) (14+q)?

(@ +9° —@)]a DgY(a1)|" (4 +29)|a, DqY(ﬂz)V]

J 6 ool (o3 - o (29 -D)]
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V. T{Zkli/lg X = a1+q(a1+6(az,a1))

e in Theorem 4, we get

a1+6(az,a1)
Y(v) g dqu

Y <a1 +q(ay +60(ap,a1))
1+q

) - 0(ag,m)

)

q2| a1DqY(C’2)|r_ '
(1+q)?

(@®+ >+ Q)| o, DqY(a1)|"
(1+q)?

q)

==

[q%quY(al)r

(1+2q)| aquwzwl ;
(1+q)3

(1+q)°

where

[ee]

q/l(u—;)podqv—u—q) [Zoq

1+

N
14+q

)Rl (i) o)

n__ - n n _ .

(q q) n;oq T\1+9) "4

Theorem 5. Let Y : P — R be a function such that ,, DqY is q-integrable on P° (the interior of P). If
| 0y DqY|" is preinvex function on P, then for r > 1, the following inequality holds:

¥

a1+0(az,a1)

¥(x) = 6(az, a1)

[1(q, a1, a2, x)]*~

where
po(x)
Ji(q a2, %) = 0/ avodgy = 1 lon(x)),
0(x)
J2(q a1, 82, x) = / (qu—qv?) odqv = J1(q,a1,82,x) — J3(q, a1, a2, %),
0
o (x) q
J3(q a1, a2, x) = 0/ qu* odqu = m[@e(@ﬁ
1 2
_ B . q a1+ 6(az,a1) — x
0 (x)
1
]5(‘]/ ay,az, X) = / (1 —qu—-v + qu) Oqu = I4(q/ ai,az, .X') - ]6((1/ ay,as, x)/
0 (x)
1 1 1
_ 2 Aoy — . 2, 9 3
]6((3_{/‘11/112/35) / (qV V)O qV <1+q>(1+q+q2) 1+q[p9(x)] + 1+q+q2 [@9(.75)}

)
<

1
r

—

=

=

Y(v) qdqv| < 6(ag,a1)%

a

[| ay DqY(ﬂ]) |r]2(q/ ay,ap, x) + | ay DqY(QZ) |r]3(q/ ay,az, x)]

1
r

-1 r r
+[Ja(q a1, a2, %)) 77 [|ayDqY(a1)|"J5(q, a1, a2, %) + | 4, DqY (22)|"J6(q, a1, a2, x)]

7
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Proof. Using Lemma 2, preinvexity of | ;, DqY|" and the well-known power mean inequality, we have
ay+6(az,a1)

Y(x) — W u Y(v) g dqv

[ 9p(x) 1
< 6(az, a1) / qula, DqY (a1 +v0(az,a1))| odqv + / (qu—1)|a; DqY(ay +vB(az, a1))| odqv]
Lo 9(x)

©6(%) T/ pp(x) 7
< 6(ap,a1) ( / qv Odqv> ( / qv| a; DqY (a1 +v0(a2,a1))’0dqv)
J .

0

1 -7 1
+ / (qu—1)odgv / (qu—=1)| o, DqY(ay +vB(az, a1))|" odgqv
0 (x) @ (x)

g (x
9 (x)
< 6(az,a1) (/qvodqv
0
1

1-1
1 r 1 1 r
+( / (qvnodqv) (|aquY<u1>’ [ =av—v+ar?)odqr+]a DY@l | <qv2v>odqv) :
90 (x) g (x)

1
T

1
1-3

) ) v
[ De¥@)l" [ (@~ @) odgy + 1o DaY(w) | [ @ odgv
3 5

x 9(x)
The proof of Theorem 5 is completed. [

We point out some special cases of Theorem 5.
Corollary 2. 1. Taking r = 1 in Theorem 5, we have
a1+6(az,a1)

0 a) Y(v) g dqu| < 0(az,a1) [| o, DqY(a1)|[J2(q a1, a2, x) + J5(q, a1, a2, x)]

+| aquY(az)H]g(q,ﬂl,az,X) +]6(q,a1,a2,x)]] .

II. Taking r = 1 and q — 1~ in Theorem 5, we get
ay+6(az,ar)

0(az, a1) Y(v)dv| < 0(ay,a1) [|Y'(a1)|[J7(a1,a2, %) + Jo(a1, a2, x)]

1

+Y'(a2)|[Js (a1, a2, x) + J1o(a1, a2, x)]] ,
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where

Flaya,x) = [ v -v)dv = Sloo)P - 3o
0
©o(x) 1

Js(a1,a2,x) = / Vde:g[pe(xﬂsr
0

Jo(a1,a2,x) =

Jio(ay, a2, x) =

III. Taking q — 1~ and x = w in Theorem 5, we obtain ([13], Theorem 8).

a1+60(ag,aq)

2a1 + 0(ap, a7)
Y ( 6(az, ay) > ~ 0(az, 1) J (v

< 6(az,a1)
- 8

3 3

(2|Y/<al>|r+ ww)l . <|Y'<a1>|f+2|v<az>|f>1] |

IV. Takingr =1,q— 1" and x = %JFQZM in Theorem 5, we get ([13], Theorem 5).

a1+6(az,a1)

2a1 + 6(ag, a7) 6(az,a1) , ,
_ < )
Y ( > Banan) Y(v)dv| < 3 (1Y (a1)] + Y (a2)]]
ap
IV. Tuking x = Wlfcfz and 0(ap,a1) = ap — ay in Theorem 5, we have the following inequalities, for more
details, see [20].
qaj + az
Y (1) - aHl Y0 g
2(1+q) G
+q q y
_ D r q D Y r
) | o DY@l (o g+ LY @) g g
3-3 5, 4., 3 ¥
' +q°+q —2q) ’ 2q }
D ac DqY :
’ <1+q) N s e RAPLA O reweseer:

V. Takingr =1, x = Wlfquz and 8(az,a1) = ay — ay in Theorem 5, we obtain ([18], Theorem 13).

ap
gay + az 1 /
Y - Y d
‘ ( 1+q ) ﬂz*ﬂla (U)ﬂl ql/
1

(@° +9*+29° + ¢* — 2q)
< (- DgY
< (a2 —a1) |l Do) | RS

39
HabX Gy @y qp
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VL. Taking x = % in Theorem 5, we get

a1+6(az,a1)

a1 +q(a1 +0(az,a1))\ <

q \ 1+ q' %
—_— 2 DaY r 2 DaY r
<1+q) ['1 Y T @ e T lalaY @)l <1+q+q2><1+q>3}

1

q \' , 2P +q?—q-1) . (+2-¢") 1"
+(tge) v B G g DY o i o

3. Applications to Special Means

Recalling the following means for arbitrary real numbers a and b with a # b:

Alay,ap) = Mt a

7 Arithmetic mean
ag-&-l . aiﬂ_l 1/p
Ly(aj,ap) = | ————7"— ,peR\{-1,0 - Logarithmic mean
P( 1 2) (P+1)(ﬂ2—ﬂ1) p \{ } P g

it is possible to relate them through the previous results.

Proposition 1. Let p € R\ {—1,0} and ay, ay real numbers such that ay > ay, then

‘Ap(ﬂhaz) - Lb (a1, a2)

<5 e (ja [+ )
ar —aq - 8 (az al) (’al + “

Proof. Let f(x) = x? for some arbitrary p € R\ {—1,0}, x = (qa1 +42)/(1+q) and r = 1. Then
f <‘1ﬂ1 +ﬂ2) _ (qﬂl +a2)p
T+gq 1+gq )’
ay - 1— q a§+1 . afﬂ
/alfm gt = 1— gptT

1—qp -1 1—qp -1
s DqY(a1) = { =g } a’f and 4, DqY(az) = { =g } ag

and

So, using the Corollary 2 part IV, we have

qay+a\? 1 1—9q aé’ﬂ —afH
1+gq ap—ay [1—gprtl

ap —ai

1
1 1*qq p-1 ¢(1+q) ’{1*qq p-1 q }7
<(ap—a a + a
(a2 “[mqw =5 )% ot )% avaranaras
_3 %
+<qf' kaqfﬂ(f+¢+f—M) W—W}wl 2q .
1+q 1-q ] | (1+q+¢?)(1+q)p 1-q] |(1+q+¢)(1+q)p
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Taking limit when g — 1

(011 +a2)lﬂ 1 115“ _ aiﬂrl
2 ap—a; \ (p+1)(ap —ay)

p-1] 1 p-1] 1 p—-1] 1 p—1| 1
<”2‘“1>UP“1 13t pe g el g+ et 5

Bl (42

IN

IN

The proof is complete. [

4. Conclusions

It is expected that from the results obtained, and following the methodology applied, additional
special functions may also be evaluated. Future works can be developed in the area of numerical
analysis and even contributions using quantum algorithms, using the theorems and corollaries
presented. Finally, our results can be applied to derive some inequalities using special means.
The authors hope that the ideas and techniques of this paper will inspire interested readers working in
this fascinating field.
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