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G e W N

Abstract: This paper considers commuting graphs over the semidihedral group SDg,. We compute
their eigenvalues and obtain that these commuting graphs are not hyperenergetic for odd n > 15 or
even n > 2. We further compute the Laplacian spectrum, the Laplacian energy and the number of
spanning trees of the commuting graphs over SDg,,. We also discuss vertex connectivity, planarity,
and minimum disconnecting sets of these graphs and prove that these commuting graphs are not
Hamiltonian.

Keywords: graph spectrum; semidihedral groups; commuting graph; spectral radius

1. Introduction

The study of spectrum of commuting graphs of a given group or a ring attracted
a large amount of attention in recent years. The concept of commuting graph has been
defined in [1]. Let G be a group and X be a nonempty subset of G. The commuting graph
C(G, X) has the vertex set X where x1, x; € X are adjacent whenever x1x, = xpx7 in G.
In the case that X = G, we denote I'(G) = C(G, G) for short. Various aspects of commuting
graphs of finite groups can be found in [2] and its references.

In this paper, we only consider finite simple graphs on vertex set {v1,v2,...,v,},
i.e.,, graphs without multiple-edges and loops on a finite vertex set. We use the follow-
ing standard notation; see, e.g. [3,4]. We associate I' with a symmetric real n x 7 matrix
AT) = (aij)zjzl, called adjacency matrix, where a;; = 1 if the vertex v; is adjacent to v;,
and 0 otherwise. The characteristic polynomial of I'is p(A) = det(AI — A(T)). These eigen-
values with their multiplicity compose the spectrum of graph I'. Recall that the spectral
radius of a matrix A, denoted by p(A), is defined by p(A) = max{|A;(A)|:i=1,2,...,n}.

Let D(T') denote the diagonal matrix of degrees of a graph I'. The Laplacian matrix of
I is the matrix L(T') = D(I') — A(T), and the Laplacian spectrum of I' is a multiset given
by L-spec(T) = {p", u52,..., ;"' }, where i, jiz, . . ., ju; are the Laplacian eigenvalues of T
with multiplicities mq, my, ..., m;.

The energy of the graph I' is defined as the sum of the absolute values of the eigenval-
ues of its adjacency matrix, thatis, E(I') = Y7 _; |Ax(T')|. This concept was introduced in
1978 by Gutman [5]. Clearly, the energy of complete graph K, of order n is 2(n — 1).
A graph T is said to be hyperenergetic if E(I) > E(K,) = 2(n — 1) and nonhyperen-
ergetic if E(T') <2(n —1). It is known [6](Theorem 5.24) that for almost all graphs T,
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E(T) > (1/4+ 0(1))n*'2, which means that almost all graphs are hyperenergetic. There-
fore, the problem of finding nonhyperenergetic graphs has been extremely meaningful,
see [7]. Additionally, the Laplacian energy, denoted by LE(T), is defined as LE(T) =
25:1 |ui — 22|, where m is the number of edges in the graph I'. Both the energy and
the Laplacian energy of graphs play an important role in solving many physical and
chemical problems. In theoretical chemistry, the energy of a given molecular (conjugated
hydrocarbons) graph approximately describes the total 7r—electron energy of the molecule
represented by that graph, see the comprehensive survey [6,8] for more details.

Let I be a simple graph and u be a vertex. The neighbor set of u in I', denoted by
N(u), is the set of all vertices adjacent to u. The degree of 1 is d(1) = |N(u)|. The minimum
degree of I is denoted by ¢ (T'). A spanning tree of I is a connected subgraph of I on all
vertices with |V(I')| — 1 edges, which is in fact a tree on V(T'). The number of spanning
trees in a graph I' is denoted by st(T').

A simple graph is said to be planar if it can be drawn on the plane with no cross-
ing edges. The vertex-connectivity of I is denoted by x(T'), which is the minimum number of
vertices whose deletion will result in a disconnected graph or trivial graph. A set S C E(T)
is called a disconnecting set if its deletion will increase the number of components of T,
and S is called a minimal disconnecting set if there is no proper subset of S that disconnects I'.
For two vertex sets U and V, we denote E[U, V] by the set of edges having one end-point
in U and the otherin V.

Our focus in this paper lies on the semidihedral group

SDg, = <ﬂ,b | a2 = p? = e,bab = a2n71>
for n > 2. Moreover, all the 81 elements of SDg,, could be given as
SDg, = {e,a,a%...,a*" ", b,ba,ba?, ..., ba*"~1}.

From Lemma 10 of [9], we have T'(SDg,, ) = K4 V (1K4 UKy, _4) for odd n, and T'(SDg;,)
= Ky V (2nKy UKy, o) for even n.

Remark 1. Ifn is odd, then Z(SDs,,) = {e,a",a®",a®"} is the center of semidihedral group. Now,
we suppose that &1 = {e,a, a%,...,a*" 1}, ®, = {b,ba,ba?,..., ba*" "1} = U?:_(}CDQ, where
@5 = {ba', ba" i, ba®" 1, ba®" 1} and O3 = ®1\Z(SDs,) are the subsets of SDg,. It is easy to
check that xy = yx for all x,y € ®b. However, xy # yx, when x € & andy € 3. If n is
even, then Z(SDs,,) = {e,a®"} is the center of semidihedral group. Similarly, we suppose that
Y, = {e,a,a%,...,a*" 1}, ¥y = {b,ba,ba?, ..., ba*" "1} = U?:_Ol‘ljé,where i = {ba', ba®"t}
and ¥3 = ¥1\Z(SDsgy) are the subsets of SDgy,. It is also easy to find that xy = yx for all
X,y € ‘I”z However, xy # yx,if x € Yo and y € ¥s.

In the existing literature, there are still many gaps in finding characteristic polynomials,
spectral radius, graph energy, Laplacian spectrum, vertex-connectivity, planarity, and
Hamiltonian graphs of commuting graphs of finite semidihedral groups SDg,,. We will
address some of these problems in this paper. When n has a large number of factors, it is not
easy to obtain explicit expression for the eigenvalues of the graph I'(SDs,, ), so that we resort
to bounding the spectral radius in such cases. Moreover, we prove that the commuting
graph I'(SDg,) is not hyperenergetic when odd n > 15 or even n > 2. In addition,
we obtain the characteristic polynomial of the Laplacian matrix of I'(SDg,, ), and we also
derive the Laplacian spectrum of I'(SDg, ). Moreover, we calculate the Laplacian energy
and the number of spanning trees of I'(SDg,). Finally, we discuss vertex connectivity,
planarity, and minimum disconnecting sets of commuting graphs of the semidihedral
group SDg, and prove that these commuting graphs are not Hamiltonian.
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2. Spectral Properties of Commuting Graphs

In the present section, we are going to find the characteristic polynomials of com-
muting graphs of semidihedral groups and discuss their spectral radius. Addition-
ally, we also obtain the lower and upper bounds on the energy of the commute graph
I'(SDgy), and prove that I'(SDg,,) is not hyperenergetic when odd n > 15 or even n > 2.

Firstly, we can obtain the adjacency matrix of I'(SDg,) in the following. When # is
odd, then T'(SDg;,) = Ky V (nKq U Kgy,_4), to derive the adjacency matrix of a commuting
graph I'(SDg,, ), we first put the elements of Z(SDsg,, ), then ®3 and finally ®; respectively,
and get the following matrix is

A(T(SDgy)) = | AT(Can)) Ha

H4Tn Fyy |’
where i i
011 ... 1 11 1 1 1
111 1 1
1 0 1 1
110 1111 1
A(T(Cyqp)) = o Hm=11 111 1|~
L 0 0 0 0 0 0
and
011 1 E
101 1 E
E=li 101 ™= SO
1110 E

where A(T(Cyy,)), Hy, and Fy, are of order 4n.
When 7 is even, then we have I'(SDg,,) = K V (2nKy U Ky,—5). Thus

AT(sDy) = [H0E0) T,

4n Z4"
where
1 1 1
1 1 1 0 I
Yu, = , Zay = 2"}.
4n : : . : 4n |:In 0
00 --- 0

Here, A(T(Cyy)), Yay and Zy, are all of order 4n.
Theorem 1. For odd n > 3, the characteristic polynomial of I'(SDsg,,) is
p(A) = (A =3)"T A4+ 2[(A—4n+1)(A = 3)(A+1) — 16n(A — 4n +5)].
Proof. By Theorem 2.2 of [10], we can get

P()\) = |AI8n - A(F(SDSn))|

_ A14n - A(F(C4n)) —Hyy
—H], Alyy — Fay

= [Ayy — Fan| - |Man — A(T(Can)) — Hap(Alay — Fan) " HE,|.
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Setting e = (1,1,1,1)T. By directed computation, Theorem 2.5 of [10] gives

a b
-1 Ty—1 b a
(ALL_E) :(()\+1)I4—€€) = b b
b b
_ 2—A _ 1
where a = G=N and b = BRESVE=0E Therefore,
/\I4n - A(r(c4n)) - H4n(/\14n - F)_lHZn
A e g g
“l+gty Aty Sl —ltgh
N R
e e e A
-1 -1 -1 -1
| -1 -1 -1 -1

b b

b b

a b|’

b a

1 --- =17
-1 .- -1
-1 -1
-1 -1
A —1
-1 A

Applying a series of row and column operations, that is, for i = 2, 3, 4, subtracting the i-th
row from the (i — 1)-th row, and subtracting the i-th column from the (i — 1)-th column

yields to
ALy — A(F(Can)) — Han(Mgy — F)""Hy |
204+1) —-1-A 0 0
-1-A 2(A+1) -1-4A 0
0 ~-1-2A 2(A+1) —-1-A
| o 0 —1-A A4
0 0 0 -1
0 0 0 -1
=2(A+1)A; — (14+1)%A,,
where
2(A4+1) —-1-A 0 0
“1-A 2(A4+1) —-1-A 0
0 —1-A A+ -1
A=] o 0 -1 A
0 0 -1 -1
and
2A4+1) —-1-A 0
4
—1-A A+ -1
Ay = 0 -1 A
0 -1 -1

For notational convenience, we denote

A g —1 - -1
-1 A e —1

Az =
-1 -1 - A

0 0
0 0
0 0
-1 -1
A -1
-1 A
0
0
-1
_1 7
A 4n—1
0
-1
-1
A 4n—2

4n—3
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Next, we are going to compute the values of A1, Ay and Aj. Since

A—1 - -1 e IR
e | 0 A e 1
As=|. . , +1 .
1 =1 o Ay [0 =1 e A,
= (A =4+ YA+ DI T (a5 (A1)
Therefore
Ay =2A+1)A3— (1+A)*- (A —4n+5)(A+1)*72,
=(A—4dn+3)(A+1)" 3+ 38_—’1/\(/\—411 +5) (A1)
And then
A =2A+1)Ay — (1+A)%A3
12
= (A —4n+2)(A+ D24 S (A= dn 4 5) A+ 1)

After calculations, we can get

|ALy, — A(T(Can)) — Han(ALyy — Fa) " "Hy, |
=2(A+1)A; — (1+A1)%A,
16n

= (/\741’Z+1)(/\+1)4"—1+3_7A()L74n+5)()‘+1)4n—2,

which together with |Aly, — Fy,| = (A —3)"(A + 1)*" yields the desired result.

Corollary 1. For odd n > 15, the energy of T'(SDg,,) is given below,

14n — 4 < E(T(SDgy)) < 16n — 4.

Consequently, the commuting graph T'(SDgy,) with odd n > 15 is not hyperenergetic.

Proof. Consider the cubic equation
(A—4n+1)(A=3)(A+1)—16n(A —4n+5)] =0,

ie.,
A% — (4n+1)A% — (8n 4+ 5)A + (64n> — 681 — 3) = 0.

Then, by Theorem 1, the equation has three real roots A1, A2, A3. And we can assume that

A1 > Ay > Az. Then, for odd n > 15, we have
M+Ay+A3=4n+1>0
and
AL Ay - Az = —(64n% — 681 — 3) < 0.

Therefore, by (1) and (2), we have A; < 0 and Ay, A3 > 0.
Let

F(A) = A3 — (4n +1)A% — (8n +5)A + (641 — 681 — 3).

M

@
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Then we have
£(0) = 64n*> — 681 —3 >0,

f(=n) = —=5n® +71n® — 63n —3 = (71 — 5n)n* — 63n — 3 < 0,

for odd n > 15. And f(A) is continuous on [—n,0]. Therefore, by the intermediate value
theorem, we have
—n <A <0. 3)

Hence, by (1) and (3), we get
dn+1 <M+ A2+ A3 =AM +A2+A3) =20 < (4n+1)+2n=6n+1.
And, by Theorem 1, we have
E((SDgy)) =3(n—1) + (7n = 2) + M| + [A2] 4 [As] = 101 — 54 [A1] + |A2| + [As].
So, for odd n > 15, we get
14n —4 = (10n —5) + (4n+1) < E(T(SDs,)) < (10n —5) + (6n + 1) = 16n — 4.

Since E(I'(SDg,,)) < 16n —4 < 2(8n — 1), we have the commuting graph I'(SDg,,) with
odd n > 15 is not hyperenergetic. [

Corollary 2. For odd n > 3, the spectral radius of T (SDg,,) satisfies the following,
M(T(Cap)) < AM(T(SDgy)) < A(T(Cay)) + 4V 2n.

Proof. It is clear from Proposition 1.3.9 of [11] that A1(I'(Csy)) < A1(T'(SDg,)). Let us
divide the adjacency matrix into two parts, i.e. A(I'(SDg,)) = T + W, where T,V are
symmetric matrices of the form

T A(T(Can))  Ogy ] { O4n  Hapn }
= and W = .
041 Fyy Hgn 04z

By Theorem 1.3.15 of [11], we have
AM(T(SDsn)) < M(T) + A1 (W) = M(T(Can)) + A1 (V).

It is clear that WV is the adjacency matrix of Ky 4, together with 41 — 4 number of isolated
nodes. Therefore, A1 (W) = 4v/2n. Hence, we get

M(T(Can)) < M(T(SDsy)) < A1(T(Can)) +4v2n.
This completes the proof. [
Theorem 2. For even n > 2, the characteristic polynomial of T (SDgy,) is
p(A) = (A =121 A+1)"2[(A2 —8n —1)(A —4n +3) —2(A%2 —1)].
Proof. By Theorem 2.2 of [10], we get

Mgy — A(T(Cyn)) —Yau
A =
p) -], iy — Zay

= |)\I4n - Z4n| ’ |)\I4n - A(F(C4n)) - Y4n()\14n - Z4n)_1Y4Tn|'
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After some computations, we have |Aly, — Zy4,| = (A?> — 1)?", and the Theorem 2.4
of [10] gives

-1 A 1
_ AL —1I Iy, =1
()\1471 Z47l) ! |: o 2":| [Azll "oA n] .

—by Al gl Pl
Then . A
N n
W o
-1 -1 0 0
Yy (A14n - Z4n)71Y4];1 = 0 0 0 0 .
0 0 0 0

Thus, we get

My — A(T(Can)) — Yan(Alay — Zap) 1YL |

4 4
Ay i b
-3 A-37gx -1 - 1
N S R Nt
1 1 1 A

By subtracting the second row from the first row and subtracting the second column from
the first column, we get

My — A(T(Can)) — Yan(Alay — Zap) 1Y |

2A0+1) —-1-A 0 --- 0
“1-A A—% -1 - -1
| o0 ~1 A -1
0 -1 -1 - A

=2(A+1)0y — (1+1)20,

where
4
A=ty =1 -0 =1 A -1 - -1
-1 A -1 -1 A -1
M = . , =
-1 -1 Algn -1 -1 Ay,

Directed calculation gives

A -1 -+ —1 _% -1 - -1

-1 A - -1 0 A e —1
0= . L ) +

-1 =1 - A, 0 -1 - Ay,

=A—4n4+2)(A+1)"2 %(A —4n +3)(A+ 1),

and
O = (A —4n+3)(A +1)473,
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We now conclude that

ALy — A(T(Can)) = Yan (M — Zan) 'YL,
=2(A+1)0 — (1+1)%
=A=1)"T A+ D 2[(A%2 —8n —1)(A —4n +3) —2(A%2 —1)].

Hence, the required result immediately follows. O

Corollary 3. For even n > 2, the energy of I'(SDg,, ) satisfies the following,
12n —4 < E(T'(SDg,)) < 16n — 4.
Consequently, the commuting graph I'(SDgy,) with even n > 2 is not hyperenergetic.

Proof. Consider the cubic equation
(A2 —8n—1)(A —4n+3) —2(A* —1)] =0,

ie.,
A3 — (4n—1)A% — (8n +1)A + (32n% —20n — 1) = 0.

Then, by Theorem 2, the equation has three real roots A1, A2, A3. And we can assume that
A1 > Ay > As. Then, for even n > 2, we have

MA+A+A3=4n—-1>0 4)
and
AL-Ag-Ag = —(32n% —20m — 1) < 0. (5)

Therefore, by (4) and (5), we have A; < 0 and Ay, A3 > 0.
Let
FA) =A% — (4n — 1)A2 — (8n + 1)A + (3202 — 20n — 1).

Then we have
£(0) = 32n% —20n —1 > 0,

f(—2n) = —24n> + 521> —18n — 1 = (52 — 24n)n* —18n —1 < 0,

for even n > 2. Furthermore, f(A) is continuous on [—2#, 0]. Therefore, by the intermediate
value theorem, we have
—2n< A <O. ©)

Hence, by (4) and (6), we get
dn —1 < M|+ A2+ A3l =M +A2+A3) =20 < (4n—1) +4n =8n—1.
In addition, by Theorem 2, we have
E(T(SDgy)) = (21 —1) + (61 — 2) + [A1] + [A2| + [As] = 81 = 3+ [A1] + [A2] + [As].
So, for even n > 2, we get
12n—4=(8n—3)+ (4n — 1) < E(T(SDgy)) < (81 —3) + (8n —1) = 16n — 4.

Since E(I'(SDg,)) < 16n —4 < 2(8n — 1), we have the commuting graph I'(SDs,, ) with
even n > 2 is not hyperenergetic. [
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Corollary 4. For even n > 2, the spectral radius of T'(SDs,, ) satisfies the following,

M(T(Can)) < M(T(SDsn)) < A1 (T(Can)) +2V21.

Proof. Similar to the proof of Theorem 2. [J

3. Laplacian Spectral Properties of Commuting Graphs

In this section, we are going to find the Laplacian spectrum of commuting graphs
on semidihedral groups, and then we compute the Laplacian energy and the number of

spanning trees.

Firstly, we obtain the Laplacian matrix of I'(SDg,) when 7 is odd. Now we have
I'(SDs,;) = K4V (nK4 U Kygy;_4). For notational convenience, we define

o1 1 --- 1 R
1 11
1 0 1 1
1 10 1 L
B = » C=11 11
1 11 0 0 0 0
and
0111 E
E
E_ 1 01 1 =
1 1 0 1
1 1 1 0
where B, C and F are of order 4n. And then we denote
[8n —1 -1 -1 -1 -1
-1 8n—1 -1 -1 -1
-1 —1 8n—1 -1 -1
K — -1 -1 -1 8n—1 -1
-1 -1 -1 -1 4n —1
| —1 -1 -1 -1 -1

then the Laplacian matrix of I'(SDg,) is given as

o[ K —C
—|=-CcT 7I,—F|

_ e e

17

[

4dn — 1]

Theorem 3. For odd n > 2, the characteristic polynomial of the Laplacian matrix of T (SDgy,) is

pr(A) = AA —4)" (A —8)> (A — 8n)* (A — 4n)*" =5,

Proof. By Theorem 2.2 of [10], we get

Mgy — K c
pr(A) = Mg, — L[ = |74

cT Ay, — 71y + F

= [(A=7)an + F| - Mgy = K= C((A = 7)1y + F)'CT.
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Upon calculation, we get from Theorem 2.5 of [10] that

d ¢ ¢ ¢
c d c c
A=7L+E) P =((A-8)y+el) ! =
(A=7)4+E) (A —8)I4 ) c e d el
c ¢ ¢ d
_ 1 _ A5
where ¢ = =8 (=9 and d = ek Hence,
Ay —K—C((A=7)Iy, + F)~1CT
[A—8n+1-34, 144, 1-42, 1-44, 1 1]
-4 A-gntl-42, 14 1—52, 1 1
4 4 4 4
1- A1, 1— b A-gn+1- 2 1-pm 1 1
= 1— 2 1- 2 -2 A-8ntl—% 1 1
1 1 1 1 A—dntl - 1
L i i i i 1 o A—dnt1 ]

Applying a series of row and column operations, that is, for i = 2,3, 4, subtracting the
i-th row from the (i — 1)-th row, and subtracting the i-th column from the (i — 1)-th col-
umn. Then

Ay — K — C((A = 7)1y + F)~'CT|

2(A—8n) —A+8n 0 0 0 0
~A+8n 2(A—8n) —A+8n 0 0 0
0 —A+8n 2(A—8n) —A+8n 0 0
_| o0 0 ~A+8n  A-8nt1- 2 1 1
0 0 0 1 A—4n+1 1
0 0 0 1 1 e A —dn+1
=2(A —8n)A; — (—A +8n)%A,,
where
2(A—8n) —A+8n 0 0 0
—A+8n 2(A—8n) —A+8n 0 0
0 —A+8n A—8n+1—+ 1 1
Ay = 0 0 1 A—dn+1 1 ,
0 0 1 1 e A—dn+1],
and
2(A —8n) —A+8n 0 0
—A+8n A—8n+1—+2, 1 1
A, = 0 1 A—dn+1 - 1
0 1 1 o A—dn+1,
For notational convenience, we set
A—8n+1— 1 1
1 A—dn+1 - 1
Az = )
1 1 A—dn+1|, .
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We now are ready to compute the values of A1, A, and A3. Note that
A—4n+1 1 e 1 —4n— 1 e 1
1 A—4n+1 --- 1 0 A—4n+1 .- 1
Az = . : : + ) ) )
1 1 s A—dn41y, o 0 1 s A—dn+1f, o
= (A =3)(A —4n)¥"% —dn(A —3)(A — 4n)* >,
Thus,
Ay =2(A—8n)Az — (—A+8n)> (A —4)(A —dn)+"—>
=2(A—8n)(A —3)(A —4n)*"* — (A2 — 4\ 4 8n) (A — 8n) (A — 4n)*" 5,

And then we have

Ay =2(A —8n)Ay — (—A 4 8n)3As

2
3(A —3) (A —8n)2(A —dn)*"* —2(A2 — (2n + 4)A + 14n) (A — 8n)*(A — 4n)*" =,

Combining A; and Ay, it follows that

ALy, — K — C((A = 7)1y, + F)~1CT|
=2(A —8n)A; — (A —8n)%A;
= A(A —8n)* (A — 4n)" =3,

which together with | (A — 7)1y, + F| = (A —4)"(A — 8)%" leads to the required result. [J
As byproducts of Theorem 3, we obtain the following corollaries.
Corollary 5. For odd n > 2, the Laplacian spectrum of T'(SDg,,) is
L-spec(T'(SDg,)) = {0',4",8%", (4n)*"=5, (8n)*}.
Corollary 6. For odd n > 2, the Laplacian energy of T'(SDg,,) is
LE(T(SDg,)) = 161> + 24n — 32.
Corollary 7. For odd n > 2, the number of spanning trees of I' (SDgy,) is
st(T(SDg,)) = 2"~ 1p4n=2,

Proof. The proof is straightforward by using Corollary 5 and Proposition 1.3.4 of [12] . O

Finally, we are ready to compute the Laplacian spectrum of commuting graphs of SDg;,
when 7 is even, then we have I'(SDg,,) = Ky V (2nK3 U Ky, 7). For notational convenience,
we first define
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Here, X, Y and Z are all of order 4n. We then denote V = 31, — Z and

8n—1 -1 -1 -1
-1 8n—1 -1 -1
U= -1 -1 dn—1 --- -1 ,
-1 -1 -1 e 4dn—1
then
u -y
L [_YT V].

Theorem 4. For even n > 2, the characteristic polynomial of the Laplacian matrix of T'(SDg,,) is
pr(A) = AA —4)2" (A —2)2 (A — 4n)* 3 (A — 8n)2.
Proof. By Theorem 2.2 of [10], we have

AL, — U Y
pL(A) = gy — L] = \ 4” \

YT Aly, =V
= ALy = V|- Mgy — U = Y(ALyy — V) YT,

Upon computations, we get [Aly, — V| = ((A —3)% — 1)?*, and Theorem 2.4 of [10] yields

-1 A=3 —1
- A—=3)I I L 5— Iy ——Dy,
(Al = V)71 = {( . zn)lz } N [(A o s ]

1211 ()\ - 3 ()\—5)2—1 IZn (/\_3:)2_1 IZH
Then
Ay — U — Y (Aly, — V) 1YT|
A—8n+1— 2 — o 1 1
— s A—8n+1— 52 1 1
— 1 1 A—dn+1 - 1
1 1 1 e A—dn+1
2(A —8n) —A+8n 0 0
—A+8n A-8n+1— 1 1
_ 0 1 A—dn+1 --- 1
0 1 1 e A—dn+1
=2(A—8n)¥; — (8n — A)*¥,,
where .
n
A—8n+ — 1ty 1 1
1 A—dn+1 - 1
Y = i ) . . ,
1 1 A—dn+1],
and
A—4dn+1 1 1
1 A—4dn+1 1
Y, = )
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It is not hard to find that

¥y = (A —1)(A —dn)=2 — <4n + f_"2> (A —2)(A — 4n)¥n=3,

and
¥y = (A —2)(A —4n)*" 3.

Therefore, we conclude that

Mg — U — Y (AL, — V) YT
=2(A —8n)¥; — (8n — A)?¥,
= A(A —8n)%(A — 4n)*" =3,

This completes the proof. [

From Theorem 4, one could get the following corollaries similarly.
Corollary 8. For even n > 2, the Laplacian spectrum of T (SDsg,,) is
L-spec(T'(SDg,)) = {0',4%",22", (4n)*"~3, (8n)?}.
Corollary 9. For even n > 2, the Laplacian energy of T (SDsg,,) is
LE(T(SDg,)) = 16n* — 4n + 4.
Corollary 10. For even n > 2, the number of spanning trees of IT'(SDg,,) is
st(T'(SDg,)) = 2141342,

4. Connectivity and Planarity of Commuting Graphs

In this section, we show that these commuting graphs are not Hamiltonian. Further-
more, we discuss vertex connectivity, the planarity, and minimum disconnecting set of
commuting graphs of semidihedral groups.

Theorem 5. Suppose SDg,, is a semidihedral group and T'(SDg,) is the commuting graph on
SDgy, for n > 2. Then

1.  Foroddn,x(I'(SDg,)) = 4;

2. Forevenn,x(I'(SDg,)) = 2;

3. T(SDg,) is not Hamiltonian for both odd and even n.

Proof. (1) For an odd integer 1, since we know that the center Z(SDg,,) = {e,a", a?, a®}
of SDg, is adjacent to all other vertices of I'(SDg,), so using Remark 1, we have the
graph becomes disconnected into n + 1 components by deletion of Z(SDg,). There-
fore, k(T'(SDg,)) = 4.

(2) For an even integer 1, since we know that the center Z(SDs,,) = {e,a*"} of SDg, is adja-
cent to all other vertices of I'(SDg,, ), so using Remark 1, the graph becomes disconnected
into 2n + 1 components by deletion of Z(SDg,, ). Therefore, k(I'(SDg;)) = 2.

(3) For an odd integer n > 2, we have |Z(SDg,)| = 4 and the components of I'(SDg,,) —
Z(SDgy) are n +1 > 4. Also, for an even integer n, we have |Z(SDg,)| = 2 and the
components of I'(SDg,,) — Z(SDg, ) are 2n + 1 > 2. Therefore, by Proposition 7.2.3 of [13],
we have I'(SDg,, ) is not Hamiltonian. [

Theorem 6. Let I'(SDgy,) be the commuting graph of the semidihedral group SDsg,, for n > 2.
Then T(SDgy, ) is nonplanar.
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Proof. Note that (a) is cyclic subgroup of order 4n. It suffices to show that the commuting
graph I'(SDg,,) is nonplanar if and only if the subgraph induced by () is nonplanar. Since
(a) is cyclic, I'(SDgy, ) is nonplanar for n > 2. [

Theorem 7. For odd n > 5, we have o(I'(SDg,)) = 7. Moreover, for every 0 < i <
n—1,we have E[ba’, {e,a",a®",a®", ba"*!, ba®*+, ba® 1], E[ba"*, {e,a",a*", a®", ba', ba®*+,
baBnﬂ'H/ E[ba2n+i, {e,an/ aZnIHBn/ bui, banﬂ'/ ba3n+i}]/ and E[ba?’”Jri, {e, an’ {12”, 113”, bai, banﬂ'/
ba®"*+1}] are minimum disconnecting sets of T (SDs,,).

Proof. Suppose u € ®1,s0d(u) > ¢(4n) +1 > 9. Now let v € P,, the only vertices
adjacent to v in I'(SDg,,) are elements of ®; \ {v}, and so d(v) = 7. Hence, we conclude
that o(T'(SDg,,)) = 7.

It is clear from the structure of I'(SDg,) when n is odd, N(bai) = {e, a a?n, g3 pgnti
ba?"+i,ba®"+,} where 0 < i < n — 1. Since 0(T'(SDg,,)) = d(ba') = 7, we have E[ba' {e, a",
a®",a®", ba" i, ba?" 1, ba®"+1}] is the minimum disconnecting set of I'(SDg,). Similarly,
we have E[ba"*!, {e,a", a®",a%", bal, ba®*1,ba® )], E[ba®*, {e,a",a?",a®", bal, ba"*,
ba®*+1}], and E[ba®"*, {e, a", a®",a®", ba', ba" !, ba®"*1}] are minimum disconnecting sets
of [(SDg,). O

Theorem 8. For even n > 2, we have (T(F(SDgn)) = 3. Moreover, for every 0 < i < 2n —1,
we have Elba', {e,a®",a?"*'}] and E[ba®**!, {e,a?", ba'}] are minimum disconnecting sets of
I'(SDgy,).

Proof. Similar to the proof of Theorem 7. [
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