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Abstract: A graph G admits an H-covering if every edge of G belongs to a subgraph isomor-
phic to a given graph H. G is said to be H-magic if there exists a bijection f : V(G) UE(G) —
{1,2,...,[V(G)| + |[E(G)[} such that w¢(H') = Yoey(mry f(v) + Lecr () f(€) is a constant, for
every subgraph H' isomorphic to H. In particular, G is said to be H-supermagic if f(V(G)) =
{1,2,...,|V(G)|}. When H is isomorphic to a complete graph K;, an H-(super)magic labeling
is an edge-(super)magic labeling. Suppose that G admits an F-covering and H-covering for two
given graphs F and H. We define G to be (F, H)-sim-(super)magic if there exists a bijection f’
that is simultaneously F-(super)magic and H-(super)magic. In this paper, we consider (K, H)-sim-
(super)magic where H is isomorphic to three classes of graphs with varied symmetry: a cycle which is
symmetric (both vertex-transitive and edge-transitive), a star which is edge-transitive but not vertex-
transitive, and a path which is neither vertex-transitive nor edge-transitive. We discover forbidden
subgraphs for the existence of (K, H)-sim-(super)magic graphs and classify classes of (Kp, H)-sim-
(super)magic graphs. We also derive sufficient conditions for edge-(super)magic graphs to be (Ky, H)-
sim-(super)magic and utilize such conditions to characterize some (Ky, H)-sim-(super)magic graphs.

Keywords: H-supermagic; (Kp, H)-sim-supermagic; edge-magic total; super edge-magic total

1. Introduction

In this paper, all graphs to be considered are finite, simple, and undirected. We write
[a, b] to define the set of consecutive integers {a,a+1,a+2,...,b}, for any positive integers
a < b. We denote two isomorphic graphs G and H with G = H. The degree of vertex x of G,
denoted by deg(x), is the number of vertices in G adjacent to x.

Let G be a graph with the vertex set V(G) and the edge set E(G). An edge-magic
total labeling (or EMT labeling for short) of a graph G is a bijection A : V(G) UE(G) —
{1,2,...,]V(G)| + |E(G)|} with the property that there exists a constant k such that A(x) +
A(y) + A(xy) = k, for any edge xy € E(G). Then, G is said to be edge-magic (EMT) and
k is called a magic sum. This notion was defined by Kotzig and Rosa [1], who called it
magic valuation, and later rediscovered by Ringel and Llad6 [2]. In [2], Ringel and Llad6
conjectured that all trees are EMT. Since then, numerous papers associated with EMT
labeling have been published.

In 1998, Enomoto et al. [3] introduced a special case of EMT labeling with the extra
property that A(V(G)) = {1,2,...,|V(G)|}. It is called a super edge-magic total labeling
(SEMT labeling). A graph G that admits an SEMT labeling is said to be super edge-magic
(SEMT). An SEMT labeling has a significant role in graph labeling because it is related
to other types of labelings. Figueroa-Centeno et al. [4] found relationships between
SEMT and well-known labelings such as harmonious, sequential, and cordial labelings.
Baca et al. [5] established the relationship between SEMT and EMT labelings and (a,d)-
edge-antimagic vertex labeling. Other relationships and comprehensive surveys about
SEMT and EMT graphs can be found in [6-9].

The next Lemma states a necessary and sufficient condition of an SEMT graph. We
frequently use this condition to construct SEMT labelings of some graphs.
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Lemma 1 ([4]). A graph G is SEMT if and only if there exists a bijective function f : V(G) —
[1,|V(G)|] such that the set S = {f(u) + f(v)|luv € E(G)} consists of |E(G)| consecutive
integers. In such a case, f extends to an SEMT labeling of G with magic sum k = |V(G)| +
|E(G)| + s, where s = min(S).

In [3], Enomoto et al. presented a necessary condition for an SEMT graph as stated in
the following.

Lemma 2 ([3]). If a graph G with order p and size q is SEMT, then q < 2p — 3.

We call an SEMT graph with the maximum number of edges given by Lemma 2 a
maximal SEMT graph. In [10], Macdougall and Wallis provide some properties of maximal
SEMT graphs and construct some particular maximal SEMT graphs such as triangulations
of v-cycle, generalized prisms, and graphs with large cliques. Sugeng and Xie [11] presented
a construction to extend any non-maximal SEMT graph into a maximal SEMT graph by
utilizing the adjacency matrix. Thus, it is interesting to ask the question of which other
graphs are maximal SEMT.

Subsequently, Gutiérrez and Llad6 [12] generalized the notion of EMT and SEMT into
H-(super)magic labelings in 2005. Let G be a graph where each edge belongs to at least one
subgraph isomorphic to a given graph H. In this case, G admits an H-covering. An H-magic
labeling of G is a bijection g: V(G) UE(G) — {1,2,...,|V(G)| + |E(G)|} with the property
that there exists a positive integer k such that wy (H') = YCocy (pr) §(0) + Lecr(mr) 8(e) =k,
for every subgraph H' of G isomorphic to H. The H-magic labeling g of G with the
extra property that g¢(V(G)) = {1,2,...,|V(G)|} is called H-supermagic labeling of G. A
graph G is an H-magic or H-supermagic if it has an H-magic labeling or H-supermagic
labeling, respectively.

While working with H-magic graphs, we found labelings of graphs which are simul-
taneously H-magic and F-magic, for two non isomorphic graphs F and H. For instance,
Figure 1 shows an example of a ladder L, = P, x K, which is C4-magic and Cy,,-magic, for
any m € [3, [ 4], at the same time [13]. This leads us to generalize the concept of H-magic
with two or more non-isomorphic covers.

19 2 18 3 17 4 16
15 14 13 12 11
23 22 21 20
6 7 8 9 10

Figure 1. A C4-supermagic and Cg-supermagic labelings of ladder.

Given two non-isomorphic graphs F and H, let G be a graph admitting an F-covering
and H-covering simultaneously. An (F, H)-simultaneously-magic labeling of G, denoted
by (F, H)-sim-magic labeling, is a bijective function f: V(G) UE(G) — {1,2,...,|V(G)| +
|E(G)|} with the property that there exist two positive integers kr and ky (not neces-
sarily the same) such that w(F') = Locy(p) f(0) + Lecp(py f(e) = kp and we(H') =
Yoev(a) f(0) + Lecr(nry f () = ku, for each subgraph F’ of G isomorphic to F and each
subgraph H' of G isomorphic to H. In such a case that f(V(G)) = {1,2,...,|V(G)|},
we call f an (F, H)-simultaneously-supermagic labeling, denoted by (F, H)-sim-supermagic
labeling. The graph G is said to be (F, H)-sim-magic or (F, H)-sim-supermagic if it has an
(F, H)-sim-magic labeling or (F, H)-sim-supermagic labeling, respectively. By the defini-
tion of these notions, the construction of (F, H)-sim-(super)magic labelings of graphs can
enlarge the collection of graphs that are known to be F-(super)magic and H-(super)magic.
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In [13], we established the existence of a (K, + H, 2K, + H)-sim-supermagic labeling of
a join product graph G + H and a (Cy4, H)-sim-supermagic labeling of a Cartesian product
graph G x K; where H is isomorphic to a ladder or an even cycle. We also presented the
relationship between an « labeling of a tree T not isomorphic to a star and a (Cy, Cg)-sim-
supermagic of the Cartesian product T x Kj.

Since SEMT and EMT labelings are known to be related to other well-known graph
labelings, in this paper we focus on the study of (K, H)-sim-(super)magic labelings; in
particular for a graph H that is isomorphic to a path, a star, or a cycle. We denote a path on
n vertices by P, and a cycle on n vertices by Cy,. A star S, is a tree on n 4 1 vertices with one
vertex, called the center, having degree n and the remaining vertices having degree one.

An automorphism of a graph G is a permutation of V(G) preserving adjacency. A graph
G is said to be vertex-transitive if, for any two vertices u and w, there is an automorphism of
G that maps u to w and it is said to be edge-transitive if, for any two edges u and w, there is
an automorphism of G that maps u to w. If G is both vertex-transitive and edge-transitive,
G is said to be symmetric. Recall that a cycle is symmetric; a star is edge-transitive but not
vertex-transitive; and a path on at least 4 vertices is neither vertex-transitive nor edge-
transitive. In other words, in this paper we study (K5, H)-sim-(super)magic labelings for
three classes of graphs H with varied symmetry.

Some of our results enlarge the collection of known (S)EMT and H-(super)magic
graphs. To show this, in Section 2 we list some necessary or sufficient conditions for a
graph to be H-(super)magic, for H isomorphic to a path, a star, or a cycle.

To recognize whether a graph is not (K, H)-sim-(super)magic, we determine forbidden
subgraphs for (K,, H)-sim-(super)magic graphs. In Sections 3-5 some forbidden subgraphs
for (Kp, H)-sim-(super)magic labelings, where H is isomorphic to a path, a star, or a
cycle, are presented. In those sections, we say that G is H-free if G does not contain H as
a subgraph.

Additionally, in Section 3, we characterize (K3, P,;)-sim-(super)magic graphs of small
order and establish sufficient conditions for (K3, P, )-sim-(super)magic graphs. In Section 4,
we characterize (K, S;;)-(super)magic graphs. In Section 5, we characterize (K, Cy)-
(super)magic graphs of order n > 3 by establishing a relation between (S)EMT and Cj,-
(super)magic labelings and construct some cycles with chords that are (K, C, )-(super)magic.
Our constructions subsequently extend known maximal SEMT graphs and cycle-(super)magic
graphs. In Section 5, we present sufficient conditions for an SEMT graph with order m to
be (Ky, Cy)-sim-(super)magic for n < m.

2. Previous Results on H-(Super)Magic Labelings

In this paper, we first survey some known necessary conditions of H-(super)magic
graphs for H isomorphic to a path and a star. These results are immediately necessary
conditions for a (K, H)-sim-(super)magic graph. We also list some graphs known to be
cycle-(super)magic.

In [12], it is proved that if G is a P,-magic graph, i > 2, then G is Cj-free as stated in
the following theorem.

Theorem 1 ([12]). Let G be a P,-magic graph, h > 2. Then G is Cj,-free.

A cycle on n vertices C, with one pendant edge is denoted by C;i'! (See Figure 2 for
s 1). Maryati et al. [14] gave the following necessary conditions for path-magic graphs.

Theorem 2 ([14]). Let n > 4 be a positive integer.
1. IfGis Py-magic, then G is C,! | free.

2. IfGis Py-magic, then G is C,},-free.

In [14,15], Maryati et al. provided another forbidden subgraph of path-magic graphs
by defining an H,, graph. The H,, graph is a graph with V(H,) = {v1;,v,;|i € [1,2n + 1]}
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and E(Hy) = {v1,0141,02i02i11 |i € [1,2n]} U{v1,v2c|c = n+ 1} (Figure 3 illustrates
the graph Hj3).

U1

Vg
)

V4 U3

Figure 2. The cycle with one pendant edge CJ L

V1,1 V1,2 V1,3 V14 V1,5 V1.6 v1,7
@ @ L 4 @ L 4 @
[ L 4 L 4 L 4 L 4 @
V2,1 V2,2 V2,3 V2,4 Va5 V2,6 V2,7

Figure 3. The graph Hj.

Theorem 3 ([14,15]). Let n > 3 be a positive integer. If G is P,-magic, then G is Hy,»-free.

In [12], Gutiérrez and A. Lladé also established some necessary conditions of star-
magic graphs by considering the degree of vertices.

Theorem 4 ([12]). Let f be a S-magic labeling of a graph G with magic constant my. If the
degree of vertex x € V(G) verifies deg(x) > h, then for every vertex y adjacent to x, we have

f(y) + fxy) = j(mp — f(x)).

Corollary 1 ([12]). Let G be a Sy-magic graph with h > 1. Then, for every edge e = xy of G,
min{deg(x),deg(y)} < h.

In the following theorems, we present some known classes of cycle-supermagic graphs,
a more complete list can be found in [7]. We recall the definition of the graphs mentioned in
the theorems. A fan F, is a graph obtained from connecting a single vertex to all vertices in
cycle P,. A wheel W), is a graph with n + 1 vertices obtained from connecting a single vertex
to all vertices in cycle C,,. For k > 2, a windmill W(r, k) is a graph obtained by identifying
one vertex in each of the k disjoint copies of the cycle C;. For n > 2, a ladder L,, is defined
as Py x Kp, whose vertex setis V(L) = V(P,) x V(Kz) = {(x;,y;)|i € [1,n] and j € [1,2]}
and edge setis E(Ly) = {(x;,yj)(xiy1,¥7)|i € [Ln—1]and j € [1,2]} U{(x;,y1)(x;, y2)|i €
[1,n]}. Tllustrations of a wheel, a fan, and a ladder can be seen in Figure 4.

Theorem 5 ([16,17]). For n > 4, the wheel W, is C3-supermagic.
Theorem 6 ([16]). For any two integers k > 2 and r > 3, the windmill W(r, k) is C,-supermagic.

Theorem 7 ([18]). Let n > 4 be a positive integer.
1. The fan F, is Cy-supermagic for any integer 4 < m < |4 |;
2. The ladder Ly is Cy,-supermagic for any positive integer 3 <m < [ 5] + 1.
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(%1 -
(%] V3

Uy

C

" (a) (b)

() (zoy)  (wsy1)  (Ta,9)

(9617 y2) (9627 y2) (9637 y2) (9647 y2)

(c)
Figure 4. (a) The wheel W5, (b) the fan Fy, and (c) the ladder Ly.

One important observation on H-magicness is the following.
Observation 1. If G is H-magic then G |JnKj is also H-magic.

The converse of Observation 1 is not true. For example, 2P; U K is P3-supermagic (as
shown in Figure 5) but 2Ps is not Ps-magic (as a result of Theorem 1 in [14]).

1 3 5
° ® L
11 8 10
°
2 4 6
® ® ®
9 7

Figure 5. P3-magic of 2P; U Kj.

Due to this fact, in the rest of the paper, we restrict our observation to graphs with
components not isomorphic to Kj.

3. (K2, P;)-Sim-Supermagic Labelings

In this section, we provide the collection of forbidden subgraphs and characterize a
(K, Py)-sim-supermagic graph.

Let m > 3 and n > 2 be two integers. We denote the edge sets of a path P, and a
cycle Gy, as E(Py) = {wjw;41]i € [1,n —1] and E(Cy) = {v;vi41 |i € [1,m — 1] U {v10},
respectively. An (m, n)-tadpole is a graph obtained by joining the end vertex w; of P,_; to
the vertex v of Cy,. Figure 6 shows the (4, 5)-tadpole graph.

We denote the star with n pendant edges as S,. Consider the star S3 with three
pendant edges denoted by e, e, e3. We define S(S3;eq, e, e3;1,3,3) as a subdivision of the
star S3 by replacing the edge e; with a path on 7 vertices and the remaining edges by paths
on three vertices. Figure 7 illustrates the subdivided star S(S3; 1, €2, €3;5,3,3).
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VU3 V2

U4 U1 w1 wWo w3 Wy

Figure 6. The (4, 5)-tadpole graph.

vy Vg U3 V2 V1
@ L L L 4

wo T2
Figure 7. The S(S3;e1, 2, ¢3;5,3,3) graph.

In [19], Maryati et al. introduced a subgraph-amalgamation. For n > 2, let {G;}},
be a collection of graphs G;s where each G; contains H = H as a fixed subgraph and
let # = {H;}!", be the collection of H;s. The H-amalgamation of {G;}! ,, denoted by
Amal(Gy, Gy, ..., Gy H;n), is a graph constructed from identifying the H of each G;. If G;
is isomorphic to a given graph G, we write the H-amalgamation as Amal(G; H; n).

Let G; be an (m, n)-tadpole containing a subgraph H; = v,v3 isomorphic to P; let
Gy be a path P, whose edge setis E(Py) = {x;x;11|i € [1,k — 1]}, containing a subgraph
Hj = x3x4 isomorphic to P; and H = {H}}?_,. Figure 8 illustrates the Amal((5,3)-
tadpole,Pg; H;2).

Z7 xs

Figure 8. The Amal((5,3)-tadpole,Ps; H;2) graph.
The next theorem stated forbidden subgraphs of (K3, P, )-sim-(super)magic graphs.

Theorem 8. If G is (K, Py, )-sim-(super)magic, then G is H-free where

H=Cy, foranyn>4andm € [n—1,n+1];

H=H, .y foranyn>3;

H= P, foranyn > 3;

H = 5(S3;eq,e3,e3;,n—2,3,3), foranyn >5;

H = (k,n — k)-tadpole, foranyn > 4and k € [3,n —2];

H = Amal((m,3)-tadpole, Py_; H;2), foranyn >7,and m € [3,n — 4].

SOk o=
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Proof. The case where H = C,,, forany n > 4 and m € [n —1,n + 1], is an immediate
consequence of Theorems 1 and 2; and the case where H = H, , for any n > 3, is an
immediate consequence of Theorem 3. The rest of the cases are proven as follows.

Case 3. H = P4, forany n > 3.

Suppose that G is a (Kj, P, )-sim-(super)magic graph and G is not P, 1-free. Let f be
a (K, P, )-sim-(super)magic labeling of G. Consider two subgraphs isomorphic to P, with
edges v10p, V203, ..., V10, and V203, V3Vy, . . ., VpUy 1. Since G is (Ky, Py )-magic,

n n—1 n+1 n
;f(vi) + ;f(vivm) = ;f(vi) + ;f(vivi+1)- ¢))

By eliminating }" , f(v;) + Z?:_zl f(vjvi11) in both sides of Equation (1), we have

f(o1) + f(0192) = f(0nVn41) + f(On11).

However, Y2 | f(v;) + f(v103) = Zl”jnl f(v;) + f(vnvy41). This clearly forces f(vp) =
f(vy), a contradiction.

Case 4. H = S(S3;e1,€2,e3;n—2,3,3), foranyn > 5.

Assume to the contrary that G is (K, P,)-sim-(super)magic and G contains
S(Ss;e1,ez,e3; n—2,3,3) as a subgraph. Let f be a (Kj, Py)-sim-(super)magic labeling
of G. Consider a subgraph H isomorphic to S(S3;e1,e,e3;n —2,3,3). Label the vertex
set V(H) = {v;|i € [1,n—2]} U{w;, x;|i € [1,2]} and the edge set E(H) = {v;v;11]i €
[1,n — 3]} U {vywy, v1x1, wywy, x1x2 }. There exist two paths isomorphic to P, with edges
03n—204-3,04-30y—-4,...,0201, 0O1W1, W1W2 and 03n—204-3,04-30y—-4,...,0201,01X1,X1X2. As
f is a (Ky, P,)-sim-(super)magic labeling, we have Y12 f(v;) + Y24 f(w;) + f(v1w1) +
Y7 fovi) + flwnwn) = L7 f(on) + To f(x) + T17 f(vivi) + f(o1x)+
f(x1x2). Thus, we obtain f(vywq) = f(v1x1), a contradiction.

Case 5. H = (k,n — k)-tadpole, foranyn >4andk € [3,n—2].

Suppose that G is (K3, P, )-sim-(super)magic and contains (k, n — k)-tadpole as a sub-
graph. Let f be a (Kj, Py)-sim-(super)magic labeling of G. Next, let k be an arbitrary
positive integer with k € [3,n —2]. Consider a subgraph H isomorphic to (k,n — k)-
tadpole. Denote the vertex set V(H) = {v;, wi|li € [1,k|,j € [I,n —k|} and the edge
set E(H) = {v;v;41i € [1,k—1]} U{v10p, 0101} U{wjwjiq]j € [1,n —k —1]}. Consider
two paths isomorphic to P, with edges w,, _w,, k1, Wy k- 1Wy_k—2,. .., WaW1, W11, V102,
0203,...,0,_10k and Wy—kWy—k—1,Wy—j—1Wy—k—-2,-..,WrW1, W101, 010k, O 0k—1,..., 0302.
Since G is (Ky, Py )-sim-(super)magic, Y1 F f(w;) + Y5, f(0:) + 201 f(wwi ) + f(orw:)
+ T fovi) = Tl flwy) + S f(o) + T i) + f(orwrn) + f(orop) +
Y5} f(viviy1). Asaresult, we have f(v10r) = f(v102), a contradiction.

Case 6. H = Amal((m,3)-(tadpole), Py—p; H;2), foranyn >7and m € [3,n —4].

Assume to the contrary that G is (K3, P, )-sim-(super)magic and contains a subgraph
isomorphic to Amal((m,3)-(tadpole), Py—m; H;2). Let f be a (K3, P,)-sim-(super)magic
labeling of G. Then, let m be an arbitrary positive integer with m € [3,n — 4]. Consider
a subgraph H of G isomorphic to Amal((m,3)-(tadpole), P,—m; H;2). Denote the vertex
set V(H) = {v;]i € [1,m]} U{w;|i € [1,n—m —2]} U{x;,y;|li € [1,2]} and the edge set
E(H) = {vjvi1li € [1,m =1} U{w;w;1]i € [1,n—m — 3]} U{v10m, v1w01, V2X1, VmY1, X1X2,
Y12 }- Consider two paths isomorphic to P, with edges wy,—m—2Wy—m—3, Wy—m—3Wyn—m—4,

.o, W101,0102, V203, .+, Uy 10m, OmY1, Y1Y2 and Wy 2Wpn -3, Wy—m—3Wn—m—4,- -,
W101, V10m, UmVpy—1, - - -, V302, V2X1, X1X2. As G is (Ky, Py)-sim-(super)magic, we have
T2 f(wi) + fwion) + Tty f(03) + X5 f(yi) + S fwii) + 575 f(vivig)
+f (omyr) + f(y1y2) = Tima £(xi) + T £(00) + TS f(wi) + D" flwiwig) +

15! f(vivi1) + f(010m) + f(v221) + f(x132) + f(wi01). Thus, we have f(x1) = f(y1),
a contradiction. O

We remark that if G is (Ky, P,)-sim-(super)magic, then P, is the longest path of G.
Notice that, forn € [3,4], S(S3;e1, €2, e3;n — 2,3,3) contains Ps as a subgraph. By Theorem 8,



Symmetry 2021, 13, 1346

8of 17

such graphs are not (K3, P,)-sim-supermagic. The converse of Theorem 8 is not true as
shown in the following example.

Example 1. The graph mP5 is not (Ky, P3)-sim-(super)magic for any integer m > 3.

Proof. Suppose that there exists a (K, P3)-sim-(super)magic labeling on mPs. Let X; be the
set of the internal vertex label in a P} for i € [1,m]. Clearly |X;| = 1. For each edge xy € P,
the xy-weight, f(xy) + f(x) + f(y) = k. Thus, the P;-weight of P} is 2k — Y X; for every
i € [1, m]. Consequently, Y X; should be a constant for every i € [1,m], a contradiction. [

Problem 1. What are the other forbidden subgraphs of (Ky, Py )-sim-(super)magic graph?

As a consequence of Theorem 8 where H = P, 4, for any integer n > 3, we have the
following two results.

Corollary 2. Let n > 3 be a positive integer and G be a graph that admits Py-covering. If G is
(K, Py)-sim-(super)magic, then n > diam(G) + 1.

Corollary 3. Let n > 3 be a positive integer and G be a graph that admits Py,-covering. If G is
(K, Py)-sim-(super)magic, then G is Cy-free for any h > n.

By the previous two corollaries, Theorem 8, and Example 1, we have the following
corollaries.

Corollary 4. Let n € {3,4} and G be a graph that admits P,-covering. If G is (Ky, P,)-sim-
(super)magic, then G is a forest. In particular, if G is (Ky, P, )-sim-(super)magic, then G is a tree.

Letn > 2 be a positive integer. In [12], it is proved that the star S is S;;-supermagic for
each m < n. Moreover, the S;;-supermagic labeling of S, in [12] is also an SEMT labeling
of S;,. Combining with Example 1 and Corollary 4, we obtain the following.

Corollary 5. A graph G is (K, P3)-sim-(super)magic if and only if G is isomorphic to the star S,
for any positive integer n > 3.

A caterpillar Sy, n,,...n, is a graph derived from a path P, k > 2, where the vertex
w; € V(D) is adjacent to m; > 0 leaves, i € [1,k|]. A special case of caterpillars when
k=2,my > 1,and my > 1is called a double star S;,, ,. An illustration of the double star
Ss3 and a (K3, Py)-sim-supermagic labeling on Ss 3 can be seen in Figure 9. Since Kotzig
and Rosa [1] have proved that all caterpillars are SEMT, utilizing Corollary 4, we have
the following.

2 8
13
3 ® 9
14 12
6
11
4 10

Figure 9. A (Kj, P4)-sim-supermagic labeling of the double star S5 3.

Corollary 6. A connected graph G is (K, Py)-sim-(super)magic if and only if G is isomorphic to
a double star Sy, ,, for any two positive integers m and n.
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Problem 2. Characterize (K, Py )-sim-(super)magic graphs for any n > 5.

We conclude this section by presenting sufficient conditions for an (S)EMT graph to
be (K3, P,)-sim-(super)magic.

Lemma 3. Let k and n be two positive integers. Let G be a graph of order at least n + 1 that admits
Py-covering. Let {P};};‘:l be the family of all subgraphs of G isomorphic to Py and let ) X; be the
sum of all internal vertices labels in P}, for every i € [1,k|. If f is an (S)EMT labeling in G such
that Y X; is constant, for each i € [1,k|, then G is (Ky, Py)-sim-(super)magic.

Proof. Let m be the magic sum of the labeling. Let i # j be two positive integers in [1, k|.

Consider two arbitrary paths P; and P] in {Pl . Thus, ) X; = }_ X;. Hence, we have
the following:

wP) = Y, fl)+ Y fle)

veV(PY) e€E(P})

= (n—-1)my—) X

= (n—-1) mf ZX

= L fo+ ¥ fl
veV(P)) ecE(P))

= w(P))

As a result, the sum of all edges and vertices labels associated to a subgraph of G
isomorphic to P, is a constant. Therefore, G is a P,-(super)magic. Since f is simultaneously
SEMT and P,-(super)magic, G is (K, P, )-sim-(super)magic. []

As an immediate consequence of Lemma 3, we have the following special cases of
caterpillars that are (K, P,)-sim-magic. The broom B, , is defined as a graph isomorphic to
the caterpillar Sy, n,,....n,,_, Wheren; =ny = --- =ny_,_1 = 0 and ny,_, = n. The double
broom DB\, i, is a graph isomorphic to the caterpillar S”lr”Z/---/”m—kl—kz where n; = ki,
Ny =MN3 = ... =MNy_j,—k,—1 = 0,and n,,_y, _, = kz. Figure 10 illustrates the broom B ¢
and the double broom DBy4 3 6.

21 20 19
® L L
1 4 2
(a)
1
27
26 24 g
2 o ° 23
28, 12 4 13
3

(0)

Figure 10. (a) A (K3, Ps)-sim-supermagic labeling of the broom B¢ and (b) A (Kj, P7)-sim-
supermagic labeling of the double broom DB1y3 6.
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Corollary 7. Let ny,ny, and m be three positive integers at least two and n > 3. The broom
Biyyn—1,m and the double broom DBy, |y, {1y —2 5y n, are (Ko, Py )-sim-magic.

Proof. It is known that all caterpillars are edge magic [1]. Moreover, all subgraphs isomor-
phic to P, have the same internal vertices. This completes the proof. [

Figure 10 illustrates (Kj, P, )-sim-supermagic labelings of the broom Bjj ¢ and the
double broom DBy4 36 for n = 6 and n = 7, respectively.

4. A (K3, Sy)-Sim-Supermagic Labelings

In this section, we characterize (Kj, S, )-sim-(super)magic graphs. Clearly, necessary
conditions of S;-magic graphs in Theorem 4 and Corollary 1 are also necessary conditions
of (K, Sy)-sim-(super)magic graphs. In the following Lemma, we strengthen the degree
condition of Corollary 1 for (K, S;,)-sim-(super)magic graphs.

Lemma 4. Let n > 2 be a positive integer and G be a (K, Sy )-sim-(super)magic. Then, there is
only one vertex x of G with deg(x) > n.

Proof. Suppose that there are two vertices v and w in V(G) such that deg(v) > n and
deg(w) > n. Let f be a (K, S;,)-sim-(super)magic labeling of G. Hence, there exist two
positive integers k1 and k; such that each edge xy € E(G) satisfies f(x) + f(y) + f(xy) = k1
and each subgraph H of G isomorphic to S, satisfies ¥, cv () f () + Lecrm) f(€) = ka.
Consider two arbitrary stars with center v and w that are isomorphic to S, as S' and
S2. Thus,

Y, f)+ )X flo = 3 flw+ ) flo)

veV(Sh) eeSt weV(S2) e€E(S?)

iy — (1= 1)f(0) = nky— (n—1)f(w).
As a result, we have f(v) = f(w), a contradiction. [

Recall that Gutiérrez and Lladé [12] proved the following theorem. The labeling in
the proof of the theorem will be utilized to characterize (K, S, )-sim-supermagic graphs.

Theorem 9 ([12]). The star Sy, is Sy-supermagic for any n € [1,m].

Proof. Denote the vertex set of Sy, by V(Si) = {v1,v2,..., Um, Up+1}, where vy, is the
maximum degree vertex, and the edge set of S, by E(Si) = {vp41vi]i € [1,m]}. Define
a bijection f : V(S;,) UE(S) — [1,2m + 1] with f(v;) = iand f(vy410;) =2(m+1) — 1,
forany i € [1,m], and f(vy4+1) = m + 1. Thus, f(V(Sy)) = [1,m + 1]. We can verify that
W(H) = Tocvn) £(0) + Tecrn £(6) = (m+1)+nli+ 20m+1)— i) = (m+1)(2n+1)
(constant) for every subgraph H of S, isomorphic to S,,. Therefore, S;, is S;-supermagic
foreachn € [1,m]. O

Now we are ready to characterize (K3, S, )-sim-supermagic graphs.

Theorem 10. Let n > 1 be a positive integer. A graph G is (Ky, Sy, )-sim-supermagic if and only if
G is isomorphic to the star Sy, for m > n.

Proof. (<) First, we prove that, for m > n, the star S, is (K, Sy,)-sim-supermagic. Recall
the S,-supermagic labeling of S, in the proof of Theorem 9, where w(v,,11v;) = f(vy+1) +
f(vi) + f(vy41v;) =n+1+i+2(m+1) —i=n+142(m+ 1) (constant), for each edge
0,+19; in E(Si). Hence, Sy, is (Kp, Sy )-sim-supermagic for m > n.

(=) Conversely, we prove that if G is (K, S;;)-sim-supermagic, then G is isomorphic
to the star S;; for m > n. Clearly, a connected graph G with order two and three is
isomorphic to S; and Sy, respectively. Then, consider G with order at least four. Suppose
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to the contrary that G is not isomorphic to any star S;;, m > n. Let e be an arbitrary edge
in G. Suppose that ¢ belongs to 5%, a subgraph isomorphic to S,, where ¢ is incident with
¢, the center of S*. Since G is not isomorphic to a star, there exists another edge ¢’ which
is not incident with c. Since G admits S,-covering, then ¢’ belongs to a subgraph that is
isomorphic to S;; where the center is not ¢, a contradiction by Lemma 4. [

We remark that by considering n = 2, we can derive another proof of Corollary 5 from
Theorem 10.

5. A (K32, C,)-Sim-Supermagic Labelings

In this section, we list some forbidden subgraphs and some (K3, C,,)-sim-(super)-
magic graphs. We start by presenting results for (K3, C,)-sim-(super)magic graphs of
order n by considering the relation between two well-known magic labelings: (S)EMT and
Cy-(super)magic.

Lemma 5. Let G be a graph of order n admitting a C,, covering. If G is (S)EMT then G is
Cy-(super)magic.

Proof. Let f be an (S)EMT labeling of G. Thus, there exists a positive integer ki such
that f(x) + f(y) + f(xy) = k; for each edge xy in E(G). Denote {x;|i € [1,n]} as the
set of vertices in G. Define a bijection ¢ : V(G) U E(G) — [1,|V(G)| + |E(G)|] with
g(x) = f(x) for all x eV(G)UE(G). Consider an arbitrary subgraph C isomorphic to C,,.
Since the label of each vertex x is counted twice in w(C) = Yoev(c) f(0) + Lecr(c) f(e),
then w(C) = nky — Y/ ; f(x;), a constant. Therefore, G is C,,-(super)magic. [

The converse of Lemma 5 is not true since Ky is C4-(super)magic, although it is known
that Ky is neither EMT [1,3] nor SEMT [3] (See Figure 11). However, it is clear that we
have the following necessary and sufficient condition for a graph of order n to admit a
(K2, Cy)-sim-(super)magic labeling.

Figure 11. (a) A Cs-supermagic labeling of K; and (b) A Cs-magic labeling of Ky.

Corollary 8. Let G be a graph order n admitting a C,, covering. G is (S)EMT if and only if G is
(K, Cy)-sim-(super)magic.

It is known that the complete graph Kj, is EMT if and only if n = 3, 5,6 [1]. Since each
pair of vertices in Kj, are adjacent, the number of subgraphs of K, isomorphic to C, is the
number of n-cycles in the symmetric group S, which is %’ = (n — 1)! Thus, the number of
subgraphs of K5 and K¢ isomorphic to Cs and Cg is 24 and 120, respectively.

Corollary 9. Let n > 3 be a positive integer. A complete graph Ky, is (Ky, Cy, )-sim-magic if and
onlyifn =5o0rn =6.

Proof. (<=) Recall the known EMT labeling f in K, for n = 5 or 6 [1]. By Lemma 5, f is a
Cy-magic labeling. This gives K, as (K3, C,)-sim-magic for n = 5 or 6.

(=) Conversely, it is immediately known from the fact that K;, is not EMT according
to Kotzig and Rosa [1]. O



Symmetry 2021, 13, 1346

12 of 17

Figure 12 shows (Kj, Cs)-sim-supermagic and (K3, Cg)-sim-supermagic graphs.

8 15
9 2
4 13
11
5 6 3

10

Figure 12. A (K;, C,)-sim-supermagic labeling for n € [5, 6].

Kotzig and Rosa [1] proved that the complete bipartite graph Kj;, ,, is EMT for all m
and n. Philips et al. [20] constructed an EMT labeling of the wheel W, for n = 0, 1, or
2(mod 4). By Lemma 5, we have the following Corollary.

Corollary 10. Let n > 3 be a positive integer.

1. Ky is (K, Cyy)-sim-magic;
2. Wn is (Kz, Cn+1)-sim—mtlgicfor n=0,1,or 2(m0d 4)_

In the next two theorems, we consider a (K3, Cy,)-sim-supermagic labeling of a cycle
with chords. A chord is an edge joining two non-adjacent vertices in a cycle. An n-power of
graph G" is a graph with the vertex set V(G") = V(G) and any two vertices are adjacent
when their distance in G is at most 7. Recall from Lemma 2 that C2 is not SEMT, so it is if
we remove at most two edges from C2. Thus, it is interesting to construct a maximal SEMT
graph, where the number of edges is equal to the upper bound of inequality in Lemma 2,
from C2.

Let n > 3 be a positive integer and {x;|i € [1,71]} be the vertex set of the cycle C,. Let
E= {xL%J X842, Xn—1%X1,Xn x>} be the set of three edges in C2. We define the cycle with
chords CC}, where the vertex set is V(C,) and the edge set is E(C2) \ E. It is clear that CC}
admits a C,-covering for every odd integer n > 7 and we have the following theorem.

Theorem 11. Let n > 7 be an odd integer. A cycle with chords CC} is (Kp, Cp)-sim-supermagic.

Proof. Let {x;|i € [1,n]} be the vertex set of CC}. Define a bijection f : V(CC}) —

[1,|V(CCH|) as f(x;) =i, fori € [1,n]. Thus, for each edge XiXj € E(CC}), we have

1. f(x;)+ f(xiy1) =2i+1,foreachi € [1,n —1];

2. fxp)+f(x1) =n+1;

3. f(xi)+f(xj) =i+i+2=2i+2,forj=(i+2) modnandie€ [1,n—2].
Consequently, 3 < f(x;) + f(x;) < 2n—1and thesetS = {f(x;) + f(x;)[x;x; € E(G)}

consists of |E(G)| consecutive integers. By Lemma 1, CC} is SEMT and f is the SEMT

labeling with magic sum k = |V(G)| + |E(G)| + min(S) = n+2n -3+ 3 = 3n. By

Lemma 5, f is also a C,-supermagic labeling of CC}. This concludes that CC}, is (Ka, Cy)-

sim-supermagic. []

Figure 13a illustrates a (K3, C7)-sim-supermagic labeling of CC..

Let n > 8 be an even integer. Let E* = { Xn_qXuiq, XaXnio, XnioXnig, Xy1X1,
Xn X2 }. We define the cycle with chords CC? as a graph where the vertex set is V(Cy,)
and the edge set is E(C2) \ E* U{x%,lx%ﬂ, x%+1xg+4}. Such a cycle with chords admits
Cp-covering for each n > 8 an even integer.
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Figure 13. (a) A (K3, C7)-sim-supermagic labeling CC} and (b) A (Kj, Cg)-sim-supermagic labeling
of CC3.

Theorem 12. Let n > 8 be an even integer. A cycle with chords CC2 is (Ko, Cy,)-sim-supermagic.

Proof. Let {x;|i € [1,n]} be the vertex set of CC2. Define a bijection f : V(CC2) —
[1,]V(CC2)|] as follows.

1. f(x;) =i, foreveryic [l,4]andic€ [5+3,n];
2. flxg)=5+2
3. flxgp) =5+1
For each x;x; € E(CC2), we have
f(xi)+ f(xjy1) =2i+1, foreachie [1,5 —1]andie [5+2,n—1];
)4 flrga) = n+2
Xp41) +f(xXg40) =n+3;
)+ f(x) =n+1;
x;) + f(xiy2) = 2i+2, foreach x;x; ;o € E(CC3),i € [1,4]andi € [4 +3,n—2];
Xpiq) + f(xgy3) =n+5

0 N OOl W N
=

flxyia) + f(xya)) =n+6.

It can be counted that3 < f(x;) + f(x;) < 2n—1land thesetS = {f(x;) + f(xj)|x;xj €
E(G)} consists of |E(G)| consecutive integers. By Lemma 1, CC2 is SEMT and f is the
SEMT labeling with magic sum k = |V (CC2)| + |E(CC2)| + min(S) = n+2n —3+3 = 3n.
By Lemma 5, f is also a C,-supermagic labeling of CC2. This concludes that CC? is
(Ky, Cy)-sim-supermagic. []

Figures 13b shows a (K3, Cs)-sim-supermagic labeling of cycle with chords CC3.

In addition to maximal SEMT graphs construction, we remark that Theorems 11 and 12
also enlarge the classes of graphs known to be C,;-supermagic and SEMT.

Notice that up to Theorem 12 we only consider (K, Cy,)-sim-supermagic graphs of
order n. Therefore, it is interesting to ask whether an (S)EMT graph G of order n can admit
a Cy;-(super)magic labeling, for m < n. We start by presenting some forbidden subgraphs
of (K, Cy)-sim-(super)magic graphs, for n > 3.

Theorem 13. If G is (K3, Cy,)-sim-(super)magic, then G is H-free, where

1.  HZ Amal(Cp; Py_1;2), foranyn > 3;
2. HZ= Amal(Cy; Py—2;2), forany n > 3.

Proof. Suppose that G is (K, C,)-sim-(super)magic and G is not H-free. Then, G contains
a subgraph that is isomorphic to H. Let f be a (K, C,)-sim-(super)magic labeling of G,
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such that there exist two positive integers kj and ky, satisfying f(x) + f(y) + f(xy) = k;
and Yoy (c) f(v) + Lecr(c) f(€) = ko, for each edge xy € E(G) and for each subgraph C
isomorphic to C,, respectively. We consider the following two cases.

Case 1. H = Amal(Cy; P,_1;2).

Consider a subgraph H = Amal(Cy; P,_1;2) of a graph G. Denote the vertices in
Amal(Cp; Py—1;2) by {v,} U{u;li € [1,n — 1]} U{wy} such that the edge set is {u;u;1]i €
(1,7 — 2]} U {onu;, wyu;]i € {1,n — 1}}. There are two cycles C! and C? isomorphic to C,,
with V(CY) = vy, uq,un,. .., ty_p,u,_1 and V(C?) = wy, uy, uy, ..., uy_2, tiy_1. Then,

n—1 n—2

Y fwi) + fon) + Efuul+1)+f(vnu1)+f(vnun 1) =
i=1

n—1 -2

S (i) + f (w0n) + Zf uitti1) + f (wWnttr) + f(Wnthy 1)

i=1

or

f(on) + f(onur) + f(ontin_1) = f(wn) + f(wnir) + f(Wnttn-1).

Since f(x) + f(y) + f(xy) = kq for each edge xy € E(G), f(vn) + f(vnu1) = f(wy) +
f(wnuy). Hence, f(vquy_1) = f(wyuy,—1), a contradiction.

Case 2. H = Amal(Cy; Py_2;2).

Consider a subgraph H = Amal(Cy; P,_7;2) of a graph G. Denote the vertices in
Amal(Cp; Py—2;2) by {v,—1,vx } U{u;li € [1,n — 2]} U {wy,_1, wy } such that the edge set is
{ujuiy1)i € [1,n =3} U{u1v,_1, 0104, Unly—p, U1Wy_1, Wy _1Wy, Waity—3 }. There are two
cycles C! and C? isomorphic to C,, with V(CY) = vy, 041,11y, ..., Uy_p and V(C?) =
Wy, Wy—_1, U1, U, ..., Uy_>. Then

n—2 n n—3
; fui) + ‘_Z 1f(vi) + ; fluisiyr) + f(op-1u1) + f(ontn—2) + f(0nvn-1) =

n-2 n—3
;f(ui)Jr Yo flw)+ Y fluipr) + f(wa—1ur) + f(wnity—2) + f(wntwy_1)

i=n—1 i=1

or

i f(i) + f(0nvn—1) + f(Op—1u1) + f(optn—n) =

i=n—1

n

Z f(wi) + f(wnwy—1) + f(wp—1u1) + f(watty-2).
i=n—1

Thus f(vp-1) + f(vn-111) = f(wp—1) + f(wp—1u1) and f(0n) + f(vnttn—2) = f(wn)
+f(wnity—7). Hence, f(v,_1v,) = f(w,_1wy), a contradiction. [

The converse of Theorem 13 is not true. Consider m copies of isomorphic cycles of
order n, mC,. It is clear that mC, admits C,-covering and is H-free, for H isomorphic
to the forbidden subgraphs in Theorem 13. However mC, is SEMT if and only if m and
n are odd [21], and so mC,, for even m > 2, is not (K, C,,)-sim-supermagic. Therefore,
the two subgraphs in Theorem 13 are not the only forbidden subgraphs of (K3, Cy,)-sim-
supermagic graphs.

Problem 3. What are the other forbidden subgraphs of (Ka, Cy, )-sim-(super)magic graphs?

In the following lemma, we state sufficient conditions for an (S)EMT graph to be a
(Ky, Cy)-sim-(super)magic graph.

Lemma 6. Letk > 2andn > 3 be two positive integers. Let G be a graph order at least n + 1 that
admits Cy-covering. Let {Ci,}X_, be the family of all subgraph of G isomorphic to C, and . Y; be
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the sum of all vertices labels in Ci,, for each i € [1,k]. If f is an (S)EMT labeling in G such that
Y. Y; is constant, for every i € [1,k], then G is (Ky, Cy)-sim-(super)magic.

Proof. Let my as the magic sum of the labeling. Leti # j be two positive integers in

[1,k]. Consider two arbitrary cycles Ci, and Clin {Ci,}r_,. Thus, U Y; = ©Y;. Hence, we
have that

wC) = Y f@+ Y fle)
veV(Ch) e€E(Ch)
= nmf—ZYi:nmf—ZY]-

Y fo+ L e

veV(C)) e€E(C))
= w(CL)

Hence, the sum of all edges and vertices labels associated to a subgraph of G iso-
morphic to C, is a constant. Therefore, G is a Cy,-(super)magic for each n > 3. Since f is
simultaneously an (S)EMT and C,-(super)magic, G is (K3, C,)-sim-(super)magic. [

Consequently, by Lemma 6, we have the following corollary.

Corollary 11. Let m > 3 be an odd integer. The disjoint copies of cycle on 3 vertices, mCs, is
(K, C3)-sim-supermagic.

Proof. Recall an SEMT labeling of mCs, for odd m, from [21]. We denote V(mCz) =
{Lll‘,j‘l‘ € [1,1’}1} and ] € [1,3}} and E(TTZC3) = {ui,]-ui,j+1|i € [1,711] and ] S [1,2]} U
{u;1u;3li € [1,m]} and define

i, ifi € [1,mla and j =1;
m 4 2 f e 1, " andj=2

2m+1—-2i, ifie]l, }and]—3,

[
, [
fluyj) = 2m + 2H=m, ifie[’"*, m]and j = 2;
[ —
3m+1—2i, ifie ", mlandj=23.

Let Cg be a subgraph of mCs isomorphic to C3 and ) Y; be the sum of all vertices labels
in C5. Hence, for1 <i < ’"T*l, we have

2i+1
TV o= itz = o1
1
= i+2m+i+¥+2m+1—2i
3
= Z@Bm+1
5 (Bm+1)
and, for 1 <i < m, we have
2i+1—
TV = itz = a1
1_
= i42mit £ 3m 12
3
= Z(Bm+1).
5 (Bm+1)

Therefore, }_Y; is constant for 1 < i < m. By Lemma 6, mCs is (K, C3)-sim-
supermagic. [
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6. Open Problems

We conclude by listing open problems from the previous sections that could be
interesting for further investigation.

1.  What are the other forbidden subgraphs of (K3, P, )-sim-(super)magic graph?
2. What are the other forbidden subgraphs of (K, C,)-sim-(super)magic graphs?
3. Characterize (Kj, P, )-sim-(super)magic graphs for any n > 5.
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