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Abstract: As bistable composite laminated plate and shell structures are often exposed to dynamic
environments in practical applications, the global and local dynamics of a bistable asymmetric
composite laminated shell subjected to the base excitation is presented in this paper. Temperature
difference, base excitation amplitude, and detuning parameters are discussed. With the change of
temperature difference, the super-critical pitchfork bifurcation occurs. Three equilibrium solutions
corresponding to three equilibrium configurations (two stable configurations and one unstable
configuration) can be obtained. With the increase of excitation amplitude, local and global dynamics

play a leading role successively. The global dynamics between the two stable configurations behave as
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when the excitation amplitude is large enough. The local dynamics that are confined to a single
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Bistable composite laminates possess many distinctive features regarding their two
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stable equilibrium configurations, which have been proposed to generate new deformable
and deployable structures in a series of engineering fields. When asymmetric composite
laminates are cooled from higher manufacturing temperature to service temperature or
room temperature, the residual thermal stress is produced. Due to the residual thermal
stress and geometric nonlinearity, the bistable composite laminates have three equilibrium
configurations, which are two stable equilibrium configurations and one unstable equilib-
rium configuration. One stable configuration is cylindrical with a dominant x-curvature
and imperceptible y-curvature. Similarly, the other stable configuration is cylindrical with

= a dominant y-curvature and imperceptible x-curvature. What needs to be pointed out
is that no energy is required to hold the two stable equilibrium configurations, and the
two stable configurations can be converted to each other through snap-through, which is
strongly nonlinear in nature when enough energy is applied.

In recent years, a flood of literature has been concerned with the statics of bistable
plate and shell structures. Due to the residual thermal stress, the asymmetric composite
laminates possess bistable characteristics [1-5]. Sorokin and Terentiev [6] found that the
transformation between the two stable configurations is realized through snap-through.
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Dano and Hyer [7] used an approximate displacement field to calculate forces and mo-
ments for static snap-through. Cantera et al. [8] modeled bistable responses including the
processes of snap-through based on the Rayleigh—Ritz method. Portela et al. [9] studied
the bistable composite laminates, which were actuated by piezoelectric patches. Dano and
Hyer [10] calculated the loads for snap-through and developed a driving scheme based
on shape memory alloys (SMAs) by extending the previous model of asymmetric bistable
composite laminates. Dano and Hyer [11] measured the force that was provided by a wire
of SMA for static snap-through by way of experiment. Pirrera et al. [12] presented analyti-
cal models by path-following techniques and provided an optimal design for morphing
structures with multi-stable states. Moore et al. [13] investigated the thermal response and
stability of the asymmetric laminated plate and shell structures for static snap-through
through a varying temperature field. Brampton et al. [14] found that the bistable lami-
nates were easily affected by the uncertainties of material properties, which were highly
dependent on moisture, temperature, ply thickness and curing temperature. Potter and
Weaver [15] developed techniques to generate a wide range of required stable structures
through designing thermal stresses. Diaconu et al. [16] proposed the concept of morphing
applications based on the multiple configurations and the snap-through, which was also
proposed by Mattioni et al. [17]. Hyer [18] found that the thin cross-ply laminates have two
stable cylindrical shapes that are perpendicular to each other. Pirrera et al. [19] proposed
displacement fields of bistable composites that can be expressed by refined higher-order
polynomial functions. SMA and piezoelectric macro fiber composite materials (MFC) are
currently commercially available for static snap-through [20-22]. Schultz et al. [23] applied
a series of quasi-static voltages through MFC for static snap-through.

In summary, the static characteristics exhibiting two stable configurations and the
static snap-through of these bistable composites have been presented fully. However,
as morphing components for adaptive aerospace structures, morphing applications are
operated in aeroelastic environments. These bistable composite laminates will inevitably
be exposed to high-level dynamic perturbations. Under dynamic perturbations, snap-
through between the two stable configurations is very likely to be induced. The local
dynamics through theoretical modeling of bistable composite laminated plate and shell
structures have been investigated by Arrieta et al. [24,25]. Arrieta et al. [26] introduced
a resonant control strategy for cantilevered wing-shaped piezoelectric bistable plates under
aerodynamic loads. Bilgen et al. [27] tested bistable wing-shaped composite laminated
plate and shell structures and studied the aerodynamic characteristics. A small amount
of literature have dealt with dynamic snap-through through theoretical modeling [28-30].
Zhang et al. [31] researched dynamic snap-through based on the nonlinear plate and shell
theory. Jiang et al. [32] researched the vibration energy harvesting for an unsymmetric
cross-ply square composite laminated plate with a piezoelectric patch on the surface.

The bistable composite laminated plate and shell structures can be regarded as mor-
phing structures due to having more than one natural equilibrium position that can be
settled without demanding an external power [33]. The bistable composite laminated plate
and shell structures prove to be a good candidate for broadband-frequency energy har-
vesters owing to the dynamic snap-through that exhibits large strains and in turn generates
more power compared with the oscillation around a single well [34]. The snap-through
of bistable composite laminated plate and shell structures using smart materials such as
piezoelectric transducer (PZT) and microfiber composite (MFC) was studied [35]. A nonlin-
ear anti-vibration mount was designed based on the high static and low dynamic stiffness
(HSLDS) concept [36].

As mentioned above, the studies on dynamic snap-through of bistable composites
have been basically focused on experiments. Theoretical studies on the global dynamics
including dynamic snap-through have not been carried out in depth yet. So far, theoretical
studies on the local dynamics including 1:2 internal resonance, saturation and permeation
have not been involved.
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In this paper, the global and local dynamics of a bistable asymmetric composite
laminated shell subjected to the base excitation are investigated. The shell is supported
at the center and are free at the four edges. When subjected to large dynamic excitation,
the center is assumed to be fixed supported [37]. When subjected to small dynamic
excitation, the center is assumed to be elastically supported [38]. The three equilibrium
configurations corresponding to two stable configurations and one unstable configuration
are determined. The global dynamics including the vibration around the two stable
equilibrium configurations respectively and the snap-through between the two stable
equilibrium configurations, as well as the local dynamics including 1:2 internal resonance,
saturation and permeation are investigated.

The novelty of this work is that the global and local dynamics fully exhibit dynamic
snap-through and large-amplitude vibrations with two potential wells of the bistable
asymmetric composite laminated shell, which prove to be a good candidate for energy
harvesters. Due to the dynamic snap-through and large-amplitude vibrations, bistable
energy harvesters will exhibit large strains and in turn generate more power compared
with conventional energy harvesters.

2. Equation of Motion for Global Dynamics

In this paper, a bistable composite laminated shell with asymmetric stacking sequence
[ON—90N]T subjected to the base excitation is considered, as shown in Figure 1. If the
number of layers is too large, the bistable characteristic will disappear. The bistable shell
with (0/0/0/90/90/90) is a suitable choice, while (0/90) is too thin to bear large loads.
In the experimental environment, the exciter acts the base excitation on the center of the
shell through a support bar.

The shell is assumed to be supported at the center and kept free at four edges, as
shown in Figure la. The rectangular coordinate system oxyz is built in the center of the
shell. The edge lengths in the x and y directions are 2L, and 2Ly, respectively.

Figure 1. Cont.
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Figure 1. The bistable asymmetric composite laminated shell model. (a) The bistable asymmetric
composite laminated shell. (b) The thickness of the bistable asymmetric composite laminated shell.

The base excitation Y is applied to the supporting bar, through which the vibration
exciter and shell are connected. The total thickness of the shell is 2H, the thickness of the
single layer is 11, n = 2N is the quantity of layers and asymmetric stacking sequence is
[ON—90n]T, as shown in Figure 1b. The bistability is led by asymmetric residual thermal
stress that can be expressed by the thermal expansion coefficient « and temperature
difference AT between the manufacturing temperature and room temperature.

In global dynamics, when the dynamic excitation has large enough amplitudes,
the snap-through with large amplitudes will occurs. The extra stiffness caused by the
exciter can be ignored.

Global or local dynamics depend on whether the dynamic excitation induces the
bistable shell to vibrate between two stable configurations or around a stable configuration.
Both global and local dynamics have complex nonlinear vibrations, which are very likely
to destroy the bistable shell.

When subjected to the base excitation with large amplitudes, the bistable shell vibrates
between the two stable configurations, which is dominated by vibrations around the two
stable equilibrium configurations respectively and dynamic snap-through between the two
stable equilibrium configurations. In this section, all nonlinear vibrations and dynamic
snap-through with two potential wells are defined as global dynamics.

In order to establish the bistable shell model, the following assumptions are introduced

(1) The bistable plate model takes the zero plane before curing as the datum plane, while
the bistable shell model takes the static surface that represents a stable equilibrium
configuration after curing as the datum plane.

(2) The bistable plate and shell models are converted to each other by the static displace-
ment generated after curing.

(3) The middle plane is assumed to be a neutral surface.

For global dynamics, the displacement field is expressed as:

u(x,y,z,t) = us(x,y) +uo(x,y,t) — Za(ws(x,y) _a'—xwo(x’y't)), 1)

d(ws(x,y) +wo(x,y,t))
dy
w(x,y,t) = ws(x,y) +wo(x,y,t) + Y, 3)

v(x,y,z,t) =vs(x,y) +vo(x,y,t) —z , )

where u;, vs and w; are the initial displacements and 1, vy and wy are the displacements of
any point in the neutral plane along the x, y and z directions.
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What needs to be emphasized here is that according to the precise description for the
neutral surface in Reference [39], the neutral surface of the bistable asymmetric composite
laminated shell is a surface with little warping, which can be thought of as a saddle.
However, the precise neutral surface cannot be accurately determined but can only be
assumed to be a plane according to Reference [37] at present.

Considering von Karman’s large deformation, we obtain the following strain—
displacement relations:

€y Ex ki
&y = E;O) +2z ky ’ (4)
'ny r)/:({(;) kxy
9(up+us +ws 2
r ()
85%) - vgvs) | wo+ws))2 , (5)
’)/J(fy) B(u%Jyrug) + (UoJrv,;) 8(wo+ws) E)(zuo+ws)
(1) _ P (wotws)
Exx 2( ij_ )
wo+ws
’)’xy) _28 (ZaU,?;_yWS)

The stress—strain relationship of each of the first four layers taking the thermal effect
which leads to the residual stress into account is given as follows

Ox Qun Quz Qi €x Oxx
oy =] Q2 Qn Qx gy ¢ — & oyy AT . 7)
Oxy Qs Q26 Qs Exy Kxy

Similarly, the stress—strain relationship of each of the back four layers given as follows

Ox Qr Qun —Q% €x oty
o, p=| Qr Qn Qi ey o — 4 ox AT, (8)
Oxy Q2 —Q16  Qes Exy Kxy

where oy, oy and oy are thermal expansion coefficients and AT is temperature difference
between manufacturing temperature and room temperature.

The relationship between the stiffness coefficients Q;; and Ej1, Ez, G12, G13 and Gas
can be expressed as

En Ex

E»»v
= 2 Qpn=-—22 0 =0x=0 Qs =GCGn )
1 —v1p09

1 — 012001

Qu =

71
1 — 01009

The stress resultants are represented as follows

] © L -

An A Ass el Bi1 Bix Bie ki AN

Ap Ay Az e |+ | B Bn Bux ky | — Nyjy , (10)
| A1e Az Acs %(Cg) B B Bes | | kxy | Nyy
r (0) 1 MT

Bi1 Bz B ExO D11 D12 Dsg kx X

Bia Bx By sé) + | Dio D2 D ky M%y , (11)
| Bis B Bes 79 Die D2 Des | | kxy My,
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where A;; are defined as extensional stiffnesses, D;; are defined as the bending stiffnesses
and B;; are defined as the bending-extensional coupling stiffnesses, which are defined in
terms of the lamina stiffnesses Q;; as
H 0
(43 Bij Dij) = Jo Qij(1,2,2%)dz + |2} Qij(1,2,2%)dz

8 12
= Z S Qii(Lz,2%)dz+ ¥ [ Qij(1,2,2%)dz. "
k=5

The equivalent thermal force and moment resultants related to thermal stress are

expressed by
N%:x H| Qu Qi Qi Oy Qn Qn —0Qx% oty
Njy o= ["] Qu Qu Qu || my |ATaz+ / Qu Qu —Qu || o |ATdz,  (13)
Nyy ' Qe Q26 Qes 20ty Q2 Q26 Qes 20y
M%:x Hl Qu Qi Qi Oxx Qn Qi —0Qx oy
M%y =/, Qu Q»n Q% oyy | ATzdz + / Qi Qu —Qis oyx | ATzdz. (14)
M,y Qs Q26 Qes 20txy Qs Q2  Qes 20ty

In the light of the Hamilton’s principle, the equations of motion for global dynamics
are derived by using Equations (1)—(9) as follows

Ny Ny . di
— Liig — 1 522, 15
pp 3y ot — c1l3 (15)
JdN, ON. . ow
vy Xy
T T e — e 28, 16
3y + 55 000 — ¢113 3y (16)
a(Nxv awo +Nwaw ) a<Nyy a;; +ny Bwo)
ox + ay
Mixx a My, a M y _ o v a 82 0
+ ax +2 aryj + W — cwy = Igwg + IpY — < a;:éo + Vué(l) (17)

+Il (aug + avo)

Substituting Equations (4)-(14) into Equations (15)-(17), Equations (15)-(17) are con-
verted as follows

A 9 (v9+0s) + (wo+ws) 9% (wo+ws) _ B, Plwotws) _ g P (wotws)

0xdy y 9xdy 9x3 127 9x0y2
+ Ay (L) 4 lenn) o o) v,
+a(w%1-ws) az(zau;ga-;ws) T A aZ(g;?;_yuS) + B(w%—;—ws) 82(3},?;;,%)
g (Pl g Pleggi)) o Pl gy
A (a (u;);—yub) + (wo+wb) 92 (za{)%;;ws) _B 633(“;;.;_105) . 2B6663(§‘;%;2w5) (18)
g (T *’%&3;“ + el T At T )
+Ag (32(3";”5) + ) Pled )

NI ou oW,
_( 2 3y ) =lo%p" _Ilatz(axo>’
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Ace aZ(au;?;_yuS) + az(z;(;-;vs) + B(w%—;ws) az(ug;-ws) + B(w%—;ws) az(zslga;ws)
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(s _ 9B, Plwotws) (N ONy,
a3 267 Hxoy2 Tox E)y

—By

2(ug+us) | d(wo+ws) 9 (wo+ws)
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2 (vg+vs) d(wo+ws) 82 (wo+ws) a 2 I dwy
o T at2 ’
+
)

axay 9y dxdy 0% oy

B i (Lg)-gus) + ? (wo;‘ws) az(wo-;-ws) (wo+ws) (wo-sl-ws)
X zax 28x 383(
+B12(8 gcg-gyvb) + 9 (g};)a-;ws) ) (zauj(c)a-zws (wo+w5) d (;j{g-gwq)
+Bg (b;gg-;s) + 33(3(;;05) + 3(10%;%) C (ué(;;—wb) +232(wo+ws) C (gvgagwc)
+a(w0+w5 (wo+ws) ) * (wy+ws) D 284(w0+w5) _oD 9*(wo+ws)
92

ox ax20y Py 9, o3y
+2Bie(“5 + “sz;ws” .
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+2Bes (Sl o g Syl 1 Sl P

93 (vg+05) 92 (wg+ws) 0% (wy+ws) 9 (wy+ws) 9% (wy+ws)
T2y T 9xdy 0xdy + 7o 9x2 (20)
3 (ugtus) | P(wotws) 3 (wotws) | wo+ws) 93 (wy+ws)
B ez T axay xoy T ox oxoy?
0* (wy+ws) (qurus) 93 (vg+vs) 9(wg+ws) 0% (wy+ws)
*ZDZ% 9:9,7 + B2 ez T oy oy
9% (wotws) 9% (wo+ws) 3(w0+ws) 9 (wo +-ws) 9% (wo+ws)
+2 9x9y o2 T ox a3 — 4De6 9x29y2
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J 0
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As the boundary condition and static cylindrical shape, the static transverse displace-
ments of the shell are symmetrical along the axes x and y respectively and the static in-plane
and twist displacements are antisymmetrical along the axes x and y respectively. Therefore,
according to Reference [19], the static displacements u;, vs and w; can be set as

us(x, EZunm nX Yyt (21)

m=0n=

1=z
NgE

vs(x,y) = Unm—nX"y" ", (22)
m=0n=0
N m

ws(x,y) = Y. Y wpm-nx"y" ", (23)
m=0n=0

where Uy, m—n, Unm—n and wy, ,—y, are coefficients related to curvatures.
For global dynamics without the extra stiffness caused by the exciter, dynamic dis-
placements for the central fixed support according to Equations (21)—(23) are given

Un,m— n t)xnyn—m, (24)

1=

N
olx,yt) =Y,

m=0n=0
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vo(x, Y, t) —ZZvnmn )Xy, (25)
m=0n=

(x ]// = Z anm n x" n ", (26)
m=0n=

The in-plane vibrations and torsional vibrations are negligible relative to the transverse
vibrations. Dropping in-plane and torsional vibration terms and combining Equations
(24)—(26) with Equations (18)—(20), the displacement components ug and vy are transformed
into functions of wy. Substituting Equations (24)—(26) into Equation(20) and integrating
the obtained equations in the in-plane domain (x € [-Ly, Ly] and [-Ly, Ly]), a two-degrees-
of-freedom nonlinear ordinary differential equation concerning the global dynamics can

be obtained
w1 + crwy + kywy + kryw, + Ny (AT)ZU] + Nz(AT)ZUz + oqwl + (szz + xzwiwy 27)
-|—oc4w1 + oc5w2 + cxéwlwz + oc7w1w2 + N5(AT) = ogY,
Wy + 1wy + kawy + kgwy + N3(AT)wy + Na(AT)wy + Brw? + Brw + Bswiw,; 28)

+B4w:{’ + B5w% + B(,ZU%ZUQ + Bywlw% + N6(AT) = BSY

The coefficients in Equations (27) and (28) can be determined by material properties
shown in Table 1 and step-by-step numerical calculations from Equations (1)-(28).

Table 1. Material properties of the bistable asymmetric composite laminated shell.

Properties Data
E11[GPa] 146.95
E»»[GPa] 10.702
Glz[GPa] 6.977
G13[GPa] 6.977
G23[GPa] 6.977
V12 0.3
o [°C] ! 5.028 x 1077
op[°C] ! 2.65 x 107°
h[mm] 0.122
Ly[mm] 300
Ly[mm] 300

It should be pointed out that thermal expansion coefficients o1 and «;, length Ly,
width L, and thickness h are the main factors of the static bifurcation, which is the super-
critical pitchfork bifurcation. In order to obtain two stable equilibrium configurations with
ideal initial curvatures, appropriate parameters xq, a2, Ly, Ly and h should be selected. The
material properties collected in Table 1 are selected based on the above principles.

Dimensionless variables are introduced

T & F .
iy = uy, Uy = Lyup, Uz = Lyus, 01 = vy, 2 = Lyvy, U3 = Lyv3,

— — - = "0 (29)
Wy = Lywy, Wy = Lywy, t = kit, Q = T
By using Equation (29), dimensionless equations can be derived
w1 + clwl + klZU1 + kzZUz + N1(AT)ZU1 + NQ(AT)ZUZ + @ cxlwl + O(zwz (30)

+ 031 W + XT3 + X503 + X1 W) + W1 W3 + N3(AT) = f cos(Qf),

Wy + Ty + k3w1 + k4wz + N4(AT)w1 + N5(AT)wz + Blwl + B3Ww1 W (31)
+B3W1 W, + P45 + BsW3 + Pewa s + Byw W3 + Ne(AT) = fcos(Qf).
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3. Three Equilibrium Configurations

Due to the residual thermal stress, the bistable composite laminated shell has three
equilibrium configurations, which are two stable equilibrium configurations and one unsta-
ble equilibrium configuration. In order to determine the three equilibrium configurations,
the time derivatives and dynamic load in Equations (27) and (28) are dropped. Making u
=g = wp = 0, the static equations can be derived as follows:

921
a2

A2 a 4 + (A + Agg) 3 axay + Are 2l Y E)xay + Az ayvs + Ass

Pw Bw dws 9*w,
3Blﬁaxzaj B2~ 9 G5 — (2Bes + BlZ)a oy T Bnﬁ + A2 5, 5,7 32)
dws 9w, dws 9w, dws 92ws dws 92ws
+(Aes + A12) G Gyax + Aes Ty G T AN TGy Tr T At Gy Bz
dws 0%ws  ONL  ONJ,
T2A16%5 Gyox — v~ oy = O

AgeZ s + (Ap + A66)axay + A6 o P 1 2A 20 axay + A2 avs + A26a ;s

9y
P, w; P
—3Bpe 4% ayzax — Bi6 %% — (2Bes + B1z)ax§ay B2 E)y +An G

dw, 9 dw, 9 dw, 92 d aay2 o (33)
Wws 0%W Wws 02w ws 0%W ws 0°Ws
+(Aee + A12) 5 Gyax + A2 Gy 5,7 T At 5r Gz T Aes Gy 5z
dw. aZw aNT aN;;/ o
T2A% 55 qy0x — oy~ o = O

3us 92w, 0%w. dws Pws %0 92w, 9%w. dws Pws
BH( 9x3 + 9x2 axzs + o 9x3 ) + Br (axZasy + BXB; axaf/ + ays axzay)
+B16( 3 us + 33vs + dws 3w + 23 ws 9%ws + dws Pws ) _ Dll *ws

0x2y ' 9x3 dy o9x3 x? 8x9y dx 9x2dy ox*
o*w o*w °u ?ws *w dws Pw
—Dn 8x28;2 — D16 axSaSy +2Bie (axzaS + 5 vy T ox axzasy)
%0, 2w, 92w, dws Pws 31 92w, 9%ws dws Pws
+2B26 9xdy? + dy?2 dxdy + 9y 9xady? + Bi axay2 + dxdy dxdy + o 9x9y? (34)

9”1 Pws 9w, dws a3ws v, ?ws 9w, dws Pws
+2Bes dxdy? + day? 9x2 + dy E)xzay szay + dxdy dxdy T o dxdy?

*w. Pv ?ws *w dws Pw, *w. o*w
_4D66W + B22( ays + ayzs a2 =+ ayq 2y’ s D12 axzay D22 T

%y
4w, 92 Mxx ) MT aZMT 94Ws
—Da 555 + N(ws) — ( + 255 + 92 _2D168f3zgy =0

dxdy>

Substituting Equations (21)—(23) into Equations (32)—(34) and taking two degrees of
freedom, a set of static nonlinear equations are derived:

k1w + kowy + Ny (AT)w1 + N2(AT)w2 + oqw% + 062’6()% + xzwiwy (35)
+ oW + asw3 + xewiw, + azwiwi + N5(AT) =0,
k3w + kawy + N3 (AT)wy + Ny(AT)w; + Brwt + Borw3 + Bawiw;

Changing the variable parameter AT, a series of static solutions for the equilibrium
configurations can be derived, which form static bifurcation diagrams shown in Figure 2.
In Figure 2, (a) donates the static bifurcation curve of w; which represents x-curvature,
(b) donates the static bifurcation curve of w, which represents y-curvature.

The asymmetric composite laminated plate starts almost flatly at the elevated manu-
facturing temperature, point A in Figure 2. As the elevated manufacturing temperature
increases, small curvatures develop. The curvatures are equal in magnitude but opposite
in symbol, which indicates that the composite laminated plate warps, forming a shallow
saddle shell. At point B, the curve of curvature-temperature relationship bifurcates into
three paths BC, BD and BE, which represent curvatures in three cases. Along the path BC,
the y-curvature increases while the x-curvature decreases. That is to say, the y-curvature
dominates along the path BC, leading to one stable cylindrical equilibrium configuration.
Along the path BE, the x-curvature increases while the y-curvature decreases. That is to
say, the x-curvature dominates along the path BE, leading to another one stable cylindrical
equilibrium configuration. Along the path BD, the x and y-curvatures increase slightly and
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remain equal in magnitude but opposite in symbol. Point D corresponds to the unstable
saddle equilibrium configuration. It is concluded from Figure 2 that the number of equilib-
rium solutions varies from 1 to 3 with the change of parameter AT. The static bifurcation
called supercritical pitchfork bifurcation occurs in the formation process of the bi-stability.

0.4
(m' ) z the second stable state
02} _
— !

02FD |
the unstable state
04} V

the first'stable state

B A

z

.-; .’J
1.6 ) ) L X ) ) ) ) )
-100 -90 -80 -70 -60 -50 -40 -30 -20 -10 O
AT (°C)

(a)

(m_,)l.() -
PR

1.2

1.0
0.8 F
w, 0.6
04+
0.2pD
0.0

E
02r e
the first stable state
4 L I 2 X il L L 1 L I
-100 -90 -80 -70 -60 -50 -40 -30 -20 -10 0
AT (°C)
(b)

the second stable state

Figure 2. The static bifurcation diagrams for under actual conditions via the temperature difference
AT, (a) donates the static bifurcation curve of w; which represents x-curvature, (b) donates the static
bifurcation curve of wp which represents y-curvature.

4. Equation of Motion for Local Dynamics

When subjected to the base excitation with small amplitudes, the bistable shell vibrates
around just one stable configuration, which are defined as local dynamics. All vibrations
confined to a single stable configuration behave as 1:2 internal resonance, saturation and
penetration.

For local dynamics around one of the two stable equilibrium configurations, the above
relationships will have to be redefined.

The nonlinear strain-displacement relations are rewritten as follows:

Exx Ez(c?c) Ea(c%c)
ey =19 e pHzd el (37)
Exy 'Ya(c(;) ')’J(cy)
0 WA(R) R (e o
Eé(%i - avo 41 (@) _|_70 , 5%,)) = o (38)
Txy auo + avo + agio Bguyo Txy —2 Bxay

where Ry and R; are radii of curvatures of one of the two stable equilibrium configurations

9?2 ws 8 wS

e determined above.

corresponding to the initial curvatures and
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Using Equations (7), (8), (37) and (38), the strain energy can be rewritten as follows:

1 (L Ly [A] [B] 7] @
=z 0) ¢
u 2/—Lx /—Ly{ ¢ ¢ } [ [B] [D] } e@ dxdy. 39
The kinetic energy can be rewritten as follows:
K=1Y / / : (i + 9 + " ) dxdydz. (40)
2=

By using Chebyshev polynomials, 1, vy and wy are expanded as follows:

uo(x,y,t) = R (x, y)U (x,y)r(t), (41)
vo(x,y,t) = R%(x,y)V(x,y)r(t), (42)
wo(x,y,t) = R¥(x,y)W(x,y)r(t), (43)

where R*(x,y), R°(x,y) and R¥(x,y) are boundary functions, U(x,y), V(x,y) and W(x,y) are
spatial functions and r(t) is a temporal function.
The boundary functions can be expressed as follows:

2x\* 2x\1 2y’ 2y\°
et (2 (Y (2 (),
wn=(1+ ) (1-2) (1+8) (1- 2 (a4

where o = u, v, w. p, q, r, s depends on the constraint boundaries of the bistable shell and
are equal to either 0 or 1. Different values of the boundary functions are shown in Table 2.

Table 2. Different values of the boundary functions.

R"(x) R%(x) R¥(x) R*"(y) R%(y) R*(y)
FFFF 1 1 1 1 1 1
FSFF 1 1—x 1—x 1—-y 1 1-y
SFFF 1 1+x 1+x 1+y 1 1+y
SSFF 1 1—x2 1—x? 1-y? 1 1—y?
FCFF 1—-x 1—x 1—-x 1—-y 1—-y 1-y
CFFF 1+x 1+x 1+x 1+y 1+y 1+y
SCFF 1—x 1—2 1—x2 1—y? 1—y 1—y?
CSFF 1+x 1—x? 1—x? 1—y? 1+y 11—y
CCFF 1—x? 1— 2 1—x? 11—y 11— 1—y?

As the four edges of the shell are free, R*(x,y) = 0. The shape functions are expressed as:

M N
m=0n=0
M N
VEn) =Y. Y VuuTu(2E —1)T,(2n—1), (46)
m=0n=0
M N
WEn) = Y Y WinTu(25 = 1)Tu(2n - 1), (47)
m=0n=0
where T), and T, are the m-th and n-th order Chebyshev polynomial of the first kind,

respectively.

As the vibration exciter itself is composed of a series of spring components, when the
shell is subjected to the base excitation with small amplitudes by the vibration exciter, the
local dynamics confined to one stable configuration occur and the vibration behavior of the
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system is similar to that of a spring-mass system. That is to say, the local dynamics around
one stable configuration need to take additional spring stiffness due to the vibration exciter
into account [38,40]. Therefore, the additional stiffness is applied to the supporting bar,
through which the shell and vibration exciter are connected. In this case, it is assumed that
the center of the shell is elastically supported and the four edges are free.

The additional elastic potential energy due to the vibration exciter is given by:

u, = %kbw%(o,o), (48)

where kj, is the additional stiffness caused by the supporting bar.
The total strain energy is thus:

Uotal = U + U (49)
The Rayleigh-Ritz method is used, and the following equation is applied:

a(K - utotal)

3p =0, (50)

where:
p={Un, ..., Uun, Vi1, .., Vun, W11, ..., Wun } (51)

Substituting Equations (37)—(49) into Equation (50), Equation (50) is expressed in the
form of matrix:
(K - sz)p =0, (52)

where K and M represent stiffness matrix and mass matrix respectively, p is n-dimensional
displacement vector and n = 3MN.

The eigenvalues of matrix (52) are solved to derive the natural frequencies and the
eigenvalues are brought back to matrix (52) to obtain the corresponding eigenvectors, so as
to calculate the shape functions:

M

N .
uden) =Y Y ul, T(2e —1)Tu(2n - 1), (53)

m=0n=0

M

. N .
vilEm) = Y Y Vi Tu(28 —1)Tu(2n — 1), (54)
m=0n=0

, M N (0
WO@En) = Y Y WahTw(28 — 1)T(2n — 1), (55)
m=0n=0

Then the corresponding modal functions can be determined:

o(&m,t) Zu] Y, i=1,...,M, j=],...,M, (56)
o(E,m, 1) Zv] HviEm),i=1,...,M,j=1],...,M, (57)
wo (&M, t) Zw] M), i=1,... M,j=1],..., M. (58)

According to Hamilton’s principle, the equations for the local dynamics can be
obtained:

ONyx N ONy, : 9%uy 02 (awo ) (59)

ox ay Yo lor
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=] —Lh—(—= 60
x oy ap 1at2(ay> (60)
2 2 M, 2M N 2

T 25 + ;,W — = R+ N(wo) = Io 2wt Y 1)
2
12 s ( ax2 + J wo> +1 aatZ (aug + avg)
where: 8 a 5} a a J
owop owo
. 2

In order to analyze local dynamics with the extra stiffness caused by the exciter around

aa %s and Ca ng of the
second stable equilibrium configuration according to the previous section are transformed
into the radii of curvatures R; and R; of the cylindrical shell. The Rayleigh-Ritz method is
used to determine the modal shapes for the boundary conditions of central elastic support,
as shown in Figure 3.

In order to analyze local dynamics with the extra stiffness caused by the exciter around

one of the two stable equilibrium configurations, the initial curvatures

one of the two stable equilibrium configurations, the initial curvatures aa & and aazyués of the
second stable equilibrium configuration according to the previous section are transformed
into the radii of curvatures Ry and R; of the cylindrical shell. The Rayleigh—Ritz method is
used to determine the modal shapes for the boundary conditions of central elastic support,
as shown in Figure 3.

Substituting Equations (56)—-(58) into Equations (59)-(61), selecting the first two modal
functions and using the Galerkin approach, two degree of freedom ordinary differential
equations are determined as:

ibl + Cwl + w%wl + O(HZU% + oqzw% + X3W1 Wy = ’)/11”/, (63)

@y + oy + Wiwy + P11t + Braw3 + Brswiwr = Y. (64)

(@) (b)

-0.15

X—0 .05 (m)

Figure 3. The first four mode shapes of the bistable asymmetric composite laminated shell, (a) the
translational mode, (b) the rotational mode, (c) the flexible torsional mode, (d) the flexible bend-
ing mode.
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Dimensionless variables are introduced:

m:%,wz:%,?:%,?=%,fzwlt,ﬁzwl (65)

By using Equation (65), dimensionless equations can be derived:
Wy + 01T + WLy + YT + T + RsW1W, = 7, f cos (OF), (66)
Wy + Coty + W3y + P05 + P03 + P31Wa = 7o f COS (). (67)

5. Numerical Simulation
5.1. Global Dynamics

To study the global dynamics, the fifth-order Runge-Kutta algorithm is adopted to
solve Equations (30) and (31), which demonstrates the bifurcation diagram, the phase
portrait, the time-history graph and the Poincaré map. For convenience in this study,
the overbars in Equations (30) and (31) are dropped in the following analysis.

(a) donates the time-history on the plane (t,wj), (b) donates the phase portrait on
the plane (w;, 1), (c) donates the time-history on the plane (f,w,), (d) donates the phase
portrait on the plane (wy,w,), (e) donates three-dimensional phase portrait in space
(w1, w1, w;) and (f) donates Poincaré map on the plane (wy,w), which are shown in
Figures 4-10 respectively. The vibration form is judged by distribution of points in Poincaré
map. When the Poincaré map shows only one point, periodic vibration is determined.
When the Poincaré map shows a closed curve, quasi-periodic vibration is determined.
When the Poincaré map shows a large cluster of points, chaotic vibration is determined.

wj represents the vibration for curvature in the x direction while w, represents the
vibration for curvature in the y direction. Through the comparative study of w; and wy,
the vibrations of the bistable shell can be determined. When f = 0.2, w; and w, remain
almost zero around the equilibrium position (0, 0), that is to say, the bistable shell vibrates
slightly around the first stable equilibrium configuration, which is the periodic vibration
according to Poincaré map shown in Figure 4. When f = 0.35, w; increases rapidly while w,
remain almost zero around the equilibrium position (0, 0),that is to say, the bistable shell
vibrates violently around the first stable equilibrium configuration, which is the chaotic
vibration according to Poincaré map shown in Figure 5. When f = 0.425, in a phase after the
start, w; increases rapidly while w, remain almost zero around the equilibrium position
(0, 0), at a certain moment, w; increases from 0 to 0.2 and remains almost constant while
wy increases from 0 to 0.2 and vibrates violently around the equilibrium position (0.2, 0.2),
that is to say, dynamic snap-through occurs, which is the chaotic vibration according to
the Poincaré map shown in Figure 6. When f = 0.43, w; and w, vibrate violently around
the equilibrium position (0.2, 0.2), that is to say, the bistable shell vibrates violently around
the second stable equilibrium configuration, which is the chaotic vibration according to
the Poincaré map shown in Figure 7. When f = 0.5, w; and w, change repeatedly between
0 and 0.2 simultaneously, namely, the constant dynamic snap-through occurs between
the two stable equilibrium configurations, which is the chaotic vibration according to the
Poincaré map shown in Figure 8. When f = 0.8, w; vibrates slightly while w, remain almost
zero around the equilibrium position (0, 0), that is to say, the bistable shell vibrates slightly
around the first stable equilibrium configuration, which is the quasi-periodic vibration
according to the Poincaré map shown in Figure 9. When f = 0.9, w; and w, remain almost
0.2 around the equilibrium position (0.2, 0.2), that is to say, the bistable shell vibrates
slightly around the second stable equilibrium configuration, which is the periodic vibration
according to the Poincaré map shown in Figure 10.
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Figure 4. The periodic motion around the first stable equilibrium configuration when f = 0.2, (a) donates the time-history
on the plane (f,w; ), (b) donates the phase portrait on the plane (w1, 1), (¢) donates the time-history on the plane (f,w;),
(d) donates the phase portrait on the plane (w5, @), (e) donates three-dimensional phase portrait in space (wy, Wy, w5),

(f) donates Poincaré map on the plane (wy,w;).
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Figure 5. The chaotic motion around the first stable equilibrium configuration when f = 0.35, (a) donates the time-history
on the plane (t,wy), (b) donates the phase portrait on the plane (wq,w ), (c) donates the time-history on the plane (¢, w,),
(d) donates the phase portrait on the plane (wz, wz), (e) donates three-dimensional phase portrait in space (wl, w1y, wz),
(f) donates Poincaré map on the plane (w1, Zbl).
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Figure 6. The snap-through and chaotic motion between the two stable equilibrium configurations when f = 0.425,

(a) donates the time-history on the plane (t,w;), (b) donates the phase portrait on the plane (wl, z'ul), (c) donates the

time-history on the plane (t,w,), (d) donates the phase portrait on the plane (w5, @;), (e) donates three-dimensional phase

portrait in space (wy, w1, w;), (f) donates Poincaré map on the plane (w;, w1 ).
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Figure 7. The chaotic motion around the second stable equilibrium configuration when f = 0.43, (a) donates the time-history
on the plane (t,wy), (b) donates the phase portrait on the plane (wq, W ), (c) donates the time-history on the plane (t,w,),
(d) donates the phase portrait on the plane (wz, wz), (e) donates three-dimensional phase portrait in space (wl, w1, wz),
(f) donates Poincaré map on the plane (w1, wl).
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Figure 8. The constant snap-through and chaotic motion between the two stable equilibrium configurations when f = 0.5,
(a) donates the time-history on the plane (t,w1), (b) donates the phase portrait on the plane (wl, z'ul), (c) donates the
time-history on the plane (t,w,), (d) donates the phase portrait on the plane (w5, @;), (e) donates three-dimensional phase
portrait in space (wy, w1, w;), (f) donates Poincaré map on the plane (w-, w1 ).
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Figure 9. The quasi-periodic motion around the first stable equilibrium configuration when f = 0.8, (a) donates the time-
history on the plane (t,wy), (b) donates the phase portrait on the plane (wy,w), (c) donates the time-history on the
plane (t,w,), (d) donates the phase portrait on the plane (w, w;), () donates three-dimensional phase portrait in space
(w1, w1, wy), (f) donates Poincaré map on the plane (wy, ).
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Figure 10. The periodic motion around the second stable equilibrium configuration when f = 0.9, (a) donates the time-history
on the plane (t,w; ), (b) donates the phase portrait on the plane (w1, 1), (¢) donates the time-history on the plane (f,w;),
(d) donates the phase portrait on the plane (wz, wz), (e) donates three-dimensional phase portrait in space (wl, w1, wz), f)
donates Poincaré map on the plane (w-, w1 ).

In order to understand the influence of excitation amplitude f on global dynamics
more comprehensively, make f locate in a range of 0~1.2 and bifurcation diagrams can be
obtained shown in Figure 11.
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Figure 11. The bifurcation diagrams for w; and w, via the base excitation amplitude f. (a) The
bifurcation diagram for w; via the base excitation amplitude f. (b) The bifurcation diagram for w, via
the base excitation amplitude f.

In Figure 11, when f is located in the interval 0~0.25, w; and w, vibrate slightly around
the equilibrium position (0, 0), when f is located in the interval 0.25~0.43, w; and w; vibrate
violently around the equilibrium position (0, 0), when f is located in the interval 0.43~0.72,
wy and w, vibrate violently between the equilibrium positions (0, 0)and (0.2, 0.2) and when
f is located in the interval 0.72~1.2, wy and w, vibrate slightly around the equilibrium
position (0, 0) or (0.2, 0.2).

Combined with the vibration and Poincaré map shown in Figures 4-10 respectively,
we can find from Figure 11 that the vibration of the bistable shell changes from the periodic
vibration around the first stable equilibrium configuration — the quasi-periodic vibration
around the first stable equilibrium configuration — the chaotic vibration around the first
stable equilibrium configuration — the snap-through and chaotic vibration between the
two stable equilibrium configurations— the constant snap-through and chaotic vibration
between the two stable equilibrium configurations — the quasi-periodic vibration around
the second stable equilibrium configuration — the periodic vibration around the second
stable equilibrium configuration when the excitation amplitude f changes from 0 to 1.2.
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From another point of view, it is seen from Figure 11 that the vibration of the bistable
asymmetric composite laminated shell changes from the vibration with small amplitude
around the first stable equilibrium configuration — the oscillation with large amplitude
around the first stable equilibrium configuration — the oscillation with large amplitude
between the two stable equilibrium configurations — the oscillation with large amplitude
around the second stable equilibrium configuration — the vibration with small amplitude
around the second stable equilibrium configuration.

Figures 8 and 11 exhibit the global dynamics. The global dynamics consist of the
vibrations around the two stable equilibrium configurations respectively, which can be
taken as the local dynamics and dynamic snap-through between the two stable equilibrium
configurations. In other words, Figures 8 and 11 exhibit dynamic snap-through and
nonlinear vibrations with two potential wells.

5.2. Local Dynamics

For convenience, the overbars are dropped in Equations (63) and (64). Considering the
case of primary parametric and 1:2 internal resonance, the resonant relations are given by:

wy = 2w — €0y, Q) = wy + €07, (68)

where 07 and o, are two detuning parameters.
Small parameter variable ¢ is introduced:

C1 —> €C1, C —> €Cp, X —> €1, Op — EXp , &3 — €x3, B — €B1, Bp — By,

69
Bz — B3, 11— €11, T2 > €72 69)

Using Equations (68) and (69) and the method of multiple scales, Equations (63) and
(64) are averaged as follows:

Diay + c1a1 + ) ajaz sin g, =0, (70)
4(1)1
Diay + cpay — [5 1 111 sin ¢, — ’Yzfz sind; =0, (71)
w2 2wy
a1D1dy — o143 + fia% cos ¢y — Q cosdy =0, (72)
w7
a D1y + 0207 + (2:)41 a5 — ful)lza%) cos ¢y — Zu{; cosp; =0, (73)

where a1 and a, represent the amplitude of w; and w, respectively and ¢; and ¢, and ¢,
represent the phase angle of w; and w, respectively.
Let the derivatives at the left end of Equations (70)—(73) be zero as follows:

_ X4 — .

c1ag + malaz sind, =0, (74)
Colly — B—lal sin ¢, — ’72f2 sind; =0, (75)

w2 2wy
014y — @al cos ¢y + 72f2 cosP; =0, (76)

Wy 2wy

_ %g o Bu o T2f2

02dy + <2w1a2 - m 1) cos ¢y — —cos b1 =0, (77)

The solutions of Equations (74)—(77) are divided into two sets by whether a; is zero
or not.
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When a; = 0, the first set of solutions is:

Y2f2
N 7/ — (78)
szq/C% + O'%

When @; # 0, the second set of solutions satisfies the following relation:

1 =0,a =

w?p?|

— 2 — Py
i+ (%) }’14 — wiwpasaPy 2102 + 01 (02 — 01)]a3 a3

(79)
. 2
+wiod, (G +of)af = (Sufl)

Solving Equation (79) and considering Equation (78), a series of solutions can be
determined shown in Figures 12-17.
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Figure 13. When o7 = 0y = 0, the force-amplitude characteristic curve of the system.

Figure 12 shows the force-amplitude curve for o, = 0. In Figure 12, solid lines AK,
FE and dotted line KF represent the amplitude a; of the first mode and solid lines AB,
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GC and dotted line KF represent the amplitude @, of the second mode. When the base
excitation amplitude f, increases gradually from zero, a; changes along AK and a, changes
along AB. When f; = 5.8, a1 transfers from AK to DE by snap-through and @, transfers from
AB to BC. When the base excitation amplitude f, decreases gradually from 8, a; changes
along EF and a, changes along CG. When f, = 2, a1 transfers from EF to JA by snap-through
and 7, transfers from CG to HA by snap-through. When a, goes along CG, no matter how
f2 changes, a, remains constant, that is to say, the response of the second mode enters
saturation state. This is because the energy applied to the second mode is transferred to
the first mode, which means that permeation takes place. Saturation and permeation are
the peculiar phenomena of forced vibration of nonlinear multi-degree of freedom system
related to 1:2 internal resonance.

9-

Figure 14. Amplitude-frequency curve of the first mode when o, is changed.
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Figure 15. Amplitude-frequency curve of the second mode when o is changed.
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Figure 16. Amplitude-frequency curve of the first mode when o, is changed.
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Figure 17. Amplitude-frequency curve of the second mode when o7 is changed.

Figure 13 shows the force-amplitude curve for o; = 0, = 0. Similar to Figure 12,
with the change of base excitation amplitude f;, saturation and permeation occur.

Figure 14 is the frequency-amplitude curve of the first mode with respect to 0. It can
be seen from Figure 14 that when o7 changes from negative to positive, the system shows
the softening and hardening nonlinearity successively.

Figure 15 is the frequency-amplitude curve of the second mode with respect to o7.
Different from Figure 14, with the change of o, the system shows only linear characteristics.

Figure 16 is the frequency-amplitude curve of the first mode with respect to o5.
It can be seen from Figure 16 that with the change of 05, the system shows the hardening
nonlinearity.

Figure 17 is the frequency-amplitude curve of the second mode with respect to o5.
It can be seen from Figure 17 that when o, changes from negative to zero, the system shows
the linear characteristics with negative slope, while when o, changes from zero to positive,
the system shows the linear characteristics with positive slope.

It can be found from Figures 12-17 that when only the base excitation amplitude is
changed, the system may have saturation and penetration, and when only the detuning
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parameter o7 or 05 is changed, the first mode of the system shows nonlinear characteristics
(softening and hardening nonlinearity) while the second mode shows linear characteristics.

6. Conclusions

In this paper, the global and local dynamics of a bistable asymmetric composite lami-
nated shell subjected to the base excitation are investigated. The shell is supported at the
center and are free at the four edges. When subjected to the base excitation with small
amplitude, the shell vibrates around just one stable configuration, which is dominated
by the local dynamics while when subjected to the base excitation with large amplitude,
the shell vibrates between the two stable configurations, which is dominated by the global
dynamics. The vibrations around the two stable equilibrium configurations and the dy-
namic snap-through between the two stable equilibrium configurations constitute the
global dynamics. The 1:2 internal resonance, saturation and penetration appear in the local
dynamics, which is confined to a single stable configuration. We can draw the following
main conclusions:

(1) Choosing difference temperature AT as the controlling parameter, the super-critical
pitchfork bifurcation can be obtained. When AT is set to a specific value, three
equilibrium configurations corresponding to two stable equilibrium configurations
and one unstable equilibrium configuration are determined.

(2) The global dynamics behave as the snap-through between the two stable equilibrium
configurations and the vibrations around the two stable equilibrium configurations
respectively.

(3) The dynamic snap-through of the bistable system often occurs in chaos. In other
words, the bistable system is often accompanied by the chaotic vibration in the process
of the dynamic snap-through.

(4) In the global dynamics, the vibrations behave as the periodic vibration, the quasi-
periodic vibration and the chaotic vibration.

(5) In the local dynamics, saturation and permeation occur in the process of the 1:2
internal resonance.

Due to the dynamic snap-through and large-amplitude vibrations, the bistable asym-
metric composite laminated shell prove to be a good candidate for energy harvesters.
Bistable energy harvesters will exhibit large strains and in turn generate more power
compared with conventional energy harvesters.

In the near future, we will pay attention to another application of the asymmetric lam-
inates via the concept of 4D printing of composites, which is advanced and significant [41].
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