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Abstract: Continuous variable quantum teleportation (CVQT) is one of the technologies currently
explored to implement global quantum networks. Entanglement source is an indispensable resource
to realize CVQT, and its distribution process has natural symmetry. Though there are many results
for CVQT over optical fiber or atmospheric channel, little attention is paid to seawater channel. In
this paper, a model based on seawater chlorophyll concentration is used to study the attenuation
effect of seawater on light. In our scheme, a noiseless linear amplifier is utilized for enhancing the
performance of CVQT under seawater channel. Simulation results show that the proposed scheme
has an improvement in terms of fidelity and maximum transmission distance compared with the
original scheme.

Keywords: continuous-variable; quantum teleportation; seawater channel; noiseless linear amplififier

1. Introduction

Quantum teleportation (QT) is an important way of quantum communication, which
can transport an unknown quantum state to a distant place without transmitting the
physical carrier itself by using the entanglement properties of quantum mechanics. In 1993,
Bennett et al. pioneered the discrete-variable quantum telepotation (DVQT) protocol [1–3],
which opened the door for the research of QT. After that, a large number of scholars have
carried out theoretical analysis and experimental investigation on DVQT, and made great
breakthroughs in optical fiber and free space [4–6]. Although optical qubits have been
used as an important carrier for long-distance quantum teleportation, accurate single-
photon source preparation is difficult to make, and single-photon detector is expensive.
Fortunately, shortly after the DVQT protocol was proposed, quantum teleportation was
extended to continuous variable systems. Different from DVQT, in continuous-variable
quantum teleportation (CVQT) [7–9], the preparation process of quantum signal is simple
and the detectors are commercially available. Quantum states such as coherent state and
squeezed state can be used for carriers of information. The balanced homodyne detection
that is usually used for classical optical communication can be employed in CVQT. In
addition, CVQT has better compatibility with classical optical communication system and
thus has many advantages in practical application.

In CVQT, the most famous protocol is proposed by Braunstein and Kimble in 1998,
which is called BK protocol [7]. The sender (Alice) uses the shared two mode squeezed
vacuum state as the carrier to transfer the unknown quantum state to the receiver (Bob), and
sends the measurement results to Bob through classical communication. Bob measures the
unknown quantum state according to the classical information. However, the ideal infinite
squeezed state can not be realized physically, and the interaction between the quantum
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system and the surrounding environment inevitably leads to the degradation of quantum
coherence and entanglement.

The lossy channel of CVQT system has been gradually extended from the initial
fiber channel [3,10,11] to the free-space atmosphere channel [12,13], which has been ver-
ified [14–18]. Since the attenuation of seawater is more serious than that of optical fiber
and atmospheric channel, the practicability of seawater as a communication medium is
reduced. However, with the gradual maturity of quantum communication technology,
the free-space quantum communication in seawater has attracted much attention for its
indispensable role in constructing the global quantum communication network [19,20].
In the recent experimental studies, Ji et al. [21] collected seawater from the Yellow Sea as
experimental seawater and realized the transmission of polarization-encoded quantum
states and quantum entanglement in a 3.3 m long glass pipe. Hu et al. [22] experimentally
demonstrated the transmission of blue-green photonic polarization states through 55 m
long water.

In this paper, the attenuation effect of seawater on light varying with seawater
depth is observed in the calculations, which is based on the chlorophyll-a concentration
model [23–25], and consider the background light noise in seawater [26,27]. In addition,
a noiseless linear amplifier (NLA) is employed for the receiver to improve the system
performance of the CVQT system. On the one hand, the addition of NLA can compensate
the attenuation of the seawater channel, but on the other the effect of NLA on excess
noise is minimal and the impact of the increased excess noise on system performance can
be ignored. The numerical simulations show that performance of CVQT system can be
improved by the embedded NLA in the receiver, which make the CVQT has a wider range
of applications.

The organization of this paper is as follows. In Section 2, we suggest the schematic
diagram of the NLA-based CVQT in detail, where the optical transmission characteristics
of seawater and the attenuation distribution of light signal are simulated. In Section 3, the
effect of the excess noise on the system is shown. In Section 4, the performance of the the
NLA-based CVQT system is analyzed in terms of the fidelity and maximal transmission
distance. Finally, the conclusion is drawn in Section 5.

2. The NLA-Based CVQT under Seawater

In this section, we propose the NLA-based CVQT system under seawater. Then,
the optical propagation characteristics of the seawater channel is demonstrated for the
CVQT system.

2.1. The NLA-Based CVQT Protocol

The entanglement-based (EB) scheme of the proposed NLA-CVQT protocol is shown
in Figure 1. The implementation of this scheme can be described as follows.

Step 1: Alice prepares the EPR state, which contains modes A0 and B0. The mode B0
is sent to Bob through a seawater channel, and the mode A0 is retained by Alice.

Step 2: After receiving the mode B0, Bob performs NLA amplification on the received
mode to transform it to mode B1, where the amplification gain is gN . Meanwhile, Alice
mixes an unknown input state ρin with the A0 mode through a 50:50 beam splitter, and
then performs continuous variable Bell measurement on the output mode to obtain the
measurement results (XM, PM) of the quadratures x and p.

Step 3: Because of the entanglement property of the EPR state, the measurement of
Alice can make the input state project to the B1 mode, and there is only a phase space shift
deviation between the two states. Therefore, Alice sends the measurement result to Bob
through the classical channel, then Bob performs a displacement operation on the B1 mode
according to the measurement result, and finally obtains a copy of the input state.

Step 4: So far, though the input state has not been sent directly, the transfer of quantum
state from Alice to Bob has been completed and the process of quantum teleportation
has been realized. It should be noted that this process is not a clone of the input state
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ρin, because Alice’s Bell measurement will destroy ρin itself. Therefore, this process does
not violate the no-cloning theorem. In addition, this process requires the participation of
classical communication, but not superluminal communication, so it does not violate the
principle of relativity.

Figure 1. (Color online) EB version of the NLA-CVQT, where the EPR state is prepared by Alice and
B0 is transmitted to Bob through the seawater lossy channel. At the receiver, Bob use noiseless linear
amplifiers for performance improvement. LO, local oscillator; BS, beam splitter; gN , gain of NLA.

As for the CVQT protocol, an important index to evaluate the performance of the
system is the fidelity [28], which characterizes the proximity between the input state and
the output state, given by [29]

F =

[
tr
√√

ρin ρout
√

ρin

]2
. (1)

When the input state is a pure state, the fidelity can be calculated by the superposition
integral of the characteristic functions of the input state and the output state, and thus the
above mentioned fidelity can be written as [30]

F =
1
π

∫
χin (ξ)χ

∗
out (ξ)d

2ξ, (2)

where χin(ξ) and χout (ξ) are the characteristic functions (Fourier transform of the Wigner
function) of the input state and the output state, respectively.

In our scheme, the coherent state is considered as the input state. Since the tele-
portation is invariant under the displacement transformation, that is to say, it has the
same covariance matrix before and after the transformation, and all states of different
coherent components are teleported with the same fidelity. Therefore, the vacuum state
with zero coherence amplitude can be chosen as the input state in the calculation of the
eigenfunction χin (ξ) = e−

1
2 |ξ|

2
. The eigenfunction of the output state can be calculated by
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the eigenfunction of the input state and the entanglement source eigenfunction, namely
χout (ξ) = χin (ξ)χEPR(ξ

∗, ξ). The eigenfunction of the EPR state can be calculated as

χEPR(α, β) = e−
V
2 (|α|

2+|β|2)+
√

V2−1
2 (αβ+α∗β∗), (3)

where V =
(
1 + λ2)/(1− λ2) is the modulation variance of the EPR state and λ is the

inherent parameters of the entanglement source. After the EPR state passing through the
lossy channel, the characteristic function transforms to

χ̃EPR(α, β) = e−
1
2 (a|α|2+b|β|2)+ c

2 (αβ+α∗β∗), (4)

where a = T1(V + (1− T1)/T1 + ε1) , b = Tsea(V + (1− Tsea)/Tsea + εsea) and
c =

√
T1Tsea(V2 − 1). In addition, Tsea and εsea are the transmittance and excess noise

of the mode B0 over seawater channel, respectively, while T1 and ε1 are the corresponding
accounts of the mode A0. Since the EPR state is prepared by Alice, the transmission process
of modes A0 can be considered lossless, so we have T1 = 1 and ε1 = 0.

According to Equations (2)–(4), the fidelity of CVQT can be derived as

F =
2

2 + a + b− 2c
. (5)

As a result, the fidelity of the CVQT system is mainly affected by the transmittance
Tsea, the excess noise εsea, and the inherent parameters λ.

2.2. Optical Propagation Characteristics of Seawater Channel

Optical transmission window of seawater on blue-green light provides an opportunity
to realize underwater low-attenuation optical communication [26]. However, the compo-
sition of seawater changes with many factors such as environment and region, and it is
difficult to use a general model to study its propagation characteristics in detail. Here, we
consider the effects of light absorption and light scattering on CVQT system performance.
Absorption and scattering are known to cause loss of light intensity and beam deflection.
Thus, the energy of the optical signal received by the receiver is constantly attenuated.

Without loss of generality, the current quantum communication based on seawater
channel has a short transmission distance (generally <55 m [21,22,31]), so we assumed that
seawater channel is a linear channel, that is, the attenuation coefficient is determined for
a certain fixed depth and wavelength. The absorption coefficient a(λL, d) is a function of
depth d and wavelength λL , namely [32,33]

a(λL, d) =aw(λL) + ac(λL)Cc(d)0.602 + a f C f (d) exp
(
−k f λL

)
+ ahCh(d) exp(−khλL) + ad exp(−kdλL),

(6)

where first term is the wavelength-dependent absorption coefficient of pure seawater, the
second item is the absorption coefficient related to chlorophyll-a, the third term represents
the absorption coefficient of fulvic acid, the fourth item represents the absorption coefficient
of humic acid, the fifth item represents the absorption coefficient of mineral and detritus.
The specific parameter settings are shown in Appendix A.

The absorption coefficient a(λL, d), seawater depth d and wavelength λL are simulated
as shown in Figure 2a, where a(λL, d) is characterized by the color and its unit is m−1. We
find that with the increase of seawater depth, the absorption coefficient first increasing
and then decreasing, reaching a peak from 40 m to 80 m, which is due to phytoplankton,
colored dissolved organic matter and particulate minerals mainly enriched at this depth
interval [33].
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(a) (b)

(c) (d)

Figure 2. (Color online) (a) The functional relationship between absorption coefficient a(λL, d), depth
d, wavelength λL. (b) The functional relationship between scattering coefficient b(λL, d), depth d,
wavelength λL. (c) The functional relationship between total channel attenuation c(λL, d), depth d,
wavelength λL. (d) The functional relationship between transmittance Tsea, depth d, transmission
distance L. Here, the variation of absorption coefficient a(λL, d), scattering coefficient b(λL, d), total
attenuation coefficient c(λL, d) and transmittance Tsea are characterized by the change of color, the
unit of a(λL, d), b(λL, d), c(λL, d) are m−1.

The scattering coefficient b(λL, d) is also the function of depth d and wavelength λL,
which can be written as [25]

b(λL, d) = bw(λL) + bs(λL)Cs(d) + bl(λL)Cl(d), (7)

where first term is the wavelength-dependent scattering coefficient of pure seawater, the
second item represents the scattering coefficient of small particles, the third term represents
the scattering coefficient of large particles. The specific parameter settings are shown in
Appendix B.

The scattering coefficient b(λL, d), seawater depth d and wavelength λL are simulated
as shown in Figure 2b, where b(λL, d) is characterized by the color and its unit also is m−1.
We find that the scattering coefficient increases at the beginning, and then decreases with
increasing depth, but it gradually decreases with increasing wavelength.

The total seawater channel attenuation c(λL, d) can be derived as

c(λL, d) = a(λL, d) + b(λL, d). (8)
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The total attenuation coefficient c(λL, d) , seawater depth d and wavelength λL are
simulated as shown in Figure 2c, where c(λL, d) is represented by the color. The change
of the total attenuation coefficient to seawater depth is similar to that of the absorption
coefficient. However, a low-loss interval appears in the wavelength range of 450–550 nm,
which is precisely due to the optical transmission window effect. Therefore, we choose
the 520 nm [34] wavelength beam as the communication beam to analyze the CVQT
protocol performance.

It can be seen from the above analysis that the total attenuation changes nonlinearly
with the seawater depth. Therefore, we discuss the situation when light travels in a
horizontal plane at the same depth for simplicity, the transmittance Tsea as a function
of total attenuation coefficient c(λL, d) and horizontal transmission distance L can be
expressed as

Tsea = e−c(λL ,d)L. (9)

The transmittance Tsea , total attenuation coefficient c(λL, d) and horizontal trans-
mission distance L are simulated as shown in Figure 2d. We find that the transmittance
slowly decreases and then increases with increasing depth, but it decreases rapidly with
the increase of transmission distance.

3. Effect of Excess Noise

Generally, the initial excess noise ε0 of Gaussian modulated states is about 0.01 in
shot-noise units (SNU) [35]. However, due to the existence of background light noise in
seawater, the actual excess noise of the received states may be larger than this initial excess
noise [36,37]. Most of the background light noise in seawater comes from the air (sun and
sky). About 95% of this light enters seawater and is absorbed by phytoplankton at various
depths [26,37]. For practical purposes, we assume that there is a virtual telescope at the
Bob to receive the light signal. Therefore, the background light noise underwater can be
written as

Psea = Lsol ×Ω f ov × πr2
0 × B f ilter, (10)

where Ω f ov = π and r0 = 1 m are the field of view and the radius of the virtual telescope,
respectively. B f ilter is the filter bandwidth, the value of which is primarily determined
by the laser that produces the local oscillator. We can take the error range of the laser
as 0.01 nm, which means B f ilter = 0.01 nm. The solar radiance Lsol

(
Wm−2sr−1µm−1) is

given by

Lsol =
HbRL f ac exp(−cd)

π
, (11)

where Hb is the brightness of the sky background in Wm−2sr−1µm−1, and it is closely
related to the weather conditions. The typical brightness on a moonless and clear night is
1.5× 10−5 Wm−2sr−1µm−1 and the clear daytime is 1.5 Wm−2sr−1µm−1 [37]. In addition,
R = 1.25% is the underwater reflectance of the downwelling irradiance Hb. L f ac = 1 is the
element related to the directional dependence of the underwater radiance, c is the total
attenuation coefficient in seawater, and d is the depth. Finally, the total excess noise is
given by

εtotal = ε0 + τ
Psea

hv
, (12)

where h denotes Planck’s constant, and ν is the frequency of the noise photons. The
frequency of homodyne detector is 1 GHz, and thus τ = 1 ns.

Figure 3 shows the variation of background light noise with depth under different
light transmission conditions. The red solid lines and blue solid lines represent the variation
of background light noise with depth in clear day and moonless night, respectively, and
the filled region represents the possible background light noise values. It can be seen that
there is an order of magnitude difference in the background light noise between the two
extreme cases. The background noise attenuates exponentially with the increase of depth,
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and the attenuation degree decreases gradually. When the depth is greater than 50 m, the
noise is negligible.
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Figure 3. Attenuation curve of background light noise with seawater depth.

4. Performance Analysis

In this section, we consider the equivalent transformation of the seawater channel pa-
rameters after adding a tunable NLA at Bob’s side. Taking into account the gain constraints
of NLA, the performance of the CVQT system is evaluated within the available gain range.

4.1. The Gain of NLA under Seawater Channel

In quantum communication systems, a suitable NLA can be used to compensate
for channel loss, thereby improving the fidelity of quantum signals and lengthening the
maximum transmission distance. Therefore, we employ a tunable NLA at the receiver
to amplify the entanglement state and reduce the attenuation effect of seawater channel,
leading to the performance improvement of the system [38–40]. Since the output of NLA is
kept in the Gaussian range, the quantum state passing through the lossy channel can be
parametrically equivalent. That is, the transmitted state |λ〉 passing through the seawater
channel with transmittance Tsea and excess noise εsea, then amplified by a NLA with gain
gN , can be equivalent to that of the EPR state |ζ〉 passing through a loss channel with
transmittance TN and excess noise εN . The equivalently transformed parameter expression
can be written as

ζ = λ

√(
g2

N − 1
)
(εsea − 2)Tsea − 2(

g2
N − 1

)
εseaTsea − 2

,

TN =
g2

NTsea(
g2

N − 1
)
Tsea

[
1
4
(

g2
N − 1

)
(εsea − 2)εseaTsea − εsea + 1

]
+ 1

,

εN = εsea +
1
2

(
g2

N − 1
)
(2− εsea)εseaTsea.

(13)

Based on the physical meaning of each parameter, the equivalent parameters need to
meet the following conditions

0 ≤ ζ < 1, 0 ≤ TN ≤ 1, εN ≥ 0. (14)
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According to Equation (13), it can be calculated that to satisfy the above conditions,
the parameter λ of the EPR state and the gain coefficient gN of the NLA must satisfy
the constraints

0 ≤ λ <

√[(
g2

N − 1
)
(εsea − 2)Tsea − 2

][(
g2

N − 1
)
εseaTsea − 2

] , (15)

and

gmax
N =

√
εsea [Tsea(εsea−4)+2]+4

√
Tsea(εsea−2)+2

εsea −2
√

εsea [Tsea(εsea−2)+2]+4Tsea−4

Tsea(εsea−2)2 , (16)

with the excess noise εsea < 2.
After being amplified by the NLA, the characteristic formula of the EPR state can be

given by

χ̃
g
EPR(α, β) = e−

1
2 (a1|α|2+b1|β|2)+

c1
2 (αβ+α∗β∗), (17)

where a1 = a , b1 = TN
(
Vg + (1− TN)/TN + εN

)
, c1 =

√
T1TN

(
V2

g − 1
)

and

Vg =
(
1 + ζ2)/(1− ζ2).

Here, we take the seawater attenuation coefficient and excess noise as fixed values
(average seawater attenuation coefficient c = 0.166 m−1, and the excess noise is 0.01 [26])
to illustrate the maximum achievable value gmax of the NLA gain with the increase of
propagation distance. As shown in Figure 4, the value of the maximum achievable gain
coefficient increases with the increase of the transmission distance. In the case of the
same seawater lossy channel, the larger the λ, the smaller the maximum gain coefficient.
In practice, the maximum gain coefficient is available when the transmission distance is
short, which provides a basis for selecting an appropriate gain coefficient to improve the
performance of the system.

0 5 10 15 20 25
Distance(m)

0

2

4

6

8

10

12

14

g m
ax

Unilateral channel =0.7
Unilateral channel =0.5

Figure 4. Variation of achievable NLA gain coefficient with transmission distance in seawater
lossy channel.

From Equation (5), we know the inherent parameters is acrucial factor affecting the
fidelity. In the ideal channel (T = 1 and ε = 0), the fidelity increases monotonically with
the compression parameters [41]. There is actually an optimal inherent parameters λopt
to maximize the fidelity of the lossy channel. For unilateral lossy channel, the optimal
inherent parameters λopt can be derived mathematically as
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λopt =

(
cosh

(
2ropt

)
− 1

cosh
(
2ropt

)
+ 1

) 1
2

,

ropt(Tsea) =
1
2

arctanh
(

2Tsea

1 + T2
sea

)
.

(18)

where ropt is the optimal squeezing parameter of entanglement source. As shown in
Figure 5, using NLA can improve the optimal inherent parameters λopt, which means that
we can try to use the switching gain gN to achieve the optimal inherent parameters under
the fluctuating transmittance in the next work, thus improving the maximum fidelity.

Figure 5. Optimal inherent parameters λopt as a function of transmission distance and depth in the
case of a lossy channel. Here, the NLA gain coefficient g = 2.

4.2. Performance Improvement under Seawater Lossy Channel

In Figure 6a,b, it demonstrate the performance improvement of the NLA-based CVQT
under seawater channel, where the scheme with the tunable gain, the original scheme
without NLA and the classical bound of Fclassical = 0.5 coherent state of CVQT are shown
in numerical simulations.

(a) (b)

Figure 6. (Color online) Fidelity as a function of transmission distance and depth in the case of a lossy
channel (a) EPR state parameter λ = 0.5, NLA gain coefficient g ∈ {2.7, 1.8}. (b) EPR state parameter
λ = 0.7, NLA gain coefficient g ∈ {2.0, 1.6}.
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We find that the NLA-involved detection can improve the fidelity and maximum
transmission distance of the system, and the improvement is obvious with the increase of
the gain coefficient g. For example,FgN=2.7 reaches the classical boundary after propagating
9.4 m under the worst attenuation conditions (depth = 63.98 m). However, with the same
attenuation conditions, Fwithout NLA propagates 5.6 m, which is 3.8 m less than that using
NLA. Meanwhile, in the case of the worst attenuation conditions, FgN=2.7 is 0.125 higher
than that Fwithout NLA (distance = 5 m).

For the given gain, the fidelity decreases with the increase of transmission distance,
first decreases and then increases with the increase of depth, because the attenuation of
seawater reaches its peak at 40–80 m. The performance improvement of NLA is affected
by the entanglement source. For smaller λ, the improvement is greater. This is because
smaller λ allows greater gain, and the greater gain of NLA, the more obvious channel
loss compensation. However ,the effect of NLA is probability success, and the probability
of success is negatively correlated with the gain coefficient. Therefore, the selected gain
coefficient should not be too large.

5. Conclusions

We have suggested an NLA-based approach for improving the performance of CVQT
over seawater channel. Based on numerical analysis of the chlorophyll-a model and the
discussion of background noise, we focused on the influence of parameters of lossy seawater
channel on performance of the CVQT system in terms of fidelity and maximal transmission
distance. Simulation analysis shows that the NLA-based scheme can compensate the
influence of channel loss on the entanglement source and thus improve the performance of
the system. It is found that the smaller entanglement source parameter λ and the larger
transmission distance allow the grater gain coefficient of NLA. Taking into account the same
channel loss, the larger the gain coefficient of NLA and the appropriate communication
depth (<40 m or >80 m), which all give birth to the performance improvement of the
CVQT system.
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Appendix A. The Absorption Coefficient of the Seawater Channel

From Equation (6), the absorption coefficient a(λL, d) [24] consists of the following
five parts, namely

aw(λL), the wavelength-dependent absorption coefficient of pure seawater, which can
be found in [32] .

ac(λL)Cc(d)0.602, the absorption coefficient related to chlorophyll-a. ac(λL) is the
spectral absorption coefficient of chlorophyll-a (with 400 nm as reference), Cc(d) is the
function of chlorophyll-a concentration changing with depth d, which can be found in [33].
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a f C f (d) exp
(
−k f λL

)
, represents the absorption coefficient of fulvic acid. a f and k f

correspond to fulvic acid spectral absorption coefficient (with 400 nm as reference) and
absorption slope coefficient, respectively. C f (d) is the function of fulvic acid concentration
changing with depth d.

ahCh(d) exp(−khλ), represents the absorption coefficient of humic acid. ah and kh
correspond to humic acid spectral absorption coefficient (with 400 nm as reference) and
absorption slope coefficient, respectively. Ch(d) is the function of humic acid concentration
changing with depth d. .

ad exp(−kdλL), represents the absorption coefficient of mineral and detritus. ad and kd
are the the spectral absorption coefficient of mineral and detritus (with 400 nm as reference)
and absorption slope coefficient, respectively.

The specific parameter values are shown in Table A1.

Table A1. The parameters in absorption coefficient.

Parameters Value Description

a f 35.959 m2/mg Fulvic acid spectral absorption coefficient
k f 0.0189 nm−1 Fulvic acid absorption slope coefficient
ah 18.828 m2/mg Humic acid spectral absorption coefficient
kh 0.01105 nm−1 Humic acid absorption slope coefficient
ad 9.721 m2/mg Mineral and detritus spectral absorption coefficient
kd 0.012 nm−1 Mineral and detritus absorption slope coefficient

Appendix B. The Scattering Coefficient of the Seawater Channel

From Equation (7), the scattering coefficient b(λL, d) consists of the following three
parts, namely

bw(λL), the wavelength-dependent scattering coefficient of pure seawater.
bs(λL)Cs(d), represents the scattering coefficient of small particles. bs(λL) and Cs(d)

correspond to small particles scattering spectrum and concentration function, respectively.
bl(λL)Cl(d), represents the scattering coefficient of large particles. bl(λL) and Cl(d)

correspond to large particles scattering spectrum and concentration function, respectively.
The specific parameter calculations are shown in Table A2 [25].

Table A2. The calculation formulas for scattering coefficient.

Function Formula

bw(λ) 0.005826(400/λ)4.3222

bs(λ) 1.1513(400/λ)1.7

Cs(d) 0.01739Cc(d) exp(0.11631Cc(d))
bl(λ) 0.3411(400/λ)0.3

Cl(d) 0.76284Cc(d) exp(0.03092Cc(d))
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