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Abstract: Under weak conditions on the kernels, we obtain sharp L” bounds for rough parabolic
maximal integral operators over surfaces of revolution. By virtue of these bounds along with Yano’s
extrapolation argument, we confirm the L” boundedness of these maximal operators under weaker
conditions on the kernels. Our obtained results represent substantial extensions and improvements

of some known results on maximal operators with rough kernels on symmetric spaces.
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1. Introduction

Throughout this work, we assume that "1, n > 2, is the unit sphere in R” equipped
with the normalized Lebesgue surface measure do = doy,(-). Furthermore, we assume that
q’ denotes the exponent conjugate to q defined by 1/4' +1/q = 1.

Forj e {1,2,---,n}, let a; be fixed real numbers in the interval [1,4+00). Consider

n o 32
the function ¥ : R™ x R" — R defined by ¥(p,z) = ¥ ZZ/!\, withz = (z1,22,...,24) € R™.
=

For a fixed z € R", we denote the unique solution to the equation ¥(p,z) = 1 by p = p(z).
The metric space (R”, p) is called the mixed homogeneity space related to { 04]‘}}1:1- Let D,
with p > 0 be the diagonal n x n matrix:

P 0
D, = .
0 p“n
The change of variables regarding the space (R”, p) is presented as follows:

z1 = p* costy -+ -cosBy_pcost,_1,
Zp = p*2costy - --cos P, _psind,_q,

z, , = p"n-1costdsindy,
z, = p*n sindy.
This gives that dz = p* 1] (z)dpdo(z'), where
n

n
v=Y a5, J(Z)= szj(z})z, Z=Djaze€ s" 1,
j=1 j=1

and p*~1](z') is the Jacobian of our transformation.
It was proven in [1] that J(2’) is in C®(S"~!) and

1< J(z') <C for some C > 1.
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Let i be a measurable function on R* and ® € L!(S"!), which satisfies the conditions

L, @) =0, 1)
O(Dpz) = O(z), Yp>0. (2)

For an appropriate function ¢ : RT — R, we define the class of maximal operators
IMp @,y initially for C§° functions on the symmetric space R"! by

Mpo,p(f)(zzne1) = sup |Tponge(f)(zz0+1)| ®)
he£2(R+)

where

O(y)h(p(y))

dy, 4
oy Y @

Trone(f)zz) = [ PO fE =y 201 - o))
£2(RY) (y > 1)isthesetof all h € L2(RY, %P) with |||
real-valued polynomial.

Whena; = -+ = ay = 1, we have « = n, p(y) = |y| and (R",p) = (R",|-]),
and hence, we denote Mp ey by M} g . In addition, when P(y) = 0 and ¢(t) = ¢,

i, <1l,and P:R" — Risa
LY(R*, )

then 93?%@, 0 is reduced to be the classical maximal operator g, which was introduced
by Chen and Lin in [2]. Subsequently, the L boundedness of Mg, has received a wide
amount of attention by many researchers. For instance, Al-Salman in [3] proved that the
operator 9, is bounded on L¥ (R"*1) for all p > 2 provided that ® € L(log L)!/2(S""1),
and he also showed that the condition ® € L(log L)!/2(S"~1) is nearly optimal in the sense
that 95, may not be bounded on L? for any p > 2 whenever ® € L(logL)"(S""!) for
some 0 < v < 1/2. In [4], Al-Qassem established the LP boundedness of smg,@, ¢ for all
2 < p < +oo provided that ® € L(logL)'/?(S"~1) and ¢ is in C%(]0, +-00)), an increasing
and convex function with ¢(0) = 0. For more information regarding the significance and
the recent advances of the operators M}, o py readers may consult [5-9], as well as the
references therein.

Later on, the maximal operator MY, g g Was introduced in [10] in which the au-
thor proved the L¥ (p > 2) boundedness of M}, o 0 under the conditions ¢(t) = t and

ONS B;O’_l/z)(sn’l) U L(log L)1/?(S"~1) for some g > 1. Recently, the result of [10] was
improved in [11]. In fact, it was proven that M, g , is bounded on L? (R"1) forall p > 2

provided that ® € L(logL)'/?(S"" 1)U Béo’fl/z)(sn_l) with g > 1and ¢ € C?2(R"), a
convex and increasing function with ¢(0) = 0.

Although there are many problems concerning the L” boundedness of M}, o 9 that
remain open, the investigation to establish the L? boundedness of the parabolic maximal op-
erators Mp g ( has attracted many mathematicians. For example, it was proven in [12] that

the operator My g, is of type (p, p) forallp > 2if® € B§0’71/2) (8" 1) UL(log L)V/2(8" 1)
for some g > 1 and ¢ is a real-valued polynomial.

In view of the results of [11,12], the LP boundedness of the maximal operator 9Mp g , in
the classical setting, as well as in the parabolic setting, a question arises

naturally: Is the operator 9p @, bounded on L? under certain conditions on ¢ and

® e B /2 (8" 1) U L(log L)V/2(S"1)?

The main focus of the article is to answer the above question in the affirmative. Our
conditions assumed on ¢ are those considered in [13]. More precisely, we say that ¢
satisfies the hypothesis I whenever ¢ is a nonnegative C! function on (0, +-00) such that
¢’ (p) is monotone and ¢ is strictly increasing on (0, +0); ¢(2p) > C1¢(p) for some fixed
C; > 1and ¢(2p) < Co9(p) for some constant C; > Cy; p¢'(p) > Cz¢(p) on (0, +00)
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for some fixed 0 < C3 < log(Cy). We say that ¢ satisfies the hypothesis D whenever
¢ is a nonnegative C! function on (0, +c0) such that ¢’(p) is monotone and ¢ is strictly
decreasing on (0, +0); ¢(p) > C1¢(2p) for some fixed C; > 1 and ¢(p) < Co¢(2p) for
some constant C; > Cy; |p¢’(p)| > C3¢(p) on (0, 400) for some fixed 0 < C3 < log(Cy).

Sample functions for ¢ to satisfy the hypothesis D are ¢(p) = p~% % fora > 0 and
b > 0 and for the ¢ to satisfy the hypothesis I are ¢(p) = p%e! fora > 0and b > 0.

The main result of this paper is formulated as follows:

Theorem 1. Let © satisfy the conditions (1) and (2) and belong to L1(S"~1) for some g > 1 with
[©lL1(gn-1) < 1. Assume that Mp,e,, is given by (3) and ¢(-) satisfies the hypothesis D or I.
Then, there exists a positive constant Cp, 4 such that

HmP@,q)(f) HLp(RnH) < Cp,q (1 + 91/2) Hf||LP(Rn+1) (5)
forall2 < p < +oo, where § = log(e + ||Ol|g(gn-1y), Cpq = 212/1;[7 Cp,and Cy > Oisa

constant that is independent of q, ¢, ©, and the coefficients of the polynomzul P; however, it may
depend on the degree of P.

Here and henceforth, the letter C refers to a positive constant whose value may vary
at each occurrence, but independent of the fundamental variables.

2. Preparation
In this section, we give some preliminary lemmas that we shall need to prove Theorem 1.

Lemma 1. Let ©, ¢, and 0 be given as in Theorem 1. For j € Z, define Uy ; : R — R by

2
220 d
Upi@Twt) = [ | [ @@ Hy 00,8, 5us)do0)] “E,
gn—1 p
where ' . .
M i(0,0,8, Cnir) = e 127D Ltg7 I )],
Then, a constant C > 0 exists such that
Z/l(,),j(C, gn—&-l) < C6 mm{ ‘ D2*(i+1)9p€ 4s0 , sz(j+1)9pg Is0 },
where s is denoted to be the distinct numbers of {a;} and 0 < x < 2s/q’.
Proof. It is easy to see that
Z’[(P,j (gr €n+1) < (6. (6)
Furthermore, by using [14], Lemma 2.2, it is easy to obtain
229 P
f H(p,]',(p/ 0, é/ €n+l)Htp,j,(P/ w, gl gTH*l)?p S C| {D (j+1)é g} | (7)
1
< C(l(v~w)-g|Dy gned]) ¥,
where ¢ = ‘ —(j+1 9; Combining (7) with the trivial estimate:
—(j+1)8

2260

d
[ Hoi (008, G0 g o, G L) | < CO ®)

1
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gives that, for any « € (0,1],

229

d _x
/Hgo,j,(Pr v,, €n+1)H¢,j,(P/ w,{, €n+l)?p < C(|(Z) —w) 'CHszU’H)GGD kgl )
1

By Holder’s inequality, we obtain that

220

/ 2 !
Uy j(E Enin))" < CH@HLZ(S"*U //(su)z /H¢,j,(p, 08 Ent1)
1

q/
do(v)do(w).

da
X H(p,j,(p/w/ C/ gﬂ-‘rl)?p
Now, choose k € (0,2s/4") to obtain that
—is 2 -
Up (2, Cnt1) < CIDy-gined| * O] 71 (110" "
By combining the last estimate with the estimate (6), we deduce that

Uy, (L, Tnr1) < CO| Dy 1o | *. (10)

On the other hand, by using the cancellation condition (1), we obtain that

| @@y (00,880 ()0 (o) < C

gn—1

efizf(].#»l)ery.g _ 1’|®(v)|da(v)

gn—1

IN

ClOllp s

Dz—(jﬂ)epg

7

which when combined with the estimate

| 0@)Hy (00,8, 6011) (0)do(0)

gn—1

< C[|O]| 1 gn1y

leads to

| 0 Hy(0,0,8,50:1)] ()0 () “

gn—1

< C|[O] p1(gn1y

D2*(]‘+1)9p€

Therefore,

Uy, (2, Ent1) < CO|Dy-rinn,g| 1

Consequently, by (10) and (11), we finish the proof of the lemma. [

The following lemma is from [15]; it will play a significant role in the proof of
Theorem 1.

Lemma 2. Assume that «'s and v;s are fixed numbers and that P, : R™ — R is a function given
by Py(p) = (v10™, - - - , 00" ). Define the maximal function related to P, by

Wy, f(2) = sup o [[1(z = Pule))ldp.

v>0
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Then, there exists a constant C,, > 0 (independent of f and U}s) such that

1928, ()L gy < Cpllfllprny

forall1 < p < +oco.

The next lemma can be derived by employing a similar technique used in the proof
of [16], Lemma 3.4; we omit the details.

Lemma 3. Let ¢ satisfy the hypothesis D or I, and let M, be the maximal function defined on R by

2j+1

My(f)(t) =sup| [  f(t— qv(p))d;‘-

jez |2

Then, for all p € (1,+0c0], there is a constant C, > 0 such that
IMo(F)ll iy < CollFlluo

Now, we are ready to prove the L boundedness of the maximal function, which is
related to the operator Mp g (. Similar approaches utilized in [17], Lemma 3.6, lead to the
following result.

Lemma 4. Suppose that ¢ is given as in Theorem 1 and My, is the maximal function defined on

R+ by

2j+1 dp

Mgof(z,zn1) = sup| | = f(z—=Dpv,zus1 = ¢(p)) |-
jez | /2 P

Then, for f € LP( R*1) with p € (1, +00], we have

HM(P,v(f)HLP(RnH) S CPHfHLP(R”“)‘

Proof. Let j € Z, and let yi; be the measure defined by

2j+1

ﬁ\j(grgn-&-l): /e_i(g'DPv"‘ng(P(P))dip.
; Y
2]

Then, we have that
Moa(F) (2, 2) = suplp (2 2]
je
Let ¢ be a smooth function with the properties () = 0 for p(¢) > 1 and ¢(g) = 1 for
p(0) < 3. Lety,(Q) = p~"¢(D,-10). Define the sequence of measure 77; on R" x R by

ﬁj(grgn-&-l) - ﬁ\j(glén-i-l) - @(g)l’?j(orgn-&-l)

and its corresponding maximal function by

17 () (2 2n11) = supl; = £z, 2n41) |
je

Therefore, it is easy to obtain that

75(C, Cns1)| < [Ayo- T (12)
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However, by using Lemma 1 (see also [18], Lemma 2.4), we obtain that for any € € (0,1),

75(Z, Cnsn)| < [Ayo- )" (13)

It is clear that

1/2
" (f)(z 2zn+1) <Z|’7]*f Z, Zn+1)|2> +C((Mp, ®idr) o Vy) (f(z,2011))  (14)

and

1/2
Moo (f) (2, 2n+41) <Z|17] * f(z, zn+1)‘2> +2C((Mp, @idr) 0 Vy)(f(z,zn41)), (15)

where .
2+ d
f(z, 21— 9(0)E .

Vof (zrzn1) = sup| [ ;

jez

The lemma is proven by (12) and (15), Lemmas 2 and 3, and following the bootstrapping
argument employed in [17] (see also [19], Proposition 14). O

An important step toward proving Theorem 1 is to prove the following lemma.

Lemma 5. Let ©, ¢, and 0 be given as in Lemma 1. Then, the inequality:

Hmof@,lp(f) ||LP(R"+1) < CP# (1 + 91/2) ||f||LP(R”+1) (16)
holds for 2 < p < +o0.

Proof. By the duality,

N | ” 1/2
Moe,p(f)(z2+1) = /T [ 105z = Dy, 21 — glo))O(@) (o) | P
S

0 n—1

Let {y; }J.e , be a collection of smooth functions on (0, +c0) satisfying the following:

supp; C Zjp = 27U+, 2700 L #i(e) =
IS

ogngl,- and

duio)| _
dp* | = pk

Consider the multiplier operators ®; defined on R+ by

@G Gus1) = 11 (0@0) T Gus1) for (§Tusn) € R xR,

Therefore, by Minkowski’s inequality, we obtain

mO,@,q?(f) (Z, Zn+1) < 2 E@,qo,j (f) (Zr Zn+l) (17)
jez

for any f € S(R"*Y), where

1/2
E n = — ’
0,0, (f)(Z zns1) (;;/I ‘ )
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and

Skpf(2,2n11) = / J(@)(@rf)(z = D0, zns1 — ¢(p))O(v)dor(v).

gn—1

Thus, to satisfy (16), it is enough to show that there exist positive constants C, and € so that

B0 ()| sy < Cp 27 (14 6"2) |l o (18)

for all p > 2. On the one hand, let us estimate the L2-norm of Eg,y,i(f) as follows:

|Eopi DIl < 1 / / U (0,0 |[FIE G| 0

kez

< an 1 dgdgn 1
Jg A /rkﬂ . .
< CO2E |f2agun), (19)

where I'; = {¢ € R" : p({) € Z;p}. The last inequality is attained by using Plancherel’s
theorem, Fubini’s theorem, and Lemma 1. Therefore, the inequality (18) is held for p =2
once we choose € small as much as we need.

On the other hand, the LP-norm of Eg ,, ;(f) for 2 < p < +oc0 is estimated as follows:

By the duality, there exists ¢ € L(P/2)(R"*1) such that 18l 2y <1land

|Eo.pi (Dl en = X / ..

keZ

(Rn+1)

‘ 7‘g zZ,2p11)|dzdzy 41

Hence, thanks to Holder’s inequality and Lemma 4, we obtain

226
2 : " 2
Eo i " < / / / O2)||Prrif(z,z
[EoiNirmrsy < L fene / Jors 10@)| e if (2, 2001)
; d
X ‘g(z+D (k18U (Znt1 + (2 (]+k+1)90))‘d‘T(U)?dedZnH
< Cl®lasry)||My 550106 2 s zlcmkf]
(r'/Z)(Rn+1)
< GBIl s ooy | @y f | ,
jeZ

L(p/2) (Rr+1)

where g(u, 1,+1) = g(—u, —uy41). Thus, by the assumptions on ¢ and the Littlewood-
Paley theory, we deduce that

HEGD,go,j(f)HLP(RnH) < CP (1 + 91/2) HfHLv(R"“)f

which when combined with (19) gives that there exists 0 < € < 1 such that for all p > 2,

|E00x()]| e, < €2 (14 62) 1l o) (20)

Consequently, by (17), (20), and taking € small enough, we complete the proof of
this lemma. O

We end this section with the following result.
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Lemma 6. Let 0, ®, ¢, s, and Hy,j be given as in Lemma 1. Assume that Plv)= Y )\l;vﬁ isa

Bl<k
polynomial of degree k > 1 such that Wz_k|)\5| = land \v|k is not one of its terms. For j € Z, we
let e

Q(I;J(p, 0,8, Cnt1) = eP(2 )DPU'C)]HW(PI 0,8, Cnv1)
and
2
P 2 P dp
6t = [ | [ 0@IEIGH (008 Guioto)| L.

gn—1

Then, there exists a constant C > 0, so that

P (f+1/)
sup Sy (0, Cnr1) < CO24

{xCyq1€RML

Proof. The proof of this lemma can be obtained by following the same technique employed
in the proof of Lemma 1. Therefore, we shall only give a sketch of the proof of this lemma.
One can easily deduce the trivial estimate

2% d
|/1 g(I;,](p, v, gr €n+1>g£,]‘(p/ u, g/ €n+l)?p S co (21)

and that
p(z*(ﬁl)‘)Dpv ) g) + 2*(j+1)9Dpv - p(z*(]‘H)@DP . u) _ 2*(J'+1)9Dpu e

_ sz(j+1)9p,, ( Z A (vﬁ _ uﬁ) . C) +2_(j+1)9Dp(U —u)-{+R,
|Bl=k

dr .
where — R =0, r = 1k, and T = max{ay, ay, ..., a, }. Hence, we obtain that

dp’
I
—1/r

< cr’zf(f“)ke{p(z;)—p(u)}.g’ . (22)

220

d
g(l;,](P/ v, g/ €n+l)g(1;/]' (p' u, gr €n+1 ) Fp ’

Therefore, we can reach the desired result by imitating the proof of Lemma 1. O

3. Proof of the Main Result

To prove Theorem 1, we follow the similar arguments to those appearing in the proof
of [10], Theorem 1.1. Precisely, we use the induction on the degree of the polynomial P. It is
clear that when the degree of P equals 0, then by the duality and Lemma 5, we obtain that

||mtp,®,(ﬂ(f)||LP(Rn+l) < CP||f||LP(R"+1) (1 + 91/2) (23)

%
for p > 2. Now, when the degree of P equals 1, that is P(v)=a+ b v, thenset w(v) =
e~"P(®) f(v). Therefore, by (23), we conclude

HWP,@,(P(]()HLP(R"H) < Gpllwl|ppme (1+91/2)

< Cpllfllpmeny (1+62). (4)
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Next, we assume that our result is true for any polynomial whose degree is k or less
with k > 1. Therefore, we need to prove that our result is still true whenever the degree of
the polynomial is k 4 1. Without loss of generality, we may assume that P(v) = Aﬁvﬁ

Bl<k+1
isa polynomial of degree k + 1 such that P does not contain as one of its terms and

’/\ﬁ‘ = 1. Let {Y; } <z is a collection of smooth functions defined on (0, +o0) with

Bl= k 1
the following conditions:

|Z)| k+1

suppY; C Zjp= [27(#1)9,27(]‘71)9};

ZY]-(p) =1, 0<Y;<1; and

d'Y;(p) | _G

fz dpt |~ ol
Set . .
Fo(p)zzlY](p) and T*%(p) =} Y;(p)
j= j=—00
Let
Bpop(f)(z 2n41) = / J(0) " Pe) f(z = Dyo, 2501 — 9(p(0)))@(0)dor (v),
gn-1
1 1/2
2
Mp e, (f) (2 2041) = ( / | T0)Br.o,p(£)(z/2n41) d;)
0
and

+o0 1/2
m;gq’(f) (z,zn+1) = ( / | r+m(P)BP,®,¢(f>(Zan+l) dep) .
-6

Thanks to the generalized Minkowski’s inequality, we obtain

Mpo,p(f)(z2011) < Mo, (f)(22011) + m;o@o () (zZ041)

< DnP@(p(f)(Z Z'rl-l-l + Z mp®(p](f)(zlzn+1)/ (25)

]—700
where
1/2
+00 o zdp
SDTp@(p](f)(Z,ZnH)— (/I |Bp,@,¢(f)(z,zn+1) p) )
70

On one side, we estimate the L2-norm of sm;‘g; 9 (f) as follows: by Fubini’s theorem,

Plancherel’s theorem, and Lemma 6, we deduce

+o00
[2758.0:)

1/2
L2(Rn+1) - (/‘f(glgwrl))zsg,j(€r€n+1)dgd€n+l)

R#+1

cz%/) 1+06Y/2 26
2oy (1 + : (26)

IN

On the other side, we estimate the LP-norm of E)ZTI]J;"(; 0, ]( f) (for p > 2) as follows: by

the duality, we obtain that there is a function ¢ that belongs to 1.(p/2) (R”H) such that
HGI’HL(;:/z)’(RnH) =1land
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220

HgﬁP@‘P](f)Hip(RnH) = /Rn+1 P(u, tyiq |/ ‘/ Q i(0,14,0,0)] (v)

p 24
X f(tt = Dy (smo, 0 tny1 — ¢(2 (]H)QP))dU(v)‘ ?pd”d”n-i-l-

By following the same steps used in estimating the LP-norm of Eg,,;(f) in Lemma 5, we
immediately obtain that

HWP@)W(J()H < Cp||f||Lp(Rn+1)(1—1—91/2),

Lr (R”‘H)

for which when combined with (26), we conclude that there exists ¢ € (0,1) such that

(j+1)
oo e 1/2
Hth(@q(J] HL,,(RM) < Cp2 5[ fll o (ro) (1 +90 ) (27)

for all p > 2. Now, let us estimate HimP@(P H withp > 2. Take Q(v) = L /\ﬁvﬁ.

Ly Rn+1) |ﬁ|§k
Therefore, by Minkowski’s inequality, we obtain that

m%,@,(p (f)(z zn1) < m%,@,q) (F)(z zn1) + m?’,Q,@,qu (z,Zn11), (28)
where
. 1/2
0 _ B 2dp
Mh0p(f) @ 2) = | [IBooelf)ezmn)*F
0
and

1 1/2
DJT(I)J,Q,@,¢f(Z,Zn+1) = (/|Bp,@,q,(f) (z,2p41) — BQerP(f) (2, 2011) zdpp) .

0

Since the degree of the polynomial Q(v) is less than or equal to k, then we have that

[0 )] o, < ol sy (1+6172) 29)

Lp(Rn+1
forall p > 2; since

eiP(Dpv) _ eiQ(Dpv) < ‘P(DPU) _ Q(Dpv)| < pr(k+1),

then by the Cauchy-Schwartz inequality, we obtain that

mPQ@(p(f)(Z/Zn+1) <

1 1/2

C (/ / 2004010 (u) || f(z — Dpv, 2as1 — 9(p)) [Pdo (o dp)
0

0 gn-1

+oc0 2-j+1 d 1/2
< | L2 [ [10)|f(z = Dy, 2 — (o) do(2)E

j=1 P

) —j §n-1
1/2

< C(fmfpv |l ))
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Hence, by Lemma 4, we obtain that
mY (f) < GyllIf)? e 1+6'/2 (30)
b 0000 ygresy < Co[1FP] ), < CollF o) (1+672)
for all p > 2. Therefore, the inequalities (28)—(30) lead to
0 1/2
[78.6,0 ]| o, < CollF sy (14+6772). (31)
Consequently, by (25) and (27) together with (31), we conclude that
19,0, (F)ll sty < CollFllograrny (1+6"2)- (32)

4. Further Results

For v € [1,+), let £7(R™) be the class of all functions 1 : Rt — R, which are
measurable and satisfy that

+o00 dP 1/y
— e
Lv([{ﬂ%ﬁ)) = (/0 1 (p)| 0 ) <1,

and let £°(R*) = L*(R*, %),
It is obvious that £71(R") C £72(R™) for 1 < 7, < 91 < +o0.
In this section, we establish some further results. Consider the maximal operator:

1]

MY )z 20r1) = sup | Toomq(f)(z 2zur)|-
he£r(R+)

The first result of this section is the following:

Theorem 2. Let @ € L1(S"~1), g > 1and satisfy the conditions (1) and (2) with 1O 1 (gn1y < 1.
Let P and ¢ be given as in Theorem 1. Then,

[758,0 )y sy < Coa (14677 ) 1Al (33)
forall p € [y, +o0) with y € (1,2], and
1
[958 O] o, < Iy 9

Proof. Notice that when 7 = 2, we have 9)?1(3229 0= Dﬁp@,q,. Hence, by Theorem 1, the in-

equality (33) is satisfied for all 2 < p < +oco. Next, when ¢ = 1, we have h € L' (R, %p)
and f € L®(R"*1). This gives that

d
BP,@,(,U(f)(Z/ Zn—l—l)h(P)?p < C||fHL°°(R"+1)||hHL1(R+,%P)

R+

for all (z,z,41) € R"*1. Thus, when we take the supermom on both sides over all 1 with

||h|\L1(R+’,%p) < 1, we obtain that

MY o () (2 2041) < ClLf o)
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for almost everywhere (z,z,.1) € R"” x R. Therefore,

Hfmgé@(f)u < C||f||L°°(Rn+l). (35)

L°°(R"+])

Finally, when € (1,2), we obtain by the duality that

(’)/) ')/ dp 1/'7,
Therefore,

[0, sy = 1B @0 s ey

Consequently, by utilizing the interpolation theorem for the Lebesgue mixed normed
spaces to the inequalities (5) and (35), we instantly acquire (33) and (34). The proof
is complete. O

Again, whena; = - -- = a, = 1, we denote ,‘Jﬁg,%, 0 by im%'ip, and when P(y) = 0 and

¢(t) = t, we denote 93?(7)'64) by 93"(8 )€ Let us recall some results related to these operators.

P,
Historically, the investigation to obtain the L¥ boundedness of zmg )€ was started in [2],

in which the authors proved thatif © € C (8" Y and i € £7(RT) with 1 < < 2, then
the L” boundedness of zmg )€ holds for (ny)’ < p < 4oo. Later on, Al-Qassem improved
this result in [4], who showed that if @ € L(logL)'/7'($"~1) and ¢ is C2([0, +0)), an
increasing and convex function with ¢(0) = 0, then sm((ﬁ(; 20 is bounded on LP(R"*1) for
any p € [7/,+0c0) with ¢ € (1,2] and bounded on L®(R"*!) for ¢ = 1. Very recently, Ali
and Al-Mohammed in [11] established the L? (R"*!) boundedness of zm%; forany p > v/
with ¢ € (1,2] provided that © is in the space L(log L)}/7'(§"~1) U Bgo’_l/w (S"~1) with
g > 1and ¢ is given as in [4].

On the other side, the investigation of the L¥ boundedness of the parabolic maximal

operators imgj% ¢ Was started in [20]. In fact, the authors of [20] obtained that the operator
im%@ is bounded on LP(R™*1) for all p € [}/, +c0) with ¢ € (1,2] whenever ¢(t) = ¢
and O belongs to the space Béo'_l/w ("1 or belongs to the space L(log L)!/7'(S"~1).

Afterward, the L? boundedness of ng% ¢ under varied conditions on the kernels has
received attention by many authors. For recent advances on the study of such operators,
the readers are referred to [12,18,21] and the references therein.

By using the conclusion of Theorem 2 and employing Yano’s extrapolation argument
(see also [10,11]), we obtain the following theorem, which improves and extends the results
cited above.

Theorem 3. Assume that P, ¢, and 0 are given as in Theorem 1. Let © be in L(log L)Y/7' (8" 1)
or in Bgo’_l/v)(sn’l) with q € (1,+o00]. Then, E)th%qj is bounded on LP(R"™1) for all p €
[/, +00) with v € (1,2]; it is bounded on L= (R"*1) for v = 1.

In this article, we are also interested in studying the L? boundedness of the parabolic

singular integral operator Tp g , under certain conditions on the kernels. This operator
was first studied by Fabes and Riviére in [1], who showed that if © € C!(S" 1), then Toe,1,0
(¢p(t) =t,h =1, and P(y) = 0) is bounded on L?(R") for 1 < p < 4o0. Later on, Nagel
Riviere and Wainger improved this result in [22]. In fact, they proved that Tp g 1, is still
bounded on LP(R") for 1 < p < +oco whenever the assumption ®@ € C!(S"~1) is replaced
by a weaker condition ® € L(logL)(S"!). Under certain conditions on the kernels,
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a considerable amount of research has been performed to prove the L? boundedness of
Tplgrhlfp ; we refer the readers to see [12,17,19,23-25], among others.

By Theorem 3, we obtain the L” boundedness of the integral operator Tp g 5, ,, where
the range of p is the full range (1, +o0) whenever 1 < v < 2. This result is formulated
as follows:

Theorem 4. Let ©, ¢, and P be given as in Theorem 3. Suppose that h € £Y(R™) with v € (1,2].
Then, the singular integral operator Tp gy, is bounded on LP (R"1) forall 1 < p < +o0.

Proof. As an immediate consequence of Theorem 3 and the fact:
Trong(f)(2 2n1)| < e, o (1)@ 2us) Bl e (36)

we conclude that Tpg,, is bounded on LP(R™1) for ¢/ < p < +oo with ¢ € (1,2].
Furthermore, by a standard duality argument, one can easily establish the L? boundedness
of Trome for1 < p <y with ¢ € (1,2]. Hence, whenever 7y = 2, we are done. However,
when vy € (1,2), then the real interpolation theorem gives that Tp,1,p is bounded on L?
(7 < p <9/). This completes the proof. [

Let us present a new rough integral operator, which is related to the maximal operator

sm% Y it is the generalized parabolic Marcinkiewicz integral operator given by

’ 1/9
g ! (37)

Jerlt [ €Wz~ w, 2000 — 9(p(w)))O(w) (p(w)) " dw| do

p(y)<o

Since, forany 1 < ¢ <2,

W80 (F) (2 zs1) < COMID () (2 200),

we obtain the following result.
Theorem 5. Suppose that ©, ¢, and P are given as in Theorem 3, and suppose that yl(;%, ¢ is given

as in (37) for some y € [1,2]. Then, the integral operator yg% o s bounded on LP(R™1Y) for all

p € [y, +00) with y € (1,2], and it is bounded in L®(R"*1) for v = 1.

We point out that under some specific constraints, the operator ]/tg% o Was investigated

in [11,12,26-30].

5. Conclusions
In this paper, we established appropriate L estimates for the parabolic operator

smgﬁ)@ ¢ whenever @ is in L7(S"~1). These estimates were used with Yano’s extrapolation

(7)

argument to satisfy the L¥ boundedness of 90}, o ¢ under weaker conditions imposed on
the integral kernels. Then, we presented some results that came from this result. Precisely,
we obtained the boundedness of the parabolic singular integral Tpg o, as well as the

(7)

generalized parabolic Marcinkiewicz integral operator yip'q 0 under very weak assumptions

on the kernels.
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