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Abstract: The paper undertakes certain special forms of the quarter symmetric metric and non-metric
connections on an e-anti-Kdhler manifold. Firstly, we deduce the relation between the Riemannian
connection and the special forms of the quarter symmetric metric and non-metric connections. Then,
we present some results concerning the torsion tensors of these connections. In addition, we find the
forms of the curvature tensor, the Ricci curvature tensor and scalar curvature of such connections
and we search the conditions for the e-anti-Kdhler manifold to be an Einstein space with respect to
these connections. Finally, we study U(Ric)—vector fields with respect to these connections and give
some results related to them.

Keywords: e-anti-Kédhler manifold; quarter-symmetric metric; non-metric E-connections; dual con-
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1. Introduction

The notion of quarter-symmetric connection on differentiable manifolds was defined
and studied by Golab in [1]. A linear connection is said to be a quarter symmetric connection
if its torsion tensor T is of the form

T(G1,82) = u(82)pd1 — u(81)ps2, 1

where u is a 1—form, ¢ is a tensor of type (1,1), and ¢; are vector fields (i = 1,2). In
particular, if ¢ = id, then a quarter-symmetric connection reduces to a semi-symmetric
connection [2,3]. Thus, the notion of quarter-symmetric connection generalizes the idea
of semi-symmetric connection. Note that a quarter-symmetric metric connection is a
Hayden connection with torsion tensor of the form (1) [4]. Studies of various types of
quarter-symmetric metric connections and their properties include [5-10] among others.
In [11], Mishra and Pandey discussed certain special forms of the quarter symmetric metric
connection defined by Golab and studied the conditions for Einstein manifolds, Sasakian
manifolds and Kdhler manifolds equipped with these connections to be flat, projectively
flat or conharmonically flat. Furthermore, some of the latest connected studies can be seen
in [12-17]. If a quarter-symmetric connection V on a Riemannian manifold (M, g) satisfies
the condition

(Ve 8)(82,83) =0

for all vector fields ¢1, 2, §3 on M, then V is said to be a quarter-symmetric metric connec-
tion, otherwise it is said to be a quarter-symmetric non-metric connection. In this paper, we
consider the special forms of the quarter symmetric metric and non-metric connections on
an e-anti-Kadhler manifold. These connections have not been defined so far. All forms of
curvature tensors of these connections are calculated and some results concerning with their
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torsion and curvature properties are presented. Finally, we study U(Ric)—vector fields
with respect to these connections and obtain some interesting results (Theorems 1 and 3).
In the future work, we plan to study certain special forms of the quarter symmetric metric
and non-metric connections on an e-anti-Kédhler manifold combine with the results and
methods in [18-47] to find more new properties.

2. Preliminaries

Let M, be an n = 2m—dimensional differentiable manifold of class C* covered by
any system of coordinate neighbourhoods (x"*), where  runs over the range 1,2, ..., 1.

An almost e-complex structure E of type (1,1) satisfies the condition E? = eI, where
e ={—1,1}. If e = —1, it is an almost complex structure and if ¢ = 1, it is an almost para-
complex structure. In this case, the pair (M, E) is called an almost e-complex manifold. In
addition, if Ng = 0, that is, almost e-complex structure E is integrable, then the pair (M, E)
is called an e-complex manifold, where NE is the Nijenhuis tensor:

NE(81,82) = [EG1, ECa] — E[EC1, Ga] — E[81, EG2] + €[1, G2

for all vector fields &;,& on (M, E). An g-anti-Kéhler (or e-Kdhler-Norden) manifold
(M, g, E, €) is a manifold which consists of an almost e-complex structure E and a pseudo
Riemannian metric g satisfing the following conditions

8(EG1,&2) = g(81, EG2) )

and
VE =0, 3)

where V is the Levi—-Civita connection of g.

Examples of e-Anti-Kihler Manifolds

(1) The (pseudo)-Euclidean space R2" given by the (pseudo)-Euclidean metric g and
1
the almost e-complex structure defined by g = ( eij 0 ) and E = ( Oi i > with
respect to the natural basis of R?" is an e-anti-Kéhler space.

(2) Let TM be the tangent bundle of a Riemannian manifold (M, g) (dimM = n) and
let T : TM — M be the projection. A point x of the tangent bundle is represented by an
ordered pair (z,u), where z = 71(x) is a point on M and u is a vector on T, M. We refer
to [48] for more details and further references on the geometry of tangent bundles. Let V be
the Levi-Civita connection on M, and denote by ¥ and ¢ " the vertical and the horizontal lift,
respectively, to the tangent bundle TM of the vector field { on M. Consider the following
Sasaki-type metric and the almost e-complex structure on TM, respectively [48,49]:

e = egl&, &),
gere) = g@Ee)=o
8(&7,¢5) = g(81,82),

and

E(‘:h) = 8§v/

E@E) = &
It is easy to see that the Sasaki-type metric ¢ and the almost e-complex structure E are
related by the equality g(EC1,¢2) = (&1, EG2) for all vector fields &1, & on TM. The

corresponding Levi—-Civita connection V of the tangent bundle with the Sasaki-type metric
g satisfies the followings [49]:
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Vadk = (V5,0)" - HR@E,&)u)",
Va3 = (Ve &2)" + 2(R(u, &)a)",

Vel = £(R(1,6)80)",
Ve =0,

where R(&1,&2)E3 is the Riemannian curvature tensor field on (M, g). Firstly,

I
L

(ﬁgﬁ)gé‘
(Verfes) —E(Vareh) = o
Vel — o E((Rw82)6)")

SREWE = 0

I
L

from which we have o
(Vg?E) & =0 R(@E,u)E =0,

that is, the base manifold (M, ) is flat. In this case, for all vector fields &1, & on TM, the
conditions (6 g E ) & = 0 are provided. Thus, let (M, g) be a Riemannian manifold and let

TM be its tangent bundle with the Sasaki-type metric ¢ and the almost e-complex structure
E. Then, (TM, g, E) is an e-anti-Kidhler manifold if and only if the base manifold (M, g) is
flat.

3. Quarter-Symmetric Metric E-Connection on (M,, g,E, ¢)

A linear connection V on an e-anti-Kahler manifold (M,,, g, E, €) satisfying the relations
Vg¢=0 and VE=0 4)
is called a metric E-connection. Especially, if its torsion tensor is given by

S(&1,82) = p(&2)(EZ1) — p(81)(EC2) + p(EZ2)(81) — p(EC1)(E2), ®)

where p is called the generator (or 1-form) of the torsion tensor S, then the connection that
satisfies the Equation (4) is as follows:

Ve 8o = Ve &o+ p(82)(EG1) — (U)g(EZ1, &) + p(E¢2)(81) — (EU)g(E1,82),  (6)

where U is a vector field such that g(&1, U) = p(&;) [4]. From now on, we will call the
connection that provides the Equation (6) a quarter-symmetric metric E-connection on the
e-anti-Kahler manifold (M, g, E, V, ¢).

In [50], the author mentioned an operator applied to pure tensor fields K of type (7, s),
which is called the Tachibana operator ®r, where E is any tensor field of type (1,1). Purity
of a (r,s)-tensor field K with respect to E means that
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12 r 12
K(Egllgb'--r€S/§/€r"'/€) = K(glrEng"'/CS/é/C/"'Ié)

. 12 r

= K(glr ng ooy ECS’ g’ é’ R4 g)
12 r

= K(E1,E& 8B L)

2

1 r
= K(glr ng ey CS/ é//EC/ s g)

12 7
K(glr ffz, veey Cs, g, é, ,,EZ;)

12 r
for vector fields ¢1,82, ..., ¢s and covector fields {,(,...,¢ on M;,, where E is the adjoint
operator of E defined by

(EQ)(&) = C(EG) = (G2 E)(E)-
The Tachibana operator applied to a pure (7, s)-tensor field K is as follows [50]:

(®geK) <§1,..., gs,é,..., é)
)K(g . gjé) . Q’K(Egl,...,gs,é,...,é)
+Y K (51, (Le, E )g,...,gé,...,é)

A=1
r K M r
Z (Cl/ gS/ 7 /LEi;é*Lé (COE),,€>
u=1
Fore = —1,1,if &K = 0, then K is called a holomorphic and para-holomorphic tensor

field according to the e-complex structure E, respectively. For the sake of simplicity, we
will accept the equality of @rp = 0 in the rest of the article, that is, the following equation
always holds:

(Veg,p)(62) = (Vg p)(EG2) =0 )

For pure tensors and tensor operators applied to them, we refer to [50,51].

3.1. Properties of the Torsion Tensor S

In this section, we will examine the properties of the torsion tensor of the quarter-
symmetric metric E-connection.

Proposition 1. The torsion tensor S expressed by (5) is a pure tensor according to E, that is,
S(E¢1,62) = S(81,EG2) = ES(81,6a)-
Proof. From the Equation (5), we immediately get

S(EC1,82) = elp(&2)é1 — p(&1)a] — p(EE1)(ES2) + p(ES2)(ESY)
(¢1,EG2)
= ES(G1,8)-

I
9]

O

It is well known that the torsion tensor of the E-connection is pure if and only if the
E-connection is pure [50]. Thus, we can easily say that the Connection (6) is pure according
to E, that is,
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Vg &2 = Ve (EG2) = EVg 8. 8)

Theorem 1. For [(trE)? — e(4 — n)?] # 0, the necessary and sufficient condition for the generator
p to be closed is that

(Ve,5) (82, 8) + (V5,8) (&, 81) + (Ve,S) (81, 82) = 0

where S is the torsion tensor of the quarter-symmetric metric E-connection ¥V on (My, g,E, V, €)
and trE is the trace of the e-complex structure E.

Proof. Firstly, let the generator p be closed, that is,

2(dp)(81,82) = ¢1p(82) — G2p(81) — p([81,C2]) )
= (Vgpr)éa— (Ve,pr)é
= 0.

In addition, from (5), we obtain

(V& S)(82,83) + (V,5)(83,81) + (Vg S)(81, 62)
= [(Vep)é2 — (V3] (EG)

+ [(vgl p)és — (Vep)i] (EG2)

+[(Ve,p)&1 — (Ve p)&2) (EG3)

+[(Vep)(EG2) — (Ve,p)(EG3)] &1
+[(Ve,p)(E3) — (Veup) (ES1)] 62
+[(Veg,p)(Ed1) — (Ve p)(EE2)] &3

It is easy to say that (Vg p)& — (Vg,p)é1 = (Ve,p)ea — (Ve,p)1 = 2(dp)(G1,¢2).
From (9) and (8), the last equation becomes

(Ve 5)(82,83) + (V,5)(83,81) + (Ve S)(81,82)

= 2[(dp)(&3,62)(EG1) + (dp)(81,¢3)(EG2)

+(dp) (G2, 81)(EC3) + (dp) (&3, EG2)(61)

+(dp) (61, E¢3)(S2) + (dp) (82, EC1)(S3)
= 0.

1

¢s)]

3

Conversely, let (Vz, 5) (82, &3) + (Ve ) (&3,&1) + (Ve,S) (¢4, &) = 0, from which

0 = [(Vep)é— (Vep)is)(EG)

+[(Ve,p)&s — (Ve p)éi] (EG2)
+[(Ve,p)&1 — (Ve p)&2] (EE3)
+[(Ve,p) (E2) — (Ve,p) (EZ3)] 1
+[(Ve,p)(EG3) — (Ve p) (EG1)] 82
+[(Vep)(EG1) — (Ve p)(EE2)] 85

and
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0 = [(Vep)é2— (Ve,p)8s]g(ES1 a)

+[(Vep)&s — (Vep)Eig(ECa, 8a)
+[(Ve,p)é1 — (Ve p)Ea] 8 (ECs, Ga)
+[(Ve,P)(EG2) — (Ve,p)(EE3)]8(G1,8a)
+[(Vep)(EG3) — (Ve p) (EG1)]8(82,Ga)
+[(Ve,p)(E¢1) — (Ve p)(EG2)]8(G3,Ga)-

If we contract the last equation with respect to &1 and &y, from (Vg p)(&2) — (Ve p)
(EZ&) =0, we get

(4—n)[(Vep)(ES2) = (Vegp)8s] + (E)[(Ve,p)E2 — (Vgp)Es] =0 (10)
In the Equation (10), if we put & = EG,, then
e(4—n)[(Vep)ie — (Vep)Zs] + (E)[(Ve,p)(EG2) — (VEg,p)&s] =0. (1)
Finally, from (10) and (11), we obtain
[(trE)? — e(4 = n)*][(Veyp)G2 — (Vep)Gs] =0

and
[(trE)? — e(4 — n)*)(dp) (§1,&2) = O,

which completes the proof. [

Proposition 2. On an e-anti-Kihler manifold (M, g, E, ¥V, €), the torsion tensor S of the quarter-
symmetric metric E-connectionsatisfies the following condition:

5(5(81,82),83) + S(S(&3,¢1),82) + S(5(2,83),&1) = 0. (12)

Proof. If the Equation (5) is substituted in the Equation (12), the result is directly ob-
tained. O

It is well known that the curvature tensor of any connection V has the form:
R(£1,82,83) = Vg, Ve, 33 — Vi, Vi 83 — v[61,62]63‘

Especially, if the connection V is the quarter-symmetric metric E-connection given by (6),
then the curvature tensor of this connection becomes

R(81,82,83,84) = (ﬁlrﬁzrﬁsr@i) (13)
+0(81,83)8(EC2,8a) — 0(82,83)8(EC1, C4)
)8(

) —o(
+0(82,84)8(EC1,83) — 0(81,84)8(ES2, C3)
+0(81,E3)8(82,8a) — 0(82,EG3)8(81,84)
+0(82,EG4)8(81,83) — 0(G1, EC4)8(62,83),

where R(1,&,83,¢4) = §(R(¢1,82,&3),¢4) and R is the Riemannian curvature tensor of
the Levi—Civita connection V and

oG8 = (Vap)a— p@)p(EG) + 5p(U)g(EG, ) 1)
p@p(EG) + 3p(EU(E1,Ea).

It is easy to see that
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0(81,62) —0(82,81) = (Ve p)ga — (Vg,p)&1 = 2(dp)(81,62)

and

0(81,62) —0(62,81) = 0 <= (dp)(61,G2) = 0.
In addition, from (7), we have
o(EC1,82) — (82, EG1) =0,

that is, the tensor ¢ is pure according to E. We give the following proposition without proof.
Because standard calculations give it. We omit them.

Proposition 3. The curvature (0,4)—tensor R of the quarter-symmetric metric E-connection V
satisfies the following equations:

(i) R(G1,82,83,Ga) = —R(82,¢1,83,84),

(ii) R(1,62,¢3,64) = —R(81,82,64,G3),
(iii) R(81,62,¢3,8a) = R(83,84,81,62) <= (dp)(61,82) =0,
(iv) R(G1,62,63,64) + R(83,81,82,84) + R(G2,63,61,64) =0 <= (dp)(1,62) = 0.

Denote by Ric(¢1, &) the Ricci tensor of the quarter-symmetric metric E-connection
and Ric(¢1, &) the Ricci tensor of the Levi—Civita connection. Then, the Ricci tensor

Ric(81,&2) is

R(ei, &1,82,¢;)) = Ric(éy,82) (15)

= Ric(§1,82) + (4 —n)o(G1,EG) — g(81,82)(tr0)
_0'(61, gZ)UTE) - g(ECL 62)(”’0')/

M-

1

where {e;},i = 1, ..., n are orthonormal vector fields on (M, g, E, V,¢) and

e = Yotee)
i=1
= 2 (Tapte)+ Dy + L pn
and
trg = Xn:(ao E)(e;,e;) = Xn:a(ei, Ee;)

=
—
™
N .
S
| —
I
N

= (vf?ip>(Eei) +

p(U) — ~——=p(EU).

Il
-

It is easy to see that if (dp) (&1, &) = 0, then Ric(&q, &) = Ric(&a, ¢1). In fact,

Ric(81,82) — Ric(82,61) = (4—n)[0(&1,EG2) — 0(EE2,81)]
—(trE)[0(81,82) — (&2, E1)]
= 2(4—n)(dp)(&1,EC2) —2(trE)(dp)(&1,82)-

Moreover, the scalar curvature T of the quarter-symmetric metric E-connection is given by

T iﬁic(ei,ei) (16)
i=1

= Ric(e;, e;) +2(2 —n)(trf) — 2(tro) (trE)

= T+2(2—n)(tr8) —2(tro)(trE),



Symmetry 2022, 14, 1899

8 of 15

where T is the Riemannian scalar curvature of the Levi—-Civita connection of V.

An Einstein manifold is a Riemannian manifold that satisfies the condition
Ric(&1,82) = Ag(E1,¢2), where A is a scalar function. In addition, for the Ricci tensor
Ric(¢1, &) of the manifold (My, g, E, V, €), the Einstein case becomes

s Ril61,82) = 5 Ric(en 22 + Rie2,81) = g6 ), 7)

where y is a scalar function and the manifold (M,, g, E,V,e, ﬁic) is called an e-Einstein—
anti-Kdhler manifold.

Proposition 4. Let (M, g, E, V, ¢, Ric) be an e-Einstein—anti-Kiihler manifold. Then, the follow-
ing equation holds:

1

n
u—A=ary_(Vep)(Ee;) +a
=1

1

) (Vap)e) + asp(Lh) + asp(ELD),

where
- 2(2n— n)’ iy = _Z(t;:E)’
0 = (8(2 —n)(n ;4) - (trE)2>, o — Z(t;:E).

Proof. From (15), (17) and Ric(&1,82) = Ag(&1,C2), we get
T=un and T = An.
In addition, from the last equation and (16), we obtain
T=1+2(2—n)(trf) — 2(trE)(tro)

and
un = An+2(2 —n)(tr0) — 2(trE)(tro).

Finally, substituting 78 and tro in the last equation, we reach the end of the proof. O

3.2. Transposed Connection of the Quarter-Symmetric Metric E-Connection

The transposed connection 'V of the quarter-symmetric metric E-connection V is
defined by

Ve bo = Ve o+ (81,6,

fgr all vector Eelds ¢1 aBd &ron (M, g, E, V,e) [6,52]. Substituting
15(21,82) ="'V 82 =" Vg, &1 — [C1, ) in the last equation, we get

Ve 6o = Ve 82— S(81,82) (18)

and

'S(81,62) = —5(61,82)-

From the Equation (6) and (18), the transposed connection !V is as follows:

'Ve,62 = Vi, 6o+ p(81)(EG2) — Ug(EG1, 62) + p(EG1)(G2) — (EU)g(81,&2).  (19)

It is clear that {V¢ # 0 and ! VE = 0, that is, the transposed connection {V is a non-metric
E-connection.
The curvature tensor 'R of the transposed connection !V is as follows:
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'R(E1,62,83) = R(C1,82,83) — (V&,5)(82,83) + (Ve,S) (81, 83)
—[5(5(81,82),83) + S(5(&3,81), &2) + S(S(82,E3), C1)]-

From Proposition 2, we obtain

ti(élr 62/ 63) = F(glr 62/ 63) - <v§1§) (62/ 63) + (V§2§)(§1, 63)

3.3. U(Ric)-Vector Fields on (My, g, E, V, €)

Let ¢ be a vector field on a Riemannian manifold (M, §), which is locally expressed

by ¢ = ¢™ axim' The vector field ¢ is a ¢(Ric)-vector field on a Riemannian manifold (M, g)
such that [53]

V(¢) = 7Ric, (20)

where 7 is a non-zero scalar function, V is the Levi-Civita connection of g, Ric is the Ricci
tensor of (M,, ) and (¢, &) = @(¢). The Equation (20) is locally expressed by

Vig; = YRij,

where ¢; = g™ and R;; is the Ricci tensor. In the special case, using the generator p we
can define a ¢(Ric)—vector field by

(Ve p)&2 = YRic(81,82), 1)

where 7 is a non-zero scalar function, V is the Levi-Civita connection of g and
(U, &) = p(g). For this reason, we will call the vector field U a U(Ric)—vector field.
The Equation (21) implies that (dp)(¢1,¢2) = 0. In fact,

0 = Ric(1,82) — Ric(é2,¢1) (22)

. %[(Vglp)ﬁz — (V&p)al
= %[0(61,62) —0(2,¢1)]
= %(dp)(‘?l,@z)-

Proposition 5. Let (My, g, E, V, €) be an e-anti-Kihler manifold admitting a U (Ric)-vector field.
Then, Theorem 1 and Proposition 3 are directly provided.

On the e-anti-K&hler manifold (M, g, E j ,¢), the U(Ric)—vector field with respect to
the quarter-symmetric metric E-connection V is defined as follows:

(v{f]p)gz = ,YFZ‘CO:L CZ)/ (23)

where 7 is a non-zero scalar function on (M, g, E, W,s) and Ric is the Ricci tensor of
V. Actually, if (Vg p)& = yRic(&1,&2), then from the Equation (23), we can say that
Ric(&1,82) — Ric(&p,&1) = 0, that is, the Ricci tensor Ric(y, §z) of the quarter-symmetric
metric E-connection is symmetric.

Theorem 2. An anti-Kihler manifold (M, g, E,V,e = —1) with a U(Ric)-vector field of con-
stant length has constant scalar curvature, that is, VTt = 0.

Proof. From (23), we obtain

(Ve p)Ga — p(62)p(EC1) — p(EC2)p(G1) + p(U)g(ES1, &2) + p(EU)E(S1,62)
= 7[Ric(&1, &)+ (4 —n)o (81, ECr) — g(&1,82) (tr0) — g(EEy, &) (tro)]
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and

1
—Ep(ll) = tro.

Substituting tro in the last equation and from (V¢ p)&2 = yRic(1,¢2), we have

_ L (=9
—5, P = ;Vel )+ —5—p(EU)

= i ic(e;, e;) (n;4)p(EU)

= 3T+ (n;4)p(EU)

and ( 2 .
n —
T= 2y p(EU) — WP(U) (24)

If we consider that a U(Ric)-vector field has constant length, we can write
U]l = p(U) = ¢, (c = constant)

and from the covariant derivative according to the Levi—Civita connection V of the last
equation, we get
Valp(W)] = (Vg p)U +p(Ve U) = 0. (25)

It is clear that g(¢, U) = p(&2) and

(Ve 8o, U) +8(62, Ve U) = (Ve p)éa+p(Ve62)
(VQP)CZ +g(v§1€2/ U)

8(82, Ve U) = (Vg p)G2.

From the last equation and (25), we obtain

and

(Vep)U = yRic(6,U)
= 0

In addition, for p(EU) and the last equation, we find

Ve [p(EU)] = (Vg p)(EU) +p(Ve (EU)) (26)
2(Vep)(EU)

2vyRic(&1, EU)

= 2vyRic(E&,U)

= 0.

Finally, by using (25), (26) and (24), we easily see that VT = 0. This completes the
proof. O
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4. Quarter-Symmetric Non-Metric E-Connection on (M,, g, E, €)

We construct a linear connection V on the e-anti-Kahler manifold (M, 8, E, ¢) whose
torsion tensor is in the form (5):

Vel = Vel + (1—a)[p(E)(EE) + p(EE)(E)] 27)
—a[p(1)(EG2) + p(EC1)(82)],

where « € R. It is provided by standard calculations:
%g#o and VE =0,

that is, the Connection (27) is a quarter-symmetric non-metric E-connection on (My, g, E, V, €).
The curvature (0,4)—tensor of the quarter-symmetric non-metric E-connection can be
written in the form:

R(&1,8,8,8) = R(&1,8,8,8)
+¢(81,63)8(EC2, 84) — ¢(82,63)8(EC1, C4)
+¢(81,E¢3)8(82,8a) — (82, EG3)8(81,G4)

71[8(53154)(4?(51/552) ¢(EG2,¢1))
+8(EG3,C4)(¢(81,G2) — ¢(82,61))],

where « # 1 and

¢(21,62) = (1= ) (Ve p)Ga — (1 - a)?[p(61) (ES2) + p(82) (EE1))-

In the last equation, we can say that ¢(&1,82) — ¢(&2,81) = 0 <= (dp)(é1,é2) = O,
actually

$(81,82) = 9(82,61) = (1 =) [(V p)G2 — (Vg p) G2l

In addition, from (7), we can write

¢(EC1,&2) — ¢(E2, EC1) =0

Thus, the tensor ¢ is pure with respectto E.
It is clear that the curvature (0,4)—tensor R satisfies the following properties:

(i) R(E1, &2, 83, Ea) = —R(ffz, ¢1,83,C4),
(ii) (dp)(X,Y) =0 = R(&1, &2, &3, 84) + R(E3, 81,82, Ea) + R(82, €3, 81,84) = 0.

The Ricci tensor of the quarter-symmetric non-metric E-connection has the form:

Ric(1,&2) = Ric(81,6) + (2—n)p(&1, EE2) — (trE)¢p(81, 62) (28)

+ 2 9B, §1) — 9(61, EG)),

where Ric(¢1,Y) is the Ricci tensor of ¢ and « # 1. It follows that

Rictey &)~ Ricteatr) = (2152 ) gt Be2) — o(E2 1)

—(trE)[¢(G1,G2) — (82, C1)]-

If (dp)(81,82) = O, then Ric(&1,&) = Ric(&,&). Hence, the scalar curvature 7 of the
manifold (M, g, E, V, €) becomes

T =1+ (2—n)(try) — (trE)(tr¢), (29)



Symmetry 2022, 14, 1899 120f15
where
trg = ifl‘l’(ei/ei) (30)
= <1—a>l=i1<vel )(er) — 21— ap(EU)
and
ry = lilwom(ez, »—iflwei,lsei) G1)

= (1— )Y (Vep) (Ee)—26(1 - a)2p(U).

The condition for the e-anti-Kahler manifold (M, g, E, v, ¢) to be Einstein according
to the quarter-symmetric non-metric E-connection V is given by

—_

(féyg”)ﬁic(ﬁlrﬁz) = Z[Ric(&1, &) + Ric(&2, &1)] = ng(&1, &), (32)

N

where i is a scalar function. In this case, the manifold (M, g, E, 6, g, ﬁic) is called an e-
Einstein—anti-Kéhler manifold according to the quarter-symmetric non-metric E-connection
V. Then, we get the following proposition.

Proposition 6. Let (M, g, E, V, ¢, Ric) be an e-Einstein-anti-Kiihler manifold. Then, the follow-
ing equation holds:

n
p—A=b1) (Vep)(Ee;) + byp(U) + bs,
i=1

where )
b = (n —2)n(oc - 1), by = 2e(n — 2’)1(1 — ) by = (trE)n(trgb)

Proof. From (28), (32) and Ric({1, &) = Ag(¢1,82), we have
T=¢_¢n and T=An.
In addition, from the last equation and (29), we get

T = T+ (2— n)(trg) — (HE)(tr¢)
and
¢n=an+ (2—n)(tryp) — (trE)(tre).
Finally, substituting ¢ and tr¢ in the last equation, the proof is completed. O

4.1. U(Eic)-Vector Fields on (My, g, E, v, €)

Let (M, $E ¢) be an e-anti-Kdhler manifold with the quarter-symmetric non-metric
E-connection V given by (27). Using the generator p and the quarter-symmetric non-metric
E-connection V, we can define a U(Ric)-vector field as follows:

(651 p)gz = T]ﬁic(glr 62)/

where 7 is a non-zero scalar function on (M, g, E, %,s), Ric is the Ricci tensor of V
and g(U,¢) = p(&). If (Vg p)&a = nRic(¢1,82), we can easily see that Ric(81,&2) —
Ric(&2,61) = 0.



Symmetry 2022, 14, 1899

13 of 15

Theorem 3. An anti-Kihler manifold (M, g, E, V,e= —1) (n > 3) witha U(ﬁic)-vectorﬁeld
of constant length has constant scalar curvature, that is, Vt = 0.

Proof. As in Theorem 2, we get

B (2 —4a) 2(1—«)
TR T LA A

p(EU).

If we assume that a U(Ric)—vector field has constant length, then Ve [p(U)] = 0and
Ve [p(EU)] = 0. Thus, we have VT = 0. O

4.2. Dual Connection of the Quarter-Symmetric Non-Metric E-Connection v

The dual connection *V of any linear connection V is given by

61882, &) = §(Ve &2, 83) + 8(82," Ve, &) (33)

for all vector fields &1, & and {3 on M, [54,55]. Using (33), we find the dual connection v
of the quarter-symmetric non-metric E-connection on (M,, g, E, V, €) as follows:

Vela = Vel + (a—1)[Ug(EE, &) + (EU)g(EE, &) (34)
+alp(81)(EG2) + p(EG1)(82)]-
From (27) and (34), we can write *S(&;, &) = —aS5(81, &), where *S is the torsion

tensor of the connection *V. In addition, the connection *V satisfies the condition *V g#0
and *VE = 0, the connection *V is a quarter-symmetric non-metric dual E-connection.

In [55], the author has shown that there is a relationship of the form *R({;’l, ¢2,C3, 54)
= —R(Cl, 2,84, C3) between the curvature tensors of any connection V and its dual *V.
Then, the curvature (0, 4)-tensor of the dual Connection (34) has the form:

“R(81,82,83,84) = R(1,82,83,84)
+‘P(€2, 64)8(E61/ 63) - (P(Clr 64)g(ECZ/ 63)
+¢(82,EG4)8(S1,¢3) — ¢(G1, EC4)8(82,C3)

——718(63,80)(9(C1, EG2) — ¢(EC2, 1))
+g(E€3/ 64)(47((:1/ ‘.:2) (CZ/ gl))]

where a # 1. The Ricci tensor *Ric and the scalar curvature *7 of the dual connection *V
are

*Ric(E1,8) = Ric(§1,§2)+2¢(§1IE§2)— (81, 82) (try) (35)
—8(EG1,82)(tr) — [4’(51,552) P(EC2,¢1)]

and
T =1+ (2—n)(trp) — (trE)(trg), (36)
respectively. From (35), we obtain

*Ric(&1,82) —* Ric(&2,&1) = 4(1— 3a)(dp) (&1, EG).

Then, we can write the following last proposition.

Proposition 7. (i) *Ric(&, &) —* Ric(&, &) = 0 < (dp) (¢, E&) =0 B
(ii) From (29) and (36), we easily say that the scalar curvature *T of the connection *V
coincides with the scalar curvature T of the connection V, that is, *T = T.
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