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Abstract: Using Bell’s polynomials it is possible to approximate the Laplace Transform of composite
functions. The same methodology can be adopted for the evaluation of the Laplace Transform of
higher-order nested functions. In this case, a suitable extension of Bell’s polynomials, as previously
introduced in the scientific literature, is used, namely higher order Bell’s polynomials used in the
representation of the derivatives of multiple nested functions. Some worked examples are shown,
and some of the polynomials used are reported in the Appendices.
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1. Introduction

In this study, we illustrate a procedure for the evaluation of the Laplace Transform (LT)
of multi-nested analytic functions. To this end, we make use of Bell’s polynomials [1-5],
which constitute the essential tool for computing the subsequent derivatives of compos-
ite functions.

The Bell’s polynomials appear in many different fields, ranging from number theory [6-8]
to operator theory [9], and from differential equations [4] to integral transforms [10,11]. It is
worth noting here that Bell’s polynomials are closely related to and can be written in terms of
symmetric functions in combinatorial Hopf algebras [12].

The importance of the LT [13,14] is well known and it is redundant to remind it here.

We use the classic definition of the LT:

L(f) = /O°° exp(—st)f()dt = L(s) .

The LT converts a function of a real variable t (usually representing the time) to a
function of a complex variable s (which represents the complex frequency). The LT holds
for locally integrable functions on [0, +o0). It is convergent in every half-plane Re(s) > a,
where 4 is the so-called convergence abscissa, depending on the growth rate at infinity
of f(t).

Our procedure is as follows: we use Taylor’s expansion of the considered analytic
function, and express the relevant coefficients in terms of Bell’s polynomials; then, we
approximate the LT of the given nested function by a series expansion, which provides an
asymptotic representation of the LT when that exists.

We start from the easier case of the LT of a nested exponential function, considering
the first few values of the complete Bell’s polynomials. The result is a Laurent expansion
which approximates the relevant LT.
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Then, we consider the case of the LT of general nested functions. The main problem
is to provide a table of Bell’s polynomials. These exhibit higher complexity, but their
evaluation can be easily performed through a dedicated computer code.

Our results can be compared with the LT of nested functions appearing in the literature only
in a few cases [15], but the results we have obtained in these cases are completely satisfactory.

All the computations reported in this study have been performed using the computer
algebra program Mathematica®.

The second-order Bell’s polynomials YE], representing the derivatives of nested func-
tions of the type f(g(h(t)) are then introduced, and two examples of LT of these functions
are given.

In Appendix A a table of the second-order Bell’s polynomials is reported.

Lastly, we give some examples to show that the same methodology can be used even
for the LT of higher-order nested functions. The first few terms of the corresponding

(4]

generalized Bell’s polynomials, of order 4, Yn4 , are shown in Appendix B The polynomials

Y,Lﬂ have been computed in the same way but are not reported here owing to the lack
of space.

It is worth noting that more general extensions of Bell’s polynomials have been
introduced in the past, including those appearing in the two-variable case [16], as well as
the multi-variable case [17]. Since all the aforementioned extensions have been proven
through the classical case, more general results could be obtained by applying the methods
described in this article.

2. Definition of Bell’s Polynomials

The n-th derivative of the composite (differentiable) function ®(t) := f(g(t)), as
evaluated by the chain rule, is expressed by Bell’s polynomials as follows

n

@, :=D{O(t) = Yu(f1,81 f2,825 i fu &) = Y Buk (81,82, -+ 8n—+1) fio 1)
k=1

where

fni= D£f<x)|x:g(t)/ 8k = Dicg(t). ()

The coefficients B, x, forall k = 1,...,n, are polynomials of the variables g1, g, ...,
Sn—k+1, that are homogeneous of degree k and isobaric of weight n (i.e., they are a linear
combination of monomials gll<1 glﬁz e gﬁ” whose weight is constantly given by k1 + 2k, + ... +
nk, = n); in the literature, they are also referred to as partial Bell’s polynomials.

Bell’s polynomials satisfy the recursion
Yo := fi;
Yot (f1r 815 fus 8ni fue1s 8n1) =

" /n 3)
=) (k) Yo k(f2, 815 f3, 82+ 5 fuks 1 §n—k)Sk+1 -
k=0

An explicit representation is given by the Faa di Bruno’s formula

Yl o oeifurdn) = L ”i'r,f B[] [, "

1751 1
xGn) T172E- n!

where the sum runs over all the partitions 7t(n) of the integer n, r; denotes the number of
parts of size i, and v = r; +r2 + - - - + r,, denotes the number of parts of the considered
partition [5].
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The B, x coefficients satisfy the recursion V n

Bu1=8n, Bun= g¥,

©)

n—k n—1
Bujc(81,82/ -1 8n—k+1) = Y, ( I ) By n-1k-1(81,82 - §n—k—h+1) Sh+1 -
=0

3. LT of Composite Functions

Let f(g(t)) be a composite function that is analytic in a neighborhood of the origin,
and whose Taylor’s expansion is given by

[e9) tn
fg(0) =) an—r, an=D[f(8(1)]i=0- ©)
n=0 :
According to the preceding equations, it results in

a0 = f(8o),
n o o e} o (7)
an =D} f(g())]i=0 = Y_ Bui(81,82 - 8n—ks1) fr, (n>1),
k=1
where
fri=Dsf(¥)lrmg0)  8n= Di'g(t)]i=o. 8)
Then, the following result easily follows.
Theorem 1. Consider a composite function f(g(t)) that is analytic in a neighborhood of the

origin, and can be expressed by Taylor’s expansion in (6). For its LT the following asymptotic
representation holds

+00 0 N +oo 1 o o o o h
Fl(ee it = T8 3 [T @ k) fo et =
0 5 =170 =3 n!
¢ N n o o o o +oo
- {&) + Y Y Buk(81,82, -, 8n—kt1) fi / o et = 9
s n=1 \k=1 o m

o

g N n o o o ° 1
_ f(8o) +y (Z B, k(81,82 8n—k+1) fk) e
n=1

s k=1

where N denotes a finite expansion order.

3.1. The Particular Case of the Exponential Function

In the particular case when f(x) = ¥, that is considering the function ¢8(*), and
assuming ¢(0) = 0, we have the simple form

n o

o o o n o o o o o o
ZBn,k(glng/"'/gn—k+1)fk: ZBn,k(glng/--~/gn—k+l) = Bi’l(gllg2/~-/gn)/ (10)
k=1 k=1

where the B,, are the complete Bell’s polynomials. It results By(go) := f(go), and the first few
values of B, forn =1,2,...,5, are given by
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Bl = g1/
)
By =¢71+ %2,
By =g} +3818 + 83,
By = g1 + 68182 + 48183 + 383 + 84,
Bs = g3 + 108382 + 158143 + 10g3¢3 + 108285 + 58184 + &5,
Bs = g% + 15g182 + 45¢78% + 15g3 + 208383 + 60818283 + 1083 + 15¢784 + 158284 + 68185 + S

By = g7 + 218382 + 105g3¢3 + 1058183 + 358183 + 210878283 + 1058383 + 708143 + 358784+
105818284 + 358384 + 21825 + 218295 + 78186 + 87,

Bs = ¥ +28¢0¢2 +210g7g3 + 4208783 + 10583 + 568783 + 560878243 + 840814383 + 2808785+
2809293 + 708384 + 420828284 + 2108394 + 280919394 + 3587 + 568585 + 168818285+
569395 + 289296 + 289296 + 82187 + s,

By = g7 + 368782 + 3788743 + 12608743 + 945¢1g3 + 848523 + 1260g1 8283 + 3780838393+
1260g3¢3 + 8409393 + 2520818283 + 28083 + 12693 g4 + 1260878284 + 1890g1 9594+
126092384 + 1260828384 + 3158183 + 1268185 + 756828295 + 3788545 + 504819385+
1268485 + 848386 + 252819286 + 848386 + 368787 + 368287 + 98185 + g9

Byg = g10 +45¢8¢> + 630g0¢3 + 3150g1 g3 + 4725925 + 94585 + 12087 g3 + 2520839293+
12600838345 + 12600818583 + 21008783 + 1260083 283 + 63008383 + 28008193+
210894 + 3150879284 + 945082 g3 94 + 31508584 + 4200878384 + 1260091929384+
21009384 + 157532 + 15759293 + 2528385 + 2520838285 + 3780818385 + 2520838385+
2520929595 + 1260818485 + 126g2 + 2108796 + 1260928286 + 6308386 -+ 840818386+
2108486 + 1208387 + 360818287 + 1208387 + 458788 + 458288 + 108189 + 10 -

The values of the complete Bell’s polynomials for particular choices of the relevant
parameters can be found in [6].
The complete Bell’s polynomials satisfy the identity (see, e.g., [4])

n

n
By (81, - 8&nv1) = Y (k) By (81, s 8n—k) Sk+1- (11)
k=0

In this case Equation (9) reduces to

1

- (12)

+00 2 N [e] (o] [e]
[ exptattye i = S 4 3 g3 85,8
n=1

In what follows, we evaluate the approximation of the LT of nested functions. The
reported results have been obtained using the computer algebra program Mathematica®.

Examples
We first recall the case of the LT of nested exponential functions, showing two particu-
lar examples.

e Consider the Bessel function g(t) := J; () and the LT of the corresponding exponential
function. We find
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/mex (h()yetaqr=ty Lyt 3 119 91
o ST Ts 257 49 45t 1655 3256 647

701 953 15245 n 1
128s8 25657 512510 st )’

(13)
_|_

for s — oo.

e Consider the function g(t) := arctan(t) and the LT of the corresponding exponential
function. We find

1 1 1 1 7 5 145

—+o0
—ts 31 _
/0 exp(arctan(t)) e "*dt 5 52+s3+s4 s et
(14)
5 6095 5815 1
S o a0 TO\ar)

for s — oo.

4. LT in Two Known Cases

We considered two cases concerning composite functions whose transform and anti-
transform are known (see [15]). By using the computer algebra program Mathematica®, we
have been able to prove the correctness of the methodology used.

4.1. Case #1
Consider the function I(t) = log[cosh(t)]. The LT of I(t) is found to be [15]:
1 1 s s 1
v =g 1(a+3) (D] - (12
for Rs > 0, and where ¢(z) is the logarithmic derivative of the gamma function, given by
$(z) = £Inl(z) = T3 (16)

Using our methodology, we find that

L(s) ~ L(s) = 1 2 16 272 7936

- = — + — 17
B PSP VI (17)

so that, the inverse Laplace transformation is given by

- 2 v 178 31410
~ ==t = — —+ —— 18
i) (2 T 20" 14175>H(t)’ (18)

with H(-) denoting the Heaviside distribution which can be defined as follows:

H(x) :/X Nu)du, (19)

in terms of the Dirac delta distribution &(+).

4.2. Case #2
Let us consider the function I(t) = Jo(#?). The LT of I(t) is found to be [15]:

Us

L(s) = 16{ [}1/4(52/8)}2 + [Y1/4(s2/8)r} , (20)
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for Rs > 0.
Using our methodology, we find that
- 1 6 630 207900 141891750 164991726900
L(S) ~ L(S) = g - 5*5 + 579 — 513 517 — 521 , (21)

so that, the inverse Laplace transformation is given by

» t4 f8 tlZ t16 tZO
~ -t — - - . 22
i) (1 4 + 64 2304 + 147456 14745600)H(t) (2)

5. A First Extension of Bell’s Polynomials

We consider the second-order Bell’s polynomials, Y,[lz] (f1, 81,115 f2, g2, h25 - - 5 fu, §nolin),
defined by the n-th derivative of the composite function ®(t) := f(g(h(t))).

Consider the functions x = h(t),z = g(x), and y = f(z), and suppose that h(t), g(x),
and f(z) are n times differentiable with respect to their variables, so that the composite

function ®(t) := f(g(h(t))) can be differentiated n times with respect to t, by using the
chain rule.

We use, as before, the following notation:

®;:=D}®(t), fu:=Dyf(V)ly—grx) 8 = Dr&(*)lsen(ry, hr:= Dih(t).
Then, the n-th derivative can be represented by the compact symbol:
B = Vil (f1, 1,103 far 82,102 fs ) = Y2 (1,8, W) (23)

where the Y,[l2] are defined as the second order Bell’s polynomials.
The first few terms are as follows.

2
Y2 ((f 8.1 = Agih

2
Y (If g, h2) = figiho + figald + frg213;
Y3[2} (If, 8, 13) = figihs + f183h3 + 3f1gah1ha + 3f28182h3 + fagihy;
Y, h3) = faghh? +6f382g2h% + 3f830 + 4fagigaht + fgah? +6£3g33hy +
+ 182818213 + 61833 hy + 32823 + 3f18213 + 4282 h1hs + 4f1gohhs + f1g1h4;
YEU(1f,g,1)5) = fsg5h3 + 10£3g3g2h3 + 15f3618315 + 10 /338315 + 102528315 +
+ 52818413 + f1g5h3 + 10f4gTh3hy + 60f38382h3ho + 30f283h3hy + 40f28183M3 s +
+ 1011845 hy + 15383 h1 13 + 45 f28182m h3 + 15f183h1h3 + 10385 h3hs + 30f,8182h2h3 +
+10f183h3h3 + 10282 hohs + 10f180hohs + 5f283h1hs + 518201 ha + f181h5 -

A more extended table is given in Appendix A.
The connections to the ordinary Bell’s polynomials are highlighted below.
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2]

Theorem 2. For every integer n, the polynomials Y, are represented in terms of the ordinary
Bell’s polynomials by the following equation, where a compact notation similar to the one in (23)
is used:

Y([F, g ) =

(24)
= Yu(f1, Ya([g H); f2, Ya([8, 1l2); - - fu, Y ([8, M)
Proof. Using induction, we can conclude that (24) is true for n = 1, since
YPU(IF,8 ) = fr v = fi Va(lg H) = Ya (A, (g k),
Then, assuming that (24) is true for every n, it follows that
VL g M) = DG g ) = D Ya Yol ) fo Yallg W) =
= Va1 (f, Va8 Bl1); f2, Y218, Hl2); -5 fu1, Yur1 (18 Blnsn)) -
O
Consequently, we have the theorem:
Theorem 3. The second-order Bell’s polynomials verify the recursion
= fui
2]
Y1 ([ & hlnga) = (26)

n
= Z ( )YH (f2, 81,115 f3,82, 025 -+ 5 fr—kv1s 8t i) Yy 1 (18, k1)

Proof. By means of (24) we express Y +1([f, 8 hlny1) in terms of
Vo1 (1, Ya([g B1)i - -5 fugas Yo ([8, Blnt)-
Then, by using the recursion (9) and again Equation (24), the expression (26) follows. [

6. LT of Second-Order Nested Functions

Let be f(g(h(t))) be a composite function that is analytic in a neighborhood of the
origin and, therefore, can be expressed by the Taylor’s expansion

tn

F@((h(1) = Y an—, an = DEIF(8((h(1))]i=o0- (27)
n=0 :
According to the preceding equations, it results

a0 =fo= F(3(h(0)),

© o o (28)
an = DIF(S(((O)))imo = Y2 (f.& 1), (n>1),

where

fri= sz(y)‘y:g(o)/ 8= Di{g(x)\x:h(o): hri= Dih(t)i=o - (29)

This expansion can be used to evaluate the LT of analytic nested functions.
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Theorem 4. Consider a nested function f(g((h(t))) that is analytic in a neighborhood of the
origin, and whose Taylor’s expansion is given by (27). For its LT, the following asymptotic represen-
tation holds

e —tS 34 ~ }O al 2] £ o0 teo gt —ts 34
L St =3+ ) (8 hl) | et =
o (30)
N © o o 1
= % +)§1Y7[12]([f,g,h]n) T

where N denotes a finite expansion order.

Proof. It is a straightforward application of the definition of the second-order Bell’s
polynomials. [

x—1

Example 1. e Assuming f(x) = e**, g(y) = cos(y), h(t) = sin(t), it results in (see Figure 1)

oo . _ 1 1 8 127 3523 146964 1
/0 exp[cos(sin(t)) — 1] e ¥dt = s ATe vt e . (sﬁ) , (31)
for s — oo. The corresponding inverse LT is approximated by (see Figure 2)
. 1 1 127 3523 12247
()~ (1-s P+t — 5 — ) H(t). 32
®) < 2" "3 720 40320 302400 ®) (52)
0.20 15 T T

\
— W] - —— arg{L(5+ic)
|L(5+iw)| \ arg{L(5+iw)}

(a) (b)
Figure 1. Magnitude (a) and argument (b) of the Laplace transform of exp[cos(sin(¢)) — 1] as evalu-
ated through the approximant L(s) and the rigorous integral expression L(s) for s =5 +i w.

1.00} -
0.95
0.90

0.85

I(t)

Tt
0.80

0.75

0.70} -

Figure 2. Distribution of /(t) = exp[cos(sin(t)) — 1] and the relevant approximant [(t).
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Example 2. e Upon assuming f(x) = log(1+ %), g(y) = cosh(y) —1, h(t) = sin(t), it
results in (see Figure 3)

o0 cosh(sin(t)) — 1] _, 1 9 27 1169 5869 1
log|1 4 SO Z 2| potsy - = 227 107 %0 6 1) (33
/o Og[ * 2 ¢ 23 45 27 8o 2 TO\SE (33)

for s — oo. The corresponding inverse LT can be approximated as (see Figure 4)

3 1 167
l(t):(t23t4+3t6 07 s, 2869 th)H(t). (34)

4 32 160 46080 7257600

—— L(5+iw)] ) —— arg{L(5+iw)
|L(5+iw)]| \ arg{L(5+iw))
-30 -20 -10 o 10 20 30
w w
(a) (b)

Figure 3. Magnitude (a) and argument (b) of the Laplace transform of log {1 + M] as

evaluated through the approximant L(s) and the rigorous integral expression L(s) for s = 5 +iw.

0.25F" . 1 : : ) ) B
020} --------- e e
N
i | H | 7 |
e
1 1 1 1 / 1 1
i i 4 | |
i 1 H 7 | | — )
. N S i S S S I 1
i i 7 | i |
i | 7 | | |
0.05} ----=-=n-dmnonoo-d T LORTE EEEEEREE T SRGRCEUEE SECPRRLRS .
i A 1 1 | |
i
i e T T e
0.0 0.2 0.4 0.6 0.8 1.0 1.2 14

and the relevant approximant /(#).

Figure 4. Distribution of /() = log [1 + %]

7. Higher Order Bell’s Polynomials

Consider the nested function ®(t) := f(1)(f(2)(- - (f(m)(£)))), i-e., the composition of
the functions xp-1 = f(t), ..., X1 = f(2)(x2), ¥ = f(1)(%1), and suppose that f(uyy, .-,
f2), f) are n times differentiable with respect to their independent variables. Then, ®(t)
can be differentiated n times with respect to t using the chain rule. By definition we put
xp =t so thaty = O(t).

We use the following notation:

), := Dd(t),
Fayn = D ) b= (g iy (00
foyk = D, f2)lxa=fiay oy (- iany (00))7 (35)

foyj = Do =
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Then, the n-th derivative can be represented as

@, =y (fyar-- fomai fayar - fomzi - fym - fmyn)s

where the Y,[IM_” are, by definition, Bell’s polynomials of order M — 1.
The above Theorems 2 and 3 can be generalized as follows.

Theorem 5. For every integer n, the polynomials Y,LM%]

mials of a lower order, through the following equation:

are expressed in terms of Bell’s polyno-

YT[ZM*H (f(l),l’ . /f(M),l; cee ;f(l),n/ cee /f(M)/n> =

=Yy (f(l),l/ Y1[M72] (f(z),lr- .- /f(M),l)?
f(1),2/ Yz[M_ﬂ (f(Z),l/' . /f(M),lf‘f(z),z/ . ~/f(M),2)}- .

i fm Y2 (fy-- foma- fam - /f(M),n))'

(36)

Theorem 6. The following recurrence relation for the Bell’s polynomials Yr[lel] of order M —1

holds true:
:f(l),lr
v (fl) v fone g fay e ~-/f(M),n+1) -
i ( )Y[M : (f(l),zlf(z) v S fays fe e - (37)

S fym—tkrr f@m—k - rf(M),nfk) X

X Yk[l\fl 2 (f(Z),l/ X ff(M),l;- .- ?f(z),k+1/ X rf(M),k+1)-

Example 3. We apply the above results to the case of the LT of nested sine functions, assuming
M=4and M =7.
o Let be M = 4. We have (see Figure 5):

fa(t) = f3(t) = fo(t) = fa(t) = sin(t), f(t) = sin(sin(sin(sin(t)))),

*© I 1 4 64 2160 121600 1
/0 exp(—st) sin(sin(sin(sin(t)))) dt = 2 4 tE s T —0 + O(Slz) ,

fors — oo,

The corresponding inverse LT is approximated by (see Figure 6).

e (-2pr 8 37, 10
l(t)_(t T R=T g ) OF (38)
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—— |L(10+iw)| 7 —— arg{L(10+iw)}

IL(10+iw)| arg{L(10+iw)}

(a) (b)
Figure 5. Magnitude (a) and argument (b) of the Laplace transform of sin(sin(sin(sin(t)))) as
evaluated through the approximant L(s) and the rigorous integral expression L(s) for s = 10 +iw.

0.6} | | | g
0.5
0.4

0.3 -

Tt

0.2

] S S A S

0.0} & U S S §

Figure 6. Distribution of /(t) = sin(sin(sin(sin(¢)))) and the relevant approximant (t).

o Let be M = 7. We have (see Figure 7):

f7(t) = fe(t) = --- = f(t) = sin(t),  f(t) = sin(sin(- - -sin(sin(¢)))),
o 1 7 217 14903 = 1776817 1
[T ep(-snfear= 5 - L+ 27 - B L 7 +o(512>,
fors — oo.
The corresponding inverse LT is approximated by (see Figure 8).
oo, 73, 217 5 2129 ; 253831 4
I(t) ~ (t Pt 0t S Ut Siman b ) H)- (39)

0.010FT T T
0.008

0.006

— L(10+iw)]
|L(10+iw)|

—— arg{L(10+iw))

0.004 arg{L(10+iw)}

0.002

0,000 - --===-===d-mmmmmmab o e R et

(a) (b)
Figure 7. Magnitude (a) and argument (b) of the Laplace transform of sin(sin(... (sin(t)))) as
evaluated through the approximant L(s) and the rigorous integral expression L(s) for s = 10 +i w.
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0.2f----mmmmmmmbomoeme booneoooe- boomemeee oo s o
i i 5 i i 1
N : : :
» , . . .
04 fmmmmmmme e e N A Poeenoeees s s
7 : : . .
7 : : : :
/ : : : : :
el UL LY bosesenses et 8
0.0 0.1 0.2 03 0.4 05 06

Figure 8. Distribution of I(t) = sin(sin(... (sin(t)))) and the relevant approximant ().

8. Conclusions

We have presented a method for approximating the integral of analytic composite func-
tions. We started from the Taylor expansion of the considered function in a neighborhood of
the origin. Since the coefficients can be expressed in terms of Bell’s polynomials, the integral
is reduced to the computation of an approximating series, which obviously converges if the
integral is convergent. Then, this methodology has been applied to the case of the LT of an
analytic composite function, starting from the case of analytic nested exponential functions.
Furthermore, the evaluation of the LT of analytic nested functions is discussed, and the first
few second-order Bell’s polynomials used in the framework of the presented methodology
are reported in Appendix A, whereas those of order 4 are given in Appendix B. A graphical
verification of the proposed technique, performed in the case when the analytical forms of both
the transform and anti-transform are known, proved the correctness of our results. In future
studies, attention will be devoted to the evaluation of more complex functions, such as the
basic class of symmetric orthogonal polynomials (BCSOP) introduced in [18].
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Appendix A

n
m- YIN_] t= Z (BellY[n, k, Table[hy, {m, 1, n-k+1}1] g)
k=1

n

mer= Y2[n_] = Z (BellY[n, k, Table[Y[m], {m, 1, n-k+1}1] fy)
k=1

m1= Y2[1] // FullSimplify // Expand

figihy

= Y2[21 // FullSimplify // Expand
our - fagihi+figahi+figihy

Y2[3] // FullSimplify // Expand

our- fagihi+3fagigohi+figshi+3fgihih,«3fighihy+figihs

= Y2[4] // FullSimplify // Expand

°
T

fagihi+6figigohi+3fogihi+afoggahi figahl+6figihih,+18F,g g hihs+
6figshih,+3f,gihl+3fighi+4fgihihs+4figohihs+figihs

3= Y2[5] // FullSimplify // Expand

our)- Fsgihy+ 10 fagigohl + 15 fagigihl+10fagigahi+ 10 fagogahi+5fagigahl + figshi+
10f,gihih,+60fsgig,hihy, +30F, gshih,+40f, g gshihy 10 Fgahihy+
15f3gih;h3+45f, g g, h;h3+15F;, gsh; h3+10f3g;hih;+30f, g1 g, hihs+
10 figahihs+ 10 f,gThohs+ 10 fugahohs v 5 fagihihy +5f g hyhy« figihs

Y2[6] // FullSimplify // Expand

oup = s gihS+ 15 fs gt go hS + 45 F4 g2 g2 hS + 15 f3 g3 h + 20 f4 g3 gz hS < 60 f3 g, go gz hS +
10f,g5hf+15f5glgahf+15f, 828, h3 +6fo g1 gshl+ frgehl+ 15 fsgihihy +
150 f, g2 g, i hy + 225 3 g5 g3 hi hy + 150 f3 g2 g3 hi hy + 150 f, g5 gshi hy + 75 fo gy gahihy +
15f, gshihy+ 45 fsgihihd+270 f3g2 go hih3 + 135 f, gihih2 - 180 f, g1 gshih3 +

45f, gahih3+15Fsgih3+45f, g1 g h3+15F, gahd +20 f,gihihy+120 fagigo hihs+

60 f,g5hih; 180 f, g gshihst20f gahih; 1 60F;gihihyhsi180f, g g hihyhsi

60 f;gahyhyhy <10 f, g2 h2+10 fy g, h3 +15f; g3 hihy+45f, g1 g, hihy+

15 fygahihs+15f, g hyhy+ 15 figohohy+6 fogihyhs +6 Frgohyhs < 1 gy he

= Y2[T] // FullSimplify // Expand

our = gz h1721 fe gi g2 h;+105 fs gi g% h1—1®5 fag1 gg h1735 fs g‘; g3 hz+210 fa gf g2 83 hz+
105f;3g5 g3 h] + 70 f3 g g5 h] +35f, 87 gah] +105 f3 g1 g, 84 h] +35 fogsgah] +
21f;gigshi+21f,g 85h, + 7 fagigeh; + figrhy +21 fo gt hihy 315 f5 g go hi hy +
945 f4 g7 g3 hi hy + 315 f3 g3 hi hy + 420 4 g7 ga hi hs + 1260 f3 8182 g3 hl hy +
210 f, g3 h; hy +315 f3 g2 g4 h hy + 315 F, g5 ga hf hy + 126 F5 g gs hy hy + 21 f; gg h hy +
105 f5 g5 hi h3 + 1050 4 g} g, hi h3 + 1575 f5 g, g3 hi h2 + 1050 f5 g gs hi h?+
1050 f, g gs h3 h? + 525 f2 g3 gahi h3 + 165 f1 gshi h3 + 105 f4 gf hy h3 + 630 f3 g3 go hy h3
315, g3 hy h3+420 f, gy g5 hy h3 + 105 f; go hy h3 +35 f5 g5 hi hy + 350 f4 gl gy hi hs +
525 f3 g, g5 hi hs + 350 f5 g7 g3 hi hs + 350 f, g g3 hihs + 175 f, gy gahihy + 35 1 gshihs
210 f4 g} h? hy hs + 1260 3 g2 g, h? hy hy + 630 f5 g2 h? hy hs + 840 f2 g3 g3 h2 hy hy +
210 f1 g4 h? hy hy + 105 3 g2 h3 hs + 315 F, g, g, h3 hs + 105 1 g3 h3 hy + 70 f3 g2 hy h2 +
210 f, g1 g, h1 h3+70 1 gshy h2+35f, g} hi hy+210 f3g2 g, h} hy + 105 F, g3 hihy +
140 f, g1 gz hihy + 35 f gahiha+ 105 fsg3hihyhy +315F, gigohihy hy s
105f; gshyhyhy+35F, g2 hahy+35f; gohahy+21f3gih?hs+63 fogygohlhg+
21f,gshihs+21f,gihyhs+21f g hohs«7f,g2h hg+7fgohyhg+fygihy

= Y2[8] // FullSimplify // Expand

out - fg g2 hY + 28 f+ g7 g, he + 210 fe g] g3 hi - 420 fs g g3 h} - 105 4 g5 hi + 56 g gf g3 hi +
560 fs g} g, g5 h} - 840 f, g1 g7 g3 h} + 280 f, g} g3 hl + 280 f3 g, g3 hY + 70 fs gf ga h] +
420 f, g2 g, 84 h%-210 f3 g3 g4 h} +280 f3 g1 gagahl+35F, g2hd+56 fuglgshl+
168381 85hS + 56 fog3gshi 1 28 f3gigehl 128 f, g, 860t 18 8187 hd + frgshl
28 f; g h$ hy + 588 f4 g5 g2 h$ hy + 2940 f5 g3 g2 hS hy + 2940 f, g1 g5 h$ hy 980 f5 g gahShy «
5880 f, gf g, g3 hi h, + 2940 f5 g3 g3 hi h, + 1960 f3 g1 g3 hi h, + 980 T4 gf g4 hS hy
2940 f3 g1 8,84 hS hy + 980 2 g3 g4 h®hy + 588 f3 g2 gs hShy + 588 f, g2 gs hS hy +
196 5 g1 ge h§ hy + 28 f1 g7 hS hy + 210 f¢ g5 hi h2 + 3150 f5 gf g, hi h3 + 9450 4 g2 g3 hih3 +
3150 f5 g3 h h?+ 4200 f, g3 g3 h} h? + 12600 3 g, g, g3 hi h2+2100 f, g2 h h3 «
3150 f5 g2 g4 hi h% + 3150 f, g, g4 h h3 + 1260 f, g; gs hi h3 + 210 f; gs hj h2 + 420 fs g} h? h +
4200 f, g3 g, h? h3 + 6300 f3 g1 g2 h? h3 + 4200 f3 g2 gz h? h3 + 4200 f, g, g3 h? h3
2100 f, g5 g4 h h3 + 420 f; gs h? h3 + 105 f, g} h + 630 f5 g2 g, h3 + 315 fo g2 h3 +
420 f; g1 g3 h3 + 105 f1 g4 h3 + 56 fo g5 hi hs + 840 f5 gf g, hi hs + 2520 4 gl g3 hi hs s
840 f3 g3 h; ha + 1120 f4 g} ga h] ha + 3360 f3 g1 g2 ga hy hs + 560 5 g2 hs hy +
840 f5 g2 g4 h} hy + 840 f, g5 g4 hy hs + 336 f5 g3 gs h} hs + 56 f, gg ] hs + 560 f5 g; h3 hy hy +
5600 f,4 g3 g, hi hy hs + 8400 f3 g, g2 h} h, hs - 5600 3 g7 g3 h; h, hy + 5600 f, g, g3 hi h, hs «
2800 f, g1 g4 h3hy hy + 560 f, g5 hi hy hy + 840 f4 g} hy h3 hs + 5040 f5 g2 g, hy hl hs +
2520 f, g2 hy h3 hs + 3360 f, g g3 hy h3 hs + 840 f; gs hy h3 hy + 280 f4 gl hih2
1680 f3 g2 g, h? h3 + 840 f, g2 h? h3 + 1120 f, gy g3 h? h3 + 280 f; g h? h3 - 280 f5 g5 h, h3 «
840 5 g1 g, hy hj + 280 f1 g3 hy hi + 70 f5 g hih, + 700 f4 g7 g, hi hy + 1050 f5 g, g3 hi ha s
700 f3 g3 g hi hy + 700 f2 g2 g3 hi hs + 350 f5 g1 g4 hi hy + 70 f1 gs hi ha + 420 f4 gf hihy hy
2520 f3 g2 go h2 hy hy + 1260 fo g2 h2 hy hy + 1680 f, g3 gah? hy hy <420 fy gahZhy hy +
210 f3gi hZh, +630 f, gy g h2 hy + 210 f; gz h2 hy + 280 gl hy hshy + 840 f, g, g, hy hs hy +
280 fy gahy hshy +35F, g2 hZ+35f; g, h3+56 f, gf hihg+336fsglghihg+
168 f; g3 hi hs + 224 f, g1 g3 h} hs + 56 f1 ga h3 hs + 168 f3 g3 hy hy hs + 504 f5 g1 g2 hy hy hs +
168 f1 gz hy hy hs « 56 5 g3 hs hs + 56 1 g5 ha hs +28 f3 g3 hl he +84 f2 g5 g hI he +
28 f1gshihg 128 f,gihohe 128 figahohg 8fagihih, i 8f g hihy i figihs
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Y2[9] // FullSimplify // Expand

fo g3 hy 36 fg g] g; hy + 378 7 g3 g5 h] + 1260 fe g3 g3 h] + 945 fs g1 g3 h3 +
84 f, g5 gs hj + 1260 T4 g g> g3 h] + 3780 fs g7 g3 g3 h3 - 1260 f4 g3 ga h3 +
840 fs5 g} g2 hY +2520 f4 g, g2 g2 hY + 280 5 g3 Y + 126 f5 g5 g4 h) + 1260 f5 g} gy ga Y +
1890 4 g1 g3 g4 h] + 1260 4 g3 g3 g h] + 1260 f3 g, g3 g4 h] + 315 f3 g1 g3 h +
126 f5 g gs hY + 756 f4 g7 g> g5 3 + 378 3 g3 gs h] + 504 f3 81 g3 g5 h + 126 f2 g4 gs h3 +
84 f, gl gehl+252fs 818,860 +84 f 858603 +36 f3gi g7 h)+36 f g 70 +
9> g18sh+ f1goh]+36 fs gl h] h, + 1008 7 g5 g ] hy + 7560 fe g} g3 h] hy +
15120 fs g} g3 h] h, + 3780 f4 g3 h] h, - 2016 f6 g} ga h] h, + 20160 fs g} g, gz h] h, +
30240 f, g1 g2 gshi h, + 10080 f, g2 g2 hi h, + 10080 5 g, g2 hl h, + 2520 s g} ga hl hy +
15120 f4 g2 g, g4 ) hy + 7560 f5 g2 ga hl h, + 10080 f5 g1 g3 g4 hl hy + 1260 f, g2 hl h, +
2016 f4 g gshl h, + 6048 f3 g1 g gs hl hy + 2016 5 g3 gs hl hy + 1008 f3 g2 g hl hy +
1008 f, g, g hl hy + 288 f, gy g7 h, hy =36 fy gghl hy + 378 f; g1 hS h2 + 7938 e g g, hS h2 +
39690 fs5 g3 g3 hy h? +39690 f, g, g3 hy h3 + 13230 f5 g} gz hj h3 + 79380 f, g7 g> gz h; h3 +
39690 f;3 g3 g5 hy h3 + 26460 3 g; g2 h h + 13230 f, g3 g4 h] h3 + 39690 f3 g; g, g4 h h3 +
13230 , g3 ga h h3 + 7938 f3 g2 g5 hi h2 + 7938 f, g, g5 h; h2 + 2646 f, g1 g h; h? +
378 f, g7 hy h? + 1260 fg g8 h? h3 - 18900 fs gt g, hi h3 + 56 700 f, g2 g2 hi h +
18900 f3 g3 h} h3 + 25200 f, g} gz hi h3 + 75600 f3 g, g, g3 hi h3 + 12600 f, g2 hj h3 +
18900 3 g2 g4 h} h3 + 18900 5 g5 g4 h} h + 7560 5 g1 gs h h3 + 1260 f, gg hl h3 +
945 f5 g7 hy hi + 9450 f, g3 g, hy h§ + 14175 f5 g1 g3 hy h§ + 9450 f5 g7 gz h, h +
9450 f, g, gz hy hh + 4725 f, g1 g4 hy 3 + 945 f, go hy h% + 84 f7 gl hS hy + 1764 fe g3 g, hS hs +
8820 f5 g2 g2 hS hy + 8820 f4 g, g3 hS hy + 2940 s g g3 hShy + 17640 f, g2 g, gz hS hs +
8820 f3 g2 gs hS hs + 5880 f3 g1 g2 hS hs + 2940 f, g g4 hShs + 8820 f3 g1 g2 ga hS hy +
2940 f, g3 g4 h$ hy + 1764 f5 g2 gs h$ hy + 1764 f, g, gs hf hy + 588 f, g, g h§ hs +
84 f, g7 hS hs + 1260 fg g ht h, hs + 18900 fs g} g, h$ hy hs + 56700 f4 g2 g2 hi hy hy
18900 f3 g3 h} hy hs + 25200 f, g3 g3 hi hy hs + 75600 3 g1 g g3 hi hy hy +
12600 f, g2 ht hy hs + 18900 5 g2 g, hi h, hs + 18900 f, g, g4 hi hy hy « 7560 f, g, g5 hi hy hs +
1260 f; gg ht hy hy +3780 f5 g; h? h3 hy + 37800 f, g3 g, hi h2hy + 56700 f3 g, g2 h2h3 hy +
37800 f5 g2 gz hihihy+37800 f, g, gz hih3 hsy+ 18900 f, g, g4 h? h3 hs + 3780 f, gs h ha hs +
1260 4 g} h3 hy + 7560 f3 g} g, h3 hy + 3780 f, g3 h3 h3 + 5040 f, g; g3 h3 hy + 1260 1 g4 h3 hs +
840 f5 g3 hi h% + 8400 f, g g, hi h%+ 12600 f3 g; g2 hi h2 + 8400 f3 g gz h3 h? +
8400 f, g, g3 h h?+4200 f, g; g4 h h%+840 f, gs h? h+ 2520 f, g} h; hy h2+
15120 3 g7 g, hy h, h% + 7560 f, g2 hy h, h + 10080 f, g1 g3 hy hy h3 +2520 f; g4 hy hy h3 +
280 f3 g; h3 + 840 f, g; g h3 + 280 f; g3 h3 + 126 f5 gf hi hy + 1890 s g g, h] ha +
5670 f, g2 g2 h3 h, + 1890 f5 g3 h] hy + 2520 f4 g3 gs h] hs + 7560 f3 g1 g5 83 hy hy +
1260 f; g2 h3 hy « 1890 5 g2 g4 h3 hy + 1890 f, g; g4 hS hy = 756 f5 g1 gs s hy +
126 f1 gg 3 ha + 1260 f5 g3 h3 hy hy + 12600 f4 g3 go h hy hy + 18900 3 g1 g2 hihy hy +
12600 f3 g2 gz hdhy hy + 12600 f, g, g3 hd hy hy + 6300 f, gy g4 h? hy hy = 1260 f; gshhy hy +
1890 4 gf hy h3 hs + 11340 5 g7 g, hy h3 hy + 5670 f, g2 hy h3 h, + 7560 f, g1 ga hy hZ hy +
1890 ) g4 hy h3 hy + 1260 4 g} h? hy hy + 7560 f3 g2 g, h hs hy + 3780 f; g3 h? hs hy +
5040 f, g1 g3 h? hs hy + 1260 f1 g4 h? hy hy + 1260 3 g3 hy hs hy + 3780 f5 g1 g5 hy hy ha +
1260 f; g3 hy hy hy + 315 f5 g2 hy h2 + 945 f, gy g, hy h? = 315 f; g5 hy h? + 126 f5 g3 hi hs +
1260 f4 g; g, ht hs + 1890 f3 g, g2 hi hs + 1260 f3 g} g3 h} hs + 1260 f, g, g3 hi hs +
630 f, g1 g4 h? hs + 126 f; g5 h? hs + 756 f4 gt h2 h, hs + 4536 f3 g2 g, h? hy hs +
2268 f, g2 hi h, hs + 3024 f, g1 gz hi hy hs + 756 f1 ga hi hy hs + 378 f3 g3 h3 hs +
1134 , g, g, h3 hs + 378 f, g3 h3 hs + 504 f3 g3 h; hs hg + 1512 f, g1 g hy hs hs +
504 fy g3 hy hy hs + 126 f5 g2 hy hs + 126 f; g, hy hs + 84 4 gf hi hg 504 f3 g2 g, h hg +
252 f, g2 hi he+336 f, g1 gahdhe+84 f1gahlhg+252F;g3hyhyhg+756 F, g1 85 h1 hyhg +
252 f; gzhy hy hg+84 f, gl hyhg + 84 f1 gy hs hg + 36 2 g3 hih, + 108 f, g, g, hi hy +
36 figshihr 136 g hohr 136 fugahohy v 9 fagihyhg+ 9 Figahyhgt fugshe

Appendix B

- M= 43

n-}= N=53
n
v, = Table[z (Bell¥[n, k, Table[fum, (m, 1, n-k+1)]] fus,), (0, N}]3
k=1

For[i =24 <M, ++i,

n
2 =Tab1e[z (BellY[n, k, Table[Ysy[[m]], {m, 1, n-k+1}1] fui,i), {n, N)]; ]
k=1

Yy [[1]] // FullSimplify // Expand
fi,0f2,1 f3,0 fan

()= Yy-1[[2]] /7 FullSimplify // Expand

SRIRRCNE N AT SR SR A0 FIER SR PR PIPS RS SR SRR SR )

Yu1[[31] 7/ FullSimplify // Expand
Fiafa fiafa+3fiafofo o fl f v fiufosf fl +3Ff fiufa,f] -
31,1 a0 Fa,n Fa,o F5 0+ F1,0 fo,0 Fa,3 a1 +3 10 5 5 ) Faya Fapo s

3fi1f2 f§,1 fanfar3Fiafafsofanfansfiaforfsifas

= Ya-1[[411 7/ FullSimplify // Expand
f1,4 f;,l fg,l f3,1 +6f1,3 f%,l 2,2 f§,1 f:,l +3f12 f%,z Fg,l f:,l #
LR ITR PR FICR AP0 SETE PR PIVR SO SECE JUPR P EOR SIPR S
18 f1,0 o1 fo,0 F3, Fa,0 Fh 1+ 6 F1ufos 3 Faofh v3F1 o] F3, i +

3fi,1 o f3 o fl vafiof)  faafasfl -afiafoofafaafl,+fiufoifsafi,«

6F1,3 73,1 3, fhufa 4181 fon oo f) 5, fao+6Ffiifasfl  fl ) fao
181,275 Fa,ifa2 f2y fao v 18 F10 a0 Faa Fao Fh Fan s 6F1,0 a1 Fas F2y Fapas
3fa,0 3 f3fh 3 fiafo ol fl,e3fiifofanfl,~afiof), ] faufass

41,0 a0 F3 ) Fan s e 4 Fupn Fou Fa,o Fagn Faya e Fipn Fa Fayn Faa
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= Y1 [[511 // FullSimplify // Expand
ourre f1s T3, F5 Fa 1 +10F 0 f3  Fo o F3 5 +15F) 3 Fy F3,F3, Fh 1+
10 fy,5 3 Foaf3 Fa 1+ 10F1 0oy fosfy F3 5 F2fafoaf3 fl
fi,1fas f§,1 ffz,l +10f; 4 f;,x f;; LEW ff,; +60f; 3 f§,1 fa,2 F;,; 3,2 Fi,; +
30F,,f3,f3  Fafa, +40 ) fo ol Fa ol +10F ) fufd il
15F),3F3 ) Fa,u 2, F5 445 F 0 Fou Fo o fay F2, 5 + 15 F1 ) Fo sy F2, 65, +
10 fy,3 f;,l f%,l f3,3 ff,], +30f;,fo1fh f§,1 f3,3 fi,; +10 fy 5 fy 3 fi,l fi,3 ffs,l +
10 fy,0 3y Faofas i +10F1 0 Fonfanfa sl +5F1of3  faufaafl o
5f1,0 oo fan faafa = fiafofasfl +10F) 4 F3, 5, f3, faov
60 fy3 f%,l f2,2 f§,1 f?\,] fa,2+30F; f%,z fg,; fi,) fa,a+40f, s f§,1 fﬁ,l fa,2+
10 fy,1 o0 F30 21 Fa,2+ 60 F1 s 3 ) F3 F3 0 F3  fa o1 180 F1 5 Foy Fon 5 o F3 fao e
60 11 a3 f§,1 LEW ff,; fa,2+30F f%,; f%,z fi,; fa,0+30F;1 ) f;,z f§,1 fa,0+
40 fy 5 f3, Fa,0fa3 5, Fa2+40F)  Foofafaafl faor10F ) fo)faafl  fane
15F3,3F3, F3 0 Fa Fh 44510 Fou Fo o 3 Faa 3, + 15 F1 ) Fo s 3, Fuu £, ¢
45 f1 f%,l f3,1 3,0 a1 ff,z +45F 1 fa0F3,1 F3,0 fan fi,z +15f1,1 a1 fa,3 o fﬁ,z +
10 fy,5 3, F3 41 Fa,3+30F1 o foy Fo o f)  Fh fasv10fy ) foafy fh, fuse
30 F1,0f3 ) Fau a0 fh  Faa+30F 1 Fonfa i fanfl Faar10F ) oy Faafl fuse
10 fy,5 f%,l f§,1 fa,2fa3+10F1 1, f§,1 LPIPR FIEE R STST PYCIR FIPR PIPH PIEES
5f1,2 5,1 F3 Fanfaa+5F0fa o] fay a5y fanfaofanfaarfiyfarfayfas
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