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obtained results.
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1. Introduction

In this research, we consider the NS-ABC-FD equation, which is as follows, and then
investigate its multiple-HU-OS; -stability using a multiple fuzzy controller. We have

{ %%Cgope [Ag [ABC()DQOIIJ(%)] = _(PT (x/ ¢(x))/

]
o, [,Q/%(é’o'pgolp(x)} ’ 0,9(1) = 0, 1)

x=0

for €,00 € (0,1] and the continuous function ¢; (X, (X)) € C[i,j], i =0, j = 1. D and
D are of % -fractional derivative operators. Ag(m) is the nonlinear operator such that
Ag(m) = [m[*2m, } +% =1land Ae_l = Ay. Also, for X € (0,1], (X) > 0. Researchers
have recently investigated the existence of a unique solution for another .«7 4% -FDE defined by

{ TBCDOY(X) = ¢F (X, ¥(X)), )
P(0) = o,

where 7 %% (D€ is the o/ %% -fractional derivative operator and oy € (0,1), %% D¢y (%),
7 (X,9(X)) € C[i,j] [1]. The function (X) in Equation (2) is the same function in
Equation (1).

The rest of this article is organized as follows. In the Section 2, we first state the
basic concepts and theorems needed to prove the new results. To do so, we introduce
the SMVEBS, the multiple control function and define the Mittag—Leffler function (M-L-
F), the Wright function (W-F) and H-Fox function (H-F-F); then, we further consider the
aggregation function (AG-F) as well as the optimal function which the minimum function
as the control function. In Section 3, we state and prove the main theorem, the multiple-
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HU-OS; -stability of the NS-ABC-FDE, using the desired control function. At the end, we
provide an example to demonstrate the application of the theorem.

2. Preliminaries

In this section, we provide the basic concepts, theorems, and definitions needed to
prove the main results.

Definition 1. The o/ %€ fractional derivative of the function Z € L*(i,j), where E* € [0,1], is
defined by [2]

b

ABC Ty _W(_,)/C / [E @ -k
0DF 2(0) =52 [ 2 ke | =g |dk

such that for W(E*) satisfying W(0) = W(1) = 1.

Definition 2. .7 #-Riemann—Liouville fractional derivative of the function Z € L*(i,f), is
described as follows,

BE T w
SICNDE Z(7) = 1 (

g)d /€ | B =R
where E* € [0,1].

Definition 3. o7 Z-fractional integral of the function Z € L*(i,j), 0 < E* < 1 is given by [3]:

1—E* a*

—

Lemma 1 ([4,5]). The Newton—Leibniz formula for the </ %€ -fractional derivative and </ BE -
fractional integral of the function Z satisfy

TAGIE (77GDE 2(0)) = 2(0) - 2(0). 3

This formula has also been proved for the Caputo—Fabrizio derivative in both continuous and discrete
states, as well as for the same derivative in the discrete state.

Definition 4. The Riemann—Liouville fractional integral of order Z* > 0 for the function Q :
(0, +00) — R is defined as follows, [6]

= Q(%) =

(|~

T(E) /()3€<3€ ~ k¥ 1 Q(k)dk,

where for Re(E*) > 0, and

I" =k _ oo E*—l
(E%) = ; exp(—k)k= ~'dk.

Definition 5 ([6]). For a continuous function Q(X) : (0,4+o) — R, the Caputo fractional

derivative is defined as follows,

X
DOQ(X) = ml_%) /0 (% — M1 QN (k)dk, @

where A = [0o] + 1 and [oo] is the integer part of gp.



Symmetry 2022, 14, 2667

30f16

Lemma 2 ([6]). Forany Z € (¢ —1,{]and Q € C'~1, the following equation holds
I5D%Q(X) = Q(X) + g+ ;1 X + 52X ...+ 91X,
wheregy € R, A =0,1,2,...,0—1.

Remark 1 ([4]). (X) is a solution of (1) ifand only if for o, 00 € (0,1],  ¢7 (X, (X)) € C[0,1]
and ¢ (0,9(0)) = 0, we have

v = [ 608, (755101 (9] ax,

where
o (K71 g (XKW
B% (%, k) = { W) Tleo) =~ Wie)  Tlao) k<X, “
’ o (=K% K> ¥
W(eo) T(eo) > X,

for the function &% (X, k) defined by Equation (5), we have

e  B%(X,k)>0forallk, X € (0,1);

e the function 8% (X, k) is a decreasing multivalued function and
&% (0,k) = maxxc[,) &% (X, k); and

e with an assumption of 0 < X%~1 < 0.5, &% (X,k) > x¢! maXxe(o1] & (X, k) for
kX e (0,1).

Definition 6 ([7]). Due to the importance of M-L-F in fractional calculus, this function, which is a
generalization of the exponential function, defined by

() = 3 =
Es(w) = -,
E) I'(bo+1)

where o € C, Re(o) > 0and I'(z) is a gamma function. The first generalization of the M-L-F
with two parameters is shown by the following series,

Ege(w) =

with o,e € C, Re(cr) > 0and Re(e) > 0.

Definition 7 ([7]). For w" = exp{(log|w| +iargw)} and the path J in the complex plane C,
H-F-F is defined as follows,

HAw0) = 5 [ it ©
where
abpy _ S()T(h)

Hea 1) = DERG)’ @

a b
S(h) = qr(k] - Mw), T(h) = ]_{F(l —m, + Njh), 8)

= =

d c
D(h) = ] T -k + M;h), R(h) = I'(m; — Nh), ©)
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with0 <b <c¢ 1<a<d, {m,k} eC, {N, M} € R". Anempty product, when it occurs,
is taken to be one. So

b=0+—Th) =1 a=d<—DMh)=1 and a=c+— R(h)=1.

Due to the occurrence of the factor w' in the integrand of (6). the J function is, in general, multi-
valued, but it can be made one-valued on the Riemann surface of logw by choosing a proper branch.
We also note that when the o and € are equal to 1, we obtain the G-functions GZS(w) The above
integral representation of the A functions, by involving products and ratios of Gamma functions, is
known to be of Mellin—Barnes integral type. A compact notation is usually adopted for (6)
meg(a) = ] 7).
4 (k],(—:])]zl,...lc

Definition 8 ([7]). The classical W-F of order 1/ (1 + o) that we denote by Wy ¢ (w) is defined by
the series representation convergent in the whole complex plane,

+oo w'
W, . A—
ve(w) fg‘) 0T (ol +€)

foroc>—-1,e>0 welk

Definition 9 ([7]). We consider the interval U as [0,1]. function o7 (*) : U¢ — U for fixed £ € N,
is an (-ary-AG-F if it is nondecreasing in each variable, that is

Vie{l,---, 0}, p <gq, impliesthat 'O(py,---,p)) <71, ,q0)
holds for arbitrary (-tuples (py,--- ,pe) € U, (q1,---,q¢) € U, and fulfills the BV conditions, ..,
Z00,---,00=0 and FOQ1,---,1)=1,
or, equivalently,

inf Y (w)=infU and  sup o) (w) = supU.
wel! wel’

A specific case is the aggregation of a singleton, i.e., the unary function o#V) : U — U for all
w € U. oV (w) = w convention is considered for this function.

For simplicity, we denote the AG-F «7(¥) by o7, where £ is the number of function
variables. In the following, we mention some examples of AG-F.

e /. :U' — U, which is the arithmetic mean function, is defined as follows:
1 l
o =- .
)= Lo

e 4./ :U!' — U, which is the geometric mean function, is defined as follows:

GM(E) = (ﬁwl> ?.

e P.:U'— U, which is the projection function, is defined as follows:

Pr(w) = Wy,

where r € [{] and with rth argument. In this definition, w/,) is the rth lowest coordinate
of w,ie.,
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Wy S S W S W)

The projection function is defined as follows in the first and last coordinates, respectively:

-
B
I
s
g
I

w
Pr(w) = Py(w) = w

=

. (10)

o~

In addition, the order statistic function OS, : U/ — U is defined as follows with the
rth argument and the rth lowest coordinate,

OSr(w) = W(r>,

for any r € [{]. Similarly, the extreme order statistics w1y and wy) are respectively the
minimum and maximum functions,

Min(w) = OS1(w) = min{wy, - - ,wy}, (11)
Max(w) = OSy(w) = max{wy, - ,wy},

which will sometimes be written by means of the lattice operations A and V, respec-
tively, that is,

14 14
Min(w) = \w, and Max(w) = \/ w,. (12)
1=1 =1

The median of an odd number of values (wy, - - - , wy,—1) is simply defined by
Med(wl, s ,ZU2,,,1) = ZU(,)
For an even number of values (wy, - - -, wp,—1), the median is defined by

Wy + W,
Med(wy, - -, war) = & M (W(y), Wyy1)) = %

Definition 10. 3 : I" — R is an idempotent function if 65 = id, that is, 3({.w) = w forallw € L
Idempotency is in some areas supposed to be a natural property of AG-Fs, e.g., in multicriteria
decision making, where it is commonly accepted that if all criteria are satisfied at the same degree w,
implicitly assuming the commensurateness of criteria, then also the overall score should be w.

The AG-F introduced above are idempotent. Here are some examples of nonidempo-

tent AG-Fs.

The product [T(W) = [T.;(W,) (I € {|0,1],|0, 0], |1, +co|}), where |1, | means
any of four kinds of intervals, with boundary points 1 and j, and with convention
0 x 400 =0.

The sum function Y (W) = Y, (W,) (I € {|0, +o0|,| — 0,0}, | — 00, +00|}, 400 +

(~o0) = —c0).

Consider a set of all diagonal matrices of dimension ¢ with values [0, 1] as follows,

my
diag My([0,1]) = = diag[my,--- ,my|, my,...,my€[0,1] 5,

my

we have
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m ®; k = diag[my, - - -

m = diag[m;, - - - ,my], k = diag[ky, - - - , k/| € diag M,([0,1]),
m <k ifandonlyif m, <k, forevery:1=1,..., 7

Each m € diag M,([0,1]), is defined as follows,
m = diag[m, ..., m],
where me|0, 1]. Based on this, we can consider the following items,

diag[1,...,1] =1 (13)
diagl0,...,0] = 0.
Definition 11 ([6]). A mapping ® : diagM,([0,1]) x diagM,([0,1]) — diagM,([0,1]) is
called a GTN if:

(a) (YmediagM,([0,1]))(m&1) = m) (boundary condition);

(b) (¥(m, k) € (diagM,([0,1]))?)(m ® k = k ® m) (commutativity);

(c) (V(m,kc) € (diagM,([0,1]))})(m® (k®¢) = (m ® k) & c) (associativity);

d)  (V(my, ko, ki, ky) € (diagM,([0,1]))*)(m; < my and k; < ky implies that m; ®k; <
my ® ky) (monotonicity);

If for every m, k € diagM, ([0, 1) and each sequence {my, } and {k, } converging to m and
k we get
llm(mn @ k}’l) =m @ k/
n

therefore, ® is continuous in diagM,([0, 1]) (briefly CGTN).

For instance,
(1) Define ®y, : diagM,([0,1]) x diagM,([0,1]) — diagM,([0, 1]), such that

m ®y s = diag[my, - - -, my] ®\ diag[ky, - - - , k| = diag[min{my, k1 },-- -, min{m,, k,}],

then ®js is CGTN (minimum CGTN).
(2) Define ®p : diagM,([0,1]) x diagM,([0,1]) — diagM,([0,1]), such that

m ®p k = diag[my, - - - ,my] ®p diag[ky, - - - , k¢] = diag[my.kq, -+, my.k],

then ®p is CGTN (product CGTN).

(3) Define ®p, : diagM,([0,1]) x diagM,([0,1]) — diagM,([0,1]), such that
,my| @& diag[ky, - - -, k¢] = diag[max{m; + k; — 1,0}, -+ ,max{m, +k;, —1,0}],
then ®p is CGTN (Lukasiewicz CGTN).

Numerical examples of CGTN include the following:

2 2
10 0
3 = 15
10 - 100 ’
VA 25
10 100

gl
—

a1

®M

15

100
25
100

100 ®p
25

100

175
1000

| —
=
~
(621
SIS
S
SN
| —
I
| ——
i
o
[a]
~
g
(e
| E—
-
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3 2 0
10 15 10 5
100 @L 10 - 0 .
25 7 0
100 10
We get
diag| 2 15 B o a2 5 7
810" 100" 100 | “M 8|10’ 10’ 10
(3 15 257 2 5 7
C o] 3 15 25 72 5 7
= diag| 15: 700 00 | ®F dlagLo’ 10’ 10]
(3 15 257 2 5 7
= diag| —, —, — iag| —, —, —|.
= diag | 35- 150" 100 ) 1 dlag{lo’ 10’ 10}

By observing the above calculations, we have in general ®y; > ®p > ®r. We consider
the increasing MVFF Q) : Ax (0, +00) — diagM,((0,1]) on the linear space as .A. This
function is continuous from the left, and also lim;, 1« Q(X, %) = 1forany X € A. If ITis
another MVFF, then for the relation <, we have

Q1T ifandonlyif Q(X,5) <II(X,7), V5 € (0,+c0) and XcA.
Definition 12. Consider the CGTN &, linear space A and A" : Ax (0, +c0) — diagM,((0,1])
MVES. Triple (A, A, ®) is called a SMVENS if

(Ry) A (X,17) =1forally € (0,4c0) ifand onlyif X =0;
(Ny) /V(%%,ﬂ):f/V(%,‘%)foreach%EAand%G(Cwith%;éo;

N3) A (X+w,n+3) =N (X,n)®A(w,;) foreach X € Aand 1,3 € (0,+00); and
(Ry) limy 100 A (X, 1) = 1 for any 17 € (0, +00) and for all X € A.

A complete SMVENS is called SMVEBS [7].
For values X € [0, f], consider the function

. I ES —||x —||% —||1x
Y(xfﬂ):dlag[EOE,fﬂ(|1|7”),W09,;5( [1X]] [E3 (Ed]

>,exp<,7>] 14)

b
) Hg(

Next,  we calculate the aggregation functions introduced above for different values
and present the results in the table below. By comparing the obtained results, we consider
the aggregation function of the minimum type to construct the control function. Therefore,
we define the control function as follows:

0S8, (Y(.’f,q)) = diag [OSl (Y(%, T)),OSl (Y(%,q)),OSl (Y(%,n)),OSl <Y(:{,17)>:| . (15)

Table 1 and Figure 1a—d help us to select optimum control function for our results.

Table 1. AG-F for values between [0, 1].

x AM(Y) GM(Y) Max(Y) Min(Y) Med(Y)
03 05540371052 0.04976153601 0.9277434863  0.00001592635752  0.6441945045
07 05942022428  0.08097542674 0.8394570208  0.00008671016872  0.7686326200
0.08 05373090256 0.02481652708 0.9801986733  1.132540979 + 10(~6)  0.5845181485
002 05333511999  0.01229055756 0.9950124792  7.078381120 + 10(~8)  0.5691961250
0.15 05334040942 0.03384570181 0.9631944177  3.981589380 + 10(~0)  0.5852089885
04 05628480235 0.05837554961 0.9048374180  0.00002831352448  0.6732631810
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(c) (d)

Figure 1. Graph of AG-Fs AM and GM for, T = 4 and different values X. (a) The aggregation arith-
metic mean function for X € (0,1). (b) The aggregation arithmetic mean function for X € (0.14,0.28).
(c) The aggregation geometric mean function for X € (0.14,0.28). (d) The aggregation geometric
mean function for X € (0,1).

Theorem 1 ([7]). Consider the [0, +oco|-valued metric space (A, 6). For §,b € A, construct the
self-mapping Y on A by
5(V5, Yh) <vé(h,f),

where v < 1.Let f € A. Therefore,

(i) 5(Vef,Yetl) = +o0, Ve€N,

or

(i) thereisa ey € N where §(Y°u, YeTf) < 400, Ve > ey.
Then

(1) Yef — bh*of Y asa FP
(2) inB*={he A|s(V],h) < oo}, h* is the unique FP of ;
(3) (1—v)d(h,b*) <é(h, V) foreach h € A.

Definition 13. Let function OSq <Y(.’£, 11)> be a MVFFE. The Equation (1) is said to be multiple-
HU-OS; stable, if (X) is a given differentiable function satisfying

% (ﬂ%’%ope {Ao [&7%“50@@04](:{)” + ¢ (X, (X)), ;7) ~08; (Y(x, 11)) . (16)
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for X € [0,]], and we can find a solution o(X) of Equation (1) such that for some v > 0,

N (p(ae) - 4)(35),17) ~08; (Y(ae, Z)) .

Our method can be used to get new results from [8-11].

3. Multiple-HU-OS; Stability for NS-ABC-FDE
Now, we use the FPT based on the Theorem 1 to show (1) is multiple-HU-OS; stable

in SMVEBS (A, ./, ®) with MVFF 0S; (Y(ae, 11)) .
We define the set F as follows

F ={y: £ — R", ¢ isdifferentiable},
and 6 : F X F — [0,400], is given by
s(p0) =int { € 0.+e9) o (9(2) = (21 ) =081 (Y2 1) ) ¥ poe 7,
Xeloj], ne (0,+oo)}.
Theorem 2. (F,0) is a complete [0, +oco]-valued metric space.

Proof. We first have 6(i, p) = 0 if and only if ¢ = p. Assume that 6(¢, p) = 0, then
inf {19 € [0, 4+00) =t <¢(x) - p(ae),q) ~08; <Y(3e, Z)),v pp€F,
rel0d neO+)} =0
and then
(90 = o2, ) 208 (¥ ),
forall ¢ € [0, +00). Let ¢ tend to zero in the above inequality, we get
(9 = o) =1

Thus ¥(X) = p(X) for every X € [0, /], and vice versa. Moreover, we have (i, p) =
3(p, ¢) forevery ¢, p € F. Now, let 6(¢, p) = ag € (0,400) and 6(p, w) = ap € (0, +00).
Then, we have

o (4@ = o) = 0si(vx 1),
and
(o) —win) = osi(vx 1)),

for each 17 € (0, +00). Then we have
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A (9@) = wi@), (o1 + o ) = | ((90) = 0(2), (sa) ) @1 ( (902~ w(2), (a2} )|
08, (y(ae, ;1)) ® 08 (Y(ae, q)>
—osi(x(xn),
and then, 5(p, w) < a1 + a2 and 8(g, w) <6(y, ) + 6(o, w). Now we show that (F, 6) is

complete. For this purpose, we consider a Cauchy sequence like { oy} and assume that
X el0,j], T €(0,+00), 1 € (0,+00). We consider

05, (Y(ae,n)> -1— S

For aB < ¢ choose g9 € N where

d(pq, p) <a forallg,p > qo.

Consequently,

A (03020 = @) )= (4020 = ()00 ) =08 (YCxm) ) 1=,

and so
w(pqm - pp<x>,n) ~1-8,

and then {p,(X)}, is a Cauchy sequence in complete space (A,.4",®) on compact set
[0,7] and uniformly converges to ¢ : [0,j] — A. Therefore, taking into account the uni-
formly convergent property, ¢ € F, thatis, p is a differentiable function. Therefore, the
completeness of (F,J) is the result. [

Here, we are ready to study multiple-HU-OS; stability and approximate NS-ABC-
FDEs (1).

Theorem 3. Let (A, A ,®) be a SMVFBS and consider the constants €, v and o where

0<eyo<l Let
>

o (o0 052 900 = i (%0020 ) ) = (90) = (20, L), 17

JV(IP(%),U) »=08; (Y(%,ﬂ))

implies that

N (Lp(ae),n) ~058; (Y(ae, Z)) (18)
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» By considering the MVFF OSy : [0,1] — [0, 1] as the control function, we have
. U
- =) ).
glé‘lEfl 0S; (Y((’,‘,;j)) > 0S8 (Y(x, P@)) (19)
Let i : [0,j] — A be a differentiable function satisfying

w(%%ope{m[ﬂ%owzp(ae)]]+4>1<ae 9(x)), )wsl(\f(36 n>) 20)

and then, there is a unique solution @ : [0,j] — A for Equation (1) such that

o (9 - o) zos (v, 1),

where |-

= = evg,ie [0,7] and 17 € (0, +00).

Proof. We set
F:={p:[0,j] = A, pis differentiable},

and introduce the [0, +-o0]-valued metric on F as
inf {35 € [0, +o0) 1/ (tp(%) - p(%)),ﬁ) =085, (Y(.’f,g)),v o eF,
€ [0,j], 176(0,—1—00)} =0.

By Theorem 2, we have (F,¢) is a complete [0, +oo]-valued metric space.

Step 1. Now, we define the mapping R* : 7 — F, as follows,

Re(9(x)) = [ 8001877 TS (2 9(0))] )k, @

for X € [0,]].
Let ¢, p € F and consider the coefficient By, € [0, +-00] with 5(¢, ) < By, thus

A (90@) = o) By ) =08 (¥(xm) ),

forally,p € F, X € [0,j] and 57 € (0, +0). Applying (X3) and (N3), we imply that

(x)) R*<p<x>>,aﬁw) @)

([ (e xrome (5101 2 9] - 6 (50 (“2 5191 (3, 0(X))]) )k By

w( / 6 (4, 0 (5197 (2 0] )tk — [ 60X 5Tl (2, )] )t By
N
N

(] (e rme (25197 (X)) — 97 (2, 020 )t By ).

In the following, we have
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(1)
(e e |01 e v 20 ~ 912 00)) | ), By @)
= (s [ve - oix) | ), 221)
- 05, (y(ae, ”))
(2)
(o5 [0 (@@0(% K (2 (X)) = 97 (%, o))k By ) @
= (73 1 (e (W‘/’ ~6ix.0@) )| a3 o)
B H;.II—>0 ( i(ﬁgo(% g < PIEPE) ~ 91 (% (% ) ) Ay”%’ﬂ)
e (o ) o 22
- inm< 15 (w%(x )0, <[¢ (%, 9(2) — i (%, o >)])>,ki"’;”7)

495}

- 6mf JV(@QO (%,0)A

([piwven -sicow)]) 552)
= i (o oo )D )
= inf 05, (Y(g ))
~ 08, (Y(ae,ew))
From (22)—(24), we have
o ([ e one (2 zslpr (e )] )k~ [ 60 1a (AT (X o) )k Bgon ) (5)
J J

> 08 (Y(ae,”)>,
€Y0

which implies that

SR (¥(X)), R*(p(X))) < Bypere,

and then

S(R*(¥(X)), R*(p(X))) < eved(¢, ),

where 0 < ey < 1; therefore, R* is a contractional mapping.
Step 2. We will show that §(R*(¢(X)), p(X)) < +oo.
Let p € F, and we have
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o (R0 = 9200 ) 26)
= ([ ek (507 ()]t 2T Dy ), )

= < [WQ(OQO)IgeO:l - WQEZO)I%)
([l ) [ - ]

A (Mzswmp(x))]) - Mzgw%ommxm)

A (MIswr(ae,wx))]) - Mzsw”obﬂp(x),n)

% (Wzg <AK (Wzg [4);‘(36,4)(36))]) lx1 — 77§ (AK (“Z{ 715 [qbi*(%,w(%))}) -
”%ISM%ODW(%)/W)

- (Wzg < — Ay <Wzg 9% (%, ¢(x))]) — TILETP\DY(X), 11)

= (7253 (- o (POl w0 - FEoD () )

¥ (Mzg ( e [M%Dewx)] — YIS} (X, w(%))}) n)]

=N <d9§15 :dgg%’ope [Ae [%@%ODQW(%)H +¢1(%, ¢(3€))}

= 05, (‘I’(%Z))

for every 1 € (0, +c0). Then we have §(R*(¢(X)), p(X)) < +oo.
Therefore, all conditions of Theorem 1 are satisfied. Thus,
1) {R*y(X)} — ¢ (a FP); and
2 nFr={peF:dR"p p) < +oo} weget R*P(X) = p(X) or equivalently

1 P
p() = [ 60 k)0 (77T [0 (%, ()] ) i @)
By using (27), we get
TICGDE 80| T DO(R) || = —i (X, 9(2)), X et:=0,j] 8)

(3) By using Inequality (26), we get

SR, ) < —

59 4) < T

“l-evyo
Hence, the Equation (1) is multiple-HU-OS; stable.
Assume that

€
1—evy0
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and consider ¥ satisfying (28), then
TICGDE [ ag|[ TP DOT(R)]| = —91(X,3(), Xet=[0) (29)

To show T is a FP of 7* and ¥ € F*, we apply (29), and get R*T = <.
Now, we show that d(R*(X),T) < co. Let p(X) € F, 5(p(X),T(X)) < 3, ie.,

=/V<¢<3e> - f(xm) - 05, (Y(x,§)>, (30)
From (17), (30) we have

(e aon gy -0t x5 ) )= (v -5, L) 08 (v L)), ey

and using Equation (29), we get

() =521

JV(/ B9(X, k)AK(Mf[(pl (%, p(x ))])dk—/ol (’5‘30(36,1()AK(”ﬁlg[¢f(x,i(%))]>dk,q)
N

([ oo 0a (77 T5l0i (5 0(x) - gi (&, 50N o ).
In the sequel, considering Equation (30) and using step 1, we have
() e () (T I91 (%, 9(2) — 4 (2, T(2))] )k, 1) (32)
> 08, (Y(x, ezg)

n
— _T
= 08§ (Y(EE, Jero ) ,

and then
S(R*(Y(X)),T) < eyea < +oo.
O

4. Application
Example 1. For the NS-ABC-FDE

3 1 / (33)
As | Dry(X _o=0= (As5(D1y(X 1)=0=1¢'(0
(as[PH90))]) lza =0 = (as(Drw) )| ¥/(0)
in which § = 5x = 3,j = l,e = 3,v = §,0 = 3,0 = 11 = 13, and
1 (X (X)) =V + 4]% where ¢7 € C((0,1) x (0, +00)), we have that
>
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150f 16

» By considering the MVFF OSy : [0,1] — [0, 1] as the control function, we have
: U
f OS1| Y(E, =051 Y(X, =) ). 35
inf 05:(¥em) = 0si(vix 4 ) ©9)
If € C(%, R") satisfying
) =081 (Y(% 1])), (36)

(D3 as[phy@)]] +

f+¢

then there is p € C(%,R") from (33), such that

) = /01 QS%(Z{,k)Ag <””@Ig‘ [q;iﬂ(gg,lp(ae))])dk.
Therefore,
Sy, 0) < F

and

o (9 - o) =08 (v, 1),

where in [ = = 0.0622406639.

_1 e’yQ

Figure 2 supports our results in the Example 1.

Figure 2. Diagrams of the exact solution of Equation (1) for different values (a) X € (0, %), 0€ (%, 1—70) ;
) Xe(fp)ec (3 5@ (1)0e(D)@XE (1) 0€ (7 7).
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5. Conclusions

By applying the optimal control function, we have studied the multiple-HU-OS;-
stability of NS-ABC-FDE. We furthermore have proven the existence of unique solu-
tion to the equation and the multiple-HU-OS;-stability by using the SMVEBS and the
FPT. At the end, we have demonstrated the application of the obtained results with an
illustrative example.
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Abbreviations

The following abbreviations are used in this manuscript:

NS-ABC-FDE  Nonlinear and single Atangana-Baleanu-Caputo fractional differential equations
HU Hyers-Ulam

FPT Fixed point theorem

SMVFBS Symmetric Matrix-valued fuzzy Banach spaces
BV Boundary value

FDE Fractional differential equations

M-L Mittag-Leffler

W-F Wright function

H-F-F H-Fox function

AG-F Aggregation function

CGTN Continuous generalized triangular norm
MVEFF Matrix-valued fuzzy function
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