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Abstract: Given a graph G with vertex set V(G) and edge set E(G), for the bijective function
f(V(G)) = {1,2,...,]V(G)|}, the associated weight of an edge xy € E(G) under f is w(xy) =
f(x) + f(y). If all edges have pairwise distinct weights, the function f is called an edge-antimagic
vertex labeling. A path P in the vertex-labeled graph G is said to be a rainbow x — y path if for every
two edges xy, x'y’ € E(P) it satisfies w(xy) # w(x'y’). The function f is called a rainbow antimagic
labeling of G if there exists a rainbow x — y path for every two vertices x,y € V(G). We say that
graph G admits a rainbow antimagic coloring when we assign each edge xy with the color of the edge
weight w(xy). The smallest number of colors induced from all edge weights of antimagic labeling
is the rainbow antimagic connection number of G, denoted by rac(G). This paper is intended to
investigate non-symmetrical phenomena in the comb product of graphs by considering antimagic
labeling and optimizing rainbow connection, called rainbow antimagic coloring. In this paper, we
show the exact value of the rainbow antimagic connection number of the comb product of graph
Fu > T, where F, is a friendship graph with order 2n + 1 and Ty € { P, S, Brm,p, Sym }, where
Py, is the path graph of order m, Sy, is the star graph of order m + 1, Bry,p is the broom graph of order
m + p and Sy, is the double star graph of order 2m + 2.

Keywords: rainbow antimagic connection number; antimagic labeling; rainbow coloring; comb
product of graphs; graph theory; discrete mathematics

1. Introduction

Let G and H be two connected graphs. Let v be a vertex of graph H. The comb product
between graphs G and H, denoted by G > H, is a graph obtained by taking one copy of G
and |V(G)| copies of H and grafting the i-th copy of H at the vertex v to the i-th vertex of
G. In this study, the graph definition used is based on Chartrand et al. [1].

The study of the graph in this research is focused on rainbow antimagic coloring, which
is a combination of the concepts of antimagic labeling and rainbow coloring. Rainbow
connection definitions can be found in [2,3]. Let G be a connected graph, the edge coloring
of G with the function f(E(G)) — {1,2,...,k}, k € E(G) is k-coloring of graph G, where
adjacent edges can be colored with the same color. Rainbow u — v path is the path in
G if no two edges are the same color. The graph G is a rainbow connection if every
u,v € V(G) has a rainbow path. The edge coloring on G has a rainbow connection called
rainbow coloring. The minimum colors to make G rainbow-connected is called the rainbow
connection number of G and is denoted by rc(G). Rainbow coloring is an interesting study
and has found many results, including [4,5].

Rainbow vertex coloring and rainbow total coloring are other variants of rainbow
coloring. Rainbow vertex coloring was introduced in [6] and rainbow vertex coloring results
can be found in [7,8]. Total rainbow coloring results can be seen in [9,10]. Wallis et al. [11]
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introduced graph labeling. Hartsfield and Ringel [12] introduced antimagic labeling. The
antimagic labeling of graph G is a bijective function of the edge set E(G) to {1,2, ..., |[E(G)|}
and w(v) = L,cg(o) f(e), and E(v) is the set of edges incident with the vertex v for vertices
u,v € V(G), w(u) # w(v).

Antimagic labeling has had several results, including those of Baca et al. in [13-
16]. Dafik et al. contributed to the antimagic labeling in [17]. In addition, antimagic
labeling results can also be found in [18,19]. The concept of combining graph labeling
and graph coloring was initiated by Arumugam et al. [20]. The bijective function from
edge set E(G) to {1,2,..|[E(G)[} isw(v) = Zocp(y) f(e), and E(v) is the set of edges that are
incident to vertices v, for every v € V(G) The bijective function f for two adjacent vertices
u,v € V(G),w(u) # w(v) is called antimagic labeling. The coloring of the vertices on G
with the vertices of v colored with w(v) is the local antimagic label. If we consider the local
antimagic labeling chromatic number, then it is called local antimagic coloring.

Motivated by the combination performed by Arumugam, in [21], Dafik et al. took the
initiative to combine the concepts of antimagic labeling and rainbow coloring on graphs
into a new concept, namely, rainbow antimagic coloring. Septory et al. determined the
lower bound of rainbow antimagic connection number for any connected graph.

Lemma 1 ([22]). Let G be any connected graph. Let rc(G) and A(G) be the rainbow connection
number of G and the maximum degree of G, respectively. rac(G) > max{rc(G), A(G)}.

While Dafik et al., has two theorems about characterizing the existence of rainbow
u — v path of any graph of diam(G) < 2, the result of rainbow antimagic connection number
of friendship graph and any tree is shown in the following Theorem.

Theorem 1 ([21]). Let G be a connected graph of diameter diam(G) < 2. Let f be any bijective
function from V(G) to the set {1,2,...,|V(G)|}; there exists a rainbow u — v path.

Theorem 2 ([21]). Forn > 2, rac(Fy) = 2n.
Theorem 3 ([21]). For Ty, being any tree of order m > 3, rac(T,,) = m — 1.

Some other results about rainbow antimagic connection number can be found in [21-
24]. In this paper, we will study the rainbow antimagic connection number of graph
Fn > Ty where F, is a friendship graph with order 21 + 1 and Ty, € { P, Sy, Brim,p, Smm ),
where Py, is the path graph of order m, Sy, is the star graph of order m + 1, Bry,  is the
broom graph of order m + p and S, ;; is the double star graph of order 2m +- 2.

2. Results

In this section, we will show our new results about rainbow antimagic connection
number on those above graphs stated in a lemma and theorem. Our strategy is firstly
determined with the lower bound rainbow antimagic connection number of rac(Fy, > Ty,).
Finally, we show the exact values of rac(F, > Py), rac(Fy > Sy), rac(Fy t> Bry,p) and
rac(Fu > Smm)-

Lemma 2. Let F;, > Ty, be a comb product of friendship graph F,, and T,, be any tree of order
m > 2. The lower bound of rac(F, > Ty) > rac(Ty) (|V(Fn)l)-

Proof of Lemma 2. Graph F, &> T}, is the comb product of two graphs F;, and Ty, and o0 is
the vertex of Ty,. Graph F;, > Ty, is obtained by taking one copy of F;; and |V (F)| copies
of T, and grafting o from the i-th copy of T, at the i-th vertex of F;,. By this definition, it
implies that graph F,, &> Ty, contains graph F,, and |V (F,)| copies of graph T,,. We can
determine rac(F, > Ty,) by finding rac(F,) and rac(T,,). Based on Theorem 2, we have
rac(Fy,) = 2n. Based on Theorem 3, we have rac(T,,) = E(T,y) = m — 1; so, every edge of
all i-th copies of T,, has a different color. Thus, rac(Fy > Ty) > (rac(Tw)(|V(Fn)]). O
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Theorem 4. Forn,m > 3, rac(F, > Py) = 2nm +m —2n — 1.

Proof of Theorem 4. Graph F, > P, is a connected graph with vertex set V(F, > P,) =
{a} U{x;,y;,1 <i < n}U{xij,yl-]-,l <i<n,1<j< m—l}u{zj,l <j<m-1}
and edge set E(Fy, > Py) = {ax;, ay;, xiy;, xix1,yiy1,1 <i <njpU{az1} U{zjzj;1,1 <j <
m—2}U {xl']‘.xl‘]‘+1,yijyij+1,l <i<mn,1<j<m-—2}. The cardinality of |V (F, > Py)| =
2nm + m — 1 and the cardinality of |E(F},, &> Py,)| = n + m + 2nm.

To prove the rainbow antimagic connection number of rac(F;, > Py), first, we have
to show the lower bound of rac(F;, > Py,). Based on Lemma 2, we have rac (F,, > Py,) >
rac(Py)(|V(Fn)|). Since rac(Py) = m — 1, rac(F, > Py) > 2nm +m —2n — 1.

Secondly, we have to show the upper bound of rac(F, > Py,). Define the vertex
labeling f(V(Fu > Py)) — {1,2,...,2nm +m — 1} as follows:

fla)=2n+1

fx))=2n+1—i for1<i< n

fly) =4n+2—i for1<i< n

flzj) =2nj+2n+j+1,for1<j<m-—1

Flag) = 2n—2i+1, for1<i<n,j=1
Yo 2nj4j+i, for1<i<n2<j<m-1

gy = { 2 for1<i<nj=1
Vi) =\ mj+2n+j—i+1, forl<i<n2<j<m-—1

The edge weights of the above vertex labeling f can be presented as

w(ax;)) =4n+2+i, for1<i<n
w(ay;) =6n+3—1i,for1 <i< n
w(az;) =6n+3
w(zjzj41) = 6n+4nj+2j+3, for1 <j<m—2
w(xixpp) =4n+2—i,for1<i<n
w(yiyn) =4n+4—i,for1<i<n
w(xijxij+1)_{ 6n+3—'i o forlgzign,jzll
2n4+4nj+2j+2i4+1 for1<i<n,2<j<m-2

w(yiyiiel) = on+i+3 for1 <i<mn,j=1
YiYiit1) =\ 6n+4nj+2j—2i+3 forl<i<mn 2<j<m—2

It is easy to see that the above edge weight will induce a rainbow antimagic coloring
of graph F;, > Py,. Based on Theorem 3, rac(P,,) = m — 1; since E(Py,) = m — 1, the weight
of each edge in graph P, is different. Therefore, the sum of the weights on |V (F;,)| copies
of graph Py, is (|V(Fy)|)(|E(Pu)|) = 2nm +m — 2n — 1. Based on the description above,
we have that the distinct weight of graph (F;, &> Py,) is 2nm + m — 2n — 1. It implies that
the edge weights of f(V(F, > Pyn)) — {1,2,...,2nm + m — 1} induce a rainbow antimagic
coloring of 2nm + m — 1 colors. Thus, rac(F, > Py) < 2nm + m — 2n — 1. Comparing the
two bounds, we have the exact value of rac(F, > Py,) = 2nm +m —2n — 1.

The next step is to evaluate to prove the existence of a rainbow u — v path F;, > Py,.
Based on the definition of graph F, > Py, graph F, > P, contains one graph F;, and
|V (Fu)| copies of Py; so, we can evaluate the rainbow u — v path of graph F, > P, by
evaluating the rainbow u — v path on graph F,, and graph P,,. Since diam(F,) = 2, based
on Theorem 1, there is a rainbow u — v path for every u,v € V(F,). Based on Theorem
3, rac(Py) = m —1; since Py, has m — 1 edges, there is a rainbow u — v path for every
u,v € V(Py,). Therefore, according to the explanation, it can be seen that there is a rainbow
u — v path for every u,v € V(F, > Py). O
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The illustration of a rainbow antimagic coloring of graph JF; > P, can be seen in Figure 1.

Figure 1. The illustration of rainbow antimagic coloring of graph F4 t> Pj.

Theorem 5. Forn > 3,m = 2n — 1, rac(F, > Sy,) = 2nm + m.

Proof of Theorem 5. Graph F;, > S, is a connected graph with vertex set V(Fut>Sy) =
{a} U{x;,y;,1 <i < n}U{z]-,l <j< m}u{xij,yij,l <i<mnl<j<m}andedge
set E(Fu > Sm) = {axj,ay;, xiy;, 1 < i < npU{az;,1 < j < mpU{xixyy;1 < i <
n,1 <j < m}. The cardinality of |V (F, > Si)| = 2n + m + 2nm + 1 and the cardinality of
|E(Fut>Sp)| =3n+m+2nm.

To prove the rainbow antimagic connection number of rac(F;, > Sy,), first, we have
to show the lower bound of rac(F, > Sy,). Based on Lemma 2, we have rac (F;, > Sy,) >
rac(Sm)(|V(Fn)l|). Since rac(Sm) = m, rac(Fy > Sy) > 2nm + m.

Secondly, we have to show the upper bound of rac(F, > S;,). Define the vertex
labeling f(V(Fu > Sw)) — {1,2,...,2n +m + 2nm + 1} as follows:

fla)=2n+1
f(x)) =4n+i,for1<i<n
fly))=6n+1—i for1<i< n

8n forj=1
) =14 21 for2< <[]
2j4+1 for [H]4+1<j<m

dn+2—2i for1<i<n,j=1
1 fori=1,j=2
Flag) = 6n+j—2 fori=13<j<m
¢l 6n-+m-+j—3 fori=2,2<j<3
bn+m-+j—2 fori=2,4<j<m
on+im+j—m—i for3<i<n2<j<m

Flyi) = 2i for1<i<mn,j=1
Yij) = 2nm+2n+m+i+j—im forl1<i<n2<j<m

The edge weights of the above vertex labeling f can be presented as

w(ax;)) =6n+1+1i, for1<i<n
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w(ay;) =8n+2—i,for1<i< n

10n 41 forj=1
w(azj) :{ 2n +2j for2 <j< %]
2n+42j+2 for [B]+1<j< m
Sn+2—1i for1<i<n,j=1
4n+2 fori=1,j=2
w(xis) = 10n+j+i—2 fori=13<j<m
=y 10n+m+j+i—3 fori=22<j<3
10n+m+j+i—2 fori=24<j< m
10n+im+j—m for3<i<n2<j<m
w(y'y“)={6n+1+i for1<i<nj=1
e 2nm+8n+m+j—im+1 forl1 <i<n2<j<m

It is easy to see that the above edge weight will induce a rainbow antimagic coloring
of graph F, > S;,. Based on Theorem 3, rac(S,,) = m; since E(S,;) = m, the weight of
each edge in graph S, is different. Therefore, the sum of the weights on |V (F;)| copies
of graph S, is (|V(Fu)|)(|E(Sm)|) = 2nm + m. Based on the description above, we have
that the distinct weight of graph (F, > Sy,) is 2nm + m. It implies that the edge weights
of f(V(Fut>Sm)) — {1,2,...,2n + m+ 2nm + 1} induce a rainbow antimagic coloring of
2nm + m colors. Thus, rac(Fy, > Sy) < 2nm + m. Comparing the two bounds, we have the
exact value of rac(Fy, > Sp) = 2nm + m.

The next step is to evaluate to prove the existence of a rainbow u — v path 7, > Sy,.
Based on the definition of graph F, > S;,, graph F, > S;; contains one graph F;, and
|V (Fu)| copies of S,; so, we can evaluate the rainbow u — v path of graph F, > S, by
evaluating the rainbow u — v path on graph F,, and graph S,,. Since diam(F,) = 2, based
on Theorem 1, there is a rainbow u — v path for every u,v € V(F,). Based on Theorem 3,
rac(Sy) = m; since Sy, has m edges, there is a rainbow u — v path for every u,v € V(S,).
Therefore, according to the explanation, it can be seen that there is a rainbow u — v path for
every u,v € V(F, > Sy). O

The illustration of a rainbow antimagic coloring of graph F3 I> S5 can be seen in Figure 2.

@ y15 e @ @ x21 xzz

Y14 p Z3
(40) 60\ (9 ) /o4 (23,
Y13 59 2 12 ol 36 B
@ 58 37 x24
e 57 10 /18 39
v 9 31 @ 125
5 0, (147 40 o
X15 31 31 Y21
34 21
X14 33 13) 7 17) 52 v
19 32 x ¥ 53 (36
X13 14 y35 @ X31 54 Y23
© 25 (33)_g9 \0 23 2.6 » &)
x12 @ Y34 4g @ 3 @ 43 xa @ Y24
X1 47/, b 29) Y25
X35

Y33
va2 @ @ Y31

X33
29 xa

Figure 2. The illustration of rainbow antimagic coloring of graph F3 > Ss.

Theorem 6. For n,m,p > 3, rac(F, > Bry,p) = 2nm +2np +m+p —2n — 1,
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Proof of Theorem 6. Graph F, > Bry,, is a connected graph with vertex set V(F, >
Brmyp) = {a} U{x;,y;,1 <i< n}U{xi]-,yl-j,l <i<nl<j< m—l}U{z]-,l <j<m-—
1} U {zmuk, b]-k, gl < j < m-11 < k < p} and edge set
E(Fy > Brmy) = {ax;, ay;, xixi1, yiyi, Xiyi, 1 <i <npU{az} U{zzj1,1 <j<m—2}U
{xipxijin yiyije, 1 <0 <1 < j < m =2} U{zmZpu, 1 < k < p} U {Ximbig, YimCir, 1 <
i <n,1 <k < p}. The cardinality of |V(F, > Bry,p)| = 2nm +m + 3mp — 3p and the
cardinality of |E(F, > Bryp)| = n+42nm+m — 14 p + 2np.

To prove the rainbow antimagic connection number of rac(Fy > Brm,p), first, we
have to show the lower bound of rac(F;, > Bry, ). Based on Lemma 2, we have rac(F, >
Brum,p) > rac(Bru,p)(|V(Fy)|). Since rac(Bry,p) = m+p — 1, rac(Fy > Bry,p) > 2nm +
2np+m+p—2n—1.

Secondly, we have to show the upper bound of rac(F; > Bry, ). Define the vertex
labeling f(V(Fy > Brup)) — {1,2,...,2nm +m + 3mp — 3p} as follows:

)
flxj)=2n+1—i,for1<i<n
f(]/z) dn+2—1i,forl<i<n
flzi)=2nj+2n+j+1,for1 <j<m-—1

f(X")— 2n —2i+1, fOI‘lSISn,]:]
T 2nj4j+i, for1<i<n2<j<m-1

Flyii) = 2i, for1<i<mn,j=1
Vil =\ nj+2m+j—i+1, fori<i<n2<j<m—1

f(zp_1k) =2nm+2np+m+k, forl1 <k < p
flbyx)=2nm+m+ip+k—p, for1<i<n1<k<p
flex) =2nm+2np+m+k—ip, for1<i<n,1<k<p

The edge weights of the above vertex labeling f can be presented as

w(ax;) =4n+2+i for1<i< n
w(ay;) =6n+3—i, forl1<i< n
w(azy) = 6n+3
w(zjzj41) = 6n+4nj+2j+3, for1 <j<m-—2
w(xixp) =4n+2—1i,for1 <i<n
w(yiyn) =4n+4—i,for1 <i<n
w(xiix _Jen+3—i for1<i<mn,j=1
i 1) 2n+4nj+2j+2i+1 for1<i<n,2<j<m-3

6n+i+3 for1<i<mn,j=1
w(ijyij+1) _{ 6n+4nj+2j—2i+3 forl<i<n 2<j<m-—3
W(zy—1Zm—_1x) = 4nm+2np +2m+k, forl1 <k < p
W(Xjy_1by) =4nm+2m+i+ip+k—2n—p—1,for1<i<nl1<k<p
W(Yim—1Cix) =4nm+2np+2m+k—i—ip, for1 <i<n,1<k<p

It is easy to see that the above edge weight will induce a rainbow antimagic coloring of
graph 7, > Bry, ». Based on Theorem 3, rac(Bry,,p) = m+ p —1;since E(Bry,p) = m+p—1,
the weight of each edge in graph Bry,,, is different. Therefore, the sum of the weights on
|V (Fn)| copies of graph Bry,p is (|V(Fu)|)(|E(Btm,p)|) = 2nm +2np +m +p —2n — 1.
Based on the description above, we have that the distinct weight of graph (F,, > Sy,) is
2nm + 2np +m + p — 2n — 1. It implies that the edge weights of f(V(F; > Bry,p)) —
{1,2,...,2nm + 3mp + m — 3p} induce a rainbow antimagic coloring of 2nm + 2np + m +
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p —2n — 1 colors. Thus, rac(Fy, > Bry,p) < 2nm +2np +m+ p — 2n — 1. Comparing the
two bounds, we have the exact value of rac(F;, > Bry,p) = 2nm +2np +m+p —2n — 1.

The next step is to evaluate to prove the existence of a rainbow u — v path F;;, > By, p.
Based on the definition of graph F;, > Bry, ,, graph J;, > Bry, , contains one graph F,; and
|V (Fn)| copies of Bry, p; so, we can evaluate the rainbow u — v path of graph F, > Bry,
by evaluating the rainbow u — v path on graph F,, and graph Br, . Since diam(F,) = 2,
based on Theorem 1, there is a rainbow u — v path for every u,v € V(F;,). Based on
Theorem 3 rac(Bry,p) = m + p — 1, since Bry,, has m + p — 1 edges, there is a rainbow
u — v path for every u,v € V(Bry,p). Therefore, according to the explanation, it can be seen
that there is a rainbow u — v path for every u,v € V(F,, > By, p). O

The illustration of a rainbow antimagic coloring of graph F;, > Bry, , can be seen in
Figure 3.

@ Caq @ bi3

4 Z33 b
@ 91 @ @ @ @ - @ y @ b1y

90 €43 Z32 115 b &6 | 67
11
89 Cs5 114 116 65 68 (@Dbys

(32 (6D (28) 69
bia(54) 85 NG5 7)1 @ 7 &) g 2 @) (7)
84

b Y42 z X1 cn /13 @,
86 &) = 6 ” 25 108{ /109 o1

3
@ 87_(56) 31 y41 @ ” (7) @) 107 63 1o, _
Zz

53 bys c
X X11 11
1 6171 111

X43 4
2 1)
Y12 @ b
19 o b 1 7222
Yn b

@ 73
n 25 @ Xza 74 @

xz 16 (5) b

Y31

Figure 3. The illustration of rainbow antimagic coloring of graph F4 t> Brys.

Theorem 7. Forn > 3,m = 2n — 2, rac(Fy > Spm) = 4nm + 2n +2m + 1.

Proof of Theorem 7. Graph F;, > Sy, is a connected graph with vertex set V (F, > Sym) =
{a} U{x,y;1 < i <npuU{z,1 <j<mpU{xy;l <i<nl<j<mpu{a}u
{ak,l <k< m} U {bi/Cirl <j< n} U {bikrcikrl <i<nl<k< m} and edge set
E(Fu > Smm) = {ax;, ay;, xiy;, 1 < i < npU{az,1 <j < mpU{aag} U {apar, 1 < k <
m} U {xixl-j,yl-yl-j,l S i S Tl,l S ] S m} U {xl-bl-,yici,l S i S Tl} U {bibiklcicikrl S i S
n,1 < k < k}. The cardinality of |V (F;, > Sy,m)| = 4n + 2m + 4nm + 2 and the cardinality
of |E(Fy > Smm)| = 5n + 2m + 4nm + 1. To prove the rainbow antimagic connection num-
ber of rac(Fy > Sy,m), first, we have to show the lower bound of rac(Fy, > Sy,m). Based
on Lemma 2, we have rac(Fy, > Sp,m) > rac(Smm)(|V(Fn)|). Since rac(Smm) = 2m+1,
rac(Fu > Spm) > 4nm + 2n + 2m + 1.

Secondly, we have to show the upper bound of rac(F; > Sy,m). Define the vertex
labeling f(V(Fu > Smm)) — {1,2,...,4n 4+ 2m + 4nm + 2} as follows:

fla)=2n+1
f(x;))=4n+i, for1<i< n
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fly)=6n+1—i forl<i< n

fz)) = 2j4+1 for1<j<|%]
Pl 2j+43 for[B]<j<m

dn+2—2i for1<i<n,j=1
1 fori=1,j=2
Flxiy) = 6n+j—2 fori=13<j<m
Y 6n+m-+j—2 fori=2,2<j<3
on+m+j—1 fori=24<j<m
on+im+j—m—i for3<i<n2<j<m
|2 for1<i<n,j=1
f(yij)_{ 2nm+4n+m+j—im+1 forl<i<n2<j<m

f(ag) = 8n
[ en+m—1 fori=1
f(bi)_{6n+im for2<i<n

fle)) =2nm+4n+2m+2—im, for1 <i< n
flag) =2nm+4n+2m+2+k forl <k < m

Flog) = [ 2rmdn 24k fori=1,1<k<m,
K= 2nm+An+m+im+2+k for2<i<n1<k<m

fleg) =4nm+4n+2m+k+2—im, for1 <i<n,1<k<m
The edge weights of the above vertex labeling f can be presented as

w(ax;)) =6n+i+1, for1<i<n
w(ay;)) =8n+1—1i,for1<i<n
w(xy;) =10n+1, for1 <i< n

w(az;) = 2n+2j+2 for1<j< %]
Pl 2n+2j4+4 for [B]4+1<j<m

8n+2—i for1<i<n,j=1
4n+2 fori=1,j =
w(xixi;) = 10n+j+i-2 fori=13<j<m
B 10n+m+j+i—2 fori=22<j<3
10n+m+j+i—1 fori=24<j<m
10n+j+im+i—m—1 for3<i<n2<j< m

w(yii) = en+i+1 for1<i<n,j=1
Yilij) = 2nm+10n+m+j+2—i—im for1<i<n2<j<m
w(aag) =10n+1
w(xib;) = 10n+m+i—-1 fori=1
P 10n4+im 4+ for2<i<n
w(yic;) =2nm+10n+2m+3 —i—im, for1 <i< n
w(agay) =2nm+12n+2m+2+k, for1 <k < m
w(biby) 2nm+10n +2m+1+k fori=1,1<k<m,
)T 2nm 4+ 10n+m+2im+2+k for2<i<mn1<k< m
w(ciciy) =6nm~+8n+4dm+k—+4—2im, for1<i<n,1<k<m

It is easy to see that the above edge weight will induce a rainbow antimagic coloring
of graph F;, > Sy, . Based on Theorem 3, rac(Sy,,) = 2m + 1; since E(Sy,;m) = 2m +1,
the weight of each edge in graph Sy, is different. Therefore, the sum of the weights on
|V (Fn)| copies of graph Sy m is (|V(Fn)|)(|E(Smm)|) = 4nm + 2n + 2m + 1. Based on the
description above, we have that the distinct weight of graph (F;, > Sy ) is 4nm + 2n +



Symmetry 2023, 15,12 90of 10

2m + 1. Itimplies that the edge weights of f(V(F, > Smm)) — {1,2,...,4n +2m +4nm +2}
induce a rainbow antimagic coloring of 4nm + 2n + 2m + 1 colors. Thus, rac(Fy, > Sym) <
4nm + 2n 4 2m + 1. Comparing the two bounds, we have the exact value of rac(F;, >
Smm) = 4nm +2n + 2m + 1.

The next step is to evaluate to prove the existence of a rainbow u — v path F;, > Sy .
Based on the definition of graph F;, > Sy, 1, graph F;, I> Sy, contains one graph F,; and
|V (Fu)| copies of Sy, m; so, we can evaluate the rainbow u — v path of graph F;, > Sy, by
evaluating the rainbow u — v path on graph F,, and graph Sy ;. Since diam(F;;) = 2, based
on Theorem 1, there is a rainbow u — v path for every u,v € V(F,). Based on Theorem
3, rac(Smm) = 2m + 1; since Sy, has 2m + 1 edges, there is a rainbow u — v path for
every u,v € V(Sm,m). Therefore, according to the explanation, it can be seen that there is a
rainbow u — v path for every u,v € V(F, > Spm). O

3. Conclusions

We have studied the rainbow antimagic coloring of the comb product of a friendship
graph with any tree graph. Based on the result, we have a new lower bound of rainbow
antimagic connection number for the comb product of a friendship graph with any tree
Fu > Ty, and the exact value of the rainbow antimagic connection number of graph F;, > Ty,
where Ty, is path Py, star S;,;, broom Bry, , and double star Sy, ,,. However, if it is not a tree,
it is still difficult to determine the exact value of the rainbow antimagic connection number.
Therefore, this study raises an open problem:

Determine the exact value of the rainbow antimagic connection number of graph
G > H where H is not a tree.
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