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Abstract: In this paper, a new analytical technique is proposed for solving fractional partial differ-
ential equations. This method is referred to as the general conformal multiple Laplace transform
decomposition method. It is a combination of the multiple Laplace transform method and the
Adomian decomposition method. The main theoretical results of using this method are presented.
In addition, illustrative examples are provided to demonstrate the validity and symmetry of the
presented method.
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1. Introduction

Having attracted much attention over the last few decades due to its extensive appli-
cation in almost all disciplines of applied science and engineering, fractional calculus is
widely used in fractional partial differential equations (PDEs) to model problems in the real
world [1-18]. Most fractional derivative definitions are the Riemann-Liouville, Caputo,
and Grunwald-Letnikov definitions. However, the above fractional derivatives lack some
basic properties such as the chain rule and Leibniz rule for derivatives [1].

Ref. [2] discusses some non-standard definitions of Caputo fractional derivatives and
their applications as well as addressing some “fractional” analogues of the Leibniz rule.

In 2014, Khalil et al. [1,3] proposed a new definition: conformable derivative, which
has the Leibniz rule and the chain rule as classic derivatives.

For the function f : (0,00) — R, the conformable derivative of order « € (0,1] of f at
x > 0 is expressed as

. flx+hxlT®) — f(x)
™ =1 . 1
f(x) = lim p )
This new fractional derivative has both physical and geometrical interpretations [8],
satisfying the following basic properties and theorems as referred to in [1,3]:

1) T“(Cf( ) +dg(x)) = cT*(f(x)) +dT*(g(x)),Vc,d € R;

(2) T*(c) =0, for all constant functions f(x) = ¢;
(B) TH(xP) =pxP™", Vp eR;

@ T*(f(x)g(x)) fg( )T*(f(x)) + f(x)T*(g(x));
) T“(% —1;

6) T* (sin("%)) = cos(’fx—a).
This definition has been applied in various fields. By introducing conformable

derivative formulae to fractional differential equations, they can be transformed into
simpler formulations more easily than other commonly used fractional derivative formulae
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due to the difficulty in finding analytical or approximation solutions through those frac-
tional derivatives. In recent years, fractional differential equations have been attracting
increased attention.

In 2019, Jarad et al. [19] modified the conformable Laplace transform. The conformable
double Laplace transform was proposed in [19]. The conformable Laplace transform was
applied in [20] to solve the systems with nonlocal conformable fractional derivatives. Mo-
hammed K. A. Kaabar et al. proposed the new approximate analytical solutions intended
for the nonlinear fractional Schrodinger equation with second-order spatio-temporal dis-
persion by using the double Laplace transform method [6]. Shailesh A. Bhanotar et al. [4]
proposed the conformal triple Laplace transform decomposition method to study nonlinear
partial differential equations. Shailesh A. Bhanotar and Mohammed K. A. Kaabar [4]
proposed the analytical solutions to the nonlinear partial differential equations by using the
conformable triple Laplace transform decomposition method. Abdon Atangana et al. [7]
carried out a study on the multi-Laplace transform method for solving nonlinear partial
differential equations with mixed derivatives. In [5,8,11,13,21], there are many different ana-
logue methods suited to the study of fractional differential with a conformable derivative.

The Laplace decomposition method (LDM) [12] is an analytical method that can be
used to solve differential equations [4]. LDM shows advantages over other methods. For
example, it requires neither discretization nor linearization, which leads to more efficient
results. LDM has now been applied to solve all sorts of nonlinear differential equations.
H. Jafari et al. [19] adopted the Laplace decomposition method to solve the linear and
nonlinear fractional diffusion-wave equations. Mohamed Z. Mohamed et al. [16] put
forward the Laplace Adomian decomposition method as a solution to time-partial fractional
differential equations and drew comparison with the new modified variational iteration
Laplace transform method. Refs. [22-24] employed the Adomian decomposition method
to various fractional and nonlinear transport models.

In this paper, the methods in [4-7,15] are generalized to solve fractional differential
equations by using a conformable multi-Laplace transform decomposition method. With
the general conformable multiple Laplace transform decomposition method (GCMLDM)
scheme proposed, a discussion is conducted about how to solve fractional differential
equations through the GCMLDM. The advantage of the multiple Laplace method is that it
avoids the conjunction of classical differential equation theory with Laplace transform the-
ory [6,9,10]. The general conformable multiple Laplace transform decomposition method
(GCMLDM) has not been used before and no data are available for the solution to more
than three dimensional conformable fractional partial differential equations. Numerical
examples show that our technique has close agreement with those solved by the Adomian
decomposition method [19].

The rest of the manuscript is structured as follows. Section 2 elaborates on the defini-
tions of the general conformable higher order fractional derivative and multiple Laplace
transform. In Section 3, the Laplace decomposition method is briefly described. In Section 4,
the general conformable multiple Laplace transform decomposition method (GCMLDM)
intended to solve fractional differential equations is presented. Two examples are pro-
vided using the proposed method to validate the obtained results in Section 5. Finally, the
conclusion is presented in Section 6.

2. Basic Definitions and Theorems

Based on the ideas in [4-7], this section presents some modified and generalized defini-
tions and theorems of conformable fractional derivatives related to the general conformable
multiple Laplace transform method.

Definition 1. Let u be a real-valued function with n + 1 real variables and be a point with each
component being positive. Then, the following general conformable partial fractional derivative
(GCPFD) of higher orders a;,«y € (m,m + 1], and m € N can be obtained
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u’—lxi-‘ -1 (X],.X'Z, s X + hxl’(“i—‘ 70‘1/ s Xny t) - ul—“i.lil (xlx2/ o Xn, t)

ngu(xler/ o, Xy t) = ]!lli)r(l) h ’ (2)
ulr1-1 (xl,xZ,. Cxp, ,xn,t+htm_7) —uMM " (xgxg, 2 t)
D] u(xy,x3,+ -+, xp, ) = lim ®3)

h—0 h !

where 1/%1=1 and u[71-1 denote the derivatives of u of order [«;] —1and [] — 1, respectively
(the same notation is used throughout the text), with [«;] and [+ ]| being the smallest integer
greater than or equal to «; and <, respectively. If the above two limits exist, the general
conformable higher order partial derivative of u of the order a; and y € (m, m + 1], with respect
to x; and t at point (x1,xp,- - -, Xp, t), is denoted as aa“f u(x,t) and %u(x, t), respectively.

e
1
Xi

Exceptionally, if a;, v € (0, 1], we obtain

1—w;
u(xll-XZr cee X +hxl’ lr' o /xn/t) - u(xl-XZr e rxnrt)

D“fux,x,...,x,t = lim "
. (1 2 " ) h—0 h 4)
u(xy,xo, %, ,x ,t+ht1—')’ —u(xq1x2,- -+ ,x ,t
D?u(xl,xz,... , X, 1) :Er% ( 1,42 i n ; ) (%122 n ) 5)
%

For a; € (0,1], Definition 1 is the generalized case of Definition 4.1 in [4].
For u(x,t) = u(x1) € R (4), itis equivalent to the definition given out by Khalil et al [1].

Definition 2. Let u be a real-valued function with n real variables, and x = (x1,Xp,- -+ ,Xn)
€ R" be a point with each component being positive. Then, the following general conformable
fractional integral of higher orders a; € (m,m + 1], m € N with respect to integral variable x; can

be obtained .

(1) (u(x)) = E/o (x; = &)"gh T u(x) o 2.

If we generalize Lemma 2.4 in [3], Lemma 1 can be obtained as follows.

Lemma 1. Assume that u([*1-1) (x1,x2, -+ - xy) is continuous with respect to variable x;, and
a; € (m,m+1],m € N, then we have

DY Iyiu(x) = u(x).

Proof. This proof can be done easily by substituting into Definitions 1 and 2 and referring
toLemma24in[3]. O

In the following Theorem 1, we will present the theorem related to the relation between
the GCPFD and fractional partial derivatives as follows:

Theorem 1. Let o,y € (m,m+1), and u(x,t) = u(xy,xp,---,xn,t) be differentiable at a
(x1,%2,-++ , X, t) for x;, t > 0, then we have

o] —a % u(xt)

' % _

(i) ﬁ”(xlrle"' S X, /xn/t) =X; W,
i X

-, ([4]-1)

.. o i uy, (xt)

(ll) yfiu(.x,'l, X2, 0, Xiy Xy t) - W!
1 1

97 o _a oy x,t

(iii)  Smu(xy,x2, -+, X, -+, Xp,t) = tlrl=r aHiW )

Proof. (i) By adopting the definition of the GCPFD and taking ¢ = hx Iai] —,



Symmetry 2023, 15, 389

40f19

o%i
Wu(xllXZ/' X /xi’l/t)
Xi
li u[lxﬂ 1 (Xl, e, X + hxiMi.I_ai/ s, Xny t) - u[aﬂ_l(xll o, Xi o Xy t)
= h
— lim u’rai]fl(xll. . +C, .. ’xn,t) — u[aﬂil(X‘l,' ce L X, ,Xn,t)
¢—0 Cx?‘i*(“ﬂ
— x‘[ai]fai lim ul—ai-lil(xll' X +(:/ s Xny, t) - ul—ai-‘il(xll' X /xn/t)
1
¢—0
[a;]
l ax!™]

1

(ii) The proof of (ii) is conducted in a similar way to (i) and we take f = a; — n.

(iif) The proof of (iii) is conducted in a similar way to (i). In the following Proposition
1, we present the conformable partial fractional derivative of some special functions. It can
be proved easily by Theorem 1 and [10]. [

Proposition 1. Let u(x,t) = u(xy,- -, xp,t), & € (n,n+1], af = [a;] —a; and a,
b e R,I,mn,l, lj, I, e N 1<, l]-, Iy < n, then the definition of (1) of the GCPFD shares
a set of properties as follows:

(1) L (au(x,t) + bo(x, t)) = PRALICE) Wy (eI

ax?’ ax?i ax?’ !
pp [l —ar o] =g 3Lt +enly(p)
2) - b,
() ax;‘1~~~3x%”u(x’t) xl Xn axll—“l-‘“.axi"‘ﬂ 7
g+t .
(3) W(c) = 0, for all constant functions u(x,t) = c;
1 n
r eil=w eil—e
Al x1+x g+ F— X+ Al x1+x g+ F— X+
[a;]—a; ! U g Ty Y " ! T T T T "
(4) Dy, e = Ae ;
i (’xl’]*“i n
o —a; X! 1 X
(5) DI lxixy xS Xy X | = XX XXy X = L2
! [a;]—a; Xi
o j+a! “*”"_’k i ol
6 L (o) = e
o Wi el i=1"i VIR ol ol
ax; ax]. ox; X txg i

2"
I; o i
Il ol o i i=1 o
aa 1‘+IX j+a k " i _ i ‘
7) T A Hi:l ,,:/1, = lil]‘lki,‘/
ax; ’ij ’axk k
il {cos <x;‘,1 ) cos(jcg/2 > .. .sin (x?/i ) . -cos(xﬁ,n >:|
lxli D(/ IX/ 06/‘ 0(/
ax; 1 2 i B
arl 0‘/2 D‘/i oy
= cos M1 cos 2 ... Cos ti ... Cos n .
D‘ll o'y D(/,' aly
Proof. (1)-(3) can be proved easily by using Definition 1, (4)—(5) can be proved by sub-

stituting [a;| — a; = &}, [7y] —v = 7/ into (1), and (6)-(8) can be proved easily through
definition (2). O

(8)

3. Some Results and Theorems of the General Conformable Multiple
Laplace Transform

In this section, we recall some basic definitions of conformable Laplace transform and
some results [4-14] that can be used in this paper. Furthermore, the definition of general
conformable multiple Laplace transform is presented, namely, Definition 5.
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Definition 3 ([14]). The single conformable Laplace transform of function u(x,t) with respect to
x of order B € (0,1] is expressed as

o 2P
LPlu(x, )] = U(p, 1) = /O e " F u(x, H)xB1dx, x > 0.

Definition 4 ([4]). Let u(x,y,t) be a real valued piecewise continuous function with three variables
x,y, and t as defined on the domain D of R, exponential order a, B, and vy, respectively. Then, the
conformable triple Laplace transform (CTLT) of u(x,y, t) is expressed as

LALYL] Tu(x,y,8)] = Unpy (P.5)
o oo oo Xy
= / / / e PO TTE T y(x, )x P N dxdydt,  x,y,t > 0.
o Jo Jo

where a, B,y € (0,1], &, B,y € C are Laplace variables.

In view of Definition 4, the general conformable multiple Laplace transform (CMLT)
is defined as follows:

Definition 5. Let u(x1, X2, - - - , X, t) be a real valued piecewise continuous function of n + 1 inde-
pendent real variables as defined on the domain of R x Ry of exponential order
[aq] — oy, [ag] —ap, -+, [an] — an, and [y]| — . Then, the general conformable multiple
Laplace transform (CMLT) (n + 1— fold) of u(x1,x2,- - - , Xu, t) is obtained as

L}Ei‘ﬂfﬂtlLEz]ﬂxz . L)[(ucn]*anL(’Y]*W( (xl X, - ,xn,t)) _ U(Pl/PZ/ . /Pnzs)

_/ / / ((zﬁ :) (Ew) ""”"<xf[’::1w:::>*s<t(wtz> (6)

X u(xy, xp, - ,xn,if)xl1 [mx;z [ea] ~3cfl”7[u‘"]t7*M ~dxqdxy - - - dx,dt.

(6) can be rewritten as

n U‘] Xj [v]— n
trl=v G
// /exp (ZP: l]D‘l))exp(—SW)'u(xlfxz,”',xn,t)l|xi o]
X £7 | |dxldt U(p1,p2,- - pnsS)

where x; > 0,i = 1,2,---,n,n € N,t > 0,p;,s € C are the Laplace variables, w;,
v € (m,m+ 1], while [a;| and [y ]| are the smallest integer no less than a; and vy, respectively.
When the function u(xy,xa, - - - , X, t) satisfies the adequate conditions [25], we can change
the order of transformation, so

Usyxg e i g, ot (PL P20 Py s) = uxl,xz,-»-,x]-,-u,x,-,--- st (PL P2, Pnss). (7)

Exceptionally, if a;,y € (0,1], and n = 2, (7) can be reduced to (6) in Shailesh A. Bhanotar et al., [14]
is as follows:

LELOLY (u(x,y, t) / / / () =a (s B) =50y (x, y, 1) x* 1yB~ 17 L dxdydt. (8)

Definition 6. Conformable inverse triple Laplace transform [14] is defined as

jco XX —io0 j joo X
u(x,y,t) :i’/wz ep<?)[i, /ﬁ i eq<yﬁ>[i’ /7+l es(%)Ua,,s,y(P,q,S)dS}dﬂdP-
14

2711 Ju—ico 2711 Jp—ico 2711 Joy—ico
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Definition 7. Let [a;] —a; = o, [y] —7 = 7. IJ‘LL‘IXH%ILLZZF')‘Z : --LL‘:”FN”LP]*V
{u({x1, x2,- -+ ,xn,t})}) = U(p1,p2, -+, Pn,s), then the general conformable inverse mul-
tiple Laplace transform is defined as

u(xy, X, , Xp, t)

(“ll Xa/z
1 o' tico P1 (:, > 1 a'y—ico Pz(ﬁ)
:LflLflu.LflLflu , P2, ,Pn,S :7/ e ! 7/ e
1 Fp2 pn s ( (pl P2 P )) 27T Ja',—ico [27'[1 a'y—ico

1 ¥atico p, ﬁi 1 o +ieo (10
[ /a e ( ")[ / e(7)u(pllpz,...,pnls)ds}dpn}...dpz]dpl.

27t Jar, —ico 271 Jy —ico

Theorem 2. Let [a;]| —a; = al, [y] —v =7 If

_ _ _ _ X 2 X
L‘E‘fl-‘ OCIL)’;‘;‘Z] ar L)’;i‘n“ anLI'Y-‘ v <M <1// 2. , n o — U(Pl, pa, - /pnls)/

7 7
a'y” aly aly "y

aly oy &y gy
L)’—Cliél-‘—lxl LJ’;ZZ] -2 L}’;’i‘n-‘—l’énL[')’-‘ -7 <w(‘x1 i cee, Xn t)) — W(pll pz, e /pnls)

W
,andl;,ls € N, o, A, B, and C are real constants, then
(a)  Linear property,

aly L aly o ! a'y L aly g !

Wiy g Y% X" 1Y YNox X" Y
LX1LX2"'LXnLt Au AP A A AN + Bw (AP A A A
[ ) X'n Y a'p & ®n Y

= AU(p1,p2,-* ,Pn,s) + BW(p1,p2,- -+, Pn,s);

L — _ C .
®) Ly'Ly - LyL(C) = s l
’X/] 1 “/2 12 oy In / ls
[a1]—aq 7 [ap] —a [an]—ant [Y]=7 1 X2 Xn &
Lxll 1Lx22 2.,.an Lt (Tll) (TIZ) (lx/n ) (7)
(c)
TG+ DT T+
= li+1 7
s py
(d)  Shifting property,
d X? X§,2 d "
/ / / / —a1 ay T e
Ly L L LY [ u(x e 0 2 e

= u(?’l +d1/P2+d21“' /pn+dn,S+C);

oy ol

W1rals oy Ynooxn A g
(6‘) Lxl sz T Lxﬂ Lt u R T e = U(p]r P2, /PnIS)/ thenl

/ I / I ! / ’
, a’y oy / n I\ s a'y oy ’ /
IRV LS N Ll % U (i [ R T T A L
X1 T2 Xn Tt [ a’s o'y v o'y ey sy

L+l +ls 9t +intls
1 1 2 nTls l l , PR ,S
( ) ap?ap'zz---api:’asls (pl P2 Pn )

I / ' 1 P11 P2 Pn S
aprpaly gl Y [ i
Lx1 LXZ an Lt (u(llxll 12x2/ 7 lnxnr Ut)) r U <liul 7 lg/z 7 7 lﬁ/” 7 (7’)// 7 r

a/ a/ ’ !
=1 8

)

T T 1 P11 P2 Pn S
Ky T Y J—— I
Lxl sz Lx,, Lt (u(llxll ZZXZI /lnxn/ Ut)) " u (li‘/l ’ lg/z ’ ’ lz/” , O_,Y/ ’

! ! ! !
=Yg
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LL‘Tl-‘*alLl—C‘:Z-‘*DQ . Ll;l;én“ —&y (((xl)cl (xz)cz . (xn)cn))

(g) ~1T" (fﬂ—“')((“ﬁ%m i= 1r(1+4(( ] — lxl)) where c¢; € R.
= 1 Li=g Ut i
*(M—a,-))

n
i=1P;

Proof. Property (a)-(c) can be easily proved by using the definition of general conformable
multiple Laplace transform. Herein, we see the proof of property (d)—(f).

(d).

!/ ! ! !
“ 1 &2 o / "‘ 1 & w L)

X. xn Y X X, X

/ / ’ / —d —d, 2 _..._g n T oo _ _d, © _, g2
Lill Lizz . Ll;c( ”L;’ u(x, t)e 157 1 277, nry P _ / e Pl ”‘,1 o / e P2 oy Th2r

n
0 0

lX,n ﬂ'/n
® L, tn g Yn o0 Sﬁ_cﬂ B
/ e Prafy ~nad, (/ e 7 T ulx, ) 1t | ¥y, - - “2 Yax, “1 Yy
0 0

By using the general conformable multiple Laplace transform Definition 5, we have

o ,s& Ci /
/ e 7 7 u(x, )t “tdt = U(x,s +c).
Jo

Now, by subrogating above formula into (d), it yields

) xz/” d “/”
/ eiP”Wf”an U(x,s+c)x; xk- ”‘"dx = U(x1, %2, -, Ppn+dn, s+ ).
0

Therefore, we carry out this process for n times to obtain the desired results.
(e) By using the general conformable multiple Laplace transform Definition 5, it yields

! ! !
L1 (3] 'y /
) ;o X X X Y
LA 2 Y g 2 2 =U - S
X1 X2 Xn t 0(/1 7 “/2/ 7 Dé/n 7 ’)// (Pl/p 7 /p}’l/ )

!/ v
/-oo /-oo /00 — <x‘i‘ 1a’1> - (Xg za/2> S (xf,’,nlx,n> —s(t"ﬂ,/)
= e e
0 0 0

n ’
X X x, Ot 11 al— g
Xu( l/ s 2/ 7y " , le xgz 1"'.7(%” 1{)/ 1'dx1dx2“‘dxndt.
[/ S . )

lxln ,)//
By differentiating with respect to py, [1-times, it yields
o 1 (alz r“/"
all ( ) o] all - 1< a4 ) P2< oy >_"'_,Un<':/n
P, P2, s Pn,S :/ / /
apl 0o Jo 0
X X 2 Xn try/ o o ’ /
Xu(le’l ,%,2,--- ,x",>x§” 1x§2 Lo 1 1) Ly dicy - - - doydt

[x/n ,-)//

’ /
l szl szz ﬂ’n /
() o))
Jo JO J0

IX/l

[} L) o 4
X X x," t o I ;o r_
xul 2,22 oo 2n 2 el /=1y 1 gy dig - dixpdt.
/ 7 1 2 n
X1« n
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Then, by differentiating again with respect to pa, - - - pu,s,lo, - - - , I, Is-times, it yields

all+l2+"'+ln+ls ( ) o oo oo
u 1, P2, ,8) = / / e /
ap?ap?...ap%ags PLP P 0o Jo 0

N N 1 i x?ll x;/z & o
s — — ——— ) _gf £
xi‘ 1\ ! x;‘ 2\ 2 xiél,n " TN B i P2 2 S( 7 )

—— | e
D(/l “/2 D"i’l ,),/

o o / '
xjtox5? xpt tY

/_1 ! o ’_
S X ] xg Lo 1 =1 gy diey - - - dxpdt.
& a2 &y Y

It indicates
ol tl+ln+ls

ap’fapl; .. -aplrﬁésls

) ! ! 7 !
u(perL .. ,Pn/S) — (_1)11+lz +I"+15LzllL§22 . LﬁnnL?/

o I / I ’ Iy N\ s o ’ ’ f
O T S R (. R A R S S A
!/ ! ! / 1.7 1.7 4 ! 7 /
aq o' &'y Y a2 &n Y
Lastly, by multiplying (—1)11'HZ"""+Z”'Hs on both sides, we obtain
1\ h 1N\ b / 1 1 / / /
et [ o n / s o 'y w /
[ g B ST R I 18 ST SN TR
X1 X2 Xn 't ! ! / ! o ol Sl Al
oy &' &' i R ) KoY

all‘HZ""Hn‘Hs

_ (_1)l1+lz~~+1n+ls
o arkos

U(Pl/ PZ/ e /pn/S)-

(f) lett =lix;,i=1,2,--- ,n,x = ot, so the proof can be given as follows:

! ! ! !
Ly LE? -+ LY LY (u(t, 1, -+, Ta, 0F))
!
X1
00 X
= / eipl o’y
0

“1 &~ ' ’
o Y o N 0 «Yﬁ n 1 0 _g x7 , , ;L ;L
= MW /0 e P /0 e Py ( ; /0 e T u(Ty, Ty, T O x| 252 g | 6]

J/ ,
&n o

o _pa 0 bl 0 st 1 W1 Wr—1 ai—1
e Ty ... e ol e 7T u(t, T, Te, o)t Tl | xy T dxy x5 2 T dxy X' dx
0 0

0

o

!

K1 X2 J
00 N co . %~ g 1 s ;o . ;o
:/ e Pl / e P2 / e Py (MU Tl’Tz"“’%’ = xl;éill 1dxn_1,..xgz 1dx2 xtiu 1dx1
0 0 0 no w" o

_ly(p b2 Pn S
r liul 7 l;’z 4 7 lﬁ(lln 7 0_,),/ .

(g) We apply theorem 2.3in [17]. O

Theorem 3.

’ I

PARNL! Wyttt oy aly &y
L""l lelz le/n L'Y/ ol J T Yo% Xn ﬁ
x; Lxy - x, Ly N o o ; 7 7 / PEERRS — ;
& 0x, %+ - 0xy "OtY alp o ap Ky Yy ©)
9
. Wyttt gty a'y ey &'y gy
— (_1)h K ¥ gl o*2 ! RO S TR A
= ( ) I X1 =X X, "t o o ; u IR SR
ap, 9xy 2 -+ - Oxpy "0t a'y oy aly "y

Proof. By applying Definition 5 and Theorem 2 (e), it can be proved easily. [J
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Theorem 4. Let u(x1,x2,- -+, %y, t) be a real valued piecewise continuous function of n + 1
independent real variables as defined on the domain of R", x R of exponential order [aq] —
ay, (o] —ap, -+, [an ]| — an, and [y] — . Then, the general conformable multiple Laplace
transform (CMLT) of conformable partial fractional derivatives of order [a1] — aq = o}, [an] —
wy =ah, -, [ay] —ay = )y, and [y] — v = o/ is obtained as

(a)
oy oy o /

o / " ’ 2 ' xl X, x&n
L/xlleZZ - Lgn L? (amtx /ax;"“ u ((X/l, 72,. - 0;” / 7/))
= p:nu(pllpzl ...... ,pnl ) pm 1u(p1,p2, ...... ,0, Pi+1/ o e /pnls) —_— e .

_3 o
- pzzxiD,E;:l )U(Pl, b2, /0, Pit1, " rp‘ﬂ/s) - Pz‘foy: >U(p1, P2, /0, Pi+1, /Pn;S) (10)
_ XZ‘DS/T_l)u(Pll P2, /0/ Pit1, " P S)
— o1 !

= p;nu(pl’p2’ ...... ’p”’s) - Z p:n ! l|:xiDD(c,3u(p1/p2/' o lolpi+1/' o /PnIS)}

I=0

wherem = 0,1,2,3,--- &} = [a;] —a;, v = [v] — 7, 05,7 € (n,n+1], x,D() (x,t)
denotes | times conformable fmctlonal derivatives of function u(x, t) with order o,
1
XiDﬂ(leu(pl/ PZ/ te /0/ pl+1/ Tty p}’l/ S)
_ ralypaly Wil &Y s
=Ly, Ly, -+~ Ly sz+1 o L'L |

[u(x1/x21 e Xio1y, 0/ Xit1,° " 7 Xny t)]‘|
i

and, notably, when n = 1,2, 3, the results above coincide with those in Theorem 5 [4];

!
’, ’, ma’; ma j
@ L% (am‘* j / ox’] fu(x,t)) _ A

a‘]
%

(c)

Li;l LiflzZ .. L?:," L?’ (xiD(m)Dé’ix]D(n’)ﬂ(/ju(x,t)) =
U(p1,p2,-  pns) = p; U(prp2, -, 0,pjvt, puns) — pi " U(pr p2, -0, pist, Puss)

m—1 _ ,
-y p 1{ D“”“"U(p],pz,m,O,piﬂ,pn,s)]

117

_ ,Zl 712 1 { . (Iz)uuiu(pl,pz, -.-,0, le,pn,s)}
1

, m 1 711 1 71
p;”p}‘ 1 1 [x,D ‘U (p1, P2, ,0,pita, -+ ,0, Pj+1pn,s)}
1

U
+IZ P 2! 1[9(/,D ’U (p1,p2,-+ .0, piga, - - ,O,Pj+1Pn,S)]
=1
m—1n'—1

=1 —Ilr— /. /.
I 1771‘ 1 lpj 2 1{xiDal)D"ij(IZ)“/U(PLPZ/'"rO,Pi-H,"',O,P]'+1Pn,s)]
1=1h=

L+t Upup2 0 i 0, pjiapass)

where m = 0,1,2,---,n' =0,1,2,--- ,xiDlil,l)u( ,t),ijSZ_)u(x,t) denotes 1y and 1,
]

times conformable fractional derivatives of function u(x, t) with order o and oc; respectively.

Proof. (a) By using Theorem 5 in Ref. [4], one can prove its special case of n = 1,2, 3. Thus,
through mathematical induction, one can easily see the proof for arbitrarily n € N and
arbitrarily x;.

(b) One can easily see the proof by using Definition 5.

(c) The proof is derived from generalizing Theorem 2.3 in Ref. [11] directly and using
the induction process on n. [
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4. Solving Nonlinear Partial Fractional Differential Equation Using the General
Conformable Multiple Laplace Transform Decomposition Method

We consider a general nonlinear nonhomogeneous partial fractional differential equation:
/ ’ / / / /
a1 &'y & o'y a1 a'y
/. /. pe X X X X X
amlxl/axlmal u 71/ L, ’/; +Ru 71/ L, 7’; +Nu 71/ S, Vl/
Lan} oK'y a1 X'y Lan] 'y
. (11)

wherem =1,2,3,-- -, 04 € (0,1], x, = tis time variable subjected to the boundary or initial
conditions:

4 7
alq aipq a'y 'y

’ ! !
o'y K1 o'y L a'y
Dl m—1)a’; X1 Yir1 Xn 1 Xn
om )a,/ax§ ) iyl 2L ...0 e, =f e, , (12)

where R and N are the linear differential operator and the nonlinear partial fractional
/
X Odln

1 = > is the source term. In order to solve

operator, respectively, and f = f| Jr, -+,

Equation (11), the following steps are taken:
Step 1: By applying the conformable multiple Laplace transform to Equation (11) on

both sides, we obtain
“/1 v/z o — ma; xi"] xa n “/1 0‘/2 & xfly/] x!’i/n
Llexz...ann ] l/axi iy a/l,...,an/n +Lx1Lx2"‘Lx,,” Ru W"-.’iﬂ?’n
(13)

’ ’
’ ’ ’ a1 o'y ’ ’ ’ &1 o'y
a'1ra’y 'y Xy X, __rairas a'y Xy X
Ly Ly - Ly, <1Vu<a/1""fa?n =Ly'Ly) L\ fl S |-

By applying Theorem 4(a) and initial conditions (12) to Equation (13), it yields

m m=1 m—1-—1 0]
P U(pr, -+, pn) — ;0 P; [xiDa’iu(pll' 0, piy1, - /Pn)}

1
o'y aly o Xall x“/” W' pal o Xa,l x"‘/”
Ly L - L | Ru{ =, 2 + Ly Ly, Ly | Nu ren R (14)
/ / / x”/l o'y
— L;“ClleZZ ...Linn (f(ocl’l’ ,’Z’,n>>.

Step 2: By dividing by p!", and applying the conformable inverse multiple Laplace
transform to Equation (14), we have

u(xy, x2,-+ ,xn) = G(x1,x2, -+, xn)
/
o o / x“ 1 fV,n
Lxll Ly?--- LGn (Ru (ucl/l" o % (15)
_ L*lLfl . L*l —m
p1 =p2 pn \ Pi ,

a'yraly o ”ci‘ll x"‘/”
o[ ’ R 71
+Lx1 sz Ly, | Nu T e

where G(x1,xp,- - ,X,) represents the term coming from the source term and initial or
boundary conditions.

Step 3: Based on the conformable multiple Laplace transform decomposition method,
the solution to Equation (11) is supposed to be an infinite series as follows:

[e9)

u(xy, xp, -+, x0) = Y ug(x1, %2, -, xn), (16)
k=0
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and the nonlinear term can be decomposed into
“/1 oy IS
X X
Nul =L ... 22— ) =} A 17
( ) ¥ )
where Ay is Adomian polynomials of u1,up, - - - , Uy, and it is expressed as
PR Ay Ve o k=0,1,2 18
k_ﬁﬁ ;UM, y =Y, e ( )
1= |c=0
By substituting Equations (17) and (18) into Equation (16), we obtain
Z uk(xerZI e rxn) = G(xlleI tte /xn)
k=0
/ ’ ’ o oy a'n
LLE2 - L (R r uk("l— )) (19)
_ L;llL;21 . L;ﬂl pi—m k:()oo .
+LE L2 Ly (N v Ak)
k=0
Step 4: By comparing both sides of Equation (18), we have
xﬂéll P
Up < 0(1/1 I ’ D:/ln = G(x1/x2/ T /xn)/ (20)
x’x/l x“l” [ / / ’ x“/l Xa/n
1 _ 171 1) - . 1
ul(a’l'. .,“’jn —_Lple"'Lp pim L§11L§22“.L§§n Rug a’l"“’o;n + NA, ,
e o [ . X X
1 n' ) _ 1,1 1) - . 1 n
”2<w1,- "lX/n 7_Ll71 LPZ'”LPn pim Li‘fllL?Qz"'L?éfn Ruy a/l,n.lm +NA ’
xall x“l” [ ’ ’ ’ xarl x"‘”‘
1 _ 171 1) - . 1
un+1<0¢’1’“ ,D;n =Ly Ly, Ly, pim L?CllL?fzz“'Lin Rty 7/1’“.’04”7 NA ’

wherem =1,2,3,--- ,k=0,1,2,3.
Lastly, the approximate analytical solution of Equation (11) can be expressed as

x“’l xa/n o0 xtx’l xtx,n
1 n - 1 DY n
u ﬂ/ Tty lxln - Z U 0(’1 ’ ’ DC/n . (21)

5. Illustrative Examples

In this section, numerical experiments are conducted using the general conformable
multiple Laplace decomposition method to solve both nonlinear homogeneous and nonho-
mogeneous partial fractional differential equations.

Example 1. The solution to fractional diffusion equation in three dimensions [20] using con-
formable fractional derivative. In this section, the fractional diffusion equation is expressed as

Pulepzl) — G2y(x,y,z,t),

u(ryz0) = (2 (L) (2]

o0 = (£)(2)(5), “
u(x,0,z,t) = % EZ;; % ’

u(x,y,0,t) = % <%)<%>'
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where 0 < & < 1,x,y,2z,t > 0, and V2 — 38;; + aa; ;X + aaz% denotes the fractional Laplace

operator in conformable sense.
We first adopt the conformable multiple Laplace transform on both sides of Equation (22),
which leads to

*u aer aZa asz
KTXTXT X _ [\ % S
LyLyLz LY <8t“ ) = LyLy L7 L ((E)xz“ + P + 822“>u)' (23)
By using Theorem 4(a) and the initial condition, Equation (22) can be reduced to

Su(pl/ PZ/ P3/S) - U(Pl/ PZ/ P3/ 0) == SU(Pl/ PZ/ PBIS) - U(Plx PZ/ P3/ 0)
92u 92 92u (24)
- LgL;LgL‘;‘(( Tt t azm>”)'

Now, by operating with the inverse of the conformable multiple fractional Laplace
transform on both sides of (24) and using Proposition 1, it yields

Lg;L;Lgu(x,y,Z,O)>

u(x,y,z,t) = L;llLrjzlL;;Ls_l < 5

(25)

1r-1,-1,-1/(1 0%y 9%y 9%y
+ L, L, L, L (SLiL;LgL;‘( ))

ox2u + ay2a + oz2u
x4\ 2 y* 2 /a2 1,1 (1 20y 2y 24y
- <“) <“> <zx> + Ly Ly Ly Ls <SL§L;L5L?<ax2a T oy T 822a>>'
By applying the proposed general conformable multiple Laplace transform decompo-

sition method, and considering the initial and boundary conditions, the recursive relation
is expressed as

1 2y o2y o2y
—17-17-17-1 n n n _
Uyl = Lp1 LPz Lp3 L, <SL§L;L§‘L’§‘< 52 + 3y + 552 >),n =0,1,2,---. (26)

aZau aeru aZau
axbcn + ayZan + az2zxn

aZauo N aZauO N aszuO B o2 N o2« N o2« xfzx 2 ﬁ 2 i 2
ox2¢ gy 9z2¢  \gx2¢ | gy2x | gz it « «
A ) E )]
44 n© D( 14 14 4

Then, by substituting Equation (26) into the Equation (25), and using Theorem 4(a)
and Theorem 2(c), we obtain

. ) o 2 o 2 e 2 Xt 2 a2
oy —lp—1y7-17-1 y z
s (2 2 - Y ) G

1 1 1
Y S S ol ot + + )
PLERZEES S g p3p3s?  popipas?  papipss?

o(4) [(y;f(ﬁj)i () (Z) '+ (’f)2<”fﬂ

Similarly, we have

Now, by calculating through Proposition 1, we have
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aZﬂul athul aszul B 2 o2« 2 g o Yo 2 /a2
A A T = A EY AP A
xlX 2 o 2 Zﬂ( 2 xlx 2
() GG () @
o a\ 2 an 2 an 2
()2 (2))
14 14 o I

+

)
z
o

1 024y 0%y 0%y
_r—1l7-17-17-1 1 1 1
uz =Ly Ly, Lpy L <SL§§L;L5L?< Fyeran 2 T 5 >)

LIRS R (30)
pipapss®  papipss®  papipes®

~() () ()]

— —17-17-17-1
=64L, "L, L, L

Similarly, we have

1r—-17—-17— 1 azale 82"‘u2 82“142
ug =L, L 1L, 1L (ngLgL;‘L‘;‘< + + ))

ox2u ayZa oz2«
1 asz aZa aZa P 2 aN 2 2 2
_ “17-17-17-1 Yy
= O8Lpy Ly, Ly s (Jﬂﬂgw((axh M +az2“> (a) * (a) + (a)
11,1
= 64L, 'L, 'L, LS <SL§L;L§L';‘(6)> (31)

1
=384 tp g ip ) ——
p1 —p2 Tp3 s P1P2P352
th
:384()
b4

and so on.
Up=us=---=u, =0,n>4.

Therefore, the approximate series solution is expressed as

¥\ 2 (N2 [ 20\ 2
u(x,y,z,t) = ug+ uq +u2+u3+---:() <> <>

A E ]
(Y[ 2] )

Example 2. Assume the nonlinear time-fractional advection partial differential equation [16,18]:

{ D u(x, )+ u(x, ) 25 — v xp?)

33
u(x,0)=0,x,t>00<a<1, (33)
Equation (32) is rewritten as
0 t
(D u(x, ) = —u(x,t) ”(a’; ) 4 (x+x2). (34)
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By applying the conformable double Laplace transform to both sides of Equation (33), we have

LLL¥(,D*u(x,t)) = —LLL? (u(x, t)a”(a’;’ ”) + L}CL?((x + xt2)). (35)

By recalling Theorem 4(a) and Theorem 2(c), we have
LLLE(;Du(x,t)) = sU(p,s) — U(p,0). (36)

Therefore, Equation (34) is reduced to

sU(p,s) — U(p,0) = LLL} (x + xtz) — Ly (u(x,t)W). (37)

By using the initial condition u(x,0) = 0, we have
U(p,0) = 0. (38)

Therefore, Equation (36) is reduced to

sU(p,s) = LLLE (x+xt2) — 1L <u(x, f) aug;, ) ) (39)

Now, by operating with the inverse of the conformable fractional double Laplace transform on both
sides of (38) and using Theorem 2(g), it yields

o xprt2 11 /1 ou(x,t
u(y ) =t oo L' 1(:5%“ <”(x'”gt)))

1.1 /(1 Ju(x,t
:uoLplle(SL}cL‘t"<u(x,t)(at)>>.

By applying the proposed general conformable multiple Laplace transform decomposition method,
and considering the initial conditions, the recursive relation is expressed as

(40)

1

U1 = —L, 'Ly (SL}CL?(AH)>,11 =012, (41)

where Ay, represents the Adomian polynomial, which satisfies the following equation:

1] 0" o
Ay =— f(ZU’ui>] n=0,1,2---. (42)
" |f)g’fl i=0 o=0
Assume the nonlinear term can be expressed as
ou
fluy) = una—t”. (43)

By substituting Equation (42) into Equation (41), Equation (40) can be rewritten as
forn =0,

auo 9 t2a—1 t2a+1 tZDH-] t20¢+3
Ap = = -— = . 44
0 = f(uo) (Mo 8t>a_0 x( T e T T i (44)
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Thus, by using Theorem 2(g), we obtain

” "1+
_ - - c c c n Ty =1 i
LL‘;H alLL‘;z] a ~LL‘:H an(((xl) 1(362) 2., (xn) n)) — | |i:1 ([lxi—| —Uéi)((az] q) (( (fﬂlnj as) .
(TaiT—;)

n
i=1P;

We have

1,-1(1;1 17-1 1 21 tz"”r boop2atl o p2043
— - - a = - N X
u1——Lp L (SLth(A0)>__Lp L ( LyLy ( ( +a+2+0¢+2>)>

a—1 T (14221 at1 T(1
12! %“2“1 ( 2p¢/X1 ) + %“2 i 21x+1
_ |12 R it )
p s e 1 2l F(l+2"‘“) 1 il F(l+2’”3)
a2 ToE tapf T rms
t?)txfl t30¢+1 t3ﬂ(+1 t30(+3
= - + + +
a(Ba—1)  aBa+1) (a+2)Ba+1) (a+2)(3a+3)
forn =1,
1[0 0 0
A = —| — — _
1= g [aaf(uo + Uul)]ao {ag{(uo +ouy) <8t(u0 + (Tu1)> H .
E 2t4vc7] t40471 2t4lX+] ﬂ t4tx+3
auo aul s o a2 o t4lxa+2 a+tz4“ o ?JEZ (46)
=5 g = =X +1x(30i71) + xGaiT) + @ 2) B 1) + wF2)(3a+3)
e e o et
Tz TG T @G T arocas)
we have .
up = —L, L1 (SL;L;‘(Al)). (47)
By substituting Equation (45) into Equation (46) and using Theorem 2(g), it yields
1
up = =L, LS! [SL}(L?‘(AH]
& 2t44x71 t4oc71 2t4tx+1 t4oc+l t4ﬁc+3
o 411 & =2 & t411a+2 ‘x+t24a “ fﬂ_fz
=—L,'LJ! gL}chfx —x° ‘e ey T (72) But1) T &G
t44x t4zx+2 Iz +2 t4zx+4 (48)
YD T i) T @G T arocas)
503 25a—1 $oa—1 25a+1 oa+1 $50+3
a(5a=3) " a(5e=T) + (212)(5a—1) + (@2)5atT) " a(atD) " (ar2)(5at3)
_ .3 £50— £5% £5% £5%
=X +ac(31x751)(5¢x72) + ac(3£ct%)(5a) + (a+2)((3lx+1))(51x) + (1x+2)((31x+3)l(51x+2)
£5e £ £
TG es T aGanGa) T (tx+2)((31x+1))(5:x+2) T TG Gard)
forn =2,
1] 92
Az{ fu0+17u1+(7u2}
3|30/ ( ).,
17 9 e] 5
2|:az{(u(]+0'ul +o u2>& ug+ouq + o uz) }L_O (49)
auz auo
(Oat tu 1at + 2at>
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By substituting ug, uq and uy into Equation (48) and simplifying it, we have

t61x—4 2t6a—2 2t6:x—2 4t61x térx 2t6a+2 térx 2t61x+2 t6a+4
a? + a2 + a(a+2) + a(a+2) + W2 U a(at2) + (a+2)> + (a+2)> ' (a+2)?
2t6zx—3 2t6zx71 2t6v¢71 2t6a+1 6a—1
T 26D T 26 TG T a@io)Gard) T s Gl
+ 4t60(+1 2t6a+1 2t60&'+3 2t6ﬂ71 2t60(+1
w(a+2)(Bat+1) T (x+2)2@Ba+1) | (a+2)2(Ba+3) | «2(Ba—1) ' a2(3a+1)
+ 2t6A’+3 + 2t6w+1 + 2t61x+3 2t6a+3 2t6a+5
fw2) a3 T e T a2 D) T arofear) T ar2)lGard)
t60¢—4 2t6a72 t6a72 2t6o¢ télX t60c+2
Ay = x* +a(%a—23) + K(EaT) + ) aT) + (o2) e D) + x5 i) + (ST (50)
[ 216% ton 2164+ toat
2 3) e +6(a+2)(51x Tt 25t T) + D + @2)(5a13)
00— on—1 00—
+aEa I(5a-2) + T T + W 2) (et 1)(50) + (u¢+2)(3tx+3)(5a+2)
+ I 6a—1 + + t + t6a+3
*(Ga—T)(5a—2) tx(31x+1)(50¢) (D¢+2)(3tx+1)(5o¢) CRIEEIEE
i ot
+ x(3 1)) + a(3a+1)+(5a+2) + F2)Bar ) (5a+2) + (a+2)(3%++3 Gatd)
o% #ou 1% o%
Tam e T GGy T @G G2 T ar)Bar3)Gatd)

Therefore, we have

uy = —L, 'L [1L1L“{A2}] = L[

t(m —4 2t6a 2 Zt(m 2 4t6a' t(wz 2t6a+2 téa' 2t6a+2 t6a’+4 -
e Ay TR T Ty Ty T ey ey
Ztéa 3 2t6a 1 2t6a'—1 2t6a+1 2t a—1
+1x2(3tx—1) T2 T a2 ) + K@t 2)(3a13) t e )G
+ 4t6a+1 2t 2t6a+ 2t a—1 té/t +1
a(a+2)(Bat+l) ' (a42)? (3a-+1) (a+2)* (3a-+3) a?(3a—1) ' a?(3a+1)
J,» 2t6m+3 J,» 2t 60+1 + 2¢ 60+3 + 2t6a+3 2t6m+5
w(a+2)(3a+3) © a(a+2)Ba-1) * a(a+2)(Ba+l) T (a42)*(3a+1) (oc+2) ~(30+3)
J,» tén 4 Ztéa—z t6a—2 J,» 2t6u + tﬁ J,» (51)
Irlra) 4 a(5a—3) " a(5a—1) (IX+2)(51X—1) (a+2)(51x+1) 1)((51X+1 (oc+2)(51x+3
s x ™t I f60—2 2460 4 160 4 246 4 Jr
a(5a-3) T a(5e-1) T (ar2)Ea-1) (ac+2)(5 at1) (5rx+1 (at )(51x+3
o o
ey T aeeney T etanes T (a+2)(3oc+3) 5a12)
+ t6(t 1 + tG(H»l + tfnx+1 +
1)((30(6 1)1(50c 2) ac(3gc-&;11)(5rx) (ac+2)(3aétll)(5oc) (rx+2)(3a+3) 51x+2)
oo oo
+1x(31x TG D) T G Gar2) T @) GarGat2) (a+2)(3a+3)(5a+4)
t6u+3 t6A+3 t6a+5
L T ey TGy T GGG T @) Gai3) Gaid) |

Thus, we obtain

Uy = —x*
t7zx—4 2t7zx—2 2t7w—2 4t7A’ t7a¢ 2t7a+2 t7u
27—t T da2) T st )72 T a@r7a) T @) T a@r 27t T (a2 (7a)
2t7oc+2 t7¢x+4 2t7vc73 2t7zx—1 2137“7
+ + +
(a+2)? (7:x+2) (a4+2)(7a+4)  «*(Ba=1)(7a=3) ' a?(Ba+1)(7a=1) ' a(a+2)(Bat1)(7a—1)
2t 7o+ 21‘7”‘ 1 4470+1 2t7uc+1
+u¢(u¢+2)(30¢+3)(70¢+1) T @ )G T a@ BN Tt T (ar2) (et 7atl)
2t7lx+3 2t7[t7] 2t7ﬂ(+1 2t7zx+3
+(,x+2)2(3,x+3)(7a+3) - a?(3a—1)(7a—1) + o2 (3a+1) (7a+1) - a(a+2)(Ba+3)(7a+3)
+ 2t7a+1 + 2t7v¢+3 + 2t7a+3 + 2t70¢+5
a(a+2)(3a—1)(7a+1) " a(a+2)(Ba+1)(7a+3) " (a42)*(Ba+1)(7a+3) = (a+2)*(3a+3)(7a+5)
t7a—4 2t7lX 2 t7 n—2 2t7zx

+ e 37 + D72 + (w28 ) + @R (52)

RGeSy 71x)2+ @r2)( 51x+3)(771x42rZ + i 3)(7a7 R tl)(71x) + G- 1)70)
2 o+ 13
+(0¢+2)(5t§¢+1)(7lx+2) + 1x(50¢4£1)(771xf12) + (a+2)(5ttx+3)(7a+4) + e 1)(t5a ) (7a=3)

t7a—

+a(3o¢+1)(5:x)g7zx—1) + e (vc+2)(3oc+3 (50¢+2)(7zx+1)
t 7o t7o¢+1 t7ac+
+a(3a—1)(5a —271) + RO ) + F2) B 1) (a7 T)

£ 7%

R CES T2 7a3) + T DI Tt K D)5 D7)
t &

7o+

+(D¢+2)(30{+1)(51X+2)(7D¢+1) + (uc+2)(31x+ )(54x+4)(7lx+3) + *(3a—1)(5) (70 1)
t 14

tD(

TG a7y T (oc+2)(3:x+1)(51x+2)(7a+3) T TG Ga D 7 ts)

and so on.
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The third term approximate series solution for Example 2 is expressed as

u(x,t) = ug+uy +up + u3
t pat2 2 a—1 $3a+1 $3a+1 $30+3
= (b +55) - (e + + + )+

+x3

aGa—1) T a@Gat]) T @r2)GBatl)  (@+2)(3at3)
tSu 3 2t5a 1 ta—l 2t5 +1 t5A +1 t5a+3
(5=3) T i) + @26 + @6 T AEFD  (E2))
+aGa T5n2) + «Ca1)(50) + (B E) + )33 +2)
S o+ o+
+ gaat NE (3a+t1)(5oc+22 + eE e T G
t w—4 2t7a—2 27 -2 4{7:1 t7a 2t70¢+2 t7a

a2 (7a—4) a2 (7a—2) a(a+2)(7a—2) + a(a+2)(7a) + a2(7a) + a(a+2)(7a+2) (a+2)2(7x)
2t70(+2 t7v¢+4 2t7a—3 2t7a—1 2t7v¢—l

(a+2)%(7a+2) = (a42)*(7a+4) = «2(3a—1)(7a—3) + a?(3a+1)(7a—1) + a(a+2)(3a+1)(7a—1)
2t70¢+1 2t70¢71 4t7ﬂz+1 2t7ﬂé+1
+1x(1x+2)(3a+3)(7v¢+1) + a(a+2)(3a—1)(7a—1) + a(a+2)(3a+1)(7a+1) + (a+2)?(3a+1)(7a+1)
2t7a+3 + 2t7a—1 + 2t7a+1 + 2t7a’+3
(a+2)2(3a+3)(7a+3) = #2(3a—1)(7a—1) a2(3a+1)(7zx+l) a(a+2)(3a+3)(7a+3)
+ 2t7lx+l + 2t7ac+3 2t7IX+3 + 2t7a+5
(@2 Ga—D)7a+1) T a(@32)Gar)(7a¥3) T (a42)? (3a-+1) (7a+3). (a42)*(30+3) (7a+5)
t7o¢ —4 2t7a 2 t7tv 2 2t 7o
+ a6 3 7—4) + R + @2 BT 72 + @G
t7e | 2t/ |
M EES R (1x+2)(50¢+3)(7a¢+2) T i) T a0 T G Ga-D7a)
2t 7a+2 t70¢+4 t7a—3
+(tx+2)(59c+%)(7a+2) + (5a+1)(77aj-12) + (04+2)(504+3)(7a+4)7t1a(3a—1)(5a—2)(7a—3)
+a(3a+1§(5a)g7a—1) + @) )50 (7a-1) + 2 B3 a2 7 1)
+aGas 1)(t5,x72)(7a VRETCER e 7a1) + (oc+2)(30ci1)(5a)g7uc+l)
a+3
+(1x+2)(3a+it’>)(5a+2)(7:x+3) + i 13(504)(70( Tt a(3tx+1)(5a+2)(7tx+l)

17 7%

+ (Dé+2)(306+1)(50£+2)(706+1) + (uc+2)(3vc+3)(51x+4)(71x+3) + a(3u— 1; Egz (7a+1)
7t £

a(3tx+1)(5a+2)(7tx+3) + (zx+2)(3tx+l)(54x+2)(7a+3) + (a+2) (3a+3) (5a+4) (7a+5)

(53)

According to Equation (52), if we consider a = 1, then the third term approximate

series solution of Example 2 is expressed as

u(x,t) = (£ +03337) — ¥ (054 +0333t* + 0.056t°)

+x3 (0562 +0.1671 + 0.583¢ + 0.167¢° + 02781° + 0,056 + 0042t +0.006t°) (54

4 0.5t +0.292¢* + 0.75t% + 0.344° + 0.472t7 + 0.19413
+0.134+7 +0.038+10 + 0.014+'1 + 0.003¢12

Table 1 shows the comparison of values when « = 0.75,0.9, and 1; ¢t = 0.2,0.4, and
0.6; and x = 0.25,0.5, and 1 for Equation (52) using the proposed Laplace decomposition

method and the Adomian decomposition method [18].

Table 1. Numerical values when & = 0.75,0.9, and 1 for Equation (52).

; . a« = 0.5 « = 0.75 a=1
(18l urpm [18] urpm [18] urpm
0.2 0.25 0.1128, 0.0912 0.0788, 0.0801 0.0500, 0.0500
0.4 0.5 0.3280, 0.3413 0.2579, 0.2578 0.2000, 0.2001
0.6 1 0.9754, 1.2020 0.7089, 0.7077 0.6016, 0.6015

Figures 1-3 show the 3D graphical representations of Equation (52) with varying

values of «.
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Figure 3. 3D plot of Equation (52) fora = 1,x € [0.25,0.5], and t € [0,0.01].

From Figures 1-3 and Table 1, it can be seen that the results are basically consistent
with those in references [16,18]. Their error becomes increasingly smaller as the fractional
order approaches 1. This is because the conformable fractional derivative is more like the
integer derivative than other fractional derivatives [20]. It is worth noting that only three
terms of the decomposition series were used to evaluate the approximate solutions for
Figures 1-3 and Table 1. It can be seen clearly from Equation (52) that the efficiency of
the proposed approach can be significantly enhanced by computing the further terms or
further components of u(x, t).

6. Conclusions

In this paper, the general conformable multiple Laplace transform was conducted by
using our proposed new scheme. The conformable multiple Laplace transform decomposi-
tion method was adopted to solve linear and nonlinear homogeneous or nonhomogeneous
partial fractional differential equations. Two numerical examples were provided by using
our proposed method. Our results demonstrate the significance of finding novel methods
to solve fractional partial differential equations with symmetric variables.
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