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Abstract: The success of any endeavor or process is heavily contingent on the ability to reconcile
and satisfy balance requirements, which are often characterized by symmetry considerations. In
practical applications, the primary goal of decision-making processes is to efficiently manage the
symmetry or asymmetry that exists within different sources of information. In order to address
this challenge, the primary aim of this study is to introduce novel Dombi operation concepts that
are formulated within the framework of interval-valued Pythagorean fuzzy aggregation operators.
In this study, an updated score function is presented to resolve the deficiency of the current score
function in an interval-valued Pythagorean fuzzy environment. The concept of Dombi operations
is used to introduce some interval-valued Pythagorean fuzzy aggregation operators, including the
interval-valued Pythagorean fuzzy Dombi weighted arithmetic (IVPFDWA) operator, the interval-
valued Pythagorean fuzzy Dombi ordered weighted arithmetic (IVPFDOWA) operator, the interval-
valued Pythagorean fuzzy Dombi weighted geometric (IVPFDWG) operator, and the interval-valued
Pythagorean fuzzy Dombi ordered weighted geometric (IVPFDOWG) operator. Moreover, the study
investigates many important properties of these operators that provide new semantic meaning to the
evaluation. In addition, the suggested score function and newly derived interval-valued Pythagorean
fuzzy Dombi aggregation (IVPFDA) operators are successfully employed to select a subject expert
in a certain institution. The proposed approach is demonstrated to be successful through empirical
validation. Lastly, a comparative study is conducted to demonstrate the validity and applicability
of the suggested approaches in comparison with current techniques. This research contributes to
the ongoing efforts to advance the field of evaluation and decision-making by providing novel and
effective tools and techniques.

Keywords: IVPFDWA operator; IVPFDOWA operator; IVPFDWG operator; IVPFDOWG operator;
multi-criteria decision-making problem

1. Introduction

Selecting the best possible option from a set of candidates based on a number of
criteria or qualities is the goal of multi-criteria decision-making. Generally, it is assumed
that all data used to evaluate an option in terms of its qualities and the relative weights
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of those features are presented in the form of crisp numbers. However, in many real-life
situations, there are problems taken into account where the objectives and constraints
are conventionally vague and imprecise in nature. To cope with this problem, Zadeh [1]
introduced the concept of fuzzy sets (FSs) as a generalization of crisp sets.

In fuzzy sets, information about the degree to which certain criteria are met is obtained
in the form of membership functions, whose complements are taken as insufficient degrees.
In 1970, Bellman and Zadeh [2] discussed the multiple attribute decision-making process
in the FS theory. In addition, the theory of solving decision-making problems under fuzzy
environments was developed in [3,4]. In 1982, Dombi [5] discussed a general class of
fuzzy operators. The theory of intuitionistic fuzzy sets has been widely adopted and
has a significant impact on various disciplines, including decision-making, engineering,
information technology, pattern recognition, and medical diagnostics. The concept of
intuitionistic fuzzy sets, which represents a generalization of fuzzy sets, was first proposed
by Atanassov in 1986 [6]. It meets the condition that the sum of the membership and
non-membership degrees of a given element must not exceed unity.

In 1986, Turksen [7] put forward the idea of the interval-valued fuzzy set (IVFS) as a
modification to fuzzy sets. In real-life situations, where information is often inadequate and
imprecise, decision-makers may find it challenging to express their opinions with precise
numerical values. To address this challenge, Atanassov [8] introduced the IV IFS concept in
1989. In this approach, the membership and non-membership degrees are represented by an
interval within [0, 1] rather than a precise numerical value. In 2000, De et al. [9] introduced
three basic operations for an IFS, namely concentration, dilation, and normalization. The
intuitionistic fuzzy set theory has attracted more attention from many researchers since its
inception. However, later on, many deficiencies were found in this technique, which led
the mathematician, Atanassov, to explore some higher order fuzzy sets.

The significance of the concepts of IFSs and IVIFSs is quite evident as many mathemati-
cians have introduced different types of aggregation operators and information measures
based on these sets, which have been effectively utilized in addressing MCDM problems in
various circumstances [10–15]. Despite the numerous advantages of these theories, there
still exist real-world situations that cannot be addressed by the above-mentioned strategies.
For instance, if a decision-maker assigns a membership degree of 0.7 and a non-membership
degree of 0.5 to an element, their sum would exceed 1. To broaden the scope of membership
and non-membership degrees, Yager [16] introduced the concept of Pythagorean Fuzzy
Sets (PFSs), where the sum of the squares of the membership and non-membership is less
than or equal to 1.

In 2014, Zhang and Xu [17] discussed decision-making using PFSs. In addition,
more develop methods in the framework of the interval-valued intuitionistic fuzzy (IVIF)
environment can be found in [18,19]. In 2017, Chen and Huang [20] discussed decision-
making based on particle swarm optimization techniques. In 2016, Zhang [21] presented the
concept of the IV Pythagorean fuzzy set. Moreover, one can view the recent developments
of IVPFSs in [22–33]. In 2016, Peng and Yang [34] discussed the fundamental properties of
aggregation operators of IVPFSs. Furthermore, different Dombi Operators in various sets
were discussed in [35–40]. In addition, many useful strategies were invented to address the
issue of energy crises in [41–43]

Dombi operators can take multi-purpose aggregation, decision-making abilities, and
operational characteristics and turn them into a highly adaptable tool for gathering im-
precise information. The information is converted into a single value with the help of the
averaging operators. Dombi operators are incredibly adaptable when it comes to oper-
ational conditions, and they are also highly effective at solving decision-making issues.
The main benefit of our approach is that it can handle the interrelationship between the
arguments, which the other approaches cannot do. Our approach is therefore more versatile.
Furthermore, it is important to note that the existing techniques lack the ability to dynami-
cally adjust the parameter in accordance with the decision-makers’ risk aversion, which
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makes the MADM solution difficult to implement in real life. However, the techniques
presented in this article are very capable of addressing this weakness in this situation.

Our research work aims to achieve several primary objectives, which are as follows:

1. Develop an updated score function that overcomes the deficiencies of existing score
functions in IVPF environment. This will involve the integration of advanced mathe-
matical and statistical techniques to create a more robust and accurate scoring system.

2. Formulate fundamental Dombi operations for IVPFSs. This will involve the devel-
opment of mathematical models that describe the relationships between different
elements of IVPFSs, allowing for more accurate analysis and prediction of outcomes.

3. Initiate the study of IVPFD aggregation operators. This will involve exploring the
ways in which different IVPFD operators can be combined to create more effective
aggregation methods for IVPFSs.

4. Prove many key properties of the newly defined operators. This will involve rigorous
mathematical analysis and formal proofs aimed at demonstrating the validity and
effectiveness of the proposed operators.

5. Present an algorithm to solve Multiple Attribute Decision-Making (MADM) problems
using IVPFD aggregation operators. This will involve developing a step-by-step
process for using the new operators to analyze and evaluate complex decision-making
problems.

6. Select the best subject expert in a certain institution using the newly suggested tech-
nique. This will involve applying the proposed algorithm to real-world scenarios,
such as selecting the most qualified candidate for a job or identifying the most suitable
expert for a specific project.

7. Present a comparative analysis to show the validity of the proposed technique com-
pared with existing strategies. This will involve testing the effectiveness of the pro-
posed algorithm against existing methods, using real-world data sets and scenarios.

After a brief discussion of IVPFSs, the rest of the work is organized as: in Section 2,
some basic definitions are defined to understand the novelty of the work presented in this
article. In Section 3, the deficiency of existing score functions to solve MADM problems is
discussed and an improved score function is determined to counter this problem under
the IVPF environment. In Section 4, some Dombi aggregation operators for these sets
are developed. In Section 5, a numerical example is given to show the validity of this
new approach. In addition, a comparative analysis is presented to depict the validity and
feasibility of this new strategy with existing methods. Finally, some concrete conclusions
about the paper are summarized in Section 6.

2. Preliminaries

In this section, we briefly review some basic concepts, properties, operations, and
magnitude comparison methods of IVPFSs over the non-empty universal set X that are
important to the achievement of this study.

Definition 1 [7]. An IVFS A defined on X is given by A = {〈x, [µA
L(x), µA

U(x)]〉: x ∈ X}, where
0 ≤ µA

L(x) ≤ µA
U(x) ≤ 1.

Definition 2 [14]. Let X be a classical set. A PFS A on X is represented as: A = {〈x,µA(x),νA(x)〉: x
∈ X}, where µA: X→[0,1] and νA: X→[0,1] denote the membership and non-membership functions,
respectively, that satisfy the condition 0 ≤ µ2

A(x) + ν2
A(x) ≤ 1. The hesitancy margin of the PFS

A is defined as: πA(x) =
√

1− µ2
A(x)− ν2

A(x).

Definition 3 [18]. An IVPFS A on X is defined as: A = {〈x, [µA
L(x), µA

U(x)], [νA
L(x), νA

U(x)]〉:
x ∈ X}, where [µA

L(x), µA
U(x)] and [νA

L(x), νA
U(x)], respectively, represent the membership and

non-membership degree of A that are able to satisfy the condition 1≥ µA
U(x)≥ µA

L(x)≥ 0 and 0≤



Symmetry 2023, 15, 765 4 of 23

νA
L(x) ≤ νA

U(x) ≤ 1. Moreover, 0 ≤ (µA
L(x))2 + (νA

L(x))2 ≤ 1 and 0 ≤ (µA
U(x))2 + (νA

U(x))2

≤ 1. The hesitancy degree of the IVPFS A is defined as:

πA(x) =
[
πA

L(x), πA
U(x)

]
=

[√
1−

(
µL

A(x)
)2 −

(
νL

A(x)
)2,
√

1−
(
µU

A(x)
)2 −

(
νU

A (x)
)2
]

Definition 4 [35]. Consider the three IVPF g = 〈[µL
g , µU

g ],[ νL
g , νU

g ]〉, g1 = 〈[µL
g1, µU

g1],[ νL
g1,

νU
g1]〉 and g2 = 〈[µL

g2, µU
g2],[ νL

g2, νU
g2]〉. The basic operations on these numbers are defined in the

subsequent way:

i. g1∪g2 = 〈[max{µL
g1, µL

g2,}, max{µU
g1, µU

g2,}], [min{νL
g1, νL

g2}, min{νU
g1,νU

g2,}]〉
ii. g1∩ g2 = 〈[min{µL

g1, µL
g2,}, min{µU

g1, µU
g2,}], [max{νL

g1, νL
g2}, max{νU

g1, νU
g2,}] 〉

iii. g1⊕g2 =

〈[√(
µL

g1

)2
+
(
µL

g2

)2 −
(
µL

g1

)2(
µL

g2

)2,
√(

µU
g1

)2
+
(
µU

g2

)2 −
(
µU

g1

)2(
µU

g2

)2
]

,[
νL

g1
νL

g2
, νU

g1
νU

g2

] 〉

iv. g1⊗g2 =

〈 [
µL

g1
µL

g2
, µU

g1
µU

g2

]
,[√(

νL
g1

)2
+
(

νL
g2

)2
−
(

νL
g1

)2(
νL

g2

)2
,
√(

νU
g1

)2
+
(
νU

g2

)2 −
(
νU

g1

)2(
νU

g2

)2
]〉

v. χg =

〈√1−
(

1−
(

µL
g

)2
)X

,

√
1−

(
1−

(
µU

g
)2
)X ,

[(
νL

g

)X
,
(

νU
g

)X ]〉
, for all χ

> 0.

vi. gχ =

〈[(
µL

g

)X
,
(

µU
g

)X ]
,

√1−
(

1−
(

νL
g

)2
)X

,

√
1−

(
1−

(
νU

g
)2
)X 〉, for all χ

> 0.
vii. gC =

〈[
νL

g , νU
g

]
,
[
µL

g , µU
g

]〉
.

Some certain types of triangular norms and conorms are discussed in the following def-
inition.

Definition 5 [5]. Let ã and b̃ be any two real numbers. The Dombi t-norms and Dombi t-conorms
are described in the following way:

i. Dom(ã, b̃) = 1

1+
{{

( 1− )
Ќ
+
(

1−b̃
b̃

)Ќ}} 1
Ќ

ii. DomC(ã, b̃) = 1

1+
{{

( 1− )
Ќ
+
(

b̃
1−b̃

)Ќ}} 1
Ќ

where Ќ ≥ 1 and
(

ã, b̃
)
∈ [0, 1]× [0, 1]. In the above discussion, (i) represents the Dombi

product and (ii) represents the Dombi sum.

Definition 6 [35]. Let gċ = (µċ, νċ) (ċ = 1, 2, 3, . . . , j) be j number of PFEs. A Pythagorean fuzzy
Dombi weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →
PFE such that

PFDWA
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ଵ
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ଶ
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ቁ
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ċ
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ċ

= 1
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Then,  

(
g1, g2, . . . , gj

)
= ⊕j

ċ=1(
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ċ=1

Symmetry 2023, 15, x FOR PEER REVIEW 4 of 22 
 

 

membership degree of A that are able to satisfy the condition 1 ≥ µAU(x) ≥ µAL(x)≥0 and 0 ≤ νAL(x) 
≤ νAU(x) ≤ 1. Moreover, 0 ≤ (µAL(x))2 + (νAL(x))2 ≤ 1 and 0 ≤ (µAU(x))2 + (νAU(x))2 ≤ 1. The hesitancy 
degree of the IVPFS A is defined as: 

πA(x)=[πAL(x), πAU(x)] 

=ቈට1 − ൫µ
 (𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

, ට1 − ൫µ
(𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

 

Definition 4 [35] Consider the three IVPFSs g=〈[µ
 , µ

],[ 𝜈
 , 𝜈

]〉, g1=〈[µଵ
 , µଵ

 ],[ 𝜈ଵ
 , 𝜈ଵ

 ]〉 
and g2 =〈[µଶ

 , µଶ
 ],[ 𝜈ଶ

 , 𝜈ଶ
 ]〉. The basic operations on these numbers are defined in the subse-

quent way: 
i. g1∪g2 =   [max{µଵ

 , µଶ
 ,}, max{µଵ

 , µଶ
 ,}], [min{𝜈ଵ

 , 𝜈ଶ
 }, min{𝜈ଵ

 , 𝜈ଶ
 ,}]    

ii. g1∩g2 =   [min{µଵ
 , µଶ

 ,}, min{µଵ
 , µଶ

 ,}], [max{𝜈ଵ
 , 𝜈ଶ

 }, max{𝜈ଵ
 , 𝜈ଶ

 ,}]    

iii. g1⨁g2= ൾ
ቈට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
, ට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
  ,

ൣ𝜈భ
 𝜈మ

 , 𝜈భ
 𝜈మ

 ൧

ං 

iv. g1⨂g2 =ൾ

ൣ𝜇భ
 𝜇మ

 , 𝜇భ
 𝜇మ

 ൧,

ቈට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

, ට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

 
ං 

v. 𝒳g=ൽቈට1 − ቀ1 − ൫µ
 ൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫µ
൯

ଶ
ቁ

𝒳

  , ቂ൫𝜈
൯

𝒳
, ൫𝜈

൯
𝒳

ቃඁ, for all 𝒳 > 0.  

vi. 𝑔𝒳=ൽቂ൫µ
 ൯

𝒳
, ൫µ

൯
𝒳

ቃ , ቈට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 ඁ, for all 𝒳 > 0. 

vii. gC =ൻൣ𝜈
 , 𝜈

൧, ൣ𝜇
 , 𝜇

൧ൿ. 
Some certain types of triangular norms and conorms are discussed in the following 

definition. 
Definition 5 [5] Let ã and 𝑏෨ be any two real numbers. The Dombi t-norms and Dombi t-conorms 
are described in the following way: 
i. Dom(ã, 𝑏෨)= ଵ

ଵାቐ൝ቀ
భషã

ã
ቁ

Ќ
ା൬

భష෩್

෩್ ൰
Ќ

ൡቑ

భ

Ќ

 

ii. DomC(ã, 𝑏෨)= 
ଵ

ଵାቐ൝ቀ
ã

భషã
ቁ

Ќ
ା൬

෩್

భష෩್൰
Ќ

ൡቑ

భ

Ќ

 

where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
that 

PFDWAꝕ(g1,g2,…,gj)=⊕ċୀଵ


൫ꝕ
ċ
𝑔ċ൯ 

=

⎝

⎜
⎜
⎜
⎛

ඪ
1 −

1

1 + ቊ∑ ꝕ
ċ

൬
µċ

ଶ

1 − µċ
ଶ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 ,
ඪ

1

1 + ቊ∑ ꝕ
ċ

൬
1 − 𝜈ċ

ଶ

𝜈ċ
ଶ ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 

⎠

⎟
⎟
⎟
⎞

 

where ꝕ = ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
ċ

> 0 , 
∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 

Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  such that ꝕ
ċ

> 0, ∑ ꝕ
ċ

= 1

ċୀଵ   and 𝜗 ≥ 1 . 

Then,  

ċ
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
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j
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ċ=1

Symmetry 2023, 15, x FOR PEER REVIEW 4 of 22 
 

 

membership degree of A that are able to satisfy the condition 1 ≥ µAU(x) ≥ µAL(x)≥0 and 0 ≤ νAL(x) 
≤ νAU(x) ≤ 1. Moreover, 0 ≤ (µAL(x))2 + (νAL(x))2 ≤ 1 and 0 ≤ (µAU(x))2 + (νAU(x))2 ≤ 1. The hesitancy 
degree of the IVPFS A is defined as: 

πA(x)=[πAL(x), πAU(x)] 

=ቈට1 − ൫µ
 (𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

, ට1 − ൫µ
(𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

 

Definition 4 [35] Consider the three IVPFSs g=〈[µ
 , µ

],[ 𝜈
 , 𝜈

]〉, g1=〈[µଵ
 , µଵ

 ],[ 𝜈ଵ
 , 𝜈ଵ

 ]〉 
and g2 =〈[µଶ

 , µଶ
 ],[ 𝜈ଶ

 , 𝜈ଶ
 ]〉. The basic operations on these numbers are defined in the subse-

quent way: 
i. g1∪g2 =   [max{µଵ

 , µଶ
 ,}, max{µଵ

 , µଶ
 ,}], [min{𝜈ଵ

 , 𝜈ଶ
 }, min{𝜈ଵ

 , 𝜈ଶ
 ,}]    

ii. g1∩g2 =   [min{µଵ
 , µଶ

 ,}, min{µଵ
 , µଶ

 ,}], [max{𝜈ଵ
 , 𝜈ଶ

 }, max{𝜈ଵ
 , 𝜈ଶ

 ,}]    

iii. g1⨁g2= ൾ
ቈට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
, ට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
  ,

ൣ𝜈భ
 𝜈మ

 , 𝜈భ
 𝜈మ

 ൧

ං 

iv. g1⨂g2 =ൾ

ൣ𝜇భ
 𝜇మ

 , 𝜇భ
 𝜇మ

 ൧,

ቈට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

, ට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

 
ං 

v. 𝒳g=ൽቈට1 − ቀ1 − ൫µ
 ൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫µ
൯

ଶ
ቁ

𝒳

  , ቂ൫𝜈
൯

𝒳
, ൫𝜈

൯
𝒳

ቃඁ, for all 𝒳 > 0.  

vi. 𝑔𝒳=ൽቂ൫µ
 ൯

𝒳
, ൫µ

൯
𝒳

ቃ , ቈට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 ඁ, for all 𝒳 > 0. 

vii. gC =ൻൣ𝜈
 , 𝜈

൧, ൣ𝜇
 , 𝜇

൧ൿ. 
Some certain types of triangular norms and conorms are discussed in the following 

definition. 
Definition 5 [5] Let ã and 𝑏෨ be any two real numbers. The Dombi t-norms and Dombi t-conorms 
are described in the following way: 
i. Dom(ã, 𝑏෨)= ଵ

ଵାቐ൝ቀ
భషã

ã
ቁ

Ќ
ା൬

భష෩್

෩್ ൰
Ќ

ൡቑ

భ

Ќ

 

ii. DomC(ã, 𝑏෨)= 
ଵ

ଵାቐ൝ቀ
ã

భషã
ቁ

Ќ
ା൬

෩್

భష෩್൰
Ќ

ൡቑ

భ

Ќ
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
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Definition 7 [35]. Let gċ = (µċ, νċ) (ċ = 1, 2, 3, . . . , j) be j number of PFEs. A PFD ordered
weighted averaging operator of dimension j is characterized by a function PFDOWA: PFEj → PFE

with the associated weighted vector
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 
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where (ρ(1), ρ(2), . . . , ρ(j)) represents the permutations of ċ = 1, 2, 3, . . . , j, and gρ(ċ−1) ≥
gρ(ċ)∀ ċ = 1, 2, . . . , j.

Definition 8 [35]. Let gċ = (µċ, νċ) (ċ = 1, 2, 3, . . . , j) be j number of PFEs. A PFD weighted
geometric operator is characterized by a function PFDWG: PFEj→PFE such that

PFDWG
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ċ

=

√√√√ 1

1+

{
∑

j
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
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Definition 9 [34]. Let gċ = (µċ, νċ) (ċ = 1, 2, 3, . . . , j) be j number of PFEs. A PFD ordered
weighted geometric operator of dimension j is characterized by a function PFDOWG: PFEj →PFE
with the associated weighted vector
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Definition 10 [27]. The score function for IVPF number α = 〈[a, b], [c, d]〉 is defined in the
following way:

S(α) =

(
a2 − c2)(1 +

√
1− a2 − c2

)
+
(
b2 − d2)(1 +
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1− b2 − d2

)
4
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where S(α) ∈ [−1, 1]. Particulary, if S(α) = 1, then α is the largest IVPFN, i.e., 〈[1, 1], [0, 0]〉;
if S(α) = −1, then α is the least IVPFN, i.e., 〈[0, 0], [1, 1]〉. Moreover, the score function
satisfies the following properties for any two IVPFNs α and β

i. If S(α) < S(β), then α ≺ β
ii. If S(α) > S(β), then α � β
iii. If S(α) = S(β), then α ∼ β

3. Deficiency of the Existing Score Function of IVPFS and Its Improvement

In this section, we provide an example that indicates the deficiencies in the score
function of the IVPFS developed in [28] and improve it in the subsequent discussion.

Example 1. Let ς1 = 〈[0.4, 0.7], [0.4, 0.7]〉 and ς2 = 〈[0.3, 0.4], [0.3, 0.4]〉 be any two IVPFNs.
Then, by applying Definition 10 on ς1 and ς2, we obtain

S(ς1) = S(ς2) = 0

Then, in view of the property (iii) of Definition 10, we have ς1 ∼ ς2, but ς1 6= ς2.
This indicates the deficiency in the score function under consideration. The above

discussion leads us to improve this score function in the following definition.

Definition 11. Consider the IVPFN α = 〈[a, b], [c, d]〉. The improved score function S(α) is
defined for α as:

S(α) = 1
4 ((a2 − c2 + 1

2 )(1 +
√

1− a2 − c2)

+(b2 − d2 + 1
3 )(1 +

√
1− b2 − d2))

(1)

where h(α) is the range of the score function and −0.29 ≤ h(α) ≤ 0.58.

Moreover, the above score function satisfies the following comparison law for any two
IVPFNs α and β

i. If S(α) < S(β), then α ≺ β
ii. If S(α) > S(β), then α � β
iii. If S(α) = S(β), then α ∼ β

Consider the following example to demonstrate the effectiveness of the score function
proposed for IVPFN.

Example 2. The application of the proposed score function S(α) in Equation (1) of Example 1 gives
that S(ς1) = 0.392 and S(ς2) = 0.386. Thus, in view of property ii of Definition 11, we have ς1 �
ς2. This fact suggests that the alternative ς1 is better than the alternative ς2.

So, we conclude that the suggested score function offers a more appropriate and
efficient approach for decision analysis compared with the current score function, which
has proven to be inadequate.

4. Dombi Operations on Interval-Valued Pythagorean Fuzzy Numbers

In this section, we present the Dombi operations in the framework of the IVPF envi-
ronment.

Definition 12. Let 1 ≤ ϑ, 0 ≤ X and g1 =
〈[

µL
g1

,µU
g1

]
,
[
νL

g1
, νU

g1

]〉
and

g2 =
〈[

µL
g2

,µU
g2

]
,
[
νL

g2
, νU

g2

]〉
be any two IVPFEs. The Dombi operations of t-norms and t-conorms

of IVPFEs are explained in the following way:



Symmetry 2023, 15, 765 7 of 23

i. g1 ⊕ g2 =
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In the following definition, we propose a Dombi arithmetic aggregation operator with

IVPFEs, namely, the IVPFDWA operator.

Definition 13. Let ċ = 1, 2, 3, . . . , j and gċ =
〈[

µL
gċ

,µU
gċ

]
,
[
νL

gċ
, νU

gċ

]〉
) be j number of IVPFEs.

The IVPFDWA operator is characterized by a function $IVPFDWA: IVPFEj→IVPFE such that

IVPFDWA
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product and (ii) represents the Dombi sum. 
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  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
ċ

> 0 , 
∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 

Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
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Theorem 1. Let ċ = 1, 2, 3, . . . , j and gċ =
〈[

µL
gċ

,µU
gċ

]
,
[
νL

gċ
, νU

gċ

]〉
be j number of IVPFEs. The

aggregated value of these IVPFEs in the framework of the IVPFDWA operator is an IVPFE and is
determined in the following way:

IVPFDWA
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ċ

 1−(νL
gċ)
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 
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Proof. The proof of this result is established through the use of mathematical induction. �

The application of Definition 12 for ċ = 2 gives the following outcome:
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
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ċ

 (µU
gċ)
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Thus, Equation (2) holds for ċ = 2.
Suppose that Equation (2) holds for ċ = p. Therefore, we have

IVPFDWA

Symmetry 2023, 15, x FOR PEER REVIEW 4 of 22 
 

 

membership degree of A that are able to satisfy the condition 1 ≥ µAU(x) ≥ µAL(x)≥0 and 0 ≤ νAL(x) 
≤ νAU(x) ≤ 1. Moreover, 0 ≤ (µAL(x))2 + (νAL(x))2 ≤ 1 and 0 ≤ (µAU(x))2 + (νAU(x))2 ≤ 1. The hesitancy 
degree of the IVPFS A is defined as: 

πA(x)=[πAL(x), πAU(x)] 

=ቈට1 − ൫µ
 (𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

, ට1 − ൫µ
(𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

 

Definition 4 [35] Consider the three IVPFSs g=〈[µ
 , µ

],[ 𝜈
 , 𝜈

]〉, g1=〈[µଵ
 , µଵ

 ],[ 𝜈ଵ
 , 𝜈ଵ

 ]〉 
and g2 =〈[µଶ

 , µଶ
 ],[ 𝜈ଶ

 , 𝜈ଶ
 ]〉. The basic operations on these numbers are defined in the subse-

quent way: 
i. g1∪g2 =   [max{µଵ

 , µଶ
 ,}, max{µଵ

 , µଶ
 ,}], [min{𝜈ଵ

 , 𝜈ଶ
 }, min{𝜈ଵ

 , 𝜈ଶ
 ,}]    

ii. g1∩g2 =   [min{µଵ
 , µଶ

 ,}, min{µଵ
 , µଶ

 ,}], [max{𝜈ଵ
 , 𝜈ଶ

 }, max{𝜈ଵ
 , 𝜈ଶ

 ,}]    

iii. g1⨁g2= ൾ
ቈට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
, ට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
  ,

ൣ𝜈భ
 𝜈మ

 , 𝜈భ
 𝜈మ

 ൧

ං 

iv. g1⨂g2 =ൾ

ൣ𝜇భ
 𝜇మ

 , 𝜇భ
 𝜇మ

 ൧,

ቈට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

, ට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

 
ං 

v. 𝒳g=ൽቈට1 − ቀ1 − ൫µ
 ൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫µ
൯

ଶ
ቁ

𝒳

  , ቂ൫𝜈
൯

𝒳
, ൫𝜈

൯
𝒳

ቃඁ, for all 𝒳 > 0.  

vi. 𝑔𝒳=ൽቂ൫µ
 ൯

𝒳
, ൫µ

൯
𝒳

ቃ , ቈට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 ඁ, for all 𝒳 > 0. 

vii. gC =ൻൣ𝜈
 , 𝜈

൧, ൣ𝜇
 , 𝜇

൧ൿ. 
Some certain types of triangular norms and conorms are discussed in the following 

definition. 
Definition 5 [5] Let ã and 𝑏෨ be any two real numbers. The Dombi t-norms and Dombi t-conorms 
are described in the following way: 
i. Dom(ã, 𝑏෨)= ଵ

ଵାቐ൝ቀ
భషã

ã
ቁ

Ќ
ା൬

భష෩್

෩್ ൰
Ќ

ൡቑ

భ

Ќ

 

ii. DomC(ã, 𝑏෨)= 
ଵ

ଵାቐ൝ቀ
ã

భషã
ቁ

Ќ
ା൬

෩್

భష෩್൰
Ќ

ൡቑ

భ

Ќ

 

where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
that 

PFDWAꝕ(g1,g2,…,gj)=⊕ċୀଵ


൫ꝕ
ċ
𝑔ċ൯ 

=

⎝

⎜
⎜
⎜
⎛

ඪ
1 −

1

1 + ቊ∑ ꝕ
ċ

൬
µċ

ଶ

1 − µċ
ଶ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 ,
ඪ

1

1 + ቊ∑ ꝕ
ċ

൬
1 − 𝜈ċ

ଶ

𝜈ċ
ଶ ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 

⎠

⎟
⎟
⎟
⎞

 

where ꝕ = ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
ċ

> 0 , 
∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 

Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  such that ꝕ
ċ

> 0, ∑ ꝕ
ċ

= 1

ċୀଵ   and 𝜗 ≥ 1 . 

Then,  

(
g1, g2, g3, . . . , gp

)
= ⊕p
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ċgċ)
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gċ)

2

1−(µL
gċ)
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Moreover, for ċ = p + 1, we have

IVPFDWA
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  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
ċ

> 0 , 
∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 

Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 
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ϑ


1
ϑ




Thus, Equation (2) is true for ċ = p + 1. Hence, we conclude that Equation (2) is true

for any ċ ∈ N.
The following example describes the above-stated fact.
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Example 3. Consider the IVPFEs ς1 = 〈[0.1, 0.5], [0.4, 0.6]〉, ς2 = 〈[0.3, 0.4], [0.5, 0.7]〉, and
ς3 = 〈[0.0, 0.3], [0.1, 0.6]〉. Let
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that 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 
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Then,  

=(0.2,0.5,0.3)T be the weighted vector of ςċ (ċ = 1, 2, 3) and
ϑ = 4. Then,

IVPFDWA
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ċ=1

Symmetry 2023, 15, x FOR PEER REVIEW 4 of 22 
 

 

membership degree of A that are able to satisfy the condition 1 ≥ µAU(x) ≥ µAL(x)≥0 and 0 ≤ νAL(x) 
≤ νAU(x) ≤ 1. Moreover, 0 ≤ (µAL(x))2 + (νAL(x))2 ≤ 1 and 0 ≤ (µAU(x))2 + (νAU(x))2 ≤ 1. The hesitancy 
degree of the IVPFS A is defined as: 

πA(x)=[πAL(x), πAU(x)] 

=ቈට1 − ൫µ
 (𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

, ට1 − ൫µ
(𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

 

Definition 4 [35] Consider the three IVPFSs g=〈[µ
 , µ

],[ 𝜈
 , 𝜈

]〉, g1=〈[µଵ
 , µଵ

 ],[ 𝜈ଵ
 , 𝜈ଵ

 ]〉 
and g2 =〈[µଶ

 , µଶ
 ],[ 𝜈ଶ

 , 𝜈ଶ
 ]〉. The basic operations on these numbers are defined in the subse-

quent way: 
i. g1∪g2 =   [max{µଵ

 , µଶ
 ,}, max{µଵ

 , µଶ
 ,}], [min{𝜈ଵ

 , 𝜈ଶ
 }, min{𝜈ଵ

 , 𝜈ଶ
 ,}]    

ii. g1∩g2 =   [min{µଵ
 , µଶ

 ,}, min{µଵ
 , µଶ

 ,}], [max{𝜈ଵ
 , 𝜈ଶ

 }, max{𝜈ଵ
 , 𝜈ଶ

 ,}]    

iii. g1⨁g2= ൾ
ቈට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
, ට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
  ,

ൣ𝜈భ
 𝜈మ

 , 𝜈భ
 𝜈మ

 ൧

ං 

iv. g1⨂g2 =ൾ

ൣ𝜇భ
 𝜇మ

 , 𝜇భ
 𝜇మ

 ൧,

ቈට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

, ට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

 
ං 

v. 𝒳g=ൽቈට1 − ቀ1 − ൫µ
 ൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫µ
൯

ଶ
ቁ

𝒳

  , ቂ൫𝜈
൯

𝒳
, ൫𝜈

൯
𝒳

ቃඁ, for all 𝒳 > 0.  

vi. 𝑔𝒳=ൽቂ൫µ
 ൯

𝒳
, ൫µ

൯
𝒳

ቃ , ቈට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 ඁ, for all 𝒳 > 0. 

vii. gC =ൻൣ𝜈
 , 𝜈

൧, ൣ𝜇
 , 𝜇

൧ൿ. 
Some certain types of triangular norms and conorms are discussed in the following 

definition. 
Definition 5 [5] Let ã and 𝑏෨ be any two real numbers. The Dombi t-norms and Dombi t-conorms 
are described in the following way: 
i. Dom(ã, 𝑏෨)= ଵ

ଵାቐ൝ቀ
భషã

ã
ቁ

Ќ
ା൬

భష෩್

෩್ ൰
Ќ

ൡቑ

భ

Ќ

 

ii. DomC(ã, 𝑏෨)= 
ଵ

ଵାቐ൝ቀ
ã

భషã
ቁ

Ќ
ା൬

෩್

భష෩್൰
Ќ

ൡቑ

భ

Ќ

 

where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
that 

PFDWAꝕ(g1,g2,…,gj)=⊕ċୀଵ


൫ꝕ
ċ
𝑔ċ൯ 

=

⎝

⎜
⎜
⎜
⎛

ඪ
1 −

1

1 + ቊ∑ ꝕ
ċ

൬
µċ

ଶ

1 − µċ
ଶ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 ,
ඪ

1

1 + ቊ∑ ꝕ
ċ

൬
1 − 𝜈ċ

ଶ

𝜈ċ
ଶ ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 

⎠

⎟
⎟
⎟
⎞

 

where ꝕ = ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
ċ

> 0 , 
∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 

Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  such that ꝕ
ċ

> 0, ∑ ꝕ
ċ

= 1

ċୀଵ   and 𝜗 ≥ 1 . 

Then,  

ċ
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Then,  

(ς1, ς2, ς3) = 〈[0.28, 0.39], [0.12, 0.62]〉

In the following definition, we propose a Dombi arithmetic aggregation operator with
IVPFEs, namely, the IVPFDOWA operator.

Definition 14. Let ċ = 1, 2, 3, . . . , j and gċ =
〈[

µL
gċ

,µU
gċ

]
,
[
νL

gċ
, νU

gċ

]〉
be j number of IVPFEs. A

IVPFDOWA operator of dimension j is characterized by a function.

IVPFDOWA: IVPFEj → IVPFE with the associated weighted vector
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  such that ꝕ
ċ

> 0, ∑ ꝕ
ċ

= 1

ċୀଵ   and 𝜗 ≥ 1 . 

Then,  

2,

Symmetry 2023, 15, x FOR PEER REVIEW 4 of 22 
 

 

membership degree of A that are able to satisfy the condition 1 ≥ µAU(x) ≥ µAL(x)≥0 and 0 ≤ νAL(x) 
≤ νAU(x) ≤ 1. Moreover, 0 ≤ (µAL(x))2 + (νAL(x))2 ≤ 1 and 0 ≤ (µAU(x))2 + (νAU(x))2 ≤ 1. The hesitancy 
degree of the IVPFS A is defined as: 

πA(x)=[πAL(x), πAU(x)] 

=ቈට1 − ൫µ
 (𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

, ට1 − ൫µ
(𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

 

Definition 4 [35] Consider the three IVPFSs g=〈[µ
 , µ

],[ 𝜈
 , 𝜈

]〉, g1=〈[µଵ
 , µଵ

 ],[ 𝜈ଵ
 , 𝜈ଵ

 ]〉 
and g2 =〈[µଶ

 , µଶ
 ],[ 𝜈ଶ

 , 𝜈ଶ
 ]〉. The basic operations on these numbers are defined in the subse-

quent way: 
i. g1∪g2 =   [max{µଵ

 , µଶ
 ,}, max{µଵ

 , µଶ
 ,}], [min{𝜈ଵ

 , 𝜈ଶ
 }, min{𝜈ଵ

 , 𝜈ଶ
 ,}]    

ii. g1∩g2 =   [min{µଵ
 , µଶ

 ,}, min{µଵ
 , µଶ

 ,}], [max{𝜈ଵ
 , 𝜈ଶ

 }, max{𝜈ଵ
 , 𝜈ଶ

 ,}]    

iii. g1⨁g2= ൾ
ቈට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
, ට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
  ,

ൣ𝜈భ
 𝜈మ

 , 𝜈భ
 𝜈మ

 ൧

ං 

iv. g1⨂g2 =ൾ

ൣ𝜇భ
 𝜇మ

 , 𝜇భ
 𝜇మ

 ൧,

ቈට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

, ට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

 
ං 

v. 𝒳g=ൽቈට1 − ቀ1 − ൫µ
 ൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫µ
൯

ଶ
ቁ

𝒳

  , ቂ൫𝜈
൯

𝒳
, ൫𝜈

൯
𝒳

ቃඁ, for all 𝒳 > 0.  

vi. 𝑔𝒳=ൽቂ൫µ
 ൯

𝒳
, ൫µ

൯
𝒳

ቃ , ቈට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 ඁ, for all 𝒳 > 0. 

vii. gC =ൻൣ𝜈
 , 𝜈

൧, ൣ𝜇
 , 𝜇

൧ൿ. 
Some certain types of triangular norms and conorms are discussed in the following 

definition. 
Definition 5 [5] Let ã and 𝑏෨ be any two real numbers. The Dombi t-norms and Dombi t-conorms 
are described in the following way: 
i. Dom(ã, 𝑏෨)= ଵ

ଵାቐ൝ቀ
భషã

ã
ቁ

Ќ
ା൬

భష෩್

෩್ ൰
Ќ

ൡቑ

భ

Ќ

 

ii. DomC(ã, 𝑏෨)= 
ଵ

ଵାቐ൝ቀ
ã

భషã
ቁ

Ќ
ା൬

෩್

భష෩್൰
Ќ

ൡቑ

భ

Ќ

 

where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
that 
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
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product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
that 
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where ꝕ = ቀꝕ
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, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ
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்

  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
ċ

> 0 , 
∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 

Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
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, ꝕ
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, ꝕ
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, … , ꝕ
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  such that ꝕ
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Then,  

ċgρ(ċ)

)
, where (ρ(1), ρ(2), ρ(3), . . . , ρ(j)) rep-

resents the permutations of 1, 2, 3, . . . , j, respectively, and gρ(ċ−1) ≥ gρ(ċ) ∀ ċ = 1, 2, . . . , j.

Theorem 2. Let ċ = 1, 2, 3, . . . , j and gċ =
〈[

µL
gċ

,µU
gċ

]
,
[
νL

gċ
, νU

gċ

]〉
be the j number of IVPFEs.

Then, the aggregated value of these IVPFEs in the framework of IVPFDOWA operator is an IVPFE
and is determined in the following way:

IVPFDOWA
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)2

1−
(

µU
gρ(ċ)
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  such that ꝕ
ċ

> 0, ∑ ꝕ
ċ

= 1

ċୀଵ   and 𝜗 ≥ 1 . 

Then,  

ċ = 1
and ϑ ≥ 1. Moreover, (ρ(1), ρ(2), ρ(3), . . . , ρ(j)) represent the permutations of 1, 2, 3, . . . , j,
respectively, and gρ(ċ−1) ≥ gρ(ċ) ∀ ċ = 1, 2, . . . , j.

Proof. The proof of this theorem is analogous to Theorem 1. �

The following example describes the above-stated fact.

Example 4. Three researchers ς1, ς2, ς3 of mathematics want to estimate the performance of a
student. The estimated values from researchers with respect to research work for a student P specified
by IVPF information such as:

ς1 = 〈[0.1, 0.3], [0.2, 0.5]〉, ς2 = 〈[0.3, 0.4], [0.4, 0.7]〉, ς3 = 〈[0.4, 0.4], [0.3, 0.7]〉 where
the corresponding weighted vector is
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
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weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  such that ꝕ
ċ

> 0, ∑ ꝕ
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= 1

ċୀଵ   and 𝜗 ≥ 1 . 

Then,  

=(0.3,0.3,0.4)T and the operational parameter ϑ = 3.
To aggregate these values by the IVPDOWA operator, we firstly permute these numbers by
using Equation (1) and obtain the following information

ς1 = 0.31, ς2 = 0.2, and ς3 = 0.27.

By applying Definition 14, we then permuted values of IVPEs as follows:
ςρ(1) = 〈[0.1, 0.3], [0.2, 0.5]〉, ςρ(2) = 〈[0.4, 0.4], [0.3, 0.7]〉 and ςρ(3) = 〈[0.3, 0.4], [0.4, 0.7]〉.
Now,

IVPFDOWA
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)2

1−
(

µL
gρ(ċ)
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)2


3

1
3


,


√√√√√√√

1

1+

∑3
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 
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Then,  

(ς1, ς2, ς3) = ([0.34, 0.39], [0.24, 0.57]).
In the following definition, we propose a Dombi geometric aggregation operator with

IVPFEs, namely, the IVPFDWG operator.

Definition 15. Let ċ = 1, 2, 3, . . . , j and gċ =
〈[

µL
gċ

,µU
gċ

]
,
[
νL

gċ
, νU

gċ

]〉
be the j number of IVPFEs.

The IVPFDWG operator is characterized by a function IVPFDWG: IVPFEj → IVPFE such that

IVPFDWG
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  such that ꝕ
ċ

> 0, ∑ ꝕ
ċ

= 1

ċୀଵ   and 𝜗 ≥ 1 . 

Then,  
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Theorem 3. Let ċ = 1, 2, 3, . . . , j and gċ =
〈[

µL
gċ

,µU
gċ

]
,
[
νL

gċ
, νU

gċ

]〉
be the j number of IVPFEs.

The aggregated value of these IVPFEs in the framework of the IVPFDWG operator is an IVPFE and
is determined in the following way:

IVPFDWG
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ċ=1

Symmetry 2023, 15, x FOR PEER REVIEW 4 of 22 
 

 

membership degree of A that are able to satisfy the condition 1 ≥ µAU(x) ≥ µAL(x)≥0 and 0 ≤ νAL(x) 
≤ νAU(x) ≤ 1. Moreover, 0 ≤ (µAL(x))2 + (νAL(x))2 ≤ 1 and 0 ≤ (µAU(x))2 + (νAU(x))2 ≤ 1. The hesitancy 
degree of the IVPFS A is defined as: 

πA(x)=[πAL(x), πAU(x)] 

=ቈට1 − ൫µ
 (𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

, ට1 − ൫µ
(𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

 

Definition 4 [35] Consider the three IVPFSs g=〈[µ
 , µ

],[ 𝜈
 , 𝜈

]〉, g1=〈[µଵ
 , µଵ

 ],[ 𝜈ଵ
 , 𝜈ଵ

 ]〉 
and g2 =〈[µଶ

 , µଶ
 ],[ 𝜈ଶ

 , 𝜈ଶ
 ]〉. The basic operations on these numbers are defined in the subse-

quent way: 
i. g1∪g2 =   [max{µଵ

 , µଶ
 ,}, max{µଵ

 , µଶ
 ,}], [min{𝜈ଵ

 , 𝜈ଶ
 }, min{𝜈ଵ

 , 𝜈ଶ
 ,}]    

ii. g1∩g2 =   [min{µଵ
 , µଶ

 ,}, min{µଵ
 , µଶ

 ,}], [max{𝜈ଵ
 , 𝜈ଶ

 }, max{𝜈ଵ
 , 𝜈ଶ

 ,}]    

iii. g1⨁g2= ൾ
ቈට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
, ට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
  ,

ൣ𝜈భ
 𝜈మ

 , 𝜈భ
 𝜈మ

 ൧

ං 

iv. g1⨂g2 =ൾ

ൣ𝜇భ
 𝜇మ

 , 𝜇భ
 𝜇మ

 ൧,

ቈට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

, ට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

 
ං 

v. 𝒳g=ൽቈට1 − ቀ1 − ൫µ
 ൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫µ
൯

ଶ
ቁ

𝒳

  , ቂ൫𝜈
൯

𝒳
, ൫𝜈

൯
𝒳

ቃඁ, for all 𝒳 > 0.  

vi. 𝑔𝒳=ൽቂ൫µ
 ൯

𝒳
, ൫µ

൯
𝒳

ቃ , ቈට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 ඁ, for all 𝒳 > 0. 

vii. gC =ൻൣ𝜈
 , 𝜈

൧, ൣ𝜇
 , 𝜇

൧ൿ. 
Some certain types of triangular norms and conorms are discussed in the following 

definition. 
Definition 5 [5] Let ã and 𝑏෨ be any two real numbers. The Dombi t-norms and Dombi t-conorms 
are described in the following way: 
i. Dom(ã, 𝑏෨)= ଵ

ଵାቐ൝ቀ
భషã

ã
ቁ

Ќ
ା൬

భష෩್

෩್ ൰
Ќ

ൡቑ

భ

Ќ

 

ii. DomC(ã, 𝑏෨)= 
ଵ

ଵାቐ൝ቀ
ã

భషã
ቁ

Ќ
ା൬

෩್

భష෩್൰
Ќ

ൡቑ

భ

Ќ

 

where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
that 

PFDWAꝕ(g1,g2,…,gj)=⊕ċୀଵ


൫ꝕ
ċ
𝑔ċ൯ 

=

⎝

⎜
⎜
⎜
⎛

ඪ
1 −

1

1 + ቊ∑ ꝕ
ċ

൬
µċ

ଶ

1 − µċ
ଶ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 ,
ඪ

1

1 + ቊ∑ ꝕ
ċ

൬
1 − 𝜈ċ

ଶ

𝜈ċ
ଶ ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 

⎠

⎟
⎟
⎟
⎞

 

where ꝕ = ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
ċ

> 0 , 
∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 

Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
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  such that ꝕ
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Then,  

ċ = 1 and ϑ ≥ 1.

Proof. Proof of this result is analogous to Theorem 1. �

The following example describes the above-stated fact.

Example 5. The three analyzers ς1, ς2, ς3 want to check the working ability of a certain machine.
The estimated values of the working ability of a certain machine are specified by IVPF information
such as:

ς1 = ([0.4, 0.6], [0.5, 0.6]), ς2 = ([0.5, 0.7], [0.2, 0.5]), ς3 = ([0.3, 0.4], [0.6, 0.77]) with the
corresponding weighted vector
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=(0.3,0.5,0.2)T and the operational parameter ϑ = 5.
Then,

IVPFDWG
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(ς1, ς2, ς3) = ⊗3
ċ=1(ςċ)
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
that 
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where ꝕ = ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
ċ

> 0 , 
∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 

Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  such that ꝕ
ċ

> 0, ∑ ꝕ
ċ

= 1

ċୀଵ   and 𝜗 ≥ 1 . 

Then,  

(ς1, ς2, ς3) = ([0.34, 0.46], [0.54, 0.72]).
In the following definition, we propose a Dombi geometric aggregation operator with

IVPFEs, namely, the IVPFDOWG operator.
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Definition 16. Let ċ = 1, 2, 3, . . . , j and gċ =
〈[

µL
gċ

,µU
gċ

]
,
[
νL

gċ
, νU

gċ

]〉
be the j number of IVPFEs.

An IVPFDOWG operator of dimension j is characterized by a function $IVPFDOWG: IVPFEj

→ IVPFE with the associated weighted vector
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
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ଷ
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  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
ċ

> 0 , 
∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 

Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
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, … , ꝕ
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்

  such that ꝕ
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Then,  

ċ = 1. Therefore,
where ρ(1), ρ(2), ρ(3), . . . , ρ(j) represent the permutations of 1, 2, 3, . . . , j, respectively, and
gρ(ċ−1) ≥ gρ(ċ) ∀ ċ = 1, 2, . . . , j.

Theorem 4. Let gċ =
〈[

µL
gρ(ċ)

,µU
gρ(ċ)

]
,
[
νL

gρ(ċ)
, νU

gρ(ċ)

]〉
(1, 2, 3, . . . , j) be j number of IVPFEs.

Then. The amassed value of these IVPFEs in the framework of the IVPFDOWA operator is an
IVPFE and is determined in the following way:

IVPFDOWG
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gρ(ċ)
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ċ

 1−
(
µL

gρ(ċ)
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்

  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
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∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 

Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  such that ꝕ
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> 0, ∑ ꝕ
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Then,  

ċ = 1
and ϑ ≥ 1. Moreover, ρ(1), ρ(2), ρ(3), . . . , ρ(j) represent the permutations of 1, 2, 3, . . . , j,
respectively, where gρ(ċ−1) ≥ gρ(ċ) ∀ ċ = 1, 2, . . . , j.

Proof. The proof of this result is established through the use of mathematical induction. �
The application of definition 12 for ċ = 2 gives the following outcome:

IVPFDOWG
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 
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Then,  

(g1, g2) = gρ(1)
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Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 
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1 ⊗ gρ(2)
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ċ=1

Symmetry 2023, 15, x FOR PEER REVIEW 4 of 22 
 

 

membership degree of A that are able to satisfy the condition 1 ≥ µAU(x) ≥ µAL(x)≥0 and 0 ≤ νAL(x) 
≤ νAU(x) ≤ 1. Moreover, 0 ≤ (µAL(x))2 + (νAL(x))2 ≤ 1 and 0 ≤ (µAU(x))2 + (νAU(x))2 ≤ 1. The hesitancy 
degree of the IVPFS A is defined as: 

πA(x)=[πAL(x), πAU(x)] 

=ቈට1 − ൫µ
 (𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

, ට1 − ൫µ
(𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

 

Definition 4 [35] Consider the three IVPFSs g=〈[µ
 , µ

],[ 𝜈
 , 𝜈

]〉, g1=〈[µଵ
 , µଵ

 ],[ 𝜈ଵ
 , 𝜈ଵ

 ]〉 
and g2 =〈[µଶ

 , µଶ
 ],[ 𝜈ଶ

 , 𝜈ଶ
 ]〉. The basic operations on these numbers are defined in the subse-

quent way: 
i. g1∪g2 =   [max{µଵ

 , µଶ
 ,}, max{µଵ

 , µଶ
 ,}], [min{𝜈ଵ

 , 𝜈ଶ
 }, min{𝜈ଵ

 , 𝜈ଶ
 ,}]    

ii. g1∩g2 =   [min{µଵ
 , µଶ

 ,}, min{µଵ
 , µଶ

 ,}], [max{𝜈ଵ
 , 𝜈ଶ

 }, max{𝜈ଵ
 , 𝜈ଶ

 ,}]    

iii. g1⨁g2= ൾ
ቈට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
, ට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
  ,

ൣ𝜈భ
 𝜈మ

 , 𝜈భ
 𝜈మ

 ൧

ං 

iv. g1⨂g2 =ൾ

ൣ𝜇భ
 𝜇మ

 , 𝜇భ
 𝜇మ

 ൧,

ቈට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

, ට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

 
ං 

v. 𝒳g=ൽቈට1 − ቀ1 − ൫µ
 ൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫µ
൯

ଶ
ቁ

𝒳

  , ቂ൫𝜈
൯

𝒳
, ൫𝜈

൯
𝒳

ቃඁ, for all 𝒳 > 0.  

vi. 𝑔𝒳=ൽቂ൫µ
 ൯

𝒳
, ൫µ

൯
𝒳

ቃ , ቈට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 ඁ, for all 𝒳 > 0. 

vii. gC =ൻൣ𝜈
 , 𝜈

൧, ൣ𝜇
 , 𝜇

൧ൿ. 
Some certain types of triangular norms and conorms are discussed in the following 

definition. 
Definition 5 [5] Let ã and 𝑏෨ be any two real numbers. The Dombi t-norms and Dombi t-conorms 
are described in the following way: 
i. Dom(ã, 𝑏෨)= ଵ

ଵାቐ൝ቀ
భషã

ã
ቁ

Ќ
ା൬

భష෩್

෩್ ൰
Ќ

ൡቑ

భ

Ќ

 

ii. DomC(ã, 𝑏෨)= 
ଵ

ଵାቐ൝ቀ
ã

భషã
ቁ

Ќ
ା൬

෩್

భష෩್൰
Ќ

ൡቑ

భ

Ќ

 

where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
that 

PFDWAꝕ(g1,g2,…,gj)=⊕ċୀଵ


൫ꝕ
ċ
𝑔ċ൯ 

=

⎝

⎜
⎜
⎜
⎛

ඪ
1 −

1

1 + ቊ∑ ꝕ
ċ

൬
µċ

ଶ

1 − µċ
ଶ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 ,
ඪ

1

1 + ቊ∑ ꝕ
ċ

൬
1 − 𝜈ċ

ଶ

𝜈ċ
ଶ ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 

⎠

⎟
⎟
⎟
⎞

 

where ꝕ = ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
ċ

> 0 , 
∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 

Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  such that ꝕ
ċ

> 0, ∑ ꝕ
ċ

= 1

ċୀଵ   and 𝜗 ≥ 1 . 

Then,  

ċ
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)2


ϑ


1
ϑ

,
√√√√√√√

1− 1

1+

∑2
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Let us assume that Equation (3) holds for ċ = p. Therefore, we have
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ċ

=




√√√√√√√

1

1+

∑
p
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Moreover, for ċ = p + 1, we have

IVPFDOWG
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Thus, Equation (3) is true for ċ = p + 1. Hence, we conclude that Equation (3) is true
for any ċ ∈ N.

The following example describes the above-stated fact.

Example 6. Experts want to check the style and appearance of the fabric of an industry. The esti-
mated values from the two experts are specified by IVPF information as ς1 = ([0.4, 0.6], [0.5, 0.7])
and ς2 = ([0.1,0.4],[0.4,0.5]). The corresponding weighted vector is
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Then,  

= (0.6,0.4)T with the opera-
tional parameter ϑ = 1. To aggregate these values by the IVPDOWG operator, we firstly permute
these numbers by using Equation (1) and obtain the following information:

S(ς1 ) = 0.25 and S(ς2) = 0.27.

By applying Definition 16, the permuted values of IVPFEs are calculated as follows:

ςρ(1) = ([0.1, 0.4], [0.4, 0.5])and ςρ(2) = ([0.4, 0.6], [0.5, 0.7]).

Also,

IVPFDOWG
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)2

(
µL

gρ(ċ)
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ċ

 1−
(

µU
gρ(ċ)
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ċ


(

νL
gρ(ċ)
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Then,  

(ς1, ς2) = ([0.13,0.45],[0.45,0.6]).

5. Application of Proposed Model in MADM

In this area, we can also endorse a multiple attribute decision-making method ma-
nipulating the IVPFD aggregation operator, where criteria weights are real numbers and
criteria values are IVPFEs. Let A = A1, A2, . . . , Am be a set of alternatives, and C = C1, C2,
C3, . . . , Cn be a set of attributes. Moreover,
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
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where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
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that 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 

associated weighted vector ꝕ=ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  such that ꝕ
ċ

> 0, ∑ ꝕ
ċ

= 1

ċୀଵ   and 𝜗 ≥ 1 . 

Then,  

2,

Symmetry 2023, 15, x FOR PEER REVIEW 4 of 22 
 

 

membership degree of A that are able to satisfy the condition 1 ≥ µAU(x) ≥ µAL(x)≥0 and 0 ≤ νAL(x) 
≤ νAU(x) ≤ 1. Moreover, 0 ≤ (µAL(x))2 + (νAL(x))2 ≤ 1 and 0 ≤ (µAU(x))2 + (νAU(x))2 ≤ 1. The hesitancy 
degree of the IVPFS A is defined as: 

πA(x)=[πAL(x), πAU(x)] 

=ቈට1 − ൫µ
 (𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

, ට1 − ൫µ
(𝑥)൯

ଶ
− ൫𝜈

(𝑥)൯
ଶ

 

Definition 4 [35] Consider the three IVPFSs g=〈[µ
 , µ

],[ 𝜈
 , 𝜈

]〉, g1=〈[µଵ
 , µଵ

 ],[ 𝜈ଵ
 , 𝜈ଵ

 ]〉 
and g2 =〈[µଶ

 , µଶ
 ],[ 𝜈ଶ

 , 𝜈ଶ
 ]〉. The basic operations on these numbers are defined in the subse-

quent way: 
i. g1∪g2 =   [max{µଵ

 , µଶ
 ,}, max{µଵ

 , µଶ
 ,}], [min{𝜈ଵ

 , 𝜈ଶ
 }, min{𝜈ଵ

 , 𝜈ଶ
 ,}]    

ii. g1∩g2 =   [min{µଵ
 , µଶ

 ,}, min{µଵ
 , µଶ

 ,}], [max{𝜈ଵ
 , 𝜈ଶ

 }, max{𝜈ଵ
 , 𝜈ଶ

 ,}]    

iii. g1⨁g2= ൾ
ቈට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
, ට൫𝜇భ

 ൯
ଶ

+ ൫𝜇మ
 ൯

ଶ
− ൫𝜇భ

 ൯
ଶ

൫𝜇మ
 ൯

ଶ
  ,

ൣ𝜈భ
 𝜈మ

 , 𝜈భ
 𝜈మ

 ൧

ං 

iv. g1⨂g2 =ൾ

ൣ𝜇భ
 𝜇మ

 , 𝜇భ
 𝜇మ

 ൧,

ቈට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

, ට൫𝜈భ
 ൯

ଶ
+ ൫𝜈మ

 ൯
ଶ

− ൫𝜈భ
 ൯

ଶ
൫𝜈మ

 ൯
ଶ

 
ං 

v. 𝒳g=ൽቈට1 − ቀ1 − ൫µ
 ൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫µ
൯

ଶ
ቁ

𝒳

  , ቂ൫𝜈
൯

𝒳
, ൫𝜈

൯
𝒳

ቃඁ, for all 𝒳 > 0.  

vi. 𝑔𝒳=ൽቂ൫µ
 ൯

𝒳
, ൫µ

൯
𝒳

ቃ , ቈට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 , ට1 − ቀ1 − ൫𝜈
൯

ଶ
ቁ

𝒳

 ඁ, for all 𝒳 > 0. 

vii. gC =ൻൣ𝜈
 , 𝜈

൧, ൣ𝜇
 , 𝜇

൧ൿ. 
Some certain types of triangular norms and conorms are discussed in the following 

definition. 
Definition 5 [5] Let ã and 𝑏෨ be any two real numbers. The Dombi t-norms and Dombi t-conorms 
are described in the following way: 
i. Dom(ã, 𝑏෨)= ଵ

ଵାቐ൝ቀ
భషã

ã
ቁ

Ќ
ା൬

భష෩್

෩್ ൰
Ќ

ൡቑ

భ

Ќ

 

ii. DomC(ã, 𝑏෨)= 
ଵ

ଵାቐ൝ቀ
ã

భషã
ቁ

Ќ
ା൬

෩್

భష෩್൰
Ќ

ൡቑ

భ

Ќ

 

where Ќ ≥ 1 and (ã, 𝑏෨) ∈ [0,1] ⨯ [0,1]. In the above discussion, (i) represents the Dombi 
product and (ii) represents the Dombi sum. 
Definition 6 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A Pythagorean fuzzy Dombi 
weighted averaging (PFDWA) operator is characterized by a function PFDWA: PFEj →PFE such 
that 

PFDWAꝕ(g1,g2,…,gj)=⊕ċୀଵ


൫ꝕ
ċ
𝑔ċ൯ 

=

⎝

⎜
⎜
⎜
⎛

ඪ
1 −

1

1 + ቊ∑ ꝕ
ċ

൬
µċ

ଶ

1 − µċ
ଶ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 ,
ඪ

1

1 + ቊ∑ ꝕ
ċ

൬
1 − 𝜈ċ

ଶ

𝜈ċ
ଶ ൰

ణ

ċୀଵ ቋ

ଵ
ణ

 

⎠

⎟
⎟
⎟
⎞

 

where ꝕ = ቀꝕ
ଵ

, ꝕ
ଶ

, ꝕ
ଷ

, … , ꝕ

ቁ

்

  is the weight vector of 𝑔ċ(ċ = 1,2,3, … , 𝑗)  with ꝕ
ċ

> 0 , 
∑ ꝕ

ċ
= 1


ċୀଵ  and 𝜗 ≥ 1. 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
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Then,  

i, = 1. Suppose that

Mij = ([µL
ij, µU

ij ], [ν
L
ij , νU

ij ]) is the IVPFE, where [µL
ij, µU

ij ] manifest the distinct set of degrees

that the alternatives Ai meet the criteria Cj specified by the decision-maker and
[
νL

ij , νU
ij

]
denotes the distinct set of the degrees to which the alternative Ai does not fulfill the criteria
Cj. Then, the information provided from the decision-maker is summarized in the form of
the IVPF decision matrices W = (Mij)m×n as:

W =

M11 · · · M1n
...

. . .
...

Mm1 · · · Mmn
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The proposed approach based on the IVPFDWA operator for designing the MCDM
problem mainly comprises the following steps.

Step 1.
Convert the decision matrix W to a normalized matrix X = (xij) m × n, where xij is

computed by the following equation:

Xij =


([

µL
ij, µU

ij

]
,
[
νL

ij , νU
ij

])
; for benefit type criteria([

νL
ij , νU

ij

]
,
[
µL

ij, µU
ij

])
; for loss type criteria

Step 2.
By utilizing the decision information and the IVPFDWA operator

Symmetry 2023, 15, x FOR PEER REVIEW 18 of 22 
 

 

Ƅi=𝐼𝑉𝑃𝐹𝐷𝑊𝐴ꝕ(𝐴ଵ, 𝐴ଶ, 𝐴ଷ, … . , 𝐴)= ⊕ċୀଵ
 ൫ꝕ

ċ
𝐴ċ൯ 

or by applying the IVPFDOWA operator, we have 
Ƅi =𝐼𝑉𝑃𝐹𝐷𝑂𝑊𝐴ꝕ(𝐴ଵ, 𝐴ଶ, 𝐴ଷ, … . , 𝐴)= ⊕ċୀଵ

 ൫ꝕ
ċ
𝐴ఘ(ċ)൯ 

or by applying the IVPFDWG operator, we have 
Ƅi =𝐼𝑉𝑃𝐹𝐷𝑊𝐺ꝕ(𝐴ଵ, 𝐴ଶ, 𝐴ଷ, … . , 𝐴)= ⨂ċୀଵ

 (𝐴ċ)ꝕċ  

or by applying the IVPFDWG operator, we have 
Ƅi =𝐼𝑉𝑃𝐹𝐷𝑂𝑊𝐺ꝕ(𝐴ଵ, 𝐴ଶ, 𝐴ଷ, … . , 𝐴)= ⨂ċୀଵ

 (𝐴𝜌(ċ))ꝕċ 
to acquire the comprehensive values Ƅi, where i=1, 2, …, n of the alternatives Ai. 
Step 3. 
Compute the scores S(Ƅi), where i=1, 2, …, n of the alternatives Ai. 
Step 4. 
Rank all the alternatives and determine the most favorable option with the help of the 

score function. 

5.1. Numerical Application of Decision-Making; A Case Study: (Selection of an Expert in a 
Medical University) 

The university of XYZ is a leading educational institution renowned for its academic 
excellence in various fields. The university offers undergraduate and graduate programs 
in several disciplines such as Engineering, Medicine, Arts, Sciences, and Business. The 
university has recently received funding to establish a new research center in the field of 
Medicine. As a part of this initiative, the university is looking to hire a subject expert in 
the field of medicine to lead the process that requires careful consideration of various fac-
tors such as qualifications, expertise, and research output. The university faces the follow-
ing challenges in selecting a subject expert in the medical field: 
i. Identifying the right candidate: The field of medicine is highly specialized and re-

quires a deep understanding of various sub-fields. The university needs to identify a 
candidate who has a strong background in one or more of these sub-fields and can 
lead research in medicine. 

ii. Competition from other institutions: The university faces competition from other 
leading educational institutions that are also looking to hire subject experts in medi-
cine. The university needs to offer competitive compensation and benefits to aĴract 
top candidates. 

iii. Limited pool of candidates: The pool of candidates with a strong background in the 
medical field is limited. The university needs to expand its search to include interna-
tional candidates and those from non-traditional academic backgrounds.  
To address these challenges, the university adopted the following approach: 

i. Expert panel: The university formed an expert panel comprising professors and ex-
perts in the field of medicine. The panel reviewed the job description and identified 
the key qualifications and experience required for the position. 

ii. Recruitment campaign: The university launched a comprehensive recruitment cam-
paign to aĴract top talent from around the word. The campaign included expert se-
lection for university. 

iii. Expert selection: The university developed a rigorous selection process to identify 
the best candidate for the position. The process included initial screening of resumes, 
followed by multiple rounds of interviews with the expert panel and stakeholders. 
The final selection was based on the candidate’s qualifications, experience, research 
output, and ability to lead a research team. 
Results The university successfully identified and hired a subject expert in medicine 

to lead the new research center. The expert has a strong background in medicine and has 
published several research papers in top-tier academic journals. The expert has also 
worked in leading medical companies and has experience leading research teams. The 
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
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Then,  

(A1, A2, A3, . . . ., An)= ⊕n
ċ=1(
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to acquire the comprehensive values Ƅi, where i=1, 2, …, n of the alternatives Ai. 
Step 3. 
Compute the scores S(Ƅi), where i=1, 2, …, n of the alternatives Ai. 
Step 4. 
Rank all the alternatives and determine the most favorable option with the help of the 

score function. 

5.1. Numerical Application of Decision-Making; A Case Study: (Selection of an Expert in a 
Medical University) 

The university of XYZ is a leading educational institution renowned for its academic 
excellence in various fields. The university offers undergraduate and graduate programs 
in several disciplines such as Engineering, Medicine, Arts, Sciences, and Business. The 
university has recently received funding to establish a new research center in the field of 
Medicine. As a part of this initiative, the university is looking to hire a subject expert in 
the field of medicine to lead the process that requires careful consideration of various fac-
tors such as qualifications, expertise, and research output. The university faces the follow-
ing challenges in selecting a subject expert in the medical field: 
i. Identifying the right candidate: The field of medicine is highly specialized and re-

quires a deep understanding of various sub-fields. The university needs to identify a 
candidate who has a strong background in one or more of these sub-fields and can 
lead research in medicine. 

ii. Competition from other institutions: The university faces competition from other 
leading educational institutions that are also looking to hire subject experts in medi-
cine. The university needs to offer competitive compensation and benefits to aĴract 
top candidates. 

iii. Limited pool of candidates: The pool of candidates with a strong background in the 
medical field is limited. The university needs to expand its search to include interna-
tional candidates and those from non-traditional academic backgrounds.  
To address these challenges, the university adopted the following approach: 

i. Expert panel: The university formed an expert panel comprising professors and ex-
perts in the field of medicine. The panel reviewed the job description and identified 
the key qualifications and experience required for the position. 

ii. Recruitment campaign: The university launched a comprehensive recruitment cam-
paign to aĴract top talent from around the word. The campaign included expert se-
lection for university. 

iii. Expert selection: The university developed a rigorous selection process to identify 
the best candidate for the position. The process included initial screening of resumes, 
followed by multiple rounds of interviews with the expert panel and stakeholders. 
The final selection was based on the candidate’s qualifications, experience, research 
output, and ability to lead a research team. 
Results The university successfully identified and hired a subject expert in medicine 

to lead the new research center. The expert has a strong background in medicine and has 
published several research papers in top-tier academic journals. The expert has also 
worked in leading medical companies and has experience leading research teams. The 

i = IVPFDOWA
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Definition 7 [35] Let gċ = (µċ, νċ) (ċ=1,2,3,…,j) be j number of PFEs. A PFD ordered weighted 
averaging operator of dimension j is characterized by a function PFDOWA: PFEj →PFE with the 
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ċ Aρ(ċ)

)
or by applying the IVPFDWG operator, we have
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(A1, A2, A3, . . . ., An)= ⊗n
ċ=1(Aċ)
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5.1. Numerical Application of Decision-Making; A Case Study: (Selection of an Expert in a
Medical University)

The university of XYZ is a leading educational institution renowned for its academic
excellence in various fields. The university offers undergraduate and graduate programs
in several disciplines such as Engineering, Medicine, Arts, Sciences, and Business. The
university has recently received funding to establish a new research center in the field of
Medicine. As a part of this initiative, the university is looking to hire a subject expert in the
field of medicine to lead the process that requires careful consideration of various factors
such as qualifications, expertise, and research output. The university faces the following
challenges in selecting a subject expert in the medical field:

i. Identifying the right candidate: The field of medicine is highly specialized and re-
quires a deep understanding of various sub-fields. The university needs to identify a
candidate who has a strong background in one or more of these sub-fields and can
lead research in medicine.

ii. Competition from other institutions: The university faces competition from other lead-
ing educational institutions that are also looking to hire subject experts in medicine.
The university needs to offer competitive compensation and benefits to attract top
candidates.

iii. Limited pool of candidates: The pool of candidates with a strong background in
the medical field is limited. The university needs to expand its search to include
international candidates and those from non-traditional academic backgrounds.
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To address these challenges, the university adopted the following approach:

i. Expert panel: The university formed an expert panel comprising professors and
experts in the field of medicine. The panel reviewed the job description and identified
the key qualifications and experience required for the position.

ii. Recruitment campaign: The university launched a comprehensive recruitment cam-
paign to attract top talent from around the word. The campaign included expert
selection for university.

iii. Expert selection: The university developed a rigorous selection process to identify
the best candidate for the position. The process included initial screening of resumes,
followed by multiple rounds of interviews with the expert panel and stakeholders.
The final selection was based on the candidate’s qualifications, experience, research
output, and ability to lead a research team.

Results The university successfully identified and hired a subject expert in medicine
to lead the new research center. The expert has a strong background in medicine and has
published several research papers in top-tier academic journals. The expert has also worked
in leading medical companies and has experience leading research teams. The expert is
now leading a team of researchers in developing new medical algorithms and applications
that have the potential to transform various industries.

Conclusion The selection of a subject expert is a critical process that requires careful
consideration of various factors. By adopting a comprehensive approach that involved an
expert panel, a recruitment campaign, and a rigorous selection process, the university of
XYZ successfully identified and hired a subject expert in medicine to lead the new research
center. The expert’s background, experience, and research output have positioned the
university to become a leading institution in the field of medicine.

The following discussion presents a numerical example and comparative analysis to
showcase the effectiveness of this innovative approach.

The School of Medicine at a Pakistani university is pursuing the addition of exceptional
teachers to revitalize academic efficiency and upgrade teaching quality. This initiative has
received widespread interest, and a panel consisting of the President of the university, the
Dean of the School of Medicine, and other faculty members has been established to assume
primary responsibility for its implementation. The panel conducts a rigorous evaluation
of six alternatives, identified as A1, A2, A3, A4, A5, and A6, based on four key attributes:
morality (C1), educational background and research capability (C2), teaching skills and
experience (C3), and relevant qualifications (C4), which are weighted according to the vector
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Then,  

= (0.25,0.2,0.25,0.3)T. The evaluation of these six candidates Ai, where i = 1, 2, 3, 4, 5, 6, is
done by using IVPF information.

Step 1.
The information given by the decision-makers for the above five criteria of these six

alternatives are evaluated under the IVPF information in Table 1.

Table 1. Decision matrix representing the opinion of the decision-makers about the physical situation
in terms of IVPF values.

C1 C2 C3 C4

A1 ([0.4, 0.5], [0.1, 0.2]) ([0.5, 0.6], [0.2, 0.3]) ([0.3, 0.6], [0.4, 0.6]) ([0.5, 0.6], [0.3, 0.7])
A2 ([0.6, 0.6], [0.4, 0.5]) ([0.3, 0.4], [0.5, 0.6]) ([0.5, 0.7], [0.7, 0.7]) ([0.3, 0.4], [0.4, 0.5])
A3 ([0.6, 0.7], [0.1, 0.2]) ([0.2, 0.4], [0.4, 0.5]) ([0.1, 0.7], [0.1, 0.4]) ([0.5, 0.7], [0.3, 0.6])
A4 ([0.3, 0.5], [0.2, 0.4]) ([0.3, 0.5], [0.5, 0.5]) ([0.2, 0.7], [0.1, 0.2]) ([0, 0.1], [0.2, 0.3])
A5 ([0.2, 0.3], [0.7, 0.7]) ([0.4, 0.5], [0.5, 0.6]) ([0.1, 0.3], [0.4, 0.5]) ([0.2, 0.4], [0.4, 0.6])
A6 ([0, 0.1], [0.3, 0.4]) ([0.2, 0.5], [0.5, 0.5]) ([0.4, 0.5], [0.4, 0.5]) ([0.3, 0.4], [0.4, 0.5])

The decision matrix does not require being normalized because all the attributes are
benefitting attributes.

Step 2.
For ϑ = 1, use the decision-makers’ weight vector
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Then,  

= (0.25,0.2,0.25,0.3)T and the
IVPFDWA operator to obtain the overall preference of alternatives Ai(I = 1, 2, . . . , 6). We
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have A1 = ([0.44,0.58], [0.17,0.32]), A2 = ([0.46,0.57], [0.14,0.55]), A3 = ([0.45,0.67],[0.14,0.33]),
A4 = ([0.23,0.53], [0.16,0.29]), A5 = ([0.24,0.38], [0.46,0.59]), and A6 = ([0.28,0.42],[0.38,0.47]).
As the parameter ϑ changes, we are able to get various outputs.

Step 3.
Using the score function, we determine the score values S(Ai), where I = 1, 2, 3, 4, 5, 6,

as S(A1) = 0.56, S(A2) = 0.47, S(A3) = 0.6, S(A4) = 0.5, S(A5) = 0.22, and S(A6) = 0.33.
Step 4.
Since S(A3) ≥ S(A1) ≥ S(A4) ≥ S(A2) ≥ S(A6) ≥ S(A5), we have A3 � A1 � A4 �

A2 � A6 � A5. According to the ranking order, A3 is the most suitable option.

5.2. Comparative Analysis

A comparative evaluation is conducted to demonstrate the effectiveness and prac-
ticality of the proposed method in the following discussion. The comparison between
our techniques and existing strategies, including the Interval-valued Pythagorean Fuzzy
Weighted Geometric (IVPFWG) operator and the Interval-valued Pythagorean Fuzzy Or-
dered Weighted Geometric (IVPFOWG) operator, is presented in the table below. Our
method offers a distinct advantage as it is capable of handling the interdependence be-
tween arguments, while the existing techniques are limited in this regard. Consequently,
our approach possesses a greater degree of generality. As a result, the analysis above
highlights the superiority of the proposed methods in resolving MADM problems, as they
provide a more adaptable and flexible solution. Table 2 describes the comparative analysis
of the newly defined techniques with the existing methods. Based on this analysis, it is
quite evident that the optimal solution is consistent with the outcomes of the currently
used ways, and that the newly obtained IVPFN is more pessimistic than the aggregated
values currently used in the existing employed decision-making methodology. This fact is
highlighted in Table 2.

Table 2. Comparative analysis of IVPFD operators with the existing methods.

Techniques Preference Order Optimal Alternative

IVPFWG [25] A3 � A1 � A4 � A2 � A6 �
A5

A3

IVPFOWG [25] A3 � A1 � A4 � A2 � A6 �
A5

A3

IVPFDWA A3 � A1 � A4 � A2 � A6 �
A5

A3

IVPFDOWA A3 � A1 � A4 � A6 � A2 �
A5

A3

IVPFDWG A3 � A1 � A4 � A2 � A6 �
A5

A3

IVPFDOWG A3 � A1 � A4 � A2 � A6 �
A5

A3

5.3. Operational Applications of IVPF Dombi Aggregation Operators

It is important to note that the geometric aggregation operators utilized in IVPF lack
the capability to adaptively modify their parameters based on the risk tolerance of the
decision-maker. This deficiency limits the effectiveness of IVPF in addressing multiple
attribute decision-making (MADM) challenges in practical scenarios.

To overcome this limitation, novel techniques have been introduced that exhibit a high
level of proficiency in providing a more flexible and resilient method of information fusion.
These new techniques offer dynamic parameter adjustment, which enables decision-makers
to tailor their approach based on their risk preferences and the specific demands of the
decision-making scenario.

The ability to dynamically adjust parameters allows for a more tailored and person-
alized approach to decision-making, resulting in more precise and effective outcomes.
This can be particularly valuable in complex decision-making scenarios where multiple
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factors need to be considered, and the stakes are high. The new techniques offer a robust
solution that is capable of handling a wide range of MADM challenges, making it a valuable
addition to the decision-making toolkit.

6. Conclusions

In the context of Multiple Attribute Decision-Making (MADM), the IVPFSs exhibit
greater efficacy than IVIFSs due to their ability to handle inherent uncertainty. Consequently,
they have wider applicability in real-world scenarios. In this research, novel approaches to
address MADM problems in IVPF environments have been proposed. The study focuses on
developing a new score function to overcome limitations of existing score functions in the
IVPFS framework. The aim is to capture interconnections between individual arguments.

To integrate opinions of multiple experts on various aspects of a physical phenomenon,
four operators, namely IVPFDWA, IVPFDOWA, IVPFDWG, and IVPFDOWG, have been
implemented. Additionally, other desirable qualities of these operators have been investi-
gated. Furthermore, the proposed strategies have been employed to address the MADM
problem of selecting the best subject expert in an institution.

The proposed techniques can be effectively applied to solve MADM problems in
fields such as supplier selection, project portfolio management, and renewable energy
selection in future work. Additionally, the credibility of Dombi operators will be explored
in interval-valued q-rung orthopair and interval-valued spherical fuzzy sets. These efforts
will enable the effective resolution of a wide variety of essential MADM problems at an
affordable cost.
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