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1. Introduction

C*-algebra is attractive due to its importance in many scientific fields such as math-
ematical analysis, quantum field theory, statistical mechanics, string theory, and non-
commutative geometry. In 2014, Ma et al. [1] initiated the concept of C*-algebra-valued
metric space (in short, C;;, — MS) and established some fixed point results with applications
in integral and operator equations. On the other hand, Bakhtin [2] introduced b-metric
space as a generalization of metric space (see also Czerwik [3]). In 2015, Ma and Jiang [4]
introduced C*-algebra-valued b-metric space (in short, C;,, — bMS) and established some
fixed point results with applications. In 2016, Alsulami et al. [5] and Kadelburg et al. [6]
claimed that the fixed point results obtained in C;, — MS and Cj;, — bMS can be obtained
easily from their metric counterparts. In 2021, Tomar and Joshi [7] demonstrated that
the results in C;;, — MS cannot be obtained directly from their metric counterparts unless
C*-algebra A is R, the set of real numbers. In 2010, Chistyakov [8] initiated modular metric
space (in short, MMS), which generalizes metric space. In 2011, Chistyakov [9] established
fixed point results in MMS (for more details see also [10-12]). Recently, Shateri [13] intro-
duced the concept of C*-algebra-valued modular space (in short, Cj;,, — MS), which is a
generalization of a modular space and proves some fixed point theorems for self-maps
with contractive or expansive conditions in such spaces. In 2017, Moeini et al. [14-16]
initiated the notion of C*-algebra-valued modular metric space (in short, Cj,, — MMS)
and developed some fixed point results with contractive conditions. Das et al. in [17-19],
initiated the notions of C*-algebra-valued modular b-metric space (in short, C;, — MbMS),
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C*-algebra-valued modular S-metric space (in short, C;,, — MSMS), and C*-algebra-valued
modular G-metric space (in short, C;,, — MGMS), respectively, and established some fixed
point results in such respective spaces with applications. In 1994, Matthews [20] introduced
the concept of partial metric space (in short, pMS). In 2019, Chandok et al. [21] initiated
the notion of C*-algebra-valued partial metric space (in short, C;;, — pMS) and established
some fixed point results. Recently, in 2020, Mlaiki et al. [22] enlarged C;,, — pMS by intro-
ducing the notion of C*-algebra-valued partial b-metric space (in short, C;, — pbMS) and
proved some results related to fixed points. Very recently, in 2022, Das et al. [23] redefined
the concept of partial modular metric space (in short, pMMS) [24] and proved some fixed
point results with an application to an integral equation. For the past decade, due to the
significance of C*-algebra, many researchers have been studying fixed point theory in
C;» — MS and its extended class of spaces (for more detail one may refer to [21,25-35]).

This paper consists of seven sections, wherein Sections 1 and 2 are the introduction and a
preliminary, respectively. In Section 3, we introduce the notion of C*-algebra-valued partial
modular metric space and discuss some basic properties with suitable examples. Section 4
includes the results related to fixed points. In Section 5, we discuss the stability of the
obtained results using the Ulam-Hyers technique. Section 6 is an application for existence and
uniqueness results for a system of Fredholm integral equations, and the last section presents
some concluding remarks on C*-algebra-valued partial modular metric space.

2. Preliminaries

Recall that a Banach algebra A (over the field C, the set of complex numbers ) is said
to be a C*-algebra if there exists an involution * in A (i.e., * : A — A satisfying I"* = [ for
each ! € A) such that for all I1,l, € A and for all a, 4 € C, the following axiom holds:

(hh)* = 155 (17)* = b, (wly + ) = &l + il and. 1] = ]2

It is easy to see from the above that ||I|| = ||I*|| for all ] € A. The pair (A, x) is called
unital C*-algebra with unity I4. An element !/ € A is called apositive transform; in denote it
by 0 < 1,if | = I* and its spectrum o () = {A € R: Al — [ is not invertible} C R™, where
6 is the zero of the element in A. We denote A™ as the set of all positive elements of A.
Define a partial ordering on A such thatl; < I, if, and only if, 0 < I, — Iy, i.e,l, — 11 € AT,
(For more details refer to [21,22]).

Definition 1 ([14]). Let L be a non-empty set. A function w® : (0,+00) x L x L — A" is called
a C*-algebra-valued modular metric (C,, — MM) on L if it satisfies the following axioms:

(A1): wi(h, ) =01if andonly if, Iy = b, forall I € Land § > 0;
(A2): wi(h, ) = wi(lp, Ih), forall Iy, I, € Land & > 0
(A3).‘ wEer(l],lz) j wZ(ll,l3) +w;(13, lz),for all ll,lz, l3 eL and ﬂ,é > 0.

A C}, — MM, ie., w° on L, is said to be convex if the triangular inequality (A3) is
replaced by

¢

I
w2+y(ll,lz> j mwg(ll,l:g) + mw:{(la,lz), for all 11,12,13 €L and lfl,g > 0.

Forany Iy € L, theset Lys = {I; € L : limg_, w%(ll,lo) = 0} is called a C*-algebra-
valued modular space with metric d%; : Lys X Lys — A given by

a0, = 'mf{§ >0 wi(h, L) < g}, Vil € L.
Moreover, if w® is convex then the set will be

= {11 € L:3¢=¢(h) > 0such that [|wz (I, lo)|| < oo},
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with the metricd s : L7 s x L} s — A given by
Al =inf{& >0 wg(l, b <1}, Vi, b € L.

Definition 2 ([21]). Let L be a non-empty set. A function p : L x L — A is called a C*-algebra-
valued partial metric on L if it satisfies:

(B1):0 = p(ly,Ip) forallly,l, € Land p(l1,11) = p(la, o) = p(ly, o) if, and only if, I = Ip;
(Bz).‘ p(ll,l1) =< p(ll,lz),for all ll,lz eL
(B3).‘ p(ll,l2) = p(lz, 11),f01’ all ll,lz eL;
(By): p(ly,lp) < plly,13) + p(l3, 1) — p(l3,13), forall Iy, 15,15 € L.
Then the triplet (L, A, p ) is called a C*-algebra-valued partial metric space (in short, Ci, — pMS).

Cao — PM, ie., p on L, generates a Tp-topology 7, with a base, defined by the family
of p-open balls, {B,(x,e) : I € L,6 < e € A*}, where By(x,€) = {lr € L,p(l1, 1) <
p(x,x) +e}.

Definition 3 ([24]). A function p : (0,+c0) X L x L — [0, +c0) is called a partial modular

metric (pMM) on L if it satisfies:

(Cl).‘ p@'(llrll) = pg(lz, lz) = Pij(lLZZ) lf, and only Zf, L= lz,fOT all 1,1, € L and C > 0;

(C2): pe(li, 1) < pe(ly,lp), forallly,l, € Land & > 0;

(G3): pe(li, l2) = pe(la, h), forall I, I, € Land & > 0;

(Ca): peyull o) < pe(ly,ls) + pu(ls, l2) — pé(ll'll)+p§(l3'l3);py(13'13)+p”(12'12),for all 1,
Land u,¢ > 0.

I, Z3 S

If I = I = I3 in the triangular inequality (C4), then a discrepancy occurs in the
non-zero self distance for the partial modular metric.
Recently, Das et al. [23] redefined the notion of partial modular metric space as follows:

Definition 4. A function w? : (0, +c0) x L x L — [0, +c0) is called a pMM on L if it satisfies:

(Dy): wg(ll,ll) = wﬁ(ll,ll), and wg(ll,ll) = wg(lz, L) = wg(ll,lz) if, and only if, I = I,
forallly, I € Land ¢, u > 0;
(D2): wi (I, h) < wf(h, o), forallly,lp € Land § > 0;

(D3): a)g(ll,b) = wg(lz, 1), foralll1,l, € Land & > 0;
(Da): wfy, (1) < Wi (I, 13) + wii(ls, o) — wi(Ia, 1), for all I, 1o, Iy € Land 1, & > 0.

A pMM, ie., wP on L, is said to be convex if (Dy) is replaced by

p g p H p ¢ p
w(;‘+‘u(11112) S g‘i“uwé(ll,lS) + (—;r_i_‘uw‘u(lfi/lZ) €+ywé(13/l3)/

forallly,lp,l3 € Land u,¢ > 0.
For any [y € L, the set

Loy = {zl €L lim Wb (I, 1o) = c},
for some ¢ > 0 is a partial modular space. Moreover, if w is convex then the set will be

o ={h €L:3¢=¢(l) > 0such that [l (h, o) < co}.
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Definition 5 ([23]). A pMM, wP on L, is said to be weakly convex if it satisfies (D1), (D7), (D3),
and the following:

Wl (1) < (0wl 1s) + (1 — (1)l 1) — & w1, ),
forallly,1p,13 € Land u,& > 0, where a : (0,00) x (0,00) — (0,1).

Lemma 1 ([23]). Let w? be a pMM on L. Then w® : (0,00) x L x L — [0, 00) is a modular
metric on L, where

wi(h, ) = 2wE (I, 1) — wf (h, 1) — wf (o, 1),
forall¢ > 0andly, 1, € L.

Example 1 ([23]). For a non-empty set L, let w? be a pMM and w® be a MM. Then for any

3 (11 I+ .
arbitrary ¢ > 0and 1,1 € L, wé(ll, L) = w defines a pMM.
Definition 6 ([36,37]). Let ¢ : AT — A™ be positive if it holds the following axioms:
(i) ¢ is continuous and increasing;
(i) ¢(l1) = 0if, and only if, l; = 6;
(iii) Timp_ye0 ¢" (1) = 6.

Definition 7 ([36,37]). Let A and B be two C*-algebras, and ¢ : A — B. It is said to be a
C*-homomorphism if it satisfies the following axioms:

(i) ¢plaly +bly) = ap(l) + be(L2);

(i) ¢(hila) = ¢(l)¢(L);

(i) - ¢(I7) = ¢(h)*;

(iv) ¢ maps the unit in A to the unit in B.

In [38], Wardowski introduced a new type of contraction named as F-contraction. Since
then, development of fixed point theory can be seen with such type of contraction mapping
(for further details, refer to [36,39-43]). Inspired by Wardowski in [36], Rossafi et al. [42]
introduced (¢, MF)-contraction as follows:

Definition 8. Let (L, A, d) be a C*-algebra-valued metric space and T be a self mapping on L. It
is said to be a (¢, MF)-contraction if

M(Th, Tly) = 0 = F(M(Tl, Th)) + ¢(M(l1, 1)) = F(M(l, 1)),

forallly, Iy € L, where

d(ll, le) + d(lz, Tll) }

M(l1, ) = max {d(ll,lz),d(ll,Tll),d(lz, Th), .

mapping ¢ : AT — A is an x-homomorphism and F : AT — A be a continuous and non-
decreasing function such that F (1) = 6 if, and only if, I, = 6.

3. C*-Algebra-Valued Partial Modular Metric Space

In this section, we introduce the notion of C*-algebra-valued partial modular met-
ric space (in short, C;, — pMMS) satisfying the symmetry property and discuss it with
examples T.

Definition 9. Let L be a non-empty set. A function wP : (0,+00) x L x L — A is called a
C*-algebra-valued partial modular metric on L if it satisfies:
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(Pf) : wg(ll,ll) = wﬁ(ll,ll),for allly,lp € Land &, > 0O; a)g(ll,ll) = a)g(lz, L) = a)g(ll,lz)
if, and only if, I} = Ip;
(Py) :wf(l,h) 2 wf(h,b), forallly, I € Land ¢ > 0;

(P3) :wf(h ko) = wf(lp, 1), forall ly € Land & p > 0;
(P}) : wgw(zl,lz) < W (I, 1) + w3, 1) — wk (I3, 13), forall§ > 0, > Oand Iy, Iy, I3 € L.

A C;, — pMM, i.e., w? on L, is said to be convex if (P;) is replaced by the following:

). P ¢ p Boop &
(P5) : wgy () 2 mwé(llrl3)+mwy(l3112) Q‘—i—ywé(lB’lS)’

forallly,lp, I3 € Land yu,¢ > 0.

Definition 10. A C;, — pMM, i.e., w? on L, is said to be weakly convex if it satisfies (P;), (P5),
(P3), and the following:

(Pe): why (I, b)) 2 a(Epwk (I, 13) + (1 — w(&, p)wh (I3, 1) — a(&, p)wk (13, 13),
G+ 4 ¢
forallly, 1,13 € Land u, & > 0, where a : (0,00) x (0,00) — (0,1).

Definition 11. Let w? bea C;, — pMM on L. For any Iy € L, the set
Loy = {11 cL: Cli_rg;wg(ll,lo) - c},

for some @ < ¢ € AT is called C*-algebra-valued partial modular space. Moreover, if wP is convex,
then the set will be

o= {l € L:32 = 2(h) > 0such that ||} (1, )| < oo}.

Remark 1. (i)  For every l1,1y € L, the function § — w?(l1,1p) € A is non-increasing. In
fact, forall 11,1 € Land 0 < py < ¢:

wf (p1, p2) = wi(p1, p2)-

(ii)  For simplicity, one may consider the triplicate (Lyp, A, w?P) as a C}, — pMMS, instead of
writing “Let L» be a Cy,-modular space and wP be a C,-partial modular metric.”

Example 2. Let w® be a C,, — MM on a non-empty set L. Define wg(ll,lz) = wi(h, b) + lc|,
where ¢ = 0. Then for any arbitrary 0 < c € A*, w? isa C}, — pMM. Moreover, it is convex if
w?® is a C},-convex modular metric with ¢ = 6.

Example 3. Let L = C and A =M, (C), the class of linear and bounded operators on Hilbert space
C2?. Define w? : (0,00) x L x L — A by

1 ..
w?(zl,zz) = Edmg(\ll — Db, |l =) + 1,

forall¢ > 0,11,1p € L, and 1 is the identity matrix. Then w? is a C,, — pMM, but neither convex
Cio — pPMM nor weakly convex Cy, — pMM.

Proof. (Pf), (P5), and (P;) hold immediately. Now we check (P} ), (PZ), and (Fy).

(PI):Forany§>0andy>0,g}r—y<%or%.
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1

wgy, (h ) = mdiag(ﬂl — Ll | =)+ 1
1 . .
= ———(diag(|lh — I3],|l1 — I3|) +diag(|l3 — L[, [l5 = 2[)) + Iz
E+u
1 .. 1.,
< Edlag(ul — 13‘, |ll — l3|) + IA + ﬁd1ag(\l3 — 12|, |l3 — 12‘) + IA
1

— [Cdiag(|l3 — 13|, I3 — I3]) + 1]

= wé}(lll l3) + (Uﬁ(l3, 12) - wﬁ(lg, 13).

Hence, w? is a C;, — pMM.

* 1 .
(P5): wiy, () = §+ydlag(|ll bl |h —hl)+ 1
1 . .
=z (diag([h — 3], [ — I3]) + diag(|l3 — L2|, I3 = I2])) + Ia
CHu
1.
— o (gdiag(lh — ol [k =)+ 1]
1.,
i pdiog (s = B 1l = la]) + L4
¢ p B p
= — L, —_— I5,1).
CJFFW;(l 3)+€+ywy(3 2)

Hence, w? is not a convex Cj;, — pMM. Similarly, it can be shown that w? is also not a
weakly convex C;, — pMM. O

Example 4. Let L = Cand A =M;(C), the class of linear and bounded operators on Hilbert space
C?. Define w? : (0,00) x L x L — A by

Wl (I, lp) = e~Cdiag(|h — Lo, | — la]) + I,
forall¢ > 0,11,1, € C, and I is the identity matrix. Then w? isa C;, — pMM on Lyp.

Example 5. Let L = C and A =M, (C), the class of linear and bounded operators on Hilbert space
C?. Define w? : (0,00) x L x L — A by

1
¢
forall¢ > 0,11, € C. Then w? isa Cy, — pMM on Lp.

wg(ll,lz) = dmg(|ll — lzl, |11 — 12|) + diag(max{ll, lz},maX{ll,lz}),
Lemma 2. Let w” bea C;;, — pMM on L such that
wi(h, ) = 2w} (l, 1) — wi (h, 1) — W (o, 1)
Then, w® isa Cy, — MM.

Proof. (i) By definition:

g

(I, I)
(1)

(li,12)
(bh)=w

g

R R Aty
IA 1A
g8 £
R R Aty

(I, I2). )

FatRS
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So, we have w%(ll, ) = o.

(i) If [y = Iy, then wi(Iy, ) = 2w (I, 1) — wf (h, 1) — Wk (I, 1) = 6.
Suppose w%(ll,lz) =0, then ng(ll,lz) = a)g(ll,ll) — cug(lz, l). Using (1), we have

20 (I, 1) 2 2wf (h, 1) = Wi (l, h) + W (I, 1)
20 (I, 1) % 2w} (l, lo) = W} (l, 1) + wi (I, o).
Consequently, we have
wf(l,l) = Wkl ) and W (I, ) < wi (I, o). Thus, we get

p
¢
wi(h, k) = wi(lh,h) = wi (b, b) = h = L.

(iif) Similarity:

wi(h, o) = 2wk (I, 1) — wg (I, 1) — wi (I, 1)
= 2w} (I, ) — wi (I, 1) — Wk (I, o) = wi (I, ).

< 2[wg(ll,lz) +wh(ly, I3) — w§(12, )] — wg(ll,ll) —wh(l,15)
= 2w} (I, lo) = wf (i, h) — Wi (I, ) + 2w (I, I3) — wh (I, 1) — w)i (I3, 13)
= wz(ll,lz) + w;(lz, 13).
Hence, w’isa C;, — MM. O
Definition 12. Let w” bea C}, — pMMon L, and 1,{l,} € L with ¢ > 0. Then

(i) {l.} converges to | with respect to A, whenever, for every € > 0, there exists N € N such that
Hwé’(ln,l) — wg(l,l)H <e foralln > N, ie.,

ity —so (@} (In, 1) — wE (L, 1)) = 6.

(i) {ln} be Cauchy sequence with respect to A, whenever, for every € > 0, there exists N € N
such that, for all m,n > N, we have

*

1 1 1 1
(f (b ) = 50k (In, In) = 5 F (b, b)) (@ (R, L) = 5 0F (b 1) = S0f (L, L))

62

IA

(iii) Cj,-partial modular space L,» be complete with respect to A if every Cauchy sequence with
respect to A converges to a point I € L such that

. 1
lzmn%oo(wg(ln, I —

Lemma 3. Let w? bea C}, — pMM on L.

(i) {xn} is a partial modular Cauchy sequence in C,-partial modular space Ly,p with w? if, and
only if, it is Cauchy sequence in Cy,-modular space L, with w®.

(i) A Cy,-partial modular space L,p with modular w?, (L.», A, wP) is complete if, and only if,
Coo-modular space Ls with modular w®, (Lys, A, w®) is complete. Furthermore,
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Lty soo03 (I, 1) = 0. 1imtysoo (207 (b, 1) = F (I, 1) = E(L, 1) = 6
or

lithy 500 (In, 1) = 0 & Limy o0 (W (I, 1) — ¥ (I, 1n)) = 6 and
limy-soo (WF (In, 1) = wE(1,1)) = 6.

(iii) Assume that 1, — oo and y, — oo asn — coina C;, — pMM on L with modular wP. Then,

limnﬁm(wg(ln/yn) - (Ug(ln, ln)) =w
w

ity oo (WF (In, Yn) = WE (Y, Yn)) =

4. Some Fixed Point Results in C;, — pMMS

Theorem 1. Let L,» be a complete Cy,-partial modular space and w? be a C;, — pMM. Define
two self mappings P, Q : Ly — Ly satisfying the following conditions:

(i) P(Lwr) € Q(Lwr);

(i) forallly,lp € Lyp,

Wk (Ph, Qb) = 0 = F(wk(Ph, Qb)) + ¢(M(l1, b)) = F(M(l, 1)),

P (1,Ql b (lp,Pl
where M(ly,1,)=max {wg(ll,lz),wg(ll,Pll),wg(zz,sz), 2 (1 Q) vy (2 Pl },(P At

A is a x-homomorphism and F : AT — A, be a continuous and non-decreasing function such that
F(ly) =6 < Iy = 6. If P has fixed point u € Lyp, then u is a unique common fixed point of P and Q.

Proof. Let Pu = u, u € L,pr. Assume, wg(Pu, Qu) > 6, we have

F(wg (Pu, Qu)) = F(M(u,u)) — p(M(u,u)),

where
M (u, u) = max {wg(u, u),wg(u, Pu), wg(u, Qu),
[cugg(u, Qu) + wgg(u, Pu)] }
2
= wé’(u, Qu).
Clearly,

Fleob (u,Qu)) % F(h (n,Qu)) — plet (u, Qu)),

which is a contradiction, as ¢ is positive. So, (ug (u, Qu) = 6. Similarly, we can show that

wg(Qu, u) = 6. Hence, u is a common fixed point of P and Q.
Let there exist another u* € L,y such that Qu* = Pu* = u*, then we have

F(wp (u,u*)) = F(M(u,u*)) = p(M(u,u"),

where

M (u, u*) = max {wg(u, u*),wg(u, Pu),wg(u*, Qu™),

[wgc(u, Qu*) + wgg(u*, Pu)]
2 j

= wg(u,u*).
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Therefore, we obtain
Flwf (u,u*)) = F(wg (u,u™)) — ¢p(wg (u,u")),
which is a contradiction, as ¢ is positive. So, u = u*. O

Theorem 2. Let L» be a complete C;;,-modular space and w? be a C};,, — pMM. Define two self
mappings P, Q : L» — Lp satisfying the following conditions:

(i) P(Ler) € Q(Ler);
(ii) forallly,ly € Loy,
wf(Pl, Q) = 6 = F(wf (P, Qh)) + ¢p(M(h, 1)) = F(M(ly, 1)),

) [whe (11,Ql) +wh (1, Ply
’ 2

where M(I1,lp)=max {cug(ll, lz),wg(ll, Pl1),wg(lz, Qb ) }, $: AT —

A is a x-homomorphism and F : AT — A be a continuous and non-decreasing function such that
F(ly) = 0 if, and only if, I = 6. Then P and Q have a unique common fixed point in L.

Proof. Let ]y € L,» be any point. Define a sequence {I,}, where n € NU {0} such that
Ply, = lpyt1 and Qlyy i1 = lyyo. If 1y = Ly yq, for allm €€ NU {0}. Setting m = 2n, then
we have

M (lon, lppy1) = max {wg(lz;y lZn—i—l)/wg(lZn/ Ply,), a)g(l2n+1/ Qlyyi1),

[wgg(Zan Q12n+1) + wgg(ZZnJrl/ PlZn)] }
2

= max {wg(lzn, lZn)/wg(ZZn/ L), wg(ZZn/ Lut2),

[whe (T, lan+2) + whs (lan, T2n)] }
2
= W (ln, lan+2)-

Then, we have

F(WE(PIZW QZZn—H)) = I(M(l2n112n+l)) - ¢(M(12n112n+1))
= F(wf (L, lans2)) = F(wf (lan, ant2)) = §(wf (lan, lan2))-
Hence, a contradiction arises, as ¢ is positive. So, cug (Ion, lont2) = 6. Clearly, we
get by, = lpyy1 = lpyyo. Similarly, we have Iy, = Ihyy1 = lyyso = lyyys = ..., and

so lpy, = Ply, = Qlyy, ie., I, is the common fixed point. Now, let I, # I,,41, for all
m=0,1,2,... Assuming, wé’(le,lgn_l) = 0 we have

M(loy, lpp—1) = max {wé’(lzn, lZn—l)/wg(IZn/PlZn)rwg(ZZn—lr Qlyy—1),

[whz (o, Qlan-1) + whe(lan-1, Ploy )] }
2

= max {wg(ZZn/ lZn—l)/Wg(ZZn/12n+1)/wg(12n—1/l2n)/

[wgé(IZn/ lZn) + wgg(Ianlr 12n+1)] }
2

= max {wg(lzn/ bu—1), wg(Zan 12n+1)rwg(12n71/ l2y),

[@WF (Tan, lon) + W (lan-1, lan) + @WE (lan, lan 1) — W§ (T2n, lan)] }
2
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= max {wg(lzn, lZn—l)/Wg(ZZnIZZn—i-l)}‘
Let M(ln, ln—1) = wg(ZZn/ Irn+1), then

F(wf (Plag, Qlan-1)) = F(M(lan, lou-1)) — ¢(M(lan, lru-1))
= F(wf (bt 1)) = F(wf (lon, 1)) = §(wf (lan, lant1))-
Hence, a contradiction arises, as ¢ is positive. So, M (I, loy—1) = wg (In, Ioy—1), and
we get
F(w§ (Plan, Qlan-1)) = F(M(lon, lou—1)) — ¢(M(l2n, lon-1))
= F(wf (lans1,12n)) = F (W (lons lan-1)) — p(w (T2n, lan-1))
< F(wf (lan, lan-1))- 2)

In a similar manner, we can also show that

f(“’g(Plan Q12n+1>) = ]:(M(lZn/ 12n+1)) - ‘P(M(lZn/lZnJrl))
= f(wg(12n+1112n+2)) j }—(wg(lan 12n+1)) — (P((Ug(lzn, 12n+1))
= ]:(wg(ZZn/lZn—&-l))- 3)

Since F is non-decreasing, so from (2) and (3), a)g (I, lL4+1) is monotonically decreas-

ing in A. Let there exist < g € A such that lim, wg(lm,lmﬂ) = B. Hence, from (2)
and (3), we have

lim F(wf (I, lnt1)) = 6, ie., lim Wk (b L 41) = 0. )

n—o0

Now we show that {I,,} is a C*-algebra-valued partial modular Cauchy sequence in
L,». By Lemma 3, it is sufficient to prove that {Ql,,;1} is a Cauchy sequence in Lys. For
the fact 9 < a)g(lm, In) = (Ug(lm,lm+1), we have

lim w? (I, 1) = 6. (5)

n—oo g

Additionally, 6 < wg(zmﬂ, Lug1) = w§(lm+l,lm+2) implies

nh_{{}o wg(lm+l/lm+l) =0. (6)

Let {l,,} not be a Cauchy sequence in Lys if possible. Then there exist € > 0 and
subsequences {1,,(x) } and {I,,(x) } with n(k) > m(k) > k such that

|z Ly Lngi)) | > € ¥ ¢ > 0.

Now, corresponding to m(k), we can choose n(k) such that it is the smallest integer
with n(k) > m(k) and satisfying the above inequality. Hence,

[z Ly Lnry-1) | < € V &> 0.
We have

1wz (L) niop) || < st%(lm(k)rln(k)—l)n + stg(ln(k)—l/ln(k))”
<e+ ”wsg(ln(k)fl/ln(k))u' @)
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Again,
W (n() 1 In(r)) = 260 (=1 nii)) = W (Uney—1: L =1) = W (niey Ini))-— 8)
Using (3), (4), (5) and (7), we have

Hm (Wi (Lygy—1 Lagiy | = 0 )

k—o0

Using (6) and (8), we have

€< hm ng(m(k @)l <e+o.
This implies
B {f207 (L Lo )l = e (10)

In a similar manner, we can show that
U ([ (g1 gy -1) | = €.

Thus, we have

klgilo ng(lm(k),l,ln(k)fl)ﬂ

1. 4 P P

= 5 M {20 (-1, L)1) = Wz Uiy -1, L)1) = 0 By -1 i 1 |
1
E lim ||w('§( ( ) 1/ln(k)—1>||
€
5

Since wg(lm(k),l, ln(k)fl)/ wg(lm(k)/ln(k)) S At and

. €
i (| wf (L -1, lngoy—1) | = Jim 10k Loy Lgio)) || = 5

k—o0

there exists b € A" with [|b|| = § such that

i wf (L -1, Iy -1) = kh—l;rolo Wf (L Ln(ry) = -

k—o0

Now, from triangular inequality, we have

Wf (L) (i) = @ ’%(l (k)rlm(k)Jrl)erg(lm(k)Jrlrlm(k)JrZ)+"'+w%(ln(k)71r1n(k))
wg(l ®)+1Imky+1) + w§<lm(k)+2r Lny+2) +--+ wg(ln(k)—lrlrz(k)—l)'

Using (4)—(6), we have

nlgl;lowc(l (k)/ln(k)) <6=0b=6,
which is a contradiction. Thus, {I,,} is a Cauchy sequence in Lys. By Lemma 3, {I,,} is a
Cauchy sequence in complete C*-algebra-valued partial modular metric space L,». Hence,
there exists some v € Lp such that

lim w?(l,,1,) = Lim wf(l,,0) = wg(v,v) =6 and

n,m—00 g m—00 g

lim wg(lenH,U) = lim wg(Plz,q,v) =0.
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Now, letting wg(PU, lyi2) ¥ 6, we have
]:(Wg(PU/ Qbps1)) 2 F(M(v,1p41)) — ¢(M(0,1241)), (11)
where

lim M(v,lap41) = lim max {a}g(vr lant1), w§ (v, Po), i (lant1, Qlant1),

[wgg (Z), Q12n+1) + wgg(ZZnJrl/ PU)]
2 j
= wg(Pv,v)).

Asn — oo, from (11) we obtain
.F(wg(Pv,v)) = ]-"(wg(Pv, v)) — (p(wg(Pv, v)),
which is a contradiction, as ¢ is positive. So, a}g(Pv, v) = 6.

Similarly, we can show that wé’ (Qu,v) = 6. Hence, v is a common fixed point of P
and Q.

As in Theorem 1, the uniqueness of a common fixed point can be shown. [

We set P = Q in Theorem 2 and have the following corollary.

Corollary 1. Let L,y be a complete C,-modular space and w¥ be a C;, — pMM. Define a self
mapping P : L,p — Ly satisfying the following conditions: for all 11,1y € L,

w?(PZLPlz) =0= ]:(Wg(PZLPlz)) +o(M(ly, 1)) = F(M(Iy,12)),

[w]s (i, Ply)+whs (12, Pl)
2

where, M(I,I)=max {a)g(ll,lz),wg(h,Plﬂ,wé’(lz, Ply), ] }, ¢: AT —

A is a x-homomorphism, and F : At — A be a continuous and non-decreasing function such that
F(ly) =6 < Iy = 0. Then P has a unique fixed point in L.

Theorem 3. Let L, be a complete C};-modular space and w? be a C;,, — pMM. Define a mapping
P: Ly — Ly satisfying the following:

M(Pll,Plz) 0= .F(M(Pl],Plz)) +¢(M(ll,lz)) =< f(M(ll,lz)),

forallly, Iy € L, where

d(ly, Ply) +d(Ip, Ply) }

M(l, 1) = max {d(ll,12),d(ll,Pll),d(lz, Pl), .

mapping ¢ : AT — Ais a x-homomorphism, and F : AT — A be a continuous and non-decreasing
function such that F (1) = 0 if, and only if, Iy = 6. Then P has a unique fixed point in Lyp.

Theorem 4. Let Lp be a complete Cjy,-modular space and w? be a Cj, — pMM. Define a self
mapping P : Ly,p — Lp satisfying

wg(Pll,Plz) < qzwé’é(ll,lz), forall Iy, 1y € Ly,

where ||q||*> < 1. Then P has a unique fixed point.
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Example 6. Let (Lv, A, wP) be a C}, — pMMS defined as in Example 3, where L = C,
A = My(C) and wf(h, o) = zdiag(|ly — Lo, |y — Lo|) + diag(max{ly, 1}, max{l, l}), for
all¢ >0, 11,1y € L,p, and I be the identity matrix.

Let P and Q be self mappings on L» such that Pl; = %1 and Ql; = 171 Let F : AT — A
define by F(T) = T? and ¢ : AT — AT define by ¢(T) = TTZ
(i) Clearly, P(Ly,r) € Q(Lp)-
(ii)  Moreover, wg(Pll, Qb)) = B and

f(wg(Pll,le))—[wg(Pllrle)F—[ (ll lz)]

= Ediag( >+dzag(max{ 52} {Z1 12 )]

11
= 5 {Cdmg(”l — l2|, |l1 - 12|) + diag(max{h, lz},max{ll,lz})]

L b

4 2

Loh

4 2

7

— @M1 1)
4 2
= Flwg(M(h, 1)) - (w@(M(zlllZ)))

This implies that
F(wf (Ph, Qh)) + pleol (M(I1,12)) = F(ewh (M(11, 1)),

[wye (2, Pl)+whe (11,QD)]
2

where M(I1,1,) = max {wg(ll, lz),wg(ll,Pll),wg(lz, Qh), . Thus, all
the conditions of Theorem 2 are satisfied. So, 0 is the unique common fixed point of P and Q.

5. Ulam-Hyers Stability Results in C;, — pMMS
Let (Lr, A, wP)bea C), — pMMS and P : L,» — L,» a mapping. The fixed point

Pz=z (12)

is called generalised Ulam-Hyers stability [44] if, and only if, there exists increasing and
continuous (at 0) mapping, A : Rt — R with A(0) = 0 such that for every ¢ > 0 and
z* € L, an e-solution of the fixed point Equation (12), i.e., z*, satisfies the inequality

wg(z*,Pz*) < €. (13)
There exists a solution x* € L, of (12) such that wg (z*,x*) =< A(e). If there exists

k > 0 such that A(s) = k.s for each s € RY, then the fixed point Equation (12) is said to be
an Ulam-Hyers stability.

Theorem 5. Let (L,p, A, wP) be a complete Ci,, — pMMS satisfying all the conditions of Theorem 4,

with wg(Pz*,z*) =<, v > 0. Then Equation (12) is Ulam—Hyers stable. Moreover, the function

7 :[0,00) — [0, 00) such that 7t(r) = ar, is strictly increasing and onto.

(a)  Hence, Equation (12) is generalised Ulam—Hyers stable.

(b)  Fix(P) = {x*}and if {x,} € (Lyr, A, wg), n € Nare such that wg(ln,Pln) —0asn—
oo, then l,, — x* as n — oo.

(c) IfQ: Ly — Lyp such that wg(Pl, Ql) <y, forall 1 € Ly, 11 € [0,00), then p* €

Fix(Q) = wi(x", p) < ! (1251)
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Proof. (a) Let Fix(P) = {x*}. Lete > 0 and z* € Ly be a solution of Equation (13):
wg(x*,z*) = E(Px z")
=w g(Px pz* )+wg(Pz*,z*) —a)g(Pz Pz*)
= wg (Px*,Pz*) +

2
< Pl (x,2%) + 9
1

= wg(x*,z*) < quy, where " >0
So,
m(wh (x*,2")) = awk (x*,2) < b e
e R
Pk % -1 &
:>w§(x ,ZY) = m (1_q2€)

This shows that Equation (12) is generalised Ulam-Hyers stable.
(b) Let Fix(P) = {x*},e > 0and {l,} € L.

Therefore, I, — x* as n — 0.
(c) Let Fix(P) = {x*} and p* € Fix(Q).

PN
atias
)
;{
’TJ
'G
_I_
8
)
"G
"'3
N\W‘G

w' (Pp*, Pp*)

O

6. Application
Consider the following integral equation (see [22,36]):

x(y) = /EB('y, v,x(v))dv+h(y),v,v € E, (14)

where E is a measurable set, B: EXx ExR — Rand h € L*(E).Let L = L*(E), H = L*(E)
and L(H) = A. Define w? : (0,00) x X x X — AT by

wg(ll,lz) = ,B|¥l+[ forall Iy,15,I € Loy,
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where B, : H — H is a multiplicative operator defined by B, () = u7y.

Theorem 6. Let x,yy € L, and P : L,p — Lg» be two self mapping such that

(i)  There exist a continuous function ¢ : E X E — R such that
_[B(rox(v) = B(7,0,y(0))] < [¢(r,0)|([x(v) =y (v)]), forall y,v € E;

(i) sup,cg [¢|9(7,0)|do < 1.

Then the integral Equation (14) has a unique solution in L.

Proof. Define
Px(y) = /EB(’Y,v,x(v)) dv+h(y), Vv,0€E.

For any u € H, we have

ot (P P = sup (B e uy, )

= sup };[H L B0, 3(0) = Bl o, (0)) ol | )y

+ sup uly Ju(y)dyly

< sup LA 18(1,0,x0)) = B, y(0) do| ) Py

+ sup [ u(y)Pdyl,
Jufl=17E

‘§|u|p1//|l'b 7, 0)[(x(2) = y(0)| + Ls = La)do][u(y)Pdy + Ly
guunpl LU 19t o)ldol ()Pl — yle

L sup | (y,0)ldo sup () [Pdy|x = yl|oo
CWGE luf=1/E

Ellx—ylloo
= |wg (xy)ll.

p(x y). Let F : At — A define by 7(T) = T2 and

This implies that w; L (Px, Py)&
¢ : AT — AT define by ¢(T) = TT Moreover, wy P(Ply, Ply)) = 6 and

F(wl (Ph, PL)) + p(eof (M(11, 1)) = F(wh (M(11, 1)),

P (lp,Pl P (11,Pl
where M(l1,1;) = max {wg(ll,lz),wg(ll,Pll),wg(lz,Plz), [‘U2§(2P1);‘W2§(1 i } So, by

Corollary 1, we have a unique fixed point of P, i.e., the integral Equation (14) has a
unique solution. [

7. Conclusions

We introduce the notion of C;, — pMMS and prove some fixed point results using
(¢, MF)-contraction mappings, which extend /generalize many results given in the litera-
ture. Some properties and examples related to Cj;,, — pMMS are discussed. Cj;,, — pMMS
is a generalization of pMMS, C;, — pMS, and C;, — MMS.

Limitations: Fixed point results in Cj,, — pMMS can be obtained from their partial
metric counterparts when C*-algebra, A is the real set R. There might be a more generalized
space than Cj, — pMMS.
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Future Scope: pMMS and C;,, — pMMS play a crucial role in the study of generalized
partial metric spaces. With the amalgamation of C;, — pMMS and other existing spaces,
several generalized spaces can be studied. Moreover, C;, — pMMS paves the way for
the possible generalization of existing concepts and applications in different branches of
mathematical sciences.
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Abbreviations

The following abbreviations are used in this manuscript:

pMS Partial modular metric spaces
MMS Modular metric spaces

pMMS Partial modular metric spaces
Crp — MS Cx-algebra-valued metric spaces

Cry — MMS Cx-algebra-valued modular metric spaces
Cry — pMS Cx-algebra-valued partial metric spaces
Cip — PMMS  Cx-algebra-valued partial modular metric spaces
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