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Abstract: The purpose of this paper was to define a new class of close-to-convex function, denoted
by €7 (6, a), which is a subclass of all functions that are univalent in D and have positive coefficients
normalized by the conditions f(0) =0, f/(0) = 1, if it satisfies such a condition that is dependent
on positive real part. Furthermore, we proved how the power series distribution is essential for
determining the sufficient and necessary condition on any function f in class €7 (9, a).
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1. Introduction

Complex Function Theory (CFT) is a branch of mathematics that dates back to the
eighteenth century. Its functions are complex-valued and analytic in a specific domain, and
they can be of various variables. Furthermore, if a function’s derivative exists at z_0 in its
domain, it is said to be analytic (regular or holomorphic). Given that these functions are
analytic, they have Taylor series developments in their domain, and can thus be expressed
in a specific series form with centers at z_0, and can be written as

z)=ag+a z+a222+a 23...
0 1 3

Several researchers, including Euler, Gauss, Riemann, Cauchy, and others, were inter-
ested in this branch because it has a wide range of applications in mathematics and science,
and also has many interesting properties that real-valued functions do not have. As a
result, Taylor series can be used to represent infinitely differentiable functions, holomorphic
functions defined in the open unit disk, conformal functions that preserve angles when
f'(z) # 0, line integrals, and other useful formulas.

Furthermore, the class of close-to-convex functions includes both the starlike and
convex functions; they are also univalent and it is worth noting that O.M. Reade [1] studied
the concept of classes after Kaplan [2] introduced them. Several exciting subclasses of the
holomorphic function class and the univalent function class have been studied previously
from various perspectives. For example, Altintas et al. [3], Owa et al. [4], Kowalczyk and Le-
Bomba [5] (see [6]). Gao and Zhou [7], in particular, established a subclass of holomorphic
functions, which is truly a subclass of close-to-convex functions.

In addition, many subclasses of the holomorphic and meromorphic functions have
already been studied and analyzed in Geometric Function Theory (see [8-10]). Raghavendar
and Swaminathan [11] investigated some basic properties of the g-close-to-convex functions,
whereas Aral et al. [12] successfully investigated g-calculus, primarily in the Geometric
Function Theory, and Srivastava [13] was also the first to develop the generalized g-
hypergeometric function (see also [14-16]).
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Kanas and Wisniowska [17,18] conducted groundbreaking research to identify the
subclasses of holomorphic functions associated with conic domains (), where

Qk:{u—l—iv: u2>k2{(u—1)2+vz}}, u>0.k>0.

such that ()g indicates right half plane, and (); is a domain associated with parabola,
O, 0 < k < 1indicates hyperbola and an ellipse for k > 1..

Qing Hua is one of the researchers who is interested in the introduction and investi-
gation of an exciting subclass of analytic and close-to-convex functions, deriving several
properties such as coefficient bounds, distortion, and growth theorems [19].

In [2], it was established that one of the facts in starlikeness and convexity is dependent
on the partial sums of the normalized univalent functions in the unit circle, allowing the
univalent function to be replaced by a starlike or convex function with respect to the origin.
Bernardi, S.D and Libera, R.J. [20,21] later added several integral operators to investigate
the classes of starlike, convex, and close-to-convex functions.

The goal of this paper was to apply geometric function theory to a specific class of close-
to-convex univalent functions, with a focus on the geometric properties of holomorphic
functions. As a result, we must begin with a convex function f(z) that conformally maps
the unit disk D = {z € C: |z| < 1} onto a convex region, that is, the line segment that
connects any two points in f (D) lies entirely in f (D) [22,23], and when we consider an
holomorphic function f(z) close-to-convex for |z| < r, if there exists a function g(z) that is
)
§'(z)
g(z) will be referred to as an associative function to the close-to-convex function f(z), and

we will refer to f(z) as close-to-convex with respect to g(z) when indicating an associate
function [24].

Let 2 be the class that formed all holomorphic functions that are defined in
D= {z € C: |z|] < 1} of the form

flz)=z+ Z:ozz asz°, 1)

Consider V to be a subclass of the class 2, which contains all functions that are univalent
in D, and without hurting generality, we suppose that functions have positive coefficients
and are normalized by the conditions f(0) =0, f'(0) =1, and is formed as follows

flz) =z+3 a2, @)

Each analytic functions in the class 2 map the unit disk conformally and one-to-
one onto another simply connected domain in a complex plane, so that the image of the
open unit disk specifies the geometric form of the function, such as starlike, convex, and
close-to-convex [20,21].

The majority of the researchers discovered an intriguing criterion for analytic function
univalence when they proved that if f is an analytic function and satisfies #(f’) > 0, for all
zin D, then f is close-to-convex function and, thus, univalent in . Moreover, some of them
investigated such connections with the classes of analytic univalent functions with positive
coefficients in the open unit disk, while others defined the class of univalent, starlike
functions defined from the unit disk onto the star-shaped region to obtain some results
related to the upper bound of coefficients, growth theorems, and a sufficient condition to
be in that class [17,25].

Duren established an analytical description of functions in the class of starlike, convex
functions in [6], while Kaplan stated the class of close-to-convex functions and studied
their properties.

Some definitions and previous work of [4,20,21,26] for starlike functions of specific
order, as well as for convex functions.

convex and univalent for |z| < r and

has a positive real part for |z| < r. This function
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(1-a)f () +a(

1-)f @)+

The author [27] found the class of functions f, analytic in open unit disk normalized by
the conditions f(0) =0, f/(0) = 1, where « and vy are real numbers, witha > 1,0 > ¢ > 1,
and let

0, f) = (=@ +a( L5 11).

Then, f satisfies the condition below

R(I(w, ) = %((1 —0)f'(2) +w(z}{,”((zz)) + 1)) <q

The author of [28] created a new idea by connecting some subclasses of analytic
univalent functions with positive coefficients in the open unit disk using a convolution
operator involving the Poisson distribution series.

The standard books [6,15] can be looked into for several interesting geometric proper-
ties of these classes.

2. Main Results

As a result, the following new a subclass of 2 is defined

Definition 1. For 0 < 6 < 1,0 < « < 1, we let

€7 (6,0) = {fefl”: %{1;5 ((1—a)f’(z)+a<zjf:’(§) +1> —5)] <pz eID)}

This definition was used to describe our problem via the following necessary and sufficient criteria
were satisfied for f € €7 (0, ).

Theorem 1. A function f € 7" given by (2) is in the class €7 (6, «) if and only if
%(Z:iz [2ps(6 — 1) — 26s + 2us] as) >0 ©)]
where0 <6< 1,0< a<1,and0 < p < 1.

Proof. Let f be of the form (2). So in order to show that f € €7 (4, a), we see it is suffices
to prove that

<p (4)

[e0]
From (2), consider f’ (z) =1+ ¥ sasz° L.
s=2

Therefore,

1" =] o Zsoi —1)agz52
(1—a)f" (z)+ a(z}cl(g) + 1) =(1—w) [1 + s§2 sasz 1] +a {Z( 1+ZZ§°=(: sas)zs’zl ) + 1}

= (1 + § saszs_l) - "‘(1 + E saszs_l) +0‘[( Bl + 1]

P 1+Y2, saszs~1

zf" (z) _ - 1 > 1 14+Y2, s2az7!
72) —i—l) =[1+) saz’ —af 1+ ) sasz® +alg +ZS§';2 e

s=2

zf" (z) N 1) _ (+xS, sas.zs*l)2 —a(l14+12, saszsfl)2 +a(+YX, s?aszs 1)

f'(z) 1+, sazs~!
By substituting these values in the step that follows,
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1+Y2, sasz~1

<p

1 ( 14+Y52, sasz®~ ] ﬂx(lJngO:z suszs’])eroc(JrZ;";z szaszs’1)75(1+2;";2 SllsZS]>)
=3
L
—0

((1+ZS ° 5 Sasz5” 1)27 w1452, sa525*1)2+a(+25°=2 s2az5 1) =6 (14X, sa5251)> _5

2(p-1) - 14y, saszs~1

Now we must carry out a short and simple computation yield to

(1—a)(14+ X2, saszsfl)2 +a(+ X2, szaszsfl) =51+ X2, sasz1)
2(p—0p—1)(14+ X2, saszs 1) + (o — 1) (1 + 12, saszs~ 1) a(+ Y2, s2aszs~ 1) +6(1+ Y2, saszs1)

<p

As a result

]AZ — xA? 4+ aB —(SA‘ < p’Z(p—&p— 1A+ (x —1)A2

where A = (1+ Y12, saszs’l)z; B=(14+Y2, s?a;z°"1).
We will continue to simplify in order to achieve our goal to obtain

’(1 —6) + > [(242a —0) s+as?]az" 1+ » (1+a)s?a2z>72 | <

5=2
[ee]

p’(Zp —25p—3+40)+ ¥ [(2a+5+2p — 20p)s — a s?]asz" 1 + OZo; (1+ a)s?a2z%2

s=2 s=2

Then,

‘(1 -8+ L [242a—0) s+as?]az® + ¥ (14 a)s?a?z%72
s=2 5=2

= oo ©)
—p‘ (2p—26p—3+6)+ ¥ [(a+0+2p—20p)s —as?|asz® 1+ ¥ (1+a)s?a2z* 2| >0
s=2 s=2

As is commonly obvious R(z) < |z|, hence

S%<(1 —6) + » [(242a —0) s+as?]az®"1+ y (1+a)s?a2z%2 >

5=2 - 5=2 /) (6)

<|(1-0)+ L [2+20—06) s+as?]azt+ ¥ (1+a)s?a2z%2
5=2

s=2

In a similar direction, we have

%((Zp —20p—3+6)+ of: [(20+ 64 2p — 25p)s — a s?]asz 1 + f (1+a)s?a2z%2 >

=2 N =2 “ )
< ‘(Zp —25p—3+40)+ ¥ [(2a+5+2p —26p)s — a s?]az L+ ¥ (14 a)s?a?z%2
5=2 =
From (6) and (7) with support of (5), we obtain
3?((1 —6)+ OZOL [(242a —0) s+as?]a;z"1+ § (1+a)s?a2z%2 )
2 oo =2 o ®)
—§R<(2p —26p—3+0)+ ¥ [Qa+5+2p—26p)s —as?]asz L+ ¥ (1+ a)s?a3z> 2 ) >0
5=2 5=2

Beginning with (8), we compare the coefficients of z*~1 and z%°~2 for both sides of the
inequality (5) as follows.

%(i[(Z—f—Za—&) s—i—ocs] ) <Z [2a+5+2p—25p)s—0c52] a5> >0

5=2
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which implies
%(i ([(2—1—204—(5) s+zxsz} - [(20(—1—5—1—2;9—25;7)5—&52})515 ) >0

s=2

Consequently,

%(i [2ps(6 — 1) — 265 + 2as] as > >0

5=2

Conversely, we only need to prove if f € €7(J,a) and z is real, then

3%(1:5 ((1 —0)f(2) H(z]{;/(g) +1> —5)) <p

Therefore, « is real and |z| = 1 and the coefficients a5 are non- negative, Vs € N, and
we obtain

R 1+, saszs’l)2 —a(1+X2, saszs’l)2 +a(+YX2, saz® ) —6(1+ 12, sasz5 1) _
(1=8)(1+ 12, sazs 1) :

R (1-0)+X2,[(2+420—6) s+as?]aszs 1+ Y2, (1 + a)s?a?z% 2 _ )
(1—0)(1+ L, sasz> 1) P
Connecting (5)—(7) to find the simplifying for (9).
As aresult, the following is a required criterion stated in the theorem.
YO,[(242a —6) s+ as?]azs!
(1-0)(14+ X2, sasz*~1)

<p

The proof is complete. [

Many authors have previously discovered coefficient bounds for the class of functions
defined by subordination involving the conditions of starlikeness class or convexity, and
the derivative of function itself or their ratios or product of powers of these definitions, or
in terms of their summation or product [6,29-31].

In this paper, an attempt was made to utilize the expression of the Schwarz function
as a bound condition for criteria of the close-to-convex class to study the coefficients of
these types of functions, which has received little attention in previous studies.

Definition 2. A function f in 'V is said to be in the class €7, (w), if it satisfies

5&{115 ((1 — ) f'(2) H(zﬁ’(%) —1> —5)] < w(z)

where0 <6< 1,0< a < 1.
The previous definition is required in order to derive the following theorem.
Theorem 2. Let f be in the class €7, (w), and w(z) = Yooy wsz®, Then, for any e € C. We
€ m? 2
sap )l

2 m K772 7
have |a3 — ea3| < 3795 |wa| + ) w1+ | 572 +

Proof. Consider the condition

(1-a)f'(z) +a (Z]J:(S) - 1) < T(w(z),
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which is a key component of the €7(J, «) condition where T(w(z)) is a Schwarz function
defined by the two holomorphic functions defined in the open unit disk

w(z) = Zoo wsz®, with T(z) =1+ 2:0:1 msz°,

s=1
To obtain the final form of the Schwarz function

T(w(z)) =14 miwiz + (mlwz + mzw%)zz + e

As a result, by satisfying the equality as shown below, the coefficient formula can be
generated with a simple calculation. Let

- @ +o( L 1) = 1wz

Then,

(1—a)f'(z) + oc(zjf,(g) - 1)
X pod —1)agzs~!
=(1—a)+a [1 + S saszs‘l} [—ZS:Z se=Dasz ~ 1} (10)

= 142, saszs~1

o —1)aszs 1
= (1 — ) [1+2a2z + 3a32% + 442 + - - +a[%71}

I will use the second term to simplify things.

YO, s(s—1)aszt !
1+Y2, saszs~1

_ 2ap7%+6a3z3+12a47% +---

T 142ayz+3a322 +4ayz3 4

= 2apz% + (6az — 4a3)z% + (12a4 — 6azaz) — 2a (6a3 — 4a3)z* + - - -
= 2apz> + (6az — 4a3)z% + [12a4 — 18aza3 + 8a3]z* + . ..

We must now replace the preceding term with (10) in order to obtain

— ) zf"(z) _
(1-a)f'(z) + (B - 1) ) -
=(1 —04)[1—!—211224—311322—0—411423—1—---] +a{% -1

= —a+2ap(1 — )z + [3(1 — a)az + 2aay]z> + [4(1 — a)ay + a(6a; — 4a3) |23 + - --

Already, we have
_ 2\ .2
T(w(z)) =1+ mwiz + (mlwg + mzwl)z 4+
So, as a result,

—a+2ay(1 — &)z + [3(1 — a)ag + 2aap]z? + [4(1 — a)ay + a(6a3 —4a3) |23 + - - -
=1+ miwiz + (mywy + mow?)z2 + -+ - .

We obtain
0, — AWl
27 2(1—n),
And
as = 71 wy + mows — a7
3T 31 —a) \ TR T
Such that

o 2 < 721 w7721 7722 6777/1 2
o2 —eaf| < sa-w T s —e N A Taa e )

where 0 < & < 1, 721 and 772, are the coefficients of function T(z). O
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3. Pascal Distribution Series

This section focuses on random variable distributions and how they play a fundamen-
tal role in statistics and probability, as well as how they are widely used to describe and
model a wide range of real-world phenomena.

The Pascal distribution series is a current topic of study in Geometric Function Theory
(see [32,33]), which uses hypergeometric functions to consider the effects on relationships
between various subclasses of analytic and harmonic univalent functions.

Many researchers have examined some important features in geometric function
theory in recent years, such as coefficient estimates, inclusion relations, and conditions of
being in some known classes, using various probability distributions such as the Poisson,
Pascal, Borel, Mittag—Leffler-type Poisson distribution, and so on (see [34-36]).

The main goal of discussing the significance of the power series in the study of
geometric function theory is to concentrate on the association between the properties of
power series functions and the geometric properties of univalent functions [2,20,21].

The remainder of our problem is presented in this paper to show the importance of
the power series distribution for the holomorphic function in the class €7(J,«), as well
as the action of the Pascal distribution series on the class €7 (J, «).

As a result, one of the most exciting distributions in terms of power series is the Pascal
distribution series, which is defined as

a(t,q,z) :z+2:°_2<

wheret > 1, 0 < g <1, z € D. The main part in the form (11) is the function that generated
by Pascal probability as follows

s+t—2\ 5
C )qs Hg-1)'z (11)

g(X =s) = ( tsz) 71, seN=1{0,1,2,..), 12)

where s, t are parameters [37,38].

Certain connections exist between the Pascal distribution series and these subclasses
of analytic functions whose coefficients are Pascal distribution probabilities given necessary
and sufficient conditions for the Pascal distribution power series [37].

The following theorems establish specific associations between the Pascal distribu-
tion series and subclasses of normalized analytic functions whose coefficients are Pascal
transfer probabilities.

Theorem 3. The necessary and sufficient condition for the function @ in the form (11) belongs in
the class €7 (0, ), and it is

3%{ i (5 J{i; 2) [2ps(s — 1) — 20s + 2as]g® (1 — ‘7)t} =0

s=2
Proof. We must prove, according to Theorem 1, that

%(i [2ps(6 — 1) — 255 + 2as] as ) >0
s=2
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As a result, we allow the following equality by grouping the relation (3) and the implication (11).

wis.q.0m = R{ E (5711 psts — 1) - 205+ 208l (1 - '}

G
—§R{2P(5—1 §2(S+t ) (1—q)t}

w00 =20p6 -1+ @-oR{ £ (*T1 1)1

=2

—20p0- 1 +@-or{mi-g' £ (7))o}
20— 1)+ @-or{e+vga-o £ (77 )r

&

Y(s,q,60,0) =2[p(d—1)+ (a = 0)|R{(t+1)q} >0 (13)
The proof is complete. [

Theorem 4. If L(t,z) = Y o2, <S —l_iz 2) F 1 —q) Z; then it belongs to class €7 (4, a) if,

and only if, 2[p(s — 1) — 6 + a|R{(t +1)g} > 0.
Proof. Since

L(t,z) = f(s T:z)qsl(l i

s=2

Then, by Theorem 1, we need only to show that

£ 77w -2l =

that is, let
¥(q,6,a) —2%{i<sii1 > p(s 1)5+“]qs—1(1q)t} >0

Now, by writing s = (s — 1) + s and proceeding by Theorem 1, we obtain

{ s—iJrlt_l)[p(S—l)—Hoc]qs1(1—4)t}

=2[p(s—1) — 5+1x]§R{ i (S —:i12> q5_1(1 — q)t}

5=2

=2[p(s 1) —5+0<]?R{tq(1 —q)' i(5+i_2>qs‘2}

5=2

=2[p(s—1) —5+a]%{(t+1)q(1 —q)t i)(s—;t)fz}

=2[p(s—1)—0+a]R{(t+1)q} =0
which is bounded by greater or than zero if, and only if, this theorem holds.
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4. Conclusions

In this paper, for the first time, a new class of close-to-convex functions €7 (9, )
was introduced, which is a subclass of all functions that are univalent in D and have
positive coefficients normalized by the conditions. f(0) = 0, f'(0) = 1; and it satisfies
such condition

o
%(2 [2ps(6 — 1) — 265 + 2as] as > >0
s=2
where 0 < 4 < 1,0 < a < 1, depending on positive real part.

Furthermore, we showed a certain connection between the Pascal distribution series
and subclasses of normalized analytic functions whose coefficients are probabilities of the
Pascal distribution., which is defined as

s+t—2\
@(t/qrz ) = Z+Z:o2< f—1 >q5 1(q - 1)tzs
wheret > 1, 0 < g <1, z € D, and the main part in the Pascal distribution series, is the
function that was generated by Pascal probability as follows

g(X =s) = (sﬁf)f‘lw—l)% sEN=1{0,1,2,...}

While other researchers defined and studied the other classes in geometric function
theory having geometric properties as convex function, starlike function, and their orders
as k-starlike function, when they proved that f is univalent function and R(f’(z)) > 0,
when f satisfies the differential inequality

2f" (2)
&)

and f belongs to class of all analytic functions in the open unitdisk D = {z € C: |z| < 1}
and normalized by the conditions f(0) = 0, f/(0) = 1. Ref. [26] and others investigated
such connections between various subclasses of analytic univalent functions by applying
certain convolution operator involving Poisson distribution series with positive coefficients
in the open unit disk (cf. [27,36]).

The symmetry properties of the functions defined by an equation or inequality can
be studied to obtain solutions with particular properties. The study of special functions
by differential subordinations method could give interesting results about their symmetry
properties. In a future paper, symmetry properties for different functions can be studied
using the concept of quantum computing.

%[(1—a)f’(z)+a<l+ >:|<,3,Z€]D)
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