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1. Introduction

The field of fractional integrals and derivatives is vast, and its importance is increasing
daily due to its numerous applications. Different definitions have been proposed, leading
to several approaches to the subject. It is worth noting that all existing types of fractional
integro-differentiation operators are discussed in the book by S. Samko, A. A. Kilbas, and
O. Marichev [1], along with the applications of fractional calculus to different equations,
including the first-order integral equation, the Euler–Poisson–Darboux-type equations,
and differential equations of fractional order. It is worth examining the findings presented
in [2,3], where several extensions are proposed.

In this research study, we only use the Euler and Caputo definitions for fractional
derivatives, without delving into the complex framework surrounding it. Our goal is
to demonstrate that we can find solutions to certain types of initial value problems for
fractional differential equations by making judicious use of power series expansions with
rational exponents. It is worth noting that the powers used in these expansions exhibit a
natural symmetry, as they are integer multiples of a given number α, where 0 < α < 1.

It should be noted that the method being discussed in this context, which is essentially
the indeterminate coefficient method, may not be suitable for solving every problem of
this nature. However, this technique is worth exploring in greater depth, as it can often be
adapted to the equation being studied, thereby avoiding the need for the more complex
techniques outlined in the cited bibliography [4–12].

It is worth noting that the same approach can be applied to the solution of more
general equations as well as to the evaluation of the approximation errors, as shown by
G. Groza and M. Jianu [13]. Please note that in our case we are finding exact solutions, and
as such the aforesaid step is unnecessary.

In the final section of this paper, we utilize the same methodology to obtain an
approximate solution to the fractional-order logistic equation. A similar approach can
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be found in the articles of M. Ortigueira et al. [14–16], which were recently shared with
us by the author after our article in MDPI Symmetry [17] was published. We encourage
interested readers to refer to these articles for further information.

2. Fractional Derivative of Powers

The definition of the fractional derivative of a power function dates back to Euler, and
falls within the definition of fractional derivatives introduced by Caputo as a special case:

Dν
t tn =

Γ(n + 1)
Γ(n + 1− ν)

tn−ν , (n ≥ [ν]) ,

Dν
t tn = 0 , (n < [ν]) ,

(1)

where n and ν are rational numbers and [ν] denotes the integral part of ν. If c is a constant,
then Dν

t c = 0.
As is known from theory, the Caputo derivative is defined in the following way [18]:

Dν
a+ f (t) =

1
Γ(n− ν)

∫ t

a

f (n)(τ)
(t− τ)ν−n+1 dτ , (n ≥ [ν]) ,

and reduces to (1) when a = 0 and f (t) = tn.

Particular Cases

As an example, when ν = 1/2 and n is an integer, we find that

D1/2
t tn =

n!
Γ(n + 1

2 )
tn− 1

2 , (n ≥ 1) , (2)

and more generally, for ν = (2k + 1)/2 with (k = 1, 2, . . . ),

D3/2
t tn =

n!
Γ(n− 1/2)

tn−3/2 , D5/2
t tn =

n!
Γ(n− 3/2)

tn−5/2 ,

DN−1/2
t tn =

n!
Γ(n− N + 3/2)

tn−N+1/2 ,

where

Γ(1/2) =
√

π , Γ(3/2) =
√

π

2
, . . . , Γ(n + 1/2) =

(2n− 1)!!
2n

√
π .

The first few examples of fractional derivatives of powers are shown in the Appendix A
at the end of this article.

3. Expansion in Fractional Powers

We define the expansion of an analytic function f (t) in terms of fractional powers as
per the following expression:

f (t) = a0 +
a1

Γ(3/2)
t1/2 +

a2

Γ(5/2)
t3/2 +

a3

Γ(7/2)
t5/2 + · · ·+ an

Γ(n + 1/2)
tn−1/2 + . . .=

a0 +
∞

∑
n=1

an

Γ(n + 1/2)
tn−1/2 .

(3)

This is a formal expansion, and series convergence aspects are not considered here, as
only a finite number of terms is considered in the following.

The meaning of the expansion coefficients is as follows.
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Of course, we have a0 = f (0); as it is possible to exchange the Caputo fractional
derivative D1/2 with the series symbol (see [18]), we find

D1/2
t f (t)|(t=0) =

a1

Γ(3/2)
D1/2

t t1/2|(t=0) +
a2

Γ(5/2)
D1/2

t t3/2|(t=0) + . . . ,

that is,

D1/2
t f (t)|(t=0) =

a1

Γ(3/2)
Γ(3/2)

Γ(1)
+

a2

Γ(5/2)
Γ(5/2)

Γ(2)
t|(t=0) + 0 + · · · = a1 ,

D3/2
t

(
f (t)− a0 −

a1

Γ(3/2)
t1/2

)
|(t=0)=

D3/2
t

(
a2

Γ(5/2)
t3/2 +

a3

Γ(7/2)
t5/2 + · · ·+ an

Γ(n + 1/2)
tn−1/2 + . . .

)
|(t=0)=

(
a2

Γ(5/2)
Γ(5/2)

Γ(1)
+

a3

Γ(7/2)
Γ(7/2)

Γ(2)
t +

a3

Γ(7/2)
Γ(7/2)

Γ(3)
t2 + . . .

)
|(t=0) = a2 ,

and, for the general N-th coefficient,

D(N−1/2)
t

(
f (t)− a0 −

N−1

∑
n=1

an

Γ(n + 1/2)
tn−1/2

)
|(t=0) = aN .

Remark 1. Similar expansions could be obtained assuming ν = 1/3, 1/4, . . .

Subsequent Derivatives of Order 1/2

Considering the expansion in (3), we find

D1/2
t f (t) = a1 + a2 t +

a3

2!
t2 +

a4

3!
t3 + · · ·+ an+1

n!
tn + . . . , (4)

Dt f (t) = D1/2
t D1/2

t f (t) =
a2

Γ(3/2)
t1/2 +

a3

Γ(5/2)
t3/2 +

a4

Γ(7/2)
t5/2 + . . .

+
an+1

Γ(n + 1/2)
tn−1/2 + . . . ,

(5)

Dt D1/2
t f (t) = D3/2

t f (t) = a2 + a3 t +
a4

2!
t2 + · · ·+ an+2

n!
tn + . . . , (6)

D2
t f (t) = D1/2

t D3/2
t f (t) =

a3

Γ(3/2)
t1/2 +

a4

Γ(5/2)
t3/2 +

a5

Γ(7/2)
t5/2 + . . .

+
an+2

Γ(n + 1/2)
tn+1/2 + . . . .

(7)

Other half-integer-order derivatives can be easily derived by noting that at each step
it is sufficient to increase the index of the coefficients an by one unit and leave the powers
of the variable t unchanged.

In the following, we apply the method of indeterminate coefficients to solve initial
value problems of fractional differential equations.
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4. Examples
4.1. Example 1

Let us first consider the problem of finding a particular solution for the following
inhomogeneous fractional equation [10]:

D1/2
t Z(t) + Z(t) = t2 +

2
Γ(5/2)

t3/2 ,

Z(0) = 0 .
(8)

Set

Z(t) =
∞

∑
n=0

an
tn

n!
, (9)

then, D1/2
t (tn/n!) =

1
Γ(n + 1

2 )
tn− 1

2 .

Recalling that the Caputo differentiation under the series symbol holds for analytic
functions, and considering that the fractional derivative of the first constant term vanishes,
we can conclude that

∞

∑
n=1

an
1

Γ(n + 1
2 )

tn− 1
2 +

∞

∑
n=0

an
tn

n!
= t2 +

2
Γ(5/2)

t3/2 ,

that is

a1
1

Γ(3/2)
t1/2 + a2

1
Γ(5/2)

t3/2 + a3
1

Γ(7/2)
t5/2 + · · ·+

a0 + a1t + a2
t2

2!
+ a3

t3

3!
+ · · · = t2 +

2
Γ(5/2)

t3/2 .

Comparing the two members, we find

a0 = a1 = 0, a2 = 2, a3 = a4 = a5 = · · · = 0 ,

meaning that the solution is found to be Z(t) = t2, as has been verified using a more
complex approach in [4].

Remark 2. In this case it is sufficient to consider a classical Taylor expansion for the solution, as
considering powers of type tn/2 leads to the same result through more time-consuming calculations.
In the following, the specific type of fractional expansion is selected in such a way that negative
powers of the variable t never appear. The condition for which this holds is reported in Section 5.

4.2. Example 2

Consider the linear initial value problem [10]
Z′(t) + D1/4

t Z(t) + Z(t) =
5
2

t3/2 + t5/2 +
15
8

√
π

Γ(13/4)
t9/4 ,

Z(0) = 0 .

(10)

Set

Z(t) =
∞

∑
n>4

an tn/4 , (11)



Symmetry 2023, 15, 1842 5 of 13

then,

Z′(t) =
∞

∑
n>4

n
4

an t(n−4)/4 , (12)

D1/4
t Z(t) =

∞

∑
n>4

an D1/4
t tn/4 =

∞

∑
n>4

an
Γ( n

4 + 1)

Γ( n
4 + 3

4 )
t(n−1)/4 .

When comparing with the second term, we notice that the only non-zero coefficients
an are those with n = 6 and n = 10 in (11) and with n = 10 and n = 14 in (12). Additionally,
looking at the coefficient with n = 10 and recalling that Γ(7/2) = 15

√
π/8, we find

D1/4
t a10 t5/2 = a10

Γ(5/2 + 1)
Γ(13/4)

t9/4 = a10
15
8

√
π

Γ(13/4)
t9/4 .

Upon combining the equations above, we can conclude that

5
2

a10 t3/2 +
7
2

a14 t5/2 + a10
15
8

√
π

Γ(13/4)
t9/4 + a6 t3/2 + a10 t5/2 =

=
5
2

t3/2 + t5/2 +
15
8

√
π

Γ(13/4)
t9/4 ,

from which the following conditions are derived:

a6 = a14 = 0, a10 = 1 .

Therefore, the solution is provided by

Z(t) = t5/2 .

4.3. Example 3

Consider the fractional oscillation equation of a rigid plate immersed in a Newtonian
fluid [8,10]:

Dν
t Z(t) + Z(t) = t4 − 1

2
t3 − 3

Γ(4− ν)
t3−ν +

24
Γ(5− ν)

t4−ν , (0 < ν < 1) ,

Z(0) = 0 .
(13)

Because the exact solution Z(t) = t4 − 1
2 t3 is independent of the choice of ν, we let

ν = 1/4 such that
D1/4

t Z(t) + Z(t) = t4 − 1
2

t3 − 3
Γ(15/4)

t11/4 +
24

Γ(19/4)
t15/4 ,

Z(0) = 0 ,

Set

Z(t) =
∞

∑
n>4

an tn/4 , (14)

then,

D1/4
t Z(t) =

∞

∑
n>4

an D1/4
t tn/4 =

∞

∑
n>4

an
Γ( n

4 + 1)

Γ( n
4 + 3

4 )
t(n−1)/4 .
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By inspecting the second member of (12), we can conclude that the only non-zero
coefficients are those with n = 16 and n = 12. Then,

D1/4
t a16 t4 =

∞

∑
n>4

a16
Γ(5)

Γ(4 + 3/4)
= a16

24
Γ(19/4)

t(15/4) ,

and

D1/4
t a12 t3 =

∞

∑
n>4

a12
Γ(4)

Γ(3 + 3/4)
= a12

6
Γ(15/4)

t(11/4) .

Upon substituting into (12), we find

a16
24

Γ(19/4)
t(15/4) + a12

6
Γ(15/4)

t(11/4) + a16 t4 + a12 t3 =

t4 − 1
2

t3 − 3
Γ(15/4)

t11/4 +
24

Γ(19/4)
t15/4 ,

thus, that it must be the case that

a12 = −1
2

a16 = 1 .

Therefore, the solution is found to be Z(t) = t4 − 1
2 t3.

5. A More General Fractional Differential Problem

In this section, we consider a set of more general fractional differential equations that
can be solved using the technique of indeterminate coefficients.

To this end, consider the following fractional differential problem:

α1Dν1
t Z(t) + α2Dν2

t Z(t) + · · ·+ αmDνm
t Z(t) + Z(t) = Πr(t) +

β1
Γ(1 + k1/ν)

Γ(1 + k1/ν− ν1)
tk1/ν−ν1 + · · ·+ βm

Γ(1 + km/ν)

Γ(1 + km/ν− νm)
tkm/ν−νm ,

Z(0) = 0 ,

(15)

where 0 < νk = 1/nk < 1, (k = 1, 2, . . . , m), ν is the LCM of n1, n2, . . . , nm, and Πr(t)
is a given polynomial of degree r.

We can write the solution Z(t) as a combination with indeterminate coefficients of
the form

Z(t) =
∞

∑
n>ν

an tn/ν = aν t + · · ·+ aν+k1 tk1/ν + · · ·+ aν+km tkm/ν + · · ·+ ar tr/ν + . . . . (16)

Then,

Dν1
t tk1/ν =

Γ(1 + k1/ν)

Γ(1 + k1/ν− ν1)
tk1/ν−ν1 , . . . ,

Dνm
t tkm/ν =

Γ(1 + km/ν)

Γ(1 + km/ν− νm)
tkm/ν−νm ,

(17)

and upon substitution into (15) we find a system of linear algebraic equations with a
solution that provides the indeterminate coefficients.
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6. Higher-Order Fractional Equations

In this section, we use the complete expansion of a function f (t) in terms of integer
and half-integer powers of t to solve higher-order fractional equations even with non-
homogeneous initial conditions.

Set

f (t) = a0 + a1 t1/2 + a2 t + a3 t3/2 + a4 t2 + a5 t5/2 + · · · = a0 +
∞

∑
n=1

an tn/2 . (18)

Depending on the order of the considered fractional differential equation and the
assigned initial conditions, the expansion (18) can be adapted to solve initial value problems
involving higher-order fractional equations, as can be seen in the following examples
borrowed from the literature.

6.1. Example 4

Consider the following inhomogeneous Bagley–Torvik fractional differential equation
(see [6], Ex. 5.1):  D2

t y(t) + D3/2
t y(t) + y(t) = 1 + t ,

y(0) = 1 , y′(0) = 1 .
(19)

Because the second-derivative term is present in the considered equation, we set a1 = a3 = 0
in the expansion (18). Noting that a0 = y(0) = 1, we have

y(t) = 1 + a2 t + a4 t2 + a5 t5/2 + a6 t3 + a7 t7/2 + . . . , (20)

and

y′(t) = a2 + 2 a4 t +
5
2

a5 t3/2 + 3 a6 t2 +
7
2

a7 t5/2 + . . . .

By enforcing the second initial condition, we obtain a2 = 1.

D3/2
t y(t) = D1/2

t y′(t) = 2 a4
1

Γ(3/2)
t1/2 +

5
2

a5
Γ(5/2)

Γ(2)
t + . . . ,

y′′(t) = 2 a4 +
15
4

a5 t1/2 + 6 a6 t +
35
4

a7 t3/2 + . . . .

Upon substituting into (19) and considering the powers of t up to order 1 such that all
the large-index coefficients vanish, we find

2 a4 +
15
4

a5 t1/2 + 6 a6 t + 2 a4
1

Γ(3/2)
t1/2 +

5
2

a5
Γ(5/2)

Γ(2)
t + 1 + t = 1 + t .

It follows that a4 = a5 = 0, as no fractional-power terms are present in the second
member; furthermore, 6 a6 + 1 = 1 and consequently a6 = 0. Therefore, the solution is
found to be y(t) = 1 + t, as reported in [6].

6.2. Example 5

Consider the following inhomogeneous fractional differential equation (see [11],
Ex. 5.2): 

D2
t y(t) + D1/2

t y(t) + y(t) = t3 + 6 t +
16

5
√

π
t5/2 ,

y(0) = y′(0) = 0 .

(21)
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Because the second-derivative term is present in the considered equation, we set
a1 = a3 = 0 in the expansion (18). Noting that a0 = y(0) = 1, we have

y(t) = a4 t2 + a5 t5/2 + a6 t3 + a7 t7/2 + a8 t4 + a9 t9/2 + . . . , (22)

and

y′(t) = 2 a4 t +
5
2

a5 t3/2 + 3 a6 t2 +
7
2

a7 t5/2 + 4 a8 t3 +
9
2

a9 t7/2 + . . . .

The second initial condition is obviously satisfied.

D1/2
t y(t) = a4

2
Γ(5/2)

t3/2 + a5
Γ(7/2)

Γ(3)
t2 + a6

6
Γ(7/2)

t5/2 + a7
Γ(9/2)

Γ(4)
t3 + . . . ,

y′′(t) = 2 a4 +
15
4

a5 t1/2 + 6 a6 t +
35
4

a7 t3/2 + 12a8 t2 +
63
4

a9 t5/2 + . . . .

As the second member of Equation (21) contains only powers of orders not greater
than 3, it is sufficient to restrict our attention to the same powers in the expression of
y(t), D1/2

t y(t), y′′(t) while setting all the coefficients an with n ≥ 9 equal to zero. Then,
substituting into (21), we find

2 a4 +
15
4

a5 t1/2 + 6 a6 t +
35
4

a7 t3/2 + 12a8 t2 +
63
4

a9 t5/2 +

a4
2

Γ(5/2)
t3/2 + a5

Γ(7/2)
Γ(3)

t2 + a6
6

Γ(7/2)
t5/2 + a7

Γ(9/2)
Γ(4)

t3 +

a4 t2 + a5 t5/2 + a6 t3 = t3 + 6 t +
16

5
√

π
t5/2 .

Inspecting the second member, we can conclude that only the powers of t with order
1, 5/2, and 3 have to be retained. As a consequence, we set a4 = a5 = a7 = a8 = 0.
Furthermore, it must be the case that a6 = 1 and

6
Γ(7/2)

+ a9
63
4

=
16

5
√

π
,

which implies that

a9 =
4

63

[
16

5
√

π
− 6

Γ(7/2)

]
=

4
63

[
16

5
√

π
− 6 · 8

15
√

π

]
= 0 ,

confirming the initial assumption. Therefore, the solution is found to be y = t3, as reported
in [11].

6.3. Example 6

Consider the following inhomogeneous fractional differential equation (see [12], Ex. 5.1): D3
t y(t) + D5/2

t y(t) + y2(t) = t4 ,

y(0) = y′(0) = 0 , y′′(0) = 2 .
(23)

Taking into account that a third-derivative term is present in the considered equa-
tion, by enforcing the first two initial conditions we set a0 = a1 = a2 = a3 = 0 in the
expansion (18) such that

y(t) = a4 t2 + a5 t5/2 + a6 t3 + a7 t7/2 + a8 t4 + a9 t9/2 + · · ·+ a13 t13/2 + a t7 + . . . , (24)
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y2(t) = a2
4 t4 + a2

5 t5 + a2
6 t6 + · · ·+ 2 a4 a5 t9/2 + 2 a4 a6 t5 + 2 a4 a7 t11/2 + . . . ,

and

y′(t) = 2 a4 t +
5
2

a5 t3/2 + 3 a6 t2 +
7
2

a7 t5/2 + 4 a8 t3 +
9
2

a9 t7/2 + . . . ,

y′′(t) = 2 a4 +
15
4

a5 t1/2 + 6 a6 t +
35
4

a7 t3/2 + · · ·+ 143
4

a13 t9/2 + 42 a14 t5 + . . . ,

y′′′(t) = 6 a6 +
105

8
a7 t1/2 + 24 a8 t + · · ·+ 1287

8
a13 t7/2 + 210 a14 t4 + · · ·+ ,

where we have adopted the Caputo definition and made use of the identities Dt t1/2 = 0
(because 1/2 < 1) and D5/2

t t2 = 0 (because 2 < 5/2). Then,

D5/2
t y(t) = a6

Γ(4)
Γ(3/2)

t1/2 + a7
Γ(9/2)

Γ(2)
t + a8

Γ(5)
Γ(5/2)

t3/2 + · · ·+ a13
Γ(15/2)

Γ(5)
t4 + . . . .

By substitution into (23), we find the condition

a2
4 + a13

Γ(15/2)
Γ(5)

+ 210 a14 = 1 .

However, similarly to the expansion (24), it must be the case that an = 0 for n ≥ 5;
therefore, in the last equation, we must enforce a13 = a14 = 0 as well as a4 = 1 to ensure
that the exact solution of the problem (23) is found to be y = t2.

7. The Fractional-Order Logistic Equation

We consider the fractional-order logistic initial value problem [19] Dα
t P(t) = r P(t)

[
1− 1

K P(t)
]

, (0 < α < 1) ,

P(0) = p0 .
(25)

The expansion in fractional powers, as introduced in the preceding sections, is adopted
to derive the following result.

Theorem 1. Setting

P(t) =
∞

∑
n=0

an
tαn

Γ(α n + 1)
, (26)

the solution of the fractional-order logistic initial value problem in (25) is evaluated by computing
the an coefficients through the following recursion:

a0 = p0

an+1 = r

[
an −

1
K

n

∑
k=0

ak an−k Γ(n α + 1)
Γ(α(n− k) + 1) Γ(α k + 1)

]
.

(27)

Proof. From Equation (26), we find

Dα
t P(t) =

∞

∑
n=1

an
t(n−1) α

Γ((n− 1) α + 1)
=

∞

∑
n=0

an+1
tn α

Γ(n α + 1)
,
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P(t) · 1
K

P(t) =
1
K

∞

∑
n=0

n

∑
k=0

ak an−k
tn α

Γ(α(n− k) + 1) Γ(α k + 1)
.

By substitution into (25), we find

∞

∑
n=0

an+1
tn α

Γ(n α + 1)
=

= r

[
∞

∑
n=0

an
tαn

Γ(α n + 1)
− 1

K

∞

∑
n=0

n

∑
k=0

ak an−k
tn α

Γ(α(n− k) + 1) Γ(α k + 1)

]
=

= r
∞

∑
n=0

[
an

Γ(n α + 1)
− 1

K

n

∑
k=0

ak an−k
Γ(α(n− k) + 1) Γ(α k + 1)

]
tn α ,

and the recursion (25) for the an coefficients follows.

7.1. Numerical Examples
7.1.1. Example 7

Assuming that α = 0.75; r = 0.2; K = 5.0; p0 = 0.5, and using the recursion in (27), we
find the graph reported in Figure 1, where a comparison with the approximation obtained
in [20] using the predictor-corrector method is shown.

Figure 1. Graph of the solution of (25) using the recursion in (27) (dashed line) as compared to the
solution obtained using the predictor–corrector method in [20].

7.1.2. Example 8

Assuming that α = 0.25; r = 0.2; K = 1.0; p0 = 0.25 and using the recursion in
(27), we find the graph depicted in Figure 2, where a comparison with the approximation
obtained in [20] using the predictor–corrector method is shown.



Symmetry 2023, 15, 1842 11 of 13

Figure 2. Graph of the solution of (25) using the recursion in (27) (dashed line) as compared to the
solution obtained using the predictor–corrector method in [20].

7.1.3. Example 9

Assuming that α = 0.9; r = 0.9; K = 1.0; p0 = 0.9 and using the recursion in (27), we
find the graph depicted in Figure 3, where a comparison with the approximation obtained
in [20] using the predictor=-corrector method is shown.

Figure 3. Graph of the solution of (25) using the recursion in (27) (dashed line) as compared to the
solution obtained using the predictor-=corrector method in [20].

8. Conclusions

We have presented an elementary method to solve non-homogeneous fractional differ-
ential problems. The method is based on the series expansion of the solution in fractional
powers with indeterminate coefficients. Using the classical Euler formula for fractional
derivatives, which is part of the broader fractional differential operator theory introduced
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by Caputo, it is easy to construct the solution of initial value problems without resorting to
more sophisticated theories.

An approximation of the solution for the fractional-order logistic equation has been
provided, along with numerical verifications carried out using the Mathematica© computer
algebra program.

We believe that this method could be extended to boundary value problems, though
we have not yet verified such applications. However, we have considered the solution of
more general initial problems in a recent article; see [17].
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Appendix A

Figure A1. Table of fractional derivatives.
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