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Abstract: This paper introduces novel generalizations of dynamic inequalities of Copson type within
the framework of time scales delta calculus. The proposed generalizations leverage mathematical
tools such as Holder’s inequality, Minkowski’s inequality, the chain rule on time scales, and the
properties of power rules on time scales. As special cases of our results, particularly when the
time scale T equals the real line (T = R), we derive some classical continuous analogs of previous
inequalities. Furthermore, when T corresponds to the set of natural numbers including zero (T = Np),
the obtained results, to the best of the authors’ knowledge, represent innovative contributions to
the field.
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1. Introduction

Hardy, known primarily as a problem-solver, contributed significantly to the develop-
ment of inequalities. His initial systematic treatment of inequalities laid the groundwork for
subsequent work, much of which was influenced by his collaboration with Littlewood and
Poélya on the book Inequalities, published in 1934 [1]. This seminal work spurred widespread
study in the field, with notable contributions from Copson [2,3] and Knopp [4].

One of Hardy’s key contributions is the classical discrete inequality established in
1920 [5], expressed as follows:

00 1 X ‘ ¢ ¢ { oo ‘
¥ (L%a0) < () Lieal, =1 (1)

x=1

where a(s) > 0for» > 1land 3 [a(5¢)] < co. Hardy later extended this to an integral
inequality [6], providing conditions under which a function & > 0 is integrable over (0, 1),
A € (0,00), given by:

/000 ()1\ /OAE(T)dTyd)\ < (e_glyfooo[E(A)]édA, (>1, )
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where (¢/ (¢ — )) in (1) and (2) is the optimal constant. The authors of [7] showed that if
E(A) >0and [j [ ]“d)A < oo, then

b G /;OE(TWT) ar = (1 : g)g'/(;w[a(m%, 0<f<1.

Also, the constant (¢/(1 — E))[ is the best possible.
Building upon Hardy’s work, Copson [8] provided a generalized form of the integral
inequality (2), introducing parameters £ > 1 and a > 1, expressed as follows:

a—1

€ £ e
/ aw)((“l”iadﬁg( ‘ ) [ e@aw) @), )

where
o

Y(9) :/Oﬂg( ¥)E(x)dx and A(8) = / & (x)dx.

0

Mohapatra and Vajravelu [9] showed that if {(9) € C[0,00) is a positive function,
E(9) >0,¢>1and 3 G, H > 0such that

9]¢ (9)] < GE(8) and 9E(8) < HA(8), V8 >0, (4)

then
[eo (XY ae<@om [7(3 [eoplzma) .

and

e ﬂ;ﬁg%)zﬂ <weiey [([ELZD0)

where Y (¢ fo x)di, A9 fo k)dkand C =G+ H + 1.

Also, some authors presented the dlscrete Formulas (5) and (6) (see [10]).

The purpose of this study is to establish some new generalizations of (5) and (6) on time
scales by leveraging Holder’s inequality, Minkowski’s inequality and chain rule formula.
The paper’s exploration of novel inequalities within the framework of time scales delta
calculus hints at potential applications of symmetry, suggesting a deeper understanding of
the inherent balance and invariance present in the mathematical structures under consider-
ation. The concept of symmetry in this context may be connected to exploring patterns,
invariances or relationships within the established dynamic inequalities on time scales. For
more results about the dynamic inequalities, see the book [11] and the papers [12,13].

In [14], El-Deeb et al. proved thatif 0 < x € T, § > a, then () and ¢ are non-
negative (v, a)-nabla fractional differentiable and locally integrable functions on [x, co)p. Let

E|A>05uchthat%(;)) < Aforé € [x,00)7.Ifk >0,{>1,k+6>1and 0 < v < 1are

real constants, then

k = oo k+0—
s 4> T s < KL= 1 o () Q@) [F )T
k+9 y+1 avr = k_|_9 — X [w(é)]k*FG*’)/ avs
where w(8) = [~ ¢p()VIL ¥ () = [ ¢ t)Vat, ¥(x) < oo and fx (6 )V7(5 < 0.
In [15] Saker et al. proved thatif A,Q) >0 functlons, A(O f A(x)Ax, A(o0) = oo

and ¥ (¢ f A(x)Q(x)Ax for any @ € [¢, 00), then



Symmetry 2024, 16, 288

30f20

© A (8)[¥7 (9)]" o¥e-1()
/S (A7 (9)] Av = —1/ A,, 1 ®) AY, €>1.

In [16], Saker et al. showed that if A,QQ > 0 functions, A(d) = ff/’\(x)Ax,
f A(x)Q(x)Ax for any 8 € [¢,00),1 < ¢ </, then

o o ¢ 0
/ A(fﬁagﬁﬂ Mécﬂ/g ATEBAB)QB) Y (8)A8,

0 o 4 [N o (L—1)c
[FAAEON g (L) O iy
e [A7(9)] c=1) Je  (A(8)"D
In [17], Ashraf et al. proved that Ty, ..., T, denote time scales. For ¢ > 1,j=1,...,n,
consider b; € [0,00), Q: Ty x --- x Ty = RT, & : T; = RY, Aj(y;) = fb’ Zi(9;)A0; and

Aj(c0) = 0.1f

e oo 1 C:j(ﬂf)
(1, yn) = /yl "./yn i=1 qu<l9j)

]

and

Q0 ..., 08,)A0 ... ADy,

then

/b /b Hf;’] y] yll . ;yn)Ay1...Ayn
1

"=
= Ene/b /b Hg] y] yl’ . /]/n)AylAyn
Iy v i1
In [18], Kayar and Kaymakcalan observed that w, & are non-negative, along with

ld-continuous, V-differentiable and locally nabla integrable functions. In addition, if

G(9) = fﬂ (y)Vyand H(9) = fjw(y)':(y)VywithH( 00) < 00, thenf G,H())Vﬂ < o0,

If there exists L > 0 such that (( )) < Lfor® € (¢,00)p,1 > 0,5 >1,1+7r > 1arereal
constants, then

w( H’+9) I+¢ w(9)E( Hl+€ 1(19)w
/ l+r —l+rf1/ l+r1

In [19], Saker et al. proved that if u, h are positive rd-continuous functions on
[e,b]T, U(x) = [fu(9)A¢and 1 < ¢ < oo, then

/gbu(K) (/:h(ﬁ)Aﬁ)leK < ./Eh”(K)(W>ZAK' @)

The inequality (7) is reversed for 0 < ¢ < 1, while ¢ = 1 holds equality.

The structure of this article unfolds as follows: In Section 2, we introduce several
lemmas on time scales, which are essential for the proofs presented in Section 3. The
outcomes we establish in Section 3 encompass the inequalities (5) and (6), previously
demonstrated by Mohapatra and Vajravelu [9] in the special cases where T equals the
real numbers (T = R). Additionally, when T is equivalent to the set of natural numbers
(T = N), our results, to the best of the authors” knowledge, represent novel findings.
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2. Preliminaries

Bohner and Peterson [20] defined the time scale T as an arbitrary non-empty closed
subset of the real numbers R. Thus

R/ R+/ Z/ N/ NO/

i.e., the real numbers, non-negative real numbers, the integers, the natural numbers,
and the non-negative integers are examples of time scales. Also, they defined the for-
ward jump operator by o(e) := inf{w € T : w > e} and the graininess function y by
u(e) :=o(e) —e > 0. For any function Z : T — R, E7(¢) denotes E(o(¢)).

The set T* is derived from the time scale T as follows: If T has a left-scattered maxi-
mum 1, then T* = T — {m}. Otherwise, T* = T. In summary,

T T\(p(supT), supT] if supT < oo
O\ T if supT = oo.

Definition 1 ([20]). & : T — R s called rd—continuous if it is continuous at right dense points in
T and its left-sided limits exist (finite) at left dense points in T. The set of rd—continuous functions
is denoted by C,4(T, R).

Definition 2 ([20]). Assume that E: T — R is a function and let & € T. We define Z°(¢) to be
the number, if it exists, as follows: for any € > 0, there is a neighborhood U = (¢ — 6,5+ ) N'T
for some & > 0, such that

E(0(8)) — B(y) = EX(E)(0(8) — )| < elo(@) —yl Yy eU, y#o(@)
In this case, we say that 52 (&) is the delta derivative of E at &.

Theorem 1 ([20]). Assume Z, Q) : T — R are differentiable at ¢ € T. Then
1. E+4+Q:T — Risdifferentiable at ¢, and

(E+0)2() =EA(E) + Q%(0).
2. EQ:T — Ris differentiable at ¢ and the “product rule,” which is defined by

(EQ)A(Z) = EA(2)Q(0) + E(0(§)Q% () = E(0)Q3(E) + EX(E)e(?)),

holds.
3. IfQ(E)Q(c(E)) # 0, then we have the quotient E/CQ) : T — R is differentiable at {, and the
“quotient rule”

=\ A =A _= A
(u) (&) = ZE)OE) — E()O7(C)
holds.

Theorem 2 ([20]). Suppose there is a continuous function €3 : R — R whose restriction (2 : T —
R is delta differentiable on T and & : R — R is continuously differentiable. Then

(Q()OH@); c € g (@) (®)
Definition 3 ([20]). Y : T — R is called an antiderivative of & : T — R if
YA(Q) =E(), ¥eeT:

!

(E00)4(@) ==

In this case, the Cauchy integral of Z is defined by
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/rya(g)m'; =Y(y)—Y(r), VryeT.

Theorem 3 ([20]). Every rd-continuous function Z : T — R has an antiderivative. In particular,
if o € T, then

é A
(/go Q(T)Ar> —5(&), for €T
Lemma 1 ([21]). Ifr,s € T and u, v € Cyy([r,s]y, R), then
[ u@0* @88 = (@@ - [ 1@ @) ©)

Lemma 2 ([21]). Ifr,s € Tand A, w € Cyy([r,s]y, RT), then

1
v
7

[ e < | [era % [l 0

wherey > land 1/v+1/v=1.

Lemma 3 (Weighted Minkowski’s Inequality [21]). Let x, A, w € Cy([r,s]p, RT) and £ > 1.
Then

1
4

JEGRGERERY

1 1
4 7

< | [xonersd + | [ x@wors an

Lemma 4 ([22]). Assumer,& € T and Q € Cyy([r,00)r, RY). If € > 1, then

-1

</rg(§)Q(K)AK>[ . Z/ra(é)Q(K) </ra(K)Q(7)Ar) A

Lemma 5 ([22]). Let r € Tand ¢, 7 € Cyy([r,00), RT). Then

“o@)( ["neac)ac= [Ty@ (" ptoar)ac
[7e@ ([ rmax)az= [Tre (]

Lemma 6 ([23]). Let Q € C,y([r, )1, RT) and £ > 1. Then

</;Q(K)AK)Z < 6/: Q(x) (/KOOQ(T)ATYAAK'

Lemma 7. Assume that ¢ € T, ¢ > 1 with 1/0+1/¢* = 1and E : [g,00)y — RT.If
Z : [e,00)T — R™ is a positive, differentiable and nonincreasing function with

and there exists a positive constant H such that (¢ — €)Z(&) < HA(E), then

(k—9z(]F
tim =R g () = 0.
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Proof. Since Z(4) is a positive and non-increasing function, we have for 6 > «, that
Z(6) < Z(x) and then

/K°° %M < [Z(0)]T /:O f@gm (12)
Since ( )Z(x)
NG <H,

< H[Z(x)]7 /oo 200))'2(0) 5 H/oo 200 ps
- K o—c¢ - k 0—

then

(k- )[Z(0)])7 O mEE)
0= lim =@ ¢ sHlm | 5 45=0,

and then by using the Sandwich theorem, we obtain

*"—‘

oy (£ —8)[Z(0)]7 _
L R
O

3. Main Results

Throughout the following results, we will assume that the functions are rd-continuous
functions on [¢, co) and the integrals considered are assumed to exist.

Theorem 4. Assumee € Tand ¢ > 1with1/0+1/0* = 1. Let Z({) > 0 be a differentiable and
non-increasing function on [¢, o0) and there exists positive constants G, H such that

(0(8) = 9)|22(2)]| < 6Z7(@) and (0(2) —€)Z(&) < HA? (). (13)

Then

<o [TINE)" () ) ([ () ) o

where

Proof. Denote
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Since1/¢ +1/¢* = 1, we obtain

[zo(5g) o

Applying (9) on [7©)[Z(1)] 7 9 (1) Ax, with u(x) = [Z(x)]* and v(x) = P(x), we
see that

1 g a(¢) 1
=zt - [ izt e wax (19

Since (e) = 0, we have that

[ iz g ax
1 o( 1
= @Er @+ [ [z o (19

A
Applying (8) on [— [Z(x)] fi*} , we observe that

zot]" = 22 @z w, te ko) 20
Since Z(x) is a non-increasing function, then Z2(x) < 0 and then
‘ZA(K)‘ — —7%(x). (21)
Since ¢ < o(x) and Z(x) is a non-increasing function, we observe that
270 < [2°(0)] 7 22)

Substituting (21) and (22) into (20), we obtain

and then we have from (19) that

(&) 1
[ 1zt g
1 1 o -1
< @@+ [ @)

Y7 () Axk. (23)
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Substituting (23) into (17), we observe that

[0(g)
© Z(8)
S/e (A7 ()"
1

1 () -1
(z@rre+ g [Cewm?

V4
Z5(x) w‘f(K)AK) AC,

and then

1

[ro(e))
©  Z()
- </s (A7(2)"
1

1 o(¢) -1
(@orvers [T

1

l 7
75 (x) IPU(K)AK> A(’,‘) : (24)

Applying (11) to
( /oo Z(¢)
e (A(2))
1

x ((zv(g))ﬁwp”(g)w*/j(g)(Z"(K»;\ZA(K)

om) a)

with

and

we see that

~l=

l
wU(K)AK:| A(’f) . (25)



Symmetry 2024, 16, 288 9 of 20

Since Z(¢) is a non-increasing function and ¢ (&) > &, we observe that Z7(&) < Z(g).
Moreover, we then have from (13) that

e CACITEIRS

00 l

I TRACIE
(@)

From (16), we observe that

A (Ai(?))( U:@(Z%)f

l

:o (AZU (?)) - { /g 7 h(K)AK:| AZ. 27)

Applying Lemma 4, we see that

{/:(g) h(K)AK:|

o o(x -1
< ! (g)h(K)</()h(T)AT) Ax, (28)

Z%(x)

IPU(K)AK:| ZAC

4

and then we have from (27) that

[l ez

)
< ¢ /S ~ (Af ((?)) . ( /S " ) ( /g 7t h(r)m) HAK> AZ. (29)

Applying Lemma 5, we observe that

/:0 (AZU((?))e </:(§) o) </€a(x) h(r)Ar) £1AK> s
= ./€'°° ne) <'/€~v(f;> h(T)AT)f—l </: (Ai((’;)))[AO AZ. (30)

Applying (8) on A1~(x), we see that

l[)a(K)AK:| ZAC

1 A

T[] = [A@) Z),

where ¢ € [k,0(k)]. Since A®(x) = Z(x) > 0, A is an increasing function on [e, )T; and
then we have for ¢ < o(«) that

(A > [A7(0)] 7,
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thus A
et

Integrating (31) over « from ¢ to oo, we have

©  Z(x) 1 i _nA
T A

- [{A(@)}” ([ zmmc)”]

< =A@

Substituting (32) into (30), we observe that

/€°° (AZU((?))[ </£¢7(€) hx) </:(K) h(r)AT>€_1AK> Az

< o [ ([ heoar) e

From (33) and (29), we have that

/:O (Ai((g)ﬂ U:@(Z”@‘))‘l Z5(x)

Y AGING 1—f( [ umar) sz
- —1/

(A T _
7o ] @@

¢”<K>AK}ZA¢

IN

Zfl

@ ’T e
a)] / -

Applying (10) to

o[ (Ac(e]T
1% @”] MR

27(%)
with indices ¢ > 1 and ¢/ (¢ — 1), we obtain

(-1 /-1

(f ((g))e] : ( [ hmm) A,

(31)

(32)

(33)

(34)

(35)
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Substituting (35) into (34), we observe that

/- (Asz((?w [/:@(ZU(")); |2%(0)

- ﬂf1</ <AZU<(§>)>4 ( @h(mr) Ag)
x(lw

Since Z is a non-increasing function, then Z7 (&) < Z({), and the inequality (36)
becomes

lp”(K)AK} gAC

1
4

(-1
(A (‘:))ﬂ hé(é‘)[A(ﬁ)]E(lZ)Aé) . (36)

27(%)

14

75 (x) 1[JU(K)AK:| AE

A & [./:@@"(K))?‘

[ g 4 2
= </s vy U ) AC)

1

AT t
x ( / “}f(?))] @M@ sz

and from (16), we have that

(/:o (AZU((?))E {/:(é) h(K)AK:| EAC)

o Ao (ay T L(E-1) 7
£f1< [ 5g hf(@)[Z”(@)]”Af:)

I O (3 R R S U P WO [
- 5_1(/8 N0 e Pelvers
Substituting (13) into (37), we observe that
~ 2@ [r@, ] %
</e <AU<5>>‘M " )A]M)

(1@ @)
< Gt ( /g [ } (a(g)—s)ng . (38)

1
4

IN

1
l

(37)

From (27) and (38), we see that

</€oo (Aza((?))e [/:(E)(Z"(KW

A TA@1 Y @) )
= o </ [A(C)] (a(g)—s)ng ' 9

From (25), (26) and (39), we have that

o~

Z%(x)

V4
¢”<K>AK] A@)
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o[ AT (R =1/ poimy N6\ T VNG
<ol [T () ol (%)
Substituting (40) into (24), we observe that
(0 () %)

o [TRET" ey o) oo

which is (14). O

N———
~
>
Nat|
N———
i

Remark 1. If T=R and ¢ = 0, then o(&) = & Z°(¢) = Z(¢), Z2(&) = Z'(¢),
A7 (&) = A(E) and %(g)) = 1; thus, we obtain (5).

Corollary 1. If T =Ny, e =0, ¢ > 1, then Z(§) > 0 is a non-increasing function and there
exists G, H, which are a positive constants, such that

C+DIAZQ) < GZ(G+1), and ({+1)Z(¢) < HA(G+1),

then 0(&) = ¢ + 1, and the inequality

— = +1
< 2 1G+H (;‘6 cri ) (41)

is satisfied, where

-1 -1 .

Y(¢) = Z%)Z(K)E(K), ¥(&) = Y [Z(DIEG)

K= j=0

and
1
= ;)Z(K)

Proof. ForT:No,S:O,wehavea(C):§+1and (14) becomes
¢+1)
ZZ ( <e+1>)1
TAE+ D] (pE DY )
= G</ Srw) () e

1

()
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Since Z(¢) is a non-increasing function, we obtain Z(§) < Z(¢ — 1), and so
¢ g1
AE+1) =) Z(x) = ) Z(x) + Z(7)
k=0 k=0
-1 &1
<Y Z(0)+2(E-1) <2 Y Z(x) = 2A(2). )
k=0 k=0

Substituting (43) into (42), we observe that

@z(é)(ﬁgﬂ;ﬂ < (2o rn) </sm<lp(c§++11))1€> )

which is (41). O

1
Z,

Theorem 5. Assume thate € T, ¢ > 1with1/¢+1/0* = 1and E() is a non-negative function

on [e,00)1. If Z(&) > 0 is a differentiable and non-increasing function on [e, oo) and there exists
G, H, which are positive constants, such that

(€-b)|z2©)| < 627(2) and (- 1)Z(2) < BAQ), (44)

then

< [z Z(Z)(f)(")m)g@ <o [To@r'as) P

1;—
where C =1+ G+ H, ¢(¢) = [ [Z(yy”%f(%y and A(Z) = [; Z(y)Ay.

Proof. Denote )
Alr) = [i(f()i;* ¢ (x). (46)

Since

~l=

then ¢ is a non-increasing function and thus

<O0for¢ > b,

: @2 (x)Ax. (47)

Applying (9) to |. go %(pA(K)AK, with

we see that
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lim
K— 00

and then we have from (48) that

(48)

(49)

(50)

(51)
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Applying (11) onto the right-hand side of (51) with

and

we see that

14 7
(p"(K)AK) AC) . (52)

Substituting (52) into (51), we obtain that

(oo ([ 250)

From (44) and (53), we have that

o ®© Z(k)E(k ¢ ‘
(20 ([ 5 2)

< H('/f[qo(c)]%c)%

AN
(pU(K)AK> Ag) . (54)
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1
Applying the quotient rule of differentiation to <(K_b3\[(ZK()K ! ) , we observe that
118 1
(k—b) iz AR |(x=BZwE]F | - x =)z -
AR )T AGWATH) -

Applying the multiple rule of differentiation to (x — b)[Z ()] 7, we have that

A

1 114 1
(= B)[Z))™ | = (x=B)[[Z0e)] 7|+ [27(0)] . (56)
Applying (8) to [Z(x)] fi*, ¢* > 1, we see that

174 -1
[Z@)*]" = ZZ@)7 22 (), ¢ e ko) (57)

From (55) to (57), we obtain

(x = b)[Z(x)]
A(x)

U EEDZEIT 2N 2] (k= b))
= A7 (x) A% (i) A(K)A7 (k) ,

and then

Ee=b)Z@) 7 |Z20)] | [Z7w)F | (k= bzt

= AT() A7 () AlR)AT (1) 8

Since ¢ < (k) and Z(x) is a non-increasing function, we have that Z(¢) > Z7(x),
and then . .
(2@ <[27(x)] 7. (59)

Substituting (59) into (58), we observe that

(x — b)[Z(x)]
A(x)

Lx—b)[Z7()) T|Z8(x)|  [27(0)]*

A

= A7 (x) A7(x)
LDz F|Z8m)| | [270)]F | (k= b)[Z)]
Z7(x) A7 (x) TA ) T AmAT() (€0)
Using (44), the inequality (60) becomes
1 A
‘((w—b)[mw)
Alx)
b (270" [Z0)F (2]
R X (S Iy R I ©
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Since Z(x) is non-increasing and o (k) > x, we have that Z7(x) < Z(«x), and then the

inequality (61) is

b (2] (2] 2]
S Fave A T A
_ ZW)F (G
= A‘T(K) <£*+1+H>.

Since 1/£* < 1, then the inequality (62) becomes

1\ A
(k= b)[Z(K)] ™
A(x)

Substituting (63) into (54), we have that

[0 (A o)
<n( [“ro1'ac)
1 AN
e ( [ 2@ ( L5 go“(x)mc) Aé) .
Using (46), and by applying Lemma 6, we see that
1 L
<. /: [ZA(i?i ) gog(K)AK)
= (/;o A(K)AK)Z
L /;o A(x) (/Koo /\(T)AT) Z_lAK,

/N

o~

IN

and then

1 l
. ~[Z)"
/ z<¢>( JAS T <K>AK> ag

< z/bm 2(8) [/: Alx) (/f}x(ﬁm) “AK} AE.

Applying Lemma 5, we observe that

/b'°° 7(8) ./: A(x) (/w A(T)AT) Ak

(-1

= /boo A(E) (/: /\(T)AT) </ba(§) Z(K)AK> Ag

-1

RGN ( /;’A(r)m) A

AG

2Ny - 2t

(62)

(63)

(64)

(65)

(66)
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Substituting (66) into (65), we have that
/b T 7() ( /: [i(:()ii CP"(K)Ax) ZAC
< o[Taon@( [Tamar) ae
- eéw W[z(g)ﬁ (/;o/\(r)Ar) HA@. 67)

Applying (10), we see that

~ /\(g)/\g(é) % 0 -1
/b [Z(g)]% (Z(¢)] (/g A(T)AT) 1A§

ol [ vmae) ae) ([ R@ATEY )
< </b z@)( [ )A)Aé’) (/b Soiee) @
Substituting (68) into (67), we see that
1 l
* ©[Z2()]"
/ z<¢>< JASR TR <K>AK> A
o . N A il N\ 1
< e(/b z(g)(/g /\(T)AT) Ag) (/b WM).
From (46), the last inequality becomes
1 J4
( /b Z(¢) ( /é [i(f()ij @”(K)AK> AC)
© (MDA (@)’ )
l ST Sl A
(fb zZer
ALY (69)

~l—

IN

Substituting (69) into (64), we see that
ol (208, )

</b 20 [ o) AC)
<n( [“to1'ac)

e ( /bw«o"(@)%@) (70)

i

Since ¢ is a non-increasing function and ¢ (&) > ¢, then ¢? (&) < ¢(&), and then the
inequality (70) becomes
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which is (45). O

Remark 2. If T=R, b = 0, then ¢(¢) = &, Z7(¢) = Z(&) and Z2(&) = Z'(&), and so we
obtain (6).

Corollary 2. Assume that T =Ny, b = 1, £ > 1 and E(&) is a non-negative sequence. Let
Z(&) > 0 be a non-increasing sequence and there exists G, H as positive constants, such that

(€ —DIAZ()| < GZ(G+1) and (& —1)Z(E) < HA(G).

Then
> 2 Z(x)E(x
Ezo(L250

Kk=_ )
whereC =1+ G+ H,

4. Conclusions

In this manuscript, we have demonstrated novel Copson-type inequalities within
the framework of time scales delta calculus for the unification of inequalities in the two
(the continuous and the discrete) calculi, focusing on a positive, differentiable, and non-
increasing function. Looking ahead, we plan to extend our findings by establishing fresh
dynamic inequalities of Copson type using time scales nabla calculus. Furthermore, we
aim to generalize these inequalities to diamond alpha calculus, a linear combination of
delta calculus and nabla calculus. Additionally, our future work includes the exploration
of new dynamic inequalities through conformable delta and nabla fractional calculus.
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