symmetry

Article

Curve-Surface Pairs on Embedded Surfaces and Involute
D-Scroll of the Curve-Surface Pair in E3

Filiz Ertem Kaya **

check for
updates

Citation: Ertem Kaya, F; Senyurt, S.
Curve-Surface Pairs on Embedded
Surfaces and Involute D-Scroll of the
Curve-Surface Pair in E3. Symmetry
2024, 16, 323. https://doi.org/
10.3390/sym16030323

Academic Editor: Abraham A. Ungar

Received: 22 January 2024
Revised: 20 February 2024
Accepted: 22 February 2024
Published: 7 March 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Siileyman Senyur

t 2,t

Department of Mathematics, Faculty of Science and Arts, Nigde Omer Halisdemir University,
Nigde 51240, Turkey

Department of Mathematics, Ordu University, Ordu 52200, Turkey; ssenyurt@odu.edu.tr

*  Correspondence: fertem@ohu.edu.tr

These authors contributed equally to this work.

Abstract: Willmore defined embedded surfaces on f : S — E3, which is the embedding of S into
Euclidean 3-space. He investigated the Euclidean metric of E3, inducing a Riemannian structure on
f(S). The expression analogous to the left-hand member of the curvature K is replaced by the mean
curvature H? on f(S). Our aim is to observe the Gaussian and mean curvatures of curve-surface pairs
using embedded surfaces in different curve—surface pairs and to define some developable operations
on their curve—surface pairs. We also investigate the embedded surfaces using the Willmore method.
We first recall the Darboux curve-surface and derive the new characterizations. This curve—surface
pair is called the osculating Darboux curve—surface if its position vector always lies in the osculating
Darboux plane spanned by a Darboux frame. Thus, we observed an osculating Darboux curve-surface

pair. We also obtained the D-scroll of the curve-surface pair and involute D-scroll of the curve-surface

pair with some differential geometric elements and found 5( M) (8) and D* , ap) (s)-scrolls of the
curve-surface pair (a, M).

Keywords: curve—surface pair; embedded; curvatures; Gaussian curvature; mean curvature; osculating
Darboux frame

MSC: 53A04; 53A05

1. Introduction

Curves, surfaces, and curve-surface pairs are essential structures in differential geom-
etry. Willmore defined embedded surfaces on f : S — E3 as embedding of S into Euclidean
3-space. He took the Euclidean metric of E% and induced it to a Riemannian structure on
f(S), considered an expression analogous to the left-hand member of the curvature K, and
replaced it with the mean curvature H? on f(S).

Similar to the work in [1], in this study, we introduce a novel concept of embedded
surface with curve—surface pairs, and present fresh insights by offering new character-
izations for these pairs within Euclidean 3-space. This marks the first comprehensive
exploration of curve-surface pairs theory in this context, establishing both necessary and
sufficient conditions.

Frenet frame geometric studies were constructed in [2-8]. Similar studies were con-
ducted in [9-15]. For example, Chen [5] observed rectifying curves and an invariant of
the rectifying curve. By using the Frenet frame, the envelope of the plane spanned is also
examined in [5,13]. Moreover, Takeuchi and Izumiya [12] showed the proofs that a devel-
opable surface with a geodesic as a rectifying curve is a conical surface. There are also other
papers on this subject, as seen in [16-20]. In addition, based on the results in [7,10,15,16],
Takahashi studied the relations between the invariants of the Darboux curve and osculating
Darboux curve in [19].
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A regular curve is defined by curvatures x and T and a curve—surface pair is defined
by curvatures ky,, kg and t,. A regular curve is called a general helix if its first and second
curvatures ¥ and T are not constant, but % is constant.

Many papers have considered the involute—evolute curves. for example [21-23].
Using a similar method, we produce a new ruled surface based on another ruled surface.
In [21], D-scroll, which is known as the rectifying developable surface, of any curve a and
the involute D-scroll of the curve « are already defined as E3. In [21-23], special ruled
surfaces of D-scroll and involute D-scroll are considered, which are associated with a space
curve a with a curvature x # 0 and involute B.

The objective of this study is to analyze the Gaussian and mean curvatures of curve—
surface pairs utilizing embedded surfaces across various curve-surface pair configura-
tions. Additionally, we aim to perform developable operations on these curve—surface
pairs, thoroughly investigating their properties. We employ the Gauss-Bonnet theorem
by Willmore to characterize developable curve—surface pairs, particularly focusing on
those whose position vectors align with the planes spanned by the osculating Darboux
frame, as discussed in [1]. Also, we obtain the D-scroll within a specific type of strip

and the involute D-scroll within another type of strip, incorporating various differential
geometric components such as the Weingarten map S, mean, and Gaussian curvatures.
Notably, we explore the curvatures of the a,b, c invariants, denoted as k, = —b, kg = c,

t; = a (Curvatures of a Strip) and determine D, 57 (s) and D* , ap)(s) — scrolls of the strip
(a0, M) along with the modified Darboux vector field of the involute (S, M), following
methodologies outlined in previous works [1,7,16,21-23].

Then, we review some basic concepts regarding curve-surface pairs, embedded sur-

faces, osculating Darboux frame, and D-scroll with some differential geometric elements.
2. Preliminaries

Definition 1. Let a : I — R3 be a curve a(s) # 0 where T(s) = «{(s) is a unit tangent vector of
« at s and M is a surface in Euclidean 3-space. We define a surface element of M as the part of a
tangent plane at the neighbour of the point. The locus of the these surface elements along the curve
is called a curve-surface pair, shown as («, M), [24].

DeﬁnitEn 2. Let _t> be the tangent vector field of curve a, 11 be the normal vector field of the curve
«, and b be the binormal vector field of curve a [17]. Frenet vectors of the curve are shown as
{?, ?, ?3} Here, ?1 = ?, 72 =7, ?3 = 7 The strip vector fields of a strip that belong to
curve o are {?, 7, ?} These vector fields are:

Strip tangent vector field is T = ?
Strip normal vector field is ? =
Strip binormal vector field is 7 = ?A? ([171.

We can write

- 7
= coscp7+sin(p?
= —sin(pﬁ)—i—cosqo?.

=l =l =

- .y = - =
Let< t,n,b } and < ¢, 77, ¢ ¢ be the curve and the curve—surface pair’s vector fields.
The curve—surface pair tangent vector field, normal vector field, and binormal vector field

- = = — s
are providedby t = ¢, { = N and y = ¢{A (. Curve a has two curvatures, x and 7. A
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curve has a curve-surface pair with three curvatures k, = —b, k¢ = ¢, t, = a, which are the
normal curvature, geodesic curvature, and geodesic torsion of the curve-surface pair. If

- = - =
{ ¢, 1,C } is the curve-surface pair’s vector fields on a, we have derivatives of the ¢, 77, ,

¢ = oop—=b
W = —cG+al .
T = bl—ay

— — ,
Let ¢ be the angle between b and ¢ . From the last equation we have ¢ = cyy — bZ. If

we substitute ? = 7 inlast equation, we obtain
&=rxn
and
b = —xsing,
c = KCOS¢Q
From the last two equations, we obtain,
K =0+

which denotes the relationship between the curvature x of a curve a and the normal
curvature and the geodesic curvature of a curve-surface pair [17].
By using similar operations, we obtain a new equation, as follows

T_a_i_b'c—bc'
24P

which shows the relationship between T (torsion or second curvature of &) and a,b, ¢
curvatures of a curve-surface pair that belongs to the curve a. From [17] we can also write

a=9+T.
Definition 3. Let a be a curve in M C E3. If the geodesic curvature (torsion) of curve  is equal to

zero, then the curve—surface pair (x, M) is called a curvature curve-surface pair. In Figure 1, we see
the relations between Frenet vector fields of curve a and the vector fields of («, M) [17].

‘

=l
4

Figure 1. A curve—surface pair (strip) in ES.

— —
If we take ¢ as the angle between b and (, we can see in Figure 2.
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Figure 2. Strip and curve vector fields in E3.

Definition 4. Let a be a curve in M C E°. If the geodesic curvature (torsion) of the curve a is
equal to zero, then the curve-surface pair (x, M) is called a curvature curve—surface pair [17].

Modified Darboux Vector Field of the Curve-Surface Pair («, M) and (B, M)

In this section, we provide some preliminaries of the D-scroll with some differential
geometric elements.

%
Definition 5. Let the Frenet vector fields be ﬁ(s) = ?, 72(5) =7, ?3(5) = b of a and let
the first and second curvatures of the curve a(s) be «(s) and T(s), respectively. The quantities
{—) — 7 . —

t, n,b,x T} are collectively the Frenet Serret apparatus of the curves. Also, { , 1, ?, }
of the unit strip vector fields of («, M) and k, = —b, kg = c, t, = a are the curvatures of strip
(a, M). For any unit speed curve w, in terms of the Frenet-Serret apparatus, the Darboux vector
D (4, p) can be expressed as

b T EE oo
(,X,M)—W + +c n.

Definition 6. Let a vector field be
~ T
D= _(s)Vi(s) + Vs(s)

along «(s), under the condition that x = 0 and it is called the modified Darboux vector field
of w [21-23].

By using this definition, we can write

_ be—bc
a+ b2+2 —

P =y ¢ 1

along «(s), under the condition that x = 0 and it is called the modified Darboux vector
field of the strip (a, M).

Definition 7. Let S be a closed orientable surface, differentiable of class C*, f : S — E3 bea C®
embedding on S into E3 [1]. The Euclidean metric of E3 induces a Riemannian structure on f(S).
Let « and T denote the principal curvatures of f, H = (x + T)/2, and K = «T denote the mean and
Gauss curvatures of f at Pef(S), respectively. f(S) is considered a hypersurface of E°. We define
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the mean and Gauss curvatures formulae in different curve—surface pair curvatures in [6,7]. We use
the Gauss—Bonnet theorem for different curvatures of the curve-surface pairs such that

L[ (VERE) (o S Yas = x(s 0

27 b

where the right-hand member of (1) is the Euler characteristic of S.

In particular, we define 7(f) by

/ b2+c2 + a+M 2ds )
~ 8t b2 4 2 ‘
We cannot expect 7(f) to be a topological invariant of S; thus, we define 7(f) by
= inf 3
7(f) = infr(f) (3)

where the infimum is taken over the space F of all C**—embeddings of S in E3 [1].
3. Curve-Surface Pairs on Embedded Surfaces

Theorem 1. Let S have a genus of 0. We have T(f) = 2 only if f(S) is an Euclidean sphere and is
invariant for the curvatures of the curve-surface pair.

Proof. Let x and T denote he principal curvatures of f, H = (x + 7)/2 and K = x7 denote
the mean and Gauss curvatures of f at Pef(S). So, we have

o g () - ()
i GG RO )
gl () (oo f5)]

L () - x(9)] = ;:(W)_@ﬁ;ig):z

Thus, we have

w(f) = x(5) + 5 [ [(W) - <+’7+bﬂ 45 6)

8 b2

We see 7(f) = x(S). As S has genus 0 and 7(f) = 2, it is an invariant curvatures of
curve-surface pair. If 7(f) = 2, from (6) Vb2 + ¢2 = (a + bc*bﬁ) at each point Pef(S). Thus,

b2+c
every point is an umbilic; thus, f(S) is an Euclidean sphere using curvatures of the invariant
curve—surface pair. This completes the proof. [

Some information about an upper bound for 7(f) may be obtained from the results
of Weyl [25].
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Theorem 2. The square of the mean curvature H of a convex surface satisfies the inequality

(a(b> + ) +bc—bc) 1 > be—bc\1°
N T1 (\/b +c)— a+7b2—|—c2
3 a(b?+c?)+bc—bc
< sup (MV+«%+bcfm)_AL‘iﬁi?‘l

pols)| VB e

Proof. Let f(S) be a convex surface with surface area V using curvatures of the curve—
surface pair. Then, we have

A (a(b2+cz)+b'cfhc')

1% (a(b? + c?) + bc — be) G
<T(f) < — - VPie
2SS g NCEs G2
C

Let us consider the anchor ring f(T) provided by

x = (t+2zcosu)cosv
= (t+zcosu)sinv

z = zsinu

The first fundamental coefficients are provided by [1].

K* = 22
L = 0,
M = (t+zcosu).

The second fundamental coefficients are provided by

N = z
O =0,
P = (t+zcosu)cosi.

So, we obtain the mean curvature for the different curve-surface pairs

() ¢ (4] e

2 2z(t+zcosu)

{(\/m)+(a+b'cbc')] _ t+2zcosu

b2 +c? z(t+zcosu)

Thus, we write

27;27'[ SR 2
7(f) :817r//[’/b2+cz+a+ll)7§+i§} z(t + z cos u)dudv
00

So, we find 7(f) in the same way as in [1], and that it is invariant, using curvatures of the
curve-surface pair. This completes the proof. [

4. The Developable Curve-Surface Pairs with an Osculating Darboux Frame

Now, we can give the following definitions, propositions and their proofs using
the references [2-23].
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Definition 8. Let («, S) be an orientable curve—surface pair and o : I — S be a unit speed curve
with a normal curvature «, (s), geodesic curvature k¢ (s), and geodesic torsion Tg(s). If ¢(s) denotes

— —
the angle between the b and (. We obtain the following equations,

K2 =0+
Ke(s) = ¢ = ksing
Kp(s) = —b = Kcos ¢ (6)
B bc—bc  de

Tg(S) =a-+ m + E
F(s) = singey(s) — cos ¢ e3(s)
- (7)
{(s) = cosgep(s)+sing es(s)

Definition 9. These equations are part a special vector field on a tangent plane of an orientable
curve-surface(w, S) :

bc—bc, do
Dy(a,5) = a+ WC+ %5 + ¢ 8)
called an Osculating Darboux vector of a curve-surface pair, and the normalized osculating
Darboux vector field is

be—bc d
5 :a+b§+cgé+d—f§+bg o)
owS) (b2 + Cz)%
We obtain,
be—bd | do\ | be—bc , d¢
ba+ 555t + %) +b(a + S5t + %)
50(0(’5) = C — . B i 2 7 (10)
[bZ + (a+ G555 + %2) }
be—bc do
a—+ + 35
b2 42 ds b
To(a,5) = [( ° )} T+ (11)

1
2

L d 212 L d 2
{b2+ (a+ bt +d—f> ] Bo(a,5) {b2+ (a+ bt +d—f) }

The special case: If ¢ = constant, then ¢ = 0. So, the equation is a = 7. That is, if the angle is
constant, then the torsion of the curve-surface pair is equal to the torsion of the curve.
In the same way as reference [16], we obtained the following propositions:

Proposition 1. Let («, S) be an orientable curve—surface on a closed orientable surface S. Then,
(a, S) is congruent to an osculating Darboux curve—surface pair only in the following two cases.

(i) b =0, («,S) is a plane curve—surface pair.
(i1) b #0, (w,S) is a curve-surface pair with 5, ) # 0 and oy, 5y = 0.

Proof. We demonstrate i — ii.If («,S) as a plane curve—surface pair and by (7) and (8),
cos ¢ = 0. So, (a,S) lies in planes {e1(s), ﬁ(s)} and {e;(s),ex(s) }. Then, («, S) is congruent
to an osculating Darboux curve-surface pair. Therefore, («, S) is a curve—surface pair with

bo(a,s) 7 0and 0,y 5y = 0. In a similar way, we demonstrate ii — i. Thus, this completes
the proof of the proposition. [
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Proposition 2. Let («,S) be an orientable curve—surface pair on a closed orientable surface S with
b #0.If (a,S) satisfies two of following conditions, the remaining condition holds up:

(i) («, S) is an asymptotic curve—surface pair on S.
(ii) «(s) is a congruent to a rectifying Darboux curve-surface pair on S.
(iii) («, S) is a curve-surface pair on a planar curve a(s).

Proof. We demonstrate that if i holds up, ii and iii are equivalent. As (&, S) is an asymptotic
curve-surface pair, using (6) and (7), cos ¢ = 0, we obtain 17(5) = +e,(s). So, this means
that («, S) lies in planes {el (s),ﬁ)(s)} and {e;(s),ex(s)}. Thus, ii and iii are equivalent.

This means that ep(s) = :I:;(s). By (6) and (7), cos¢ = 0, and b = 0. So, («,S) is an
asymptotic curve-surface pair on S. This completes the proof of the proposition. O

Proposition 3. Let («,S) be an orientable curve—surface pair on a closed orientable surface S with
c #0.1If («,S) satisfies two of following conditions, the remaining condition holds up,

(i) «(s) is a line of curvature curve—surface pair on S.
(ii) («, S) is a spherical curve—surface pair on S.

Proof. We demonstrate i — ii. If a(s) is a line of curvature curve-surface pair on S, then,
using (10) and (11), we obtain ¢ = nonzero const. Using 10, by calculations, we obtain
<+ K%) ( %)} = 0. Therefore, («, S) is a spherical curve-surface pair. We demonstrate
ii — i. As («,S) is a spherical curve-surface pair, we obtain (&, S) which lies in planes
{el (s), 7(5)} and {ex(s),e3(s)}. Thus, a(s) = 'y(s)ﬁ).Differentiating a(s) with respect to s,
we use the following equations,

v(s)Kg(s) = —1
Y(is)= 0 (12)
v(5)Te(s) =

By using these equations, we obtain 7y (s) # 0, so we obtain T¢(s) = 0. Therefore, a(s) is a
line of curvature curve—surface pair on S. This completes the proof of the proposition. [

Proposition 4. Let («,S) be an orientable curve—surface pair on a closed orientable surface S with
a=0,b=1and ¢ = const. If (a,S) satisfies two of the following conditions, the remaining
condition holds up,

(i) «(s) is a line of curvature of (a, S).
(ii) «(s) is a congruent to an osculating Darboux curve-surface pair.
(iii) («, S) is a spherical curve-surface pair.

Proof. We obtain i, ii = iii. As a(s) is a line of curvature of (&, S), J,(4,5) = c and 0, 5) =
jzc%, also we take ¢ # 0(const), k = === and a + be—be _ —‘2—9:. So, we get T + K%) (l)} =

sin ¢ b2 +c2 T

curve and congruent to an osculating Darboux curve-surface pair. We show iii, i = ii. Since

(a,S) is a spherical curve-surface pair, £ + K%) (%)} = 0. Since «(s) is a line of curvature

of (¢, S), we get,
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b(s)c(s) — b(s)cl®)
¥ls) = / (a(s) + : 13 s()2 + c((s))2 )ds
‘
_ [ (13
/1 +Czds )
= arctan c(s)
= arctan xg(s).
So we obtain,
tan §(s) = xg(s)
Thus, we get sin(s) = ﬁ,éo(ars) =c¢— 55— # 0and 0y, 5) = 0. Therefore,

(a, S) is a congruent to an osculating Darboux curve-surface pair. This completes the proof
of the proposition. [J

5. The Involute Curve-Surface Pair

Now we study the involute of a strip in E°.

Definition 10. Let (x, M) and (B, M) be the strips in E®. The tangent lines of a strip generate a
surface called the tores of the strip. If the strip (B, M), which lies on the tores, intersect the tangent
lines orthogonally, it is called an involute of (x, M). If (B, M) is an involute of («, M), then by
definition (x, M) is an evolute of (B, M).

Theorem 3. Let (B, M) be the involute of the strip (x, M). The quantities {V1, V,, V3,%, T} and
{Vy, V5, Vi, k*, T} are collectively the Frenet-Serret apparatus of the curve a and the involute
B, respectively. Also, the quantities {{,n,{,a,b,c} and {C*,n*,*,a*,b*,c*} are collectively the
Frenet-Serret apparatus of the strip (x, M) and the involute (B, M), respectively. The Frenet
vectors of involute B, based on its evolute curve , are given in [21] as follows

Vl* - VZ,
v — —xV1+1V3
2 = ’
(k2 + 722 (14)
VE = TV1 + KV3
3 — 1°
(k2 4+ 12)2

Thus, we can write the last equation in the same way as the strip

Vi o= cosq)?—l—singo?
e —WPET —sing(—at i) T +cosg (ot ) D)
2 = 1
(22 + 02+ 2+ (B52)2)°
_— (—a+ gﬁ;lgf)? + (—sing (VB2 + )7 +cos ¢ (VbZ + cz)?)
=

1
(2202 + 2+ (B0 .
Proof. It is obviously seen from (6) and (14). O

Theorem 4. Let  be the involute of curve a. The first curvature and the second curvature of

involute (B, M) are
VK2 + 12
K = ﬁ, (c—s)x >0, k #0.
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and

KT — KT
(c —s)x(k% + 12)
e C))

(c —s)x(xk? + 72)

™ =

, C is constant.

So, we can write this in the same way as the curvatures of the strip

a2 4 b2 + 2 + (b5bey2
K = : Nﬁ** J(c—s)VB2+ 2 >0, (1 +c2) £0.
c—S C
and
- o KT,—K/T
 (c—9)k(k2 + T2)

—2()

(c—s)x(k?+12)’

c is constant.

Proof. It is obviously seen. [

Theorem 5. Let 3 be the involute of the curve a. The modified Darboux vector field of the involute

B in type of the strip is
!
be—bc\2 [ _Vb2+c2
_ be—bc (—11 + bg+cg ) _ h’cfhc/
~ a+ o at a2
D* = te Vi — V.

—— 1 3
be—b ‘c—bc 2 2
J vt (k) (402 + 2 4 (U5t2)

Vb? +c?
Va.

+ —
\/a2 + 02 42+ (35%)?
Also, we find
) ) _ be—bc \2 \/m

y v bk o)
D(ﬁrM) - 2 L p2 12 be—bc Zé_ b)) 2 cong 1 sing ?)

\/a +b +c +(b2+cz) (g2+b2+c2+(%)2)

b2 12
n VB te (—sing 7 +cosq 7)

Vo B2+ (I

!

b'cbc')2< \/W )
(

(—a+ b2

hlcfbcl be—bc
o —a+ -
Dpmy = S —— L (cos ¢ — sing) 7
Jar b4+ (Bt (@02 + (b5h2)°
+¢

V2 £ 2
bote (sin ¢ + cos (p)?

+ —
Vo B4+ (L)

This is the modified Darboux vector field of the involute (B, M).
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Corollary 1. If the second curvature T of curve « is a non-zero constant, then ' = 0. Hence, we
have that the modified Darboux vector field of the involute B in type pf the strip is

N ko

D — Kiky kiV3

Vo + > >
N

2 2V1— 2 12\
Vishats: (K +K3)

Also, we find D* in type of curve-surface pair:

a4+ be—bc (b2 +C2)’(—a+ b'cfbc')

~ %
Dy = i P (cos g 7] +sing 7)
\/a2+b2+02+(b§:rc§)2 <a2+b2+c2+(251i)§)2)2
b2 2
+ ( +C), - (—sin<p7+COS<P?)-
a2 + b2 + c2 + (bele )2

~ k%

D(a,m)

—a(b? +c*) +bc — bc
V(a2 + b2 + c2) (b2 + c2)2 + (bc — bc)?
2 1 2Y(H2 4 (23 (— (B2 4 2) 4 be — be
(0" + ) (b + %) (—a(b” + %) + be bac)(cos¢7+sinq)?)
((a% 4 b2 + c2)(b? + c2)2 4 (bc — bc)?)?
N (b2+62)2
V(4% + b2+ 2) (b? + c2)2 + (bc — be)?

(—sing 7 + cos ¢ ?)

Proof. This is proven by the last two theorems. [

Theorem 6. In E3, the modified Darboux vector fields of a curve—surface pair (x, M) and its
involute B can not be perpendicular to each other.

Proof. The inner product of the curve—surface pair (¢, M) and its involute  is obviously
proven. Their inner product is not equal to zero. So, the modified Darboux vector fields of
a curve-surface pair («, M) and its involute B can not be perpendicular to each other. This
completes the proof. O

6. The D-Scroll and Involute D*-Scroll of the Curve-Surface Pair in the E3

In this section, we consider the differential geometric and fundamental elements of
the special ruled surface D-scroll of the curve-surface pair evolute (x, M) and involute p.

A ruled surface is shown as a set of points whisked by a moving straight line. A ruled
surface is one generated by the motion of a straight line in E2 [21]. Choosing a directrix on
the surface, i.e., a smooth unit speed curve-surface pair (a, M)(s) orthogonal to the straight
lines, and then choosing w(s) to be unit vectors along the curve in the direction of the lines,
velocity vectors (x, M) and w satisfy <(oc, M)/, w> = 0. So, it is called the B-scroll of the
curve-surface. The special ruled surfaces B-scroll of the curve-surface over null curves with
null rulings in 3-dimensional Lorentzian space form were introduced by L. K. Graves. The
first, second, and third fundamental forms of B-scrolls have been examined in [14].

Definition 11. Let (a(s), M(s)) be the arclengthed curve—surface pair. Equation

™ (s, 1) = (a(s), M(s)) +vL(s)

is the parametrization of the ruled curve—surface, which is called B-scroll (binormal scroll).
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P (s,v) = a+|c—s+ ?—

Definition 12. Let curve 5 be the involute of a, hence
*M(s,0) = (B, M)(s) + oD*M(s)

= (6. M)E) + 0§ 08 0) +6'5) )

is the parametrization of the D-scroll of involute B of the curve-surface pair. This rectifying
developable surface is called Involute D-scroll of (a, M).

Theorem 7. If B is the involute curve of curve a, then the parametrization of the involute D-scroll
in terms of the Frenet—Serret apparatus of the curve u is

2k
AP (
(

— +
Va2 + b2+ c? a2+b2+C2)% 1 Va2 + b2 + ¢2

Proof. The Definition 11 and the formulae of the curvatures of curve-surface pair can
clearly be seen. [

Corollary 2. If the second curvature T of the curve w(s) is constant but not equal to zero, then
t' = 0. Hence, the parametrization of involute D-scroll is

. . !/ . .
o(—a + b=kt o(VB2+ ) (—a+ be=te) 7

b2+2

N

+ M
iR+ 42+ (I

Proof. The formulae of curvatures for the curve-surface pair and formulae of D-scroll and
involute D-scroll can clearly be seen. []

Theorem 8. The D-scroll and the involute D-scroll of a non-planar curve—surface pair o and
(x, M) do not intersect each other, where ¢ # s.

Proof. Further, we know that |c —s|,Vs € I, ¢ = constant, is the distance between the
arclengthed curves («, M) and (B, M). So, the D-scroll and the involute D-scroll of a non-
planar curve-surface pair « and («, M) do not intersect each other, where ¢ # s. This proves
the theorem. [

7. Conclusions

In this work, we investigated the Gaussian and mean curvatures of curve-surface
pairs using embedded surfaces. Next, we provided some extensible operations on the
curve-surface pairs using the Gauss—Bonnet theorem for embedded surfaces. Moreover,
we studied developable curve-surface pairs with position vectors lie in planes spanned by
an osculating Darboux frame, and characterized these surfaces using similar procedures as
those in the papers of [1,12]. Finally, by referring [21], we examined the D-scroll and the
involute D-scroll of the curve-surface pairs.
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