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Abstract: Symmetric-type methods (STM) without derivatives have been used extensively to solve
nonlinear equations in various spaces. In particular, multi-step STMs of a higher order of convergence
are very useful. By freezing the divided differences in the methods and using a weight operator a
method is generated using m steps (m a natural number) of convergence order 2 m. This method
avoids a large increase in the number of operator evaluations. However, there are several problems
with the conditions used to show the convergence: the existence of high order derivatives is assumed,
which are not in the method; there are no a priori results for the error distances or information on the
uniqueness of the solutions. Therefore, the earlier studies cannot guarantee the convergence of the
method to solve nondifferentiable equations. However, the method may converge to the solution.
Thus, the convergence conditions can be weakened. These problems arise since the convergence order
is determined using the Taylor series which requires the existence of high-order derivatives which
are not present in the method, and they may not even exist. These concerns are our motivation for
authoring this article. Moreover, the novelty of this article is that all the aforementioned problems are
addressed positively, and by using conditions only related to the divided differences in the method.
Furthermore, a more challenging and important semi-local analysis of convergence is presented
utilizing majorizing sequences in combination with the concept of the generalized continuity of the
divided difference involved. The convergence is also extended from the Euclidean to the Banach
space. We have chosen to demonstrate our technique in the present method. But it can be used in
other studies using the Taylor series to show the convergence of the method. The applicability of
other single- or multi-step methods using the inverses of linear operators with or without derivatives
can also be extended with the same methodology along the same lines. Several examples are provided
to test the theoretical results and validate the performance of the method.

Keywords: convergence; Banach spaces; Fréchet derivative; divided difference; iterative method;
Taylor expansion series; high-order derivative

1. Introduction

Let E stand for Banach space and D C E for an open set. Suppose that P: D — Eisa
continuous operator. A plethora of applications are thus reduced to solving the equation

P(x) = 0. 1)

A solution x* € D to this equation is needed in closed form. But this is attainable only
in special situations. That is why most solution approaches are iterative when a sequence
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is developed that is convergent to x* under some conditions of the operator P and the
starting point xo € D.

The existence and uniqueness of the solution’s results are usually developed for an
equation like (1). In this case, Equation (1) has solutions and so it is needed to present and
analyze iterative methods (ITs).

No matter which IT is utilized, there are three concerns. First, the iterations must
exist in the domain D. That is, if the IT requires the evaluation of an IT at all xy, it must be
assured that these iterates remain in the domain of the operator P. If we refer to Newton’s
method, the Fréchet derivative P’(x;) which is a linear operator as well as the inverse
P'(x;)~! must be well defined at all x;. That is why we usually provide conditions that
ensure that the iterates exist provided that the IT initiates from an initial point x(. Another
more challenging concern is the convergence of the sequence {xx}, and if their limits are
indeed solutions to Equation (1). A plethora of such results exists [1,2]. The first one is
usually called local convergence, where we start by assuming the existence of some x* € D,
and then we provide some neighborhoods of x* called convergence balls such that all of
the initial points are in it, and all of the iterates produced by the IT exist and converge to x*.
The second type of convergence, usually called semilocal, does not rely on the existence of
the solution x*, but it shows certain, usually difficult to verify, conditions of the operator P
and the initial point xp. However, under these conditions, the convergence of the sequence
to x* is assured. In the semilocal case, we also provide computable error estimates for the
distances ||xg1 — xx|| or ||x* — x¢||, which are not given in the local convergence theorems.
However, even these estimates are usually pessimistic.

A widely used single-step method is Newton’s (NA), defined as [1,3]

x0 €D, xpi1=x— P'(xk)*lp(xk).

The convergence order of (NA) is two [1]. But the inversion of the derivative P’(xy)
is required at each step. This inversion may not be possible or may very expensive to
carry out.

The modified Newton’s method [1,2] is defined by

X0 €D, X1 =X — P'(x0) 1P(xp).

This method requires only the inversion of P’(xy). But the convergence order of it is
only one.

To avoid the generally expensive computation of the Fréchet derivative P’(x;) of
the operator P and increase the convergence to be higher than one other ITs have been
developed [1,3-7] using divided differences of order one [1,2]. The methods of chords or
Regula falsi or the Secant method are some of the most used ITs for solving Equation (1).
They are defined by

Xx_1,%0 € D, xpyq = xp — [xg, 013 P P(xyp),

where L(E, E) denotes the space for mappings of E into E for linear operators that are
bounded, and [, -;P] : D x D — L(E, E) is called a divided difference of order one. But the

R-order of convergence is which is larger than one but smaller than two. However,

it is possible to still use divided differences and obtain a convergence order greater than

1++5

By utilizing the symmetric difference formula

P'(x) =~ [x+hx—hP,
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we derive the Symmetric-Steffensen-type method (SSTM)
Xes1 = X — [0+ P(x), % — P(xi); P17 P(xx),

which is also of convergence order two [4,5]. But the divided difference |-, -; P] is used
instead of the derivative P’. Other Steffensen-type methods are studied in [6-9]. General-
izations of the SSTM have been suggested to increase the convergence order in combination
with weight operators, and frozen derivatives.

Symmetries play a central role in the dynamics of physical systems. Quantum physics
are at the core of symmetry principles. Symmetries do not only naturally appear in
geometry. They appear every time that a mathematical object stays unchanged under
transformations. Even and odd functions studied in calculus are examples of symmetry.
Symmetric matrices or graphs are another example. Symmetries characterize the solutions
of differential or integral equations. That is why it makes sense to consider iterative
methods of a symmetric nature to solve such equations.

Let us revisit the family of methods defined by [5]

up = xp+aP(xy), Ax= [ur,xi;P),
W= - AP, zo= vy +bP(y),
0w = = BeoATPY), s= ALY 20 P,
()
= Y =B AT P ),
Xky1 = yz(cm) = yz(cnkl) - B(Sk)Ak_lp(ylgmq))'

where k = 0,1,2,... is the number of iterations; m is the number of steps; a,b are real
numbers; and B(sy) is a linear weight operator [10,11]. The weight B(s) is any real matrix
function that satisfies B(0) = 1, B(1) = —1 and ||B”(0)|| < cc. The convergence order 2 m
is proven in [5] using the Taylor series for E = R". A detailed favorable comparison with
other competing methods using similar information has been carried out in [5,10,11]. This
includes the computation of the CPU time. It is because of these advantages that we picked
method (2) to demonstrate our technique. But, we noticed that there are also limitations to
the approach [5,10,11].

Motivation
(L1) Although method (2) is derivative free, Theorem 1 in [5] can be used provided that p@)
and g =1,2,...,5 exist. But these derivatives do not appear in (2). Let us consider the real
function f : D C R — R defined by f(t) = 61t + 6,t° + 63t*logt, for t # 0 and f(t) = 0
for t = 0 provided that 6y, 65,63 are real parameters satisfying 6; + 6, = 0 and 63 # 0.
Choose D to be any interval containing 0 and 1. Then, t* = 1 solves the equations f(t) = 0.
But the function f) is not continuous at t = 0 € D. Hence, there is no assurance from
Theorem 1 in [5] that the sequence {x;} is convergent to t* = 1. However, this sequence
converges to t* = 1if, forexample,a =60, =1, b=6,=—-1, B=1, m =2,and xo = 1.2.
Hence, the conditions of Theorem 1 in [5] can be weakened.
(L,) There are no computable a priori estimates for ||x* — x||. So, the number of iterations
to be carried out to reach a desired error tolerance is not known in advance.
(L3) The uniqueness of the solution is not known in a neighborhood containing it.
(L4) The radius of convergence is unknown. Thus, the selection of x( assuring the conver-
gence of the sequence {x;} to x* is a very difficult task.
(Ls) The results in [5] are restricted by R”.
(Lg) The more important and challenging semi-local analysis of the method (2) has not
been studied previously.

The limitations (L;) — (Lg) are the motivation for writing this article. Addressing
these limitations is the novelty of this paper:
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Novelty
(L1)" The local analysis of convergence only uses conditions based on the operators in (2).
(Lp)" The required number of iterations to reach an error tolerance is known in advance
since a priori error estimates for ||x* — x|| become available.

(L3)" A neighborhood of x* is determined containing no other solution.

(Ly)" A computable radius of convergence is provided, Thus, the solution of xy becomes
possible.

(Ls)’ The results are valid in the more Banach space.

(L¢)" The semi-local analysis of convergence is provided making use of the majorizing
sequence.

It is worth noting that the concerns (L1)—(L¢) always appear in the study of iterative
methods using the Taylor series to show convergence such as the ones in [1,3-6,8-15]. But
our technique avoids the Taylor series and uses conditions only for the operators in the
method. This way, the benefits (L1)’-(L¢)’ become possible.

Both types of analysis of convergence rely on the concept of the generalized continuity
of the divided difference. This is how we extend the applicability of the method (2). It this
worth noting that the approach in this paper may be used to extend the applicability of
other methods making use of inverses of linear operators along the same lines [1,3,4,12-14].
A similar approach was used for studying the convergence of some methods in [15].

The divided difference in both the local and semilocal convergence analysis is con-
trolled by a majorant real function. In particular, semilocal convergence relies on the scalar
majorizing sequences being constructed a priori. The frozen derivatives replace the expen-
sive in the general inversion of the linear operators at each substep of the iteration and still
increase the convergence order. This way, the convergence of the method is governed by
real functions and sequences that are easier to handle. The monotone convergence of the
method in (2) has not been addressed in this paper for Banach space valued operators. But
we plan to study this type of convergence in future research in the setting of Hilbert space
or partially ordered topological spaces using the extension of the fixed point theory in these
spaces. The results are expected to be fruitful, since it has already been established in [4-9]
that STMs have advantages over existing methods.

Notice also that, due to the a priori estimates we have provided, the minimum number
of iterations needed to reach a desired tolerance is known in advance (see the error estimates
(7) and (8) in Theorem 1, and (19) and (20) in the Theorem 2).

The rest of the article is divided as follows: Sections 2 and 3 deal with local followed
by semilocal analyses of convergence. The numerical experimentations appear in Section 4
and the Concluding remarks in Section 5.

2. Convergence 1: Local

Some concepts related to the order of convergence of iterative methods should
be mentioned.

Let {x; } be a sequence in E which converges to x*. Then, the convergence is of order
q,q > 1if there exist a constant C, C > 0 and a natural number k, such that

e 1 — x*|| < Cllxg — x*[|7 for each k > &,

or for e = x; — x*
lleki1ll < Cllex]|?  for each k > k.

The convergence is said to be linear if ¢ = 1, and C exists such that C € (0, 1) Moreover,
the error in the k—iteration for E = R" is defined by

i1 = Mez + O(eZH),

where g is the order of convergence and M is a g—linear function, i.e., M € L(R" x R" x
.ox R,
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log g

1
The computational efficiency of an iterative method is () = g7 or ) = ——, where

g is the order of convergence and p is the computational cost per iteration. Moreover, if
Xk—2, Xk—1, Xk, Xk4+1 are four consecutive iterates of an iterative method approximating the
solution x* of the equation P(x) = 0, then the following types of convergence have been
suggested in [16] and [3], respectively

NETE
5y e o\ T
tn( 2y’
T 1T

X1 —X,

Gl (),
Xje—Xj—

In( o)

The former is usually called the computational order and the latter the approximate
computational order of convergence. It is worth noticing that, since the solution x* is
usually unknown, the second formula is more useful.

Define the open ball V(x,a) = {y € E : |ly — x| < a}, where x € E stands
for the center of the ball and a4 > 0 is the radius. Moreover, define the closed ball
Vixa) = {y € E: |}y — x| <a}.

Let M = [0, +o0). We give the definition of the proof of the local analysis of conver-
gence for the method (2) which relies on some conditions.

Suppose:

(H;p) There exist continuous as well as nondecreasing functions (CND) f; : M — M,
@0 : M x M — M such that the equation ¢((f1(t),t) — 1 = 0 admits the smallest solution
which is positive (SSP). Denote such a solution by o. Set My = [0, 0).

(H;) There exists x* € D solving the equation P(x) = 0 and an invertible linear operator T
such that forall x € D, u = x +aP(x)

[ = x*|| < fi(llxc = x7]])

52%

and
1T~ ([, % P] = T)|| < @o(flu—x*||, [|x — x*|)).

Set Dy = V(x*,0) N D.
The definition of ¢, and the condition (H;) imply
1T ([1t,2P] = T)|| < o[l — 2|, |lx — ") < 1.

Thus, the operator A = [u, x; P] is invertible by the Banach perturbation Lemma [2] on
linear operators (see also Lemma 1).
(H3) ThereexistCNsz : My — M and @:Myx Myg— M, ¢1: My x Mg x My x Mg —
M and ¢, : My — M, such that, for each v,x,y € Dy, u = x+aP(x), z = y + bP(y),
A = [u,x;P],s = A~![y,z P], and provided that B(s) is a weight function

1T~ (e, x; P = [, 2 P < @[ = 7|, |2 = x7[]),
Iz =% < fallx = x7])),
11— B(s)A™ o, x™ PII| < @u(llx = x|, [l = 2|, [lz = 2™, [Jo = 2*[1),

and
1T ([x,x*; P] — T)|| < ¢a(]|x — x|

Define the functions h;, i = 1,2,...,m on the interval My by

el
() = T A .5
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andforj=2,...,m
hi(t) = @1(t, hji—1 ()L, f1(t), f2())hj—1(2).

(Hy) The equations /;(t) — 1 = 0 admit SPS in the interval My. Thus, we denote such
solutions with s;, respectively.

Set
s* =min{s;} and M" =[0,s"). 3)

These definitions assure that for each t € M*

0<go(fi(t),t) <1 (4)

and
0< h]-(t) < 1. (5)

(Hs) V[x*,s*] C D.
Remark 1. (1) The functions f1 and f, can be defined as follows:

f(#) = ([IT+aT|[ + |al[| T|[2(t))t

and
f2(t) = (1T + 0T + [b | T |2 (ha (£)£) )1 (£)t.

The justification for these choices follows, in turn, from the calculations:

u—x*=x—x"+aTT x,x*; P])(x — x*)
= (I+aTT Y ([x,x*; P])(x — x*)

= (I+aTT Y ([x,x*;P] = T+ T)(x — x*)

= [(I4+aT) +aTT ' ([x,x*; P] — T)](x — x*).

Thus, it follows that
[ —x*|| < (I +aTl[| + [al| Tlp2(][x — ™)) [[x — x*|,

which justifies the choice of the function fi.
Similarly, we can write

z—x* = [(I+bT) +bTT *([y,x*; P] - T)](y — x7)

leading to
1z = x| < [[IT+T[| + [p[I Tl p2(lly — x*D]lly — 71,

which justifies the choice of the function f,.
(2) A popular pick for T = P'(x*). But this implies the invertibility of the function P'. Moreover,
x* is a simple solution in this case. We do not assume the invertability of P'(x*) and it is not
necessarily implied by any of the conditions.

This way, method (2) can be employed to approximate solutions for the equation
P(x) = 0 which are not necessarily simple [5]. Other choices are possible (see also the
Numerical Section).

The following is a useful lemma [2].

Lemma 1. Let Q be a linear operator satisfying ||Q|| < 1. Then, the linear operator I — Q is

invertible and ,

1—Q)! )
I(I-Q) HélfIIQII
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Recall that Qy is an approximate inverse of Q is || — Q1 A|| < 1, provided that Q1 is also a
linear operator. Moreover, in this case, the following hold Q and Qq are both invertible and

1 Q1|
Q7 < T =00l

i 1ol
-1
1901 = T = g

This result is also mentioned as the Banach lemma [2].
Next, the local analysis of convergence for the method (2) uses the conditions
(Hp)-(Hs) as well as the preceding notation.

Theorem 1. Suppose that the conditions (Hy)—(Hs) hold and pick xg € V(x*,s*) — {x*}. Then,
the following assertions hold

{x) C V(x*sY), ©)
1 * * * * *
Iy — || < (i — x|l — 27| < [l — 27| < 5%, %
forj=2,...,m
I\ — x| < Byl — x ) [l — 27| < [l — %7, ®)
and
lim x; = x*. 9)
k—00
In particular for j = m
1 — [ = llym — x| < B ([l — x* |l — 27| < el — 7)), (10)

where ¢ = hy(||xg — x*||) € [0,1).

Proof. Mathematical induction shall establish these assertions. According to the hypothesis,
X0 S
V(x*,s*) — {x*} C V(x* "), so the assertions (6) holds if k = 0. The application of
conditions (Hy) and (H) give, in turn,

ITH (Ao~ < gollluo —x*|, lxo —x*|))
po(f1(llxo — 7)), [lxo — x7[[) < @o(f1(s7),s") < 1.

IN

Thus, Ay 1 exists, and

1
1= o(fa(llxo = x*[1), [[xo — x*[|)°

14T < (11)

It also follows that the iterate yél) is well defined by the first substep of the method (2).
We can also write
yél) —x* =xg—x* — Ay P(x) = Ay (Ao — [x0, x*; P]) (xp — x*)
leading, using (3), (11), and (H3), to

¢(f1llxo — x*[]), llxo — x™ )| — x|
1= o(f1(llxo — x*[1), l[xo — x*[[)
ha(llxo — x*[) [l xo — x™[| < [0 — 7| <™. (12)

s — x|

IN
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Hence, the iterate yél) € V(x*,s*), and the assertion (7) holds provided that k = 0.
(2) ()

Concerning the rest of the substeps in method (2), since the iterates y,”, ..., y;  are
well defined, we obtain, in turn,

j * i—1 * — —1 * i—1 *
v —xt = g = =B Ay Pl Y - )
= (1-B(so)Ay [y Y x P i T — x),
from which we deduce

* i—1 % " . i1 .
o1(llx0 =", llyg " =2l o = x*[l, lzo = x* [} 1y~ —=°]

Iy — x| <
< hy(llxo = x*[)llxo — x*| < [lxo — x| (13)

The induction for assertion (8) is completed for k = 0. In particular, for j = m, we
obtain

v =2 = [yd™ = %] < han(llx0 — 2|[) |0 — x*]
cllxo — x*[| < [|Ix0 — x*[, (14)

IN

resulting in (6) and (10) provided that k = 1. The inductions for (6)-(8) and (10) are
completed for k = 0. But these calculations can be repeated if x; replaces xg in the preceding
estimations.

Therefore, we have as in (14) that

1 = (] < elle = ¥ < g — x| < [lwo — ¥ < 5%, (15)
which implies that the iterate x;,1 € V(x*,s*), and klim xe=x" 0O
— 00
The uniqueness of the solution x* is discussed in the following result.

Proposition 1. Suppose that the condition (Hy) holds in the ball V (x*, 01) for some g1 > 0; there
exists 03 > 01 such that the last condition in (Hy) holds and

¢2(02) < 1. (16)

Set D1 = V[x*,02] N D. Then, the equation P(x) = 0 is uniquely solvable by x* in the
region Dj.

Proof. Suppose that there exists w* € Dy, solving the equation P(x) = 0, and w* # x*,
Then, define the divided difference Ly = [w*, x*;P]. Then, the condition (Ha)
and (16) imply
IT7H (L1 = D < @a(lw* = x7) < g2(e2) < 1.
Hence, L' exists. Finally, from the identity w* — x* = L7(P(w*) — P(x*)) =
L;1(0) = 0, concluding that w* = x*. [

Remark 2. It is clear that 01 = s* provided that all the conditions of Theorem 1 hold in Proposition 1.

3. Convergence 2: Semi-Local

The semi-local analysis of convergence relies on majorizing sequences and similar
computations. But the solution x* and the function "¢" are exchanged by xp, and the
function "ip", respectively.

Recall that, a sequence {s;} C [0, +o0) for which

Xkt — x|l < sgp1—sk, k=0,1,2,...
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holds is majorizing for {x; }. Moreover, suppose that klim sk = s* < 00 exist.
—>+o0

Then, it follows that lim x; = x* and
k—+o0

|x* — xpl] <s* —sp, k=0,1,2,...

Therefore, the study of the convergence of the sequence {x} is reduced to the study
of the scalar sequence {si} [2].

Suppose:
(C1) There exist CND g1 : M — M,¢y : M x M — M such that the equation
Po(g1(),t) —1 = 0 has a SPS. Denote such a solution by pg. Set N = [0, po).

There exist CND ¢ : NX N XN = M,g: N —= M, ¢p; : Nx N X NxN = Mand
P : N X N — M.

Define the scalar sequences for DC(()O) = 0, some IX(()l) =0,7=1,2,...,m and each
k=0,1,2,...by

b= g ) sl - o),

1 = e, @), g2(6")),

ot = o)+ n),
" = (gl " ) " - ) 0,
e N Y ) (17)
5 = wi’” Vb Vpm Y,

b1 = (L, e (@, —al”)

+(1+ (), g2 (™)) () — )

and 5
1 _ k+1
Mpyp = Mk+1 7+ 0~ (0
1 —1o(g1 (’Xk+1) D‘k+1)
This sequence is shown to be majorizing for {x } in Theorem 2. But first, a convergence
condition is required for this sequence.
(Cy) There ex1st a parameter p € [0, pp) such that foreachi =0,1,...,m, k=0,1,2,...

(g (@), ") < 1and &l < p.

This condition and the formula (17) imply that the sequence {oc,((l)} is nonnegative,
nondecreasing, and bounded from above by py. Consequently, the sequence {tx,((l)} is
convergent to its least upper bound which is a unique number. Denote such a number
with a*.

As in the local analysis, the scalar parameters and sequences relate to the functions in
method (2).

(C3) A point xg € D and an invertible function T exist, such that, for each x € D, u =
x+aP(x),z=x+bP(x),

[l = xoll < g1(llx = xoll), Iz = x0ll) < 2([lx = xoll),

and
1T~ (e, x; P] = T) || < tpo(lfu = o, [|x = xoll).
Set D, = V(XO, po) N D.
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This condition and the definition of pg imply, for x = x, that
1T~ ([uo, x0; P = T)|| < tpo(g1(llxo — x*[1),0) < 9o (81(po), 0) < 1.

Thus, Ay # 0. Hence, we can take oc((Jl) > || Ay P(x0) |-
(C4) Foreachx € Dy, u = x +aP(x), y=x— A"'P(x), v =y + bP(y),
Iz = x0ll < g1(llx = x0l1), [lo = xoll < g2(llx = x0ll),
1T~ ([, % P] = [o, 2 PD| < 9( lx = xoll, | = xoll, [0 — xo0]]),
IB(s)A'T|| < 91 (llx = xoll, llu — xoll, Iz — xoll, o = xol]),

and

1T~ ([, ; P) = T)|| < 92 (| x = x|, [|w — xol]),

and
(Cs) V]xg,a*] C D.

Remark 3. (i) The functions g1 and g, can be chosen to be

81(t) = (11 +aTl[| + [al | Tllp2(£,0)t) + lal I TII[|P(xo)l

and
g2(t) = ([[I+ 6T + [b][|T|[p2(t,0)t) + [BI[| ||| P(x0) |-
As in the local analysis, the motivational calculations are:
u—xp=x—xo+a(P(x)— P(xg) + P(xp))
= [(I+aT) +aTT([x,x0; P] — T)](x — xo) + aP(xp),
S0

[l = xol| < [[[I +aT|| + [a[|[Tlg2(]lx = xoll, O)]llx = xoll + lal[[P(x0)I],

justifying the choice of the function g;.
Similarly

1 - 1
z—xp =y = x0+ bTT(P(y") = P(x0) + P(x0));
thus,
1 1
Iz = xoll < (T + 0T ) + DI T2y — xoll, O)lly;” — xoll + BT P(xll,
which justifies the choice of the function gy.
(ii) A popular choice for T = P'(xq). The rest of the comments are omitted as they are similar to
the ones in Remark 1.
The semilocal analysis of convergence is provided in the next result.

Theorem 2. Suppose that the conditions (Cy)-(Cs) hold. Then, the sequence {x;} is well defined
in V(xg,a*), remains in V(xo,a*) for each k = 0,1,2,.... and is convergent to a solution
x* € V[xo, a*] on the equation P(x) = 0 such that

" — il < a* — . (18)

Proof. As in the local analysis, mathematical induction is utilized to show the assertions

Iyt — x| < 2l —al?, (19)
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and (i41)
Hykl -

The assertion (19) holds if k = 0 since

]/,((i) ” < Dc,((i_'_l) _ a}((i)' (20)

lys? — xoll < 143 P(xo) < o = ol —a) < o,

and the iterate y(()l) € V(xg,a*). Then, we have the estimates

Py = PyY) = P(xe) — A — x0) = (W, 26 P — A () — xp).

So,
TP = 9l — xoll, Iy = xoll, e — xo )y — x|
< 9o o) s@) ! - ) =5,
u i = Bl AP,
I =y < IB)ACT)IT P
< 1 (llx — xoll, 1z — xoll, Iyt = xoll, g — xo[)B"
< 7}({1) 1) _ 4@ _ 4
and
2 —xoll <y =P+ 1y = o
= oc,((z) — a,((l) + Dc,(cl) — leio) = oc,(f) < a*.

Hence, the iterate yl(cz) € V(xg,a*) and the assertion (20) hold fori = 1.
Then, we can write

Py ) = Py ) - PyM) + PulY)
= " PP ) + P

thus,

TPy < 1T Ny P - T+ T =y M)+ T )
< <1+l/”2(0‘l(<1)/“1(cm 2)))(lxl(€m—2) _“I(cl)) +b,((l) _ b}({m—z)
leading to
Iy — g2 < o (e — xoll, fluk — xoll, l12x — xoll, [y = xof))al™ 2
_ (m—1) (m—2)
= & — & ,
[ e [ e e I e
< zx,((m n_ oc,(( 2 4 o{,(cm 2 _ a(()o) = oc,((mfl) <at,



Symmetry 2024, 16, 330 12 of 17

[l I (VL
< 1 (llxe = xoll, llze = xoll, [l — xoll, v = xo| )AL
= o "V =) -V

and

-1 1
[xk11 —x0ll < Il _]/;(fm )H + ||y,((m ) _ xol|

< el el ) =

(0)

*
k1 <A

Hence, the iterates y]((i) € V(xp,a*) and the iteration (20) holds.
Then, we can also write

P(xgy1) = P(xgr1) — P(x) — Axpa (y,(iﬁl — Xj41)
= P(xpq1) — P(xx) — [Xk41, X% Pl (X1 — 1)

1
+ X1 X Pl (k1 — ) — Axpa (3/;(@)1 — Xg41)

1
[kt 1, X5 Pl (X1 — X)) — Ak (yl(g_gl — Xjq1)-

But
_ 0 0
1T ([0, 26 P = T+ 1) < 1+ (e, o)
and similarly
_ 0 0
1T (A — T+ )| < 1+ a0, g2(al)))),

leading to
IT Pl < (14 ‘/’2(“1821""1((0)))("‘1(21 - “z(co))
+ (T, @) (@) —a) = 6, (21)
SO
I = xeall < AL TIIT ' P(xess) |
k11 )
< = Oy T Kkl
1 go(g1 (), al”))
and
I, = xoll < Iy, = xeall + xe — xoll
< (1) (0) (0) (0) (1)

_ *
Mg — Qg Ty T =g <a

Hence, the induction for the assertions (19) and (20) is completed and all the iterates of
the method (2) belong in V (xg, a*). The condition (C,) implies that the sequence {al((l)} is
complete as it is convergent to a*. Then, using (19) and (20), the sequence {x } is also com-
plete in E and, as such, it is convergent to some x* € V[xg, x*]. Then, by letting k — +o0 in
(21) and the continuity of P, we deduce that P(x*) = 0. Finally, the assertion (18) follows
from
the estimate

2k — Xl < oy —

by letting j — +oc0. [

The uniqueness of the solution follows.
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Proposition 2. Suppose that there exists a solution wy € V(xo, 03) to the equation P(x) = 0
for some g3 > 0;
the last condition in (Cy) holds in the ball V (xo, 03) and 04 > 03 exists, such that

¥2(03,04) < 1. (22)

Set D3 = V[xg, 04] N D.
Then, the only solution to the equation P(x) = 0 in the region D3 is wy.

Proof. Suppose that w € Dj exists, solving the equation P(x) = 0 and satisfying w # wy.
Define T, = [wg, w; P]. It follows from the last condition in (C4) and (22) that

IT=H(T2 = T < g2 (llwo — xoll, lw — xo]l) < ¥2(e3,04) <1,
so, T, ! exists. Then, similarly to Proposition 1, from the identity
wo —w =Ty (P(wo) — P(w)) = T, 1(0) =0,
we conclude w = wy. [

Remark 4. (1) Under all the conditions of Theorem 2, take wy — x* and o3 = a* in
Proposition 2.

(2) The limit a* can be replaced by pg in Theorem 2.

4. Numerical Experiments

In this section, we present numerical examples that confirm the local theoretical
results and show the results of testing the method on systems of nonlinear equations.
The calculations are carried out in GNU Octave 7.3.0. Systems of nonlinear algebraic and
transcendental equations arise as a result of applying the difference method for solving
boundary value problems or the quadrature method for solving integral equations.

Let us compute the radii of convergence for the Algorithm 1 for different values of the
real parameter a and b. For this, consider the following nonlinear equation.

Algorithm 1: The algorithm from method (2) for solving the system of nonlinear
equation consists of the following steps:

1. Select the starting approximation x, real parameters a, b and the tolerance e.
2.Fork=0,1,2,... while ||x¢, 1 — x¢|| > eor(and) |[F(xxyq1)|| > edo:
2.1. calculate P(xy);
2.2. calculate uy = xi + aP(xy);
2.3. calculate Ay = [uy, xi; P);
2.4. calculate yl({l) = xp — A,:lp(xk);
if m > 2 then
2.5. calculate zy = ylgm + bP(yl((U);
2.6. calculate s = A,:l[y,((n,zk; P] and B(sg);
2.7. calculate Ly = B(sk)Alzl;
28.forj=2,...,m
2.8.1. calculate P(y,(cj_l));

2.8.2. calculate yl(j) = y]((jfl) — Lkp(]/]((jil));

2.9. set xp11 = y]((m).
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Example 1. Let E=R, D = V(x*,0.5),c € [0,1)
P(x)=x>—c=0

and the exact solutions is x* = c/3.

Let T = P/(x*) and ¢ = 0.9. Then, for the function P(x) we have P/(x) = 3x? and
[x,y; P] = x* + xy + y*. To define functions f; and f, we use the following equalities:

u—x*=x—x"+alx,x*P(x—x*) = (1+alx,x*;P))(x — x*)
and
z—x" =y —x"+bly, x5 P|(y —x") = (L+bly, x"; P])(y — x7),

respectively. For m = 2 we obtain the following radii:
fora =b=0.1,s* = min{0.1909, 0.053751} = 0.053751;
fora =b=0.5,s* = min{0.088357, 0.030085} = 0.030085;
fora =b=1,s" = min{0.048933, 0.018782} = 0.018782.

Now let us analyze the behavior of the method depending on the choice of function
B(s). We considered the following cases:

(@ IfB(s)=1I1—(s—1I)+ (s—1I)(s—I),then this method was considered in [5];
(b) If B(s) = I, then we have a multi-step Steffensen-type method.

Example 2. Consider the system of n equations

]
Here E = R", D C R" and the exact solution x* = (0,...,0)T.

n
xj+ex"—1:O, i=1,...,n
=1

Let us choose n = 10, m = 2, and starting approximation xo = (2,..., 2)T. We use the
following stopping criterion for an iterative process

%61 — x| < 10710,

Here || || denotes the Euclidean norm.

Figures 1 and 2 show the change in the correction’s norm at each iteration. The results
are given for different values of parameters a and b.

The number of iterations of the method (2) differs little for the considered function
B(s). However, the following differences can be noted. Method (2)-(a) converges no slower
than method (2)-(b); however, the computational complexity of one iteration is higher by
O(n®) operations. Starting from a certain iteration, the correction rate of the method (2)-(a)
decreases faster than for the method (2)-(b). In addition, the study of the considered method
on different examples showed that it is advisable to choose parameters a and b close to zero.
In this case, method (2) converges for a larger number of initial approximations.
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a=b=0.1
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10—12
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—— method (a)

—— method (b)

T T T
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Figure 1. Example 2: norm of correction at each iteration.

a=b=0.2
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1010 b
107k
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1013
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10-15 C 1 1 L Il L

method (a) |3

—— method (b) | 3

1 2 3 4 5 6 7

Figure 2. Example 2: norm of correction at each iteration.

Example 3. Consider the boundary value problem

2
y'(t) —y (H)tg(t) + ilyn((tt)) =0,0<t< g

y(0) =0, y(r/2) = 1.

One of the exact solutions is y.(t) = sin(f). Denote v; ~ y(;), i =

0,...,.n+1,

where t; = ih and h = - Using the approximation for the first and

2(n+1)°
second-order derivatives

L 20; + Vi1 ol Uil — Vi

P~ 2 , i T ,i=1,...,n,
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we obtain the following system of the nonlinear equations

h 2h2? )

Pi(x) = “20i+vip = Svintg(t) + sin(tl-l) =0, i=1,
h 2h2? )

Pi(x) = vji1—2vj4vi1— E(Ui+1 — v _1)tg(t;) + Sin(til) =0,1=2,...,.n—1,

h 2h2y? )

Pi(x) = v,'H—2vi+l—§(1—vi,1)tg(ti)+m =0, i=n

References

with x = (vq,..., vn)T. Leta = b = 0.1, n = 19 and the initial approximation be xp; =
sint; +0.5,i = 1,...,n. We use ||F(x)|| < 1070 as the stopping criteria for this problem.
The norm of residuals at each iteration is presented in Table 1.

Table 1. Results for Example 3.

k Method 2-(a) Method 2-(b)

1 7.9038 x1073 2.1947 x102
2 1.9599 x10~° 1.1784 x10~4
3 45432 x10~13 2.0348 x108
4 3.0205 x10~16

5. Conclusions

A new methodology is developed to deal with methods using derivatives not related
to divided differences or derivatives in the proof of convergence.

In this article, using this methodology, we positively address concerns limiting the
applicability of methods whose convergence is based on the Taylor series. Other limitations
such as the lack of information on the uniqueness of a solution and a priori estimates of
[lx* — xi|| or ||xx1 — xk|| are also addressed in this article under weak conditions.

The methodology is demonstrated on Symmetric-Steffensen-type multi-step and
derivative-free methods using frozen divided differences. But it can be used on other single-
as well as multi-step methods as long as they use linear operators which are invertible.

In our future research we plan to utilize this methodology in other methods
[1,2,4,6-16].
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