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Abstract: This article studies an event-triggered fixed-time trajectory tracking control problem of an
n-joint manipulator system. Firstly, a fixed-time disturbance observer is proposed to reconstruct the
total disturbance composed of external disturbances and model uncertainties, using the estimation
as feedforward compensation to enhance the system robustness. Subsequently, based on the back-
stepping framework, a fixed-time controller with an event-triggering mechanism is designed for the
manipulator to ensure the convergence of tracking errors to zero within a fixed time. Additionally,
two event-triggering conditions are devised to reduce the transmission time of control input and the
computation time of control output. Simultaneously, Zeno behavior is excluded through theoretical
proof, validating the fixed-time stability of the closed-loop system. Finally, simulation verification is
conducted on a two-joint manipulator, with results confirming the effectiveness of the control strategy.

Keywords: n-joint manipulator system; trajectory tracking control; disturbance observer; event-
triggered; fixed-time stability

1. Introduction

In recent years, rapid advancements in robotics technology have led to the widespread
adoption of robots in industries, healthcare, military, aviation, and various other sectors,
positioning them as a pivotal technology for the future growth of emerging industries.
Within the robotics domain, the manipulator control system stands out as a highly competi-
tive core technology. Developing a robotic arm control algorithm with superior tracking
accuracy, fast convergence speed, and better control effect is important in engineering [1,2].

Robot control systems are inherently nonlinear and prone to external disturbances and
model uncertainties, posing significant challenges for the design of the manipulator control
systems. To enable manipulators to perform trajectory-tracking tasks quickly and accurately,
scholars have proposed various control methods such as neural network control [3], fuzzy
control [4], backstepping control [5], sliding mode control [6], event-triggered control [7],
and disturbance observer-based control [8]. The method based on disturbance observer
control has garnered considerable attention in recent years as it can enhance system control
performance by identifying and compensating for lumped disturbances within the system.
This method is known for its robustness. Many articles have been published on this control
method. In [9], a disturbance observer-based adaptive fuzzy control method is introduced
to address uncertain multi-input multi-output mechanical systems with unknown input
nonlinearity. This method demonstrates that input nonlinearity can be decomposed into
nominal parts and nonlinear disturbance terms. By employing a fuzzy logic system to
mitigate model uncertainties and incorporating disturbance observers in the control design
to handle fuzzy approximation errors, external disturbances, and nonlinear disturbances
stemming from unknown input nonlinearity, the system’s control performance can be
improved. Another control strategy in [10] utilizes disturbance observer compensation to
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tackle uncertainties in manipulator systems. By accurately estimating system uncertainties
and providing feedforward compensation, the system’s robustness is enhanced. However,
these approaches often assume knowledge of the upper bound of total disturbances or
impose restrictive assumptions such as the convergence of its time derivative.

In addition, in practical applications, computing and communication resources are
often limited, making energy conservation crucial. Therefore, saving communication band-
width and reducing computational load are highly practical considerations. Event-triggered
control (ETC) involves triggering specific responses or actions based on external events,
rather than at fixed time intervals. This approach allows for flexible real-time adjustments
to system behavior through event perception, recognition, decision-making, and control
strategies, resulting in a reduction of communication burden. ETC has gained significant at-
tention from scholars in recent years. For instance, in [11], a combination of event-triggering
mechanisms and adaptive neural networks is proposed for enhancing system tracking
performance and reducing communication burden in the tracking control of flexible joint
robots with random noise. The study in [12] focuses on the tracking control of manipulators
with output constraints. An innovative finite-time adaptive event-triggered command
filtering backstepping control method is introduced, utilizing command filtering to prevent
direct differentiation of virtual control signals and compensation mechanisms to address
filtering errors effectively. Moreover, the application of a relative threshold event-triggering
mechanism aids in reducing resource waste and communication burden. In [13], a method
for controlling unknown discrete-time nonlinear multi-agent systems (MASs) has been
developed, utilizing a data-driven event-triggered approach. The method is based on
Model-Free Adaptive Control (MFAC) to establish event-triggering conditions for MASs to
reduce controller update time. Additionally, a unified quantization mechanism is designed
for encoding and decoding to compress the communication data volume between intelli-
gent agents. A novel event-triggered MFAC algorithm is introduced for MASs featuring
unified quantization, operating solely on data without dependence on system model or
structure information. In [14], an event-triggered impulsive control is applied to image
encryption technology based on fractal interpolation for variable-order fractional chaotic
Lur’e systems. It achieves synchronization through event-triggered impulsive control,
coupled with short-term memory mechanisms. In [15], the synchronization problem of
inertial neural networks (INNs) with time delay using event-triggered (E-T) impulsive
control is studied. The control input is only required at triggered instants, this method can
effectively improve system performance. In [16], the synchronization problem of delayed
chaotic neural networks with impulsive control, event-triggered impulsive control, and
event-triggered delayed impulsive control is investigated. This method can construct an
event-triggering mechanism based on Lyapunov to derive sufficient conditions for linear
matrix inequality (LMI).

However, the convergence time of the aforementioned control methods is typically de-
pendent on the initial error of the system. The greater the initial error, the more prolonged
the convergence time. In practical applications, stringent time response is necessary to
ensure system error stability within a finite time and that the convergence time is indepen-
dent of the initial state of the system. Fixed-time control (FTC) has been thoroughly studied
by scholars in recent years, yielding significant advancements. The problem of fixed-time
adaptive trajectory tracking control for quadcopter unmanned aerial vehicles (QUAVs)
with error constraints is addressed in [17]. Through the utilization of a fixed-time com-
mand filter, the “explosion of complexity” (EOC) phenomenon in traditional backstepping
control methods has been successfully resolved. Additionally, a novel fractional power
error compensation mechanism has effectively mitigated the impact of filtering errors. A
fixed-time adaptive control method is formulated by combining backstepping, prescribed
performance control, and command filtering technologies. The problem of singularity-free
adaptive fuzzy fixed-time control for uncertain n-link robot systems with position tracking
error constraints is explored in [18]. An improved error conversion mechanism based on
performance functions has been proposed, constraining the converted error to an interval
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greater than zero and developing a suitable barrier Lyapunov function (BLF) to prevent
violations of position tracking error constraints. In comparison to existing methods, the
proposed adaptive fixed-time controller avoids singularity issues in backstepping-based
fixed-time control design and ensures rapid transient response. To address the three main
challenges of fault-tolerant control for robotic arms in [19]: (1) Model-based fault-tolerant
control design necessitates partial or complete knowledge of robot dynamics. (2) Fault-
tolerant control exhibits enhanced robustness, reduced flutter, lower tracking error, and
faster response rate. (3) Global fixed-time system convergence. A self-adaptive fuzzy back-
stepping control scheme has been developed to enhance system tracking performance. This
approach does not require full prior knowledge of the robot dynamics model, facilitating
practical controller implementation. Moreover, the system tracking error converges within
a fixed time, providing system performance information in advance.

To solve the above problems and achieve fast and accurate tracking control of the
manipulator, this article proposes a fixed-time controller based on the event-triggering
mechanism for the manipulator. The main contributions are summarized as follows:

(1) To address the impact of total disturbance on the control system of a manipulator,
this article designs a disturbance observer that can accurately reconstruct the lumped
disturbance within a fixed time, independent of the system’s initial state. Additionally,
unlike previous works in [10], restrictive assumptions such as the upper bound of the
total disturbance being known or its time derivative converging are all relaxed.

(2) The introduction of the event-triggering mechanism effectively conserves communi-
cation and computing resources. Specifically, within the framework of backstepping,
a fixed-time controller for the manipulator based on the event-triggering mechanism
is developed, which significantly reduces the transmission time of control inputs and
the calculation time of control outputs.

(3) By combining the event-triggering mechanism with fixed-time control theory, the
controller can effectively leverage the benefits of ETC and FTC through the selection
of an appropriate event-triggering parameter and control parameter which enables
the manipulator to track the desired trajectory within a fixed time while conserving
communication resources.

2. Preliminaries
2.1. Notations

In this article, the following notations will be used: R represents the set of real numbers
and R represents a set of positive real numbers. R" denotes the Euclidean space with
dimension 1, and R"*" denotes the space of all n x n matrices. For any non-negative real
number & € R, we define x — sig"(x) as sig*(x) = sign(x)|x|" for any x € R, sign(x)
is the standard signum function, |.| denotes the absolute value, and I"*! is an 1 x 1 matrix
whose elements are all 1.

2.2. Problem Formation

Considering an n-link manipulator, the motion equations are given by [20,21]:

M(q)q +C(q,q)q+ G(q) = t(t) = " (9) (1) (1)

where g, g, and g € R" respectively represent position vector, velocity vector, and accelera-

tion vector. M(q) € R"*" is a symmetric positive definite inertia matrix. C(g,¢4) € R"*"

denotes the Coriolis and centripetal force matrix. G(q) € R" is the gravitational matrix,

and 7(t) € R" represents the control input vector. [(g) is the Jacobian matrix. f(t) € R"

represents the vector of the constrained force exerted by the environment and humans.
When the model uncertainty is considered, to facilitate control design, let

{1z @

v=g
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In accordance with (1) and (2), we have

{v — M (x)[x(t) T e — Gx) + o] ®)

where @ denotes the lumped disturbance of the manipulator, which is composed of external
disturbances and model uncertainties. Its expression is as follows:

® = —AC(x,v)v — AG(x) — JT(x)f(t) (4)

where AC(x,v) and AG(x) represent the uncertainty dynamic.
Then, in accordance with (3), the trajectory of tracking can be depicted as follows:

{ J.Cd =V (5)
Vg = My (%) [1a(t) — Clxg, va)va — G(x4)]
wherex; = [qn1 qap--- Gan] Tand v, = Ga G- Ganl " represent the expected position
and velocity vector, respectively. 7;(t) — C(x4,v;)vs — G(x4) denotes the desired dynamics.
Control Objective: Considering model uncertainties and external disturbances for

model (3), a fixed-time disturbance observer is formulated to precisely estimate the lumped
disturbance and provide compensation for the manipulator system. Simultaneously, by
combining backstepping, fixed-time control theory, and a distributed event-triggering
mechanism. A trajectory-tracking control law is designed for the manipulator, which
ensures the manipulator tracks the desired trajectory within a fixed time while ensuring all
closed-loop signals achieve global fixed-time stability. The mathematical expressions can
be written as follows:

lim [[x —xy[| = 0 6)

t—=T

where T € [0, 400) denotes the convergence time.

2.3. Lemmas

To achieve the control objectives, the following lemmas are essential.

Lemma 1. Consider the following system [22,23]:

{ 1= %

J.C2 = Vnom (xl/ x2)

where x1 and x; € R" are state variables and Vyom € R™ is the control input. If Vyom (x1, X2) satisfies

Vpom (X1, X2) = — (elsig“(xl) +ésig(xy) + e'llsig%(xl)> - (szsig”(xz) + ehsig(xp) + s'z/sig%(xz)) 8)

wheree; > 0,¢; >0,€; >0,(i=1,2), 11 = %, Yo=77 = %, v = %,7 € (0,1).

Then, we have the following results:
(1)  The origin of the closed-loop system (7) is fixed-time stable.
(2)  The upper bound of convergence time T, satisfies

2 2
T, = + 9
T k(1 -v)  k(n—1) ©)
; 147 — dv0+k50 — dvoo"rksoo — —
where ky, is a positive constant, v; = T s V2 = “ep, ko = —1, ksoo = 1,

2-7 1 2y 3-2
dyo = max(ﬁ, ﬁ), dyeo = max(ﬁ, —7)
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Lemma 2. If there exists a continuous radial bounded function V : R" — Ry U {0} [24], such that
(1) V(x)=0&<x=0.
(2)  for any x(t) satisfies the following inequality:

V(x) < —aVP(x) — BV(x) (10)

Then, the system is fixed-time stable, where «, B, p, and q are positive constants, and 0 < p <
1, q > 1. The settling time is bounded by T:

1 1
T < Tmax = + (1)
" a(l-p) Ba-1)
Lemma 3. If 11 1p...15 > 0, there exists the following inequality [25]:
M M \K
_thz (_Zti) 0<k<1
i=1 i=1 . (12)
M M
ﬁ2M1%2q>1<k<m
i=1 i=1

3. Controller Design
3.1. Observer Design

This section is based on the concept of an unknown input observer [26] and proposes a
fixed-time nonlinear disturbance observer for precise estimation of the lumped disturbance.
The specific design process is as follows:

In accordance with (3), we have

V= —-M\v+ M (x>T(t) + @lump (13)

where A1 > 0, @y = O(x,v) + v + M~ (x)@, ®(x,v) = M1 (x)(—C(x,v) — G(x)).
For the dynamical system (13), we introduce the following auxiliary system for constructing
an unknown input linear system:

Xg = —Mx, + M (x)T(t) (14)

where x, € R" is the state of the auxiliary system (14). We define a new variable y = x — x,
and take its time derivative to obtain the unknown input linear system as follows:

{X =-Mx+ Olump (15)

y=Ax
where Ay > 0, x is the state of the system, @}, is an unknown input, and y is the output

of the system.
To facilitate the design, let x1 = x, x2 = x, and (15) can be rewritten as follows:

X1= X2
XZ =—Mx2+ Qlymp (16)
y = A2
Then, a fixed-time disturbance observer can be designed as follows:

X1 =%
X2 =Y + Vnoms (Xelr Xez)
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where xo1 = X1 — X1Xe2 = X2 — X2 Vnoms(Xe1, Xe2) = (5151}3’“71 (Xer) + €sig(xe1) + € sig" (Xel)) +
(z?zsig”2 (Xe2) + €hsig(x2) + 35187 (Xez)), & >0e>0¢ >0(=12,m=7%7n="

43 43
N =727%= 32,701

Theorem 1. For (16), if the disturbance observer is designed as (17), then, it can be guaranteed
that the unknown input @, can be estimated by @y, within a fixed time Te. &1,y can be
obtained from Equation (18).

R . 1.
Qlump = Mx2 + )sz (18)

Then, @ can be reconstructed by @&, which can be obtained by (19):

@ = M(x) (&)lump - MV — <I>(x,v)) (19)

Proof of Theorem 1. Combining (16) and (17), we have

Xel = Xe2
L B 20)
Xe2 = X2 = A, Y — Vnoms (Xell Xe2) = —Vnoms (Xel/ XeZ)

In accordance with Lemma 1, we can know that x,; and x.» can converge to zero
within a fixed time, and the convergence time T is given by

2 2
T, = v @1)
T k(l—w)  ke(rp—1)
where k, is a positive constant, 1, = dv%jokso, v = d”’;y%, ko = =1, ksoo = 1,
dy = max(%,ﬁ), dyeo = max(%,%). When t > T,, we have x,; = xe2 = 0.

Now, define the estimation error @ump = @pump — @lum;r Combining (16) and (18), we have

~ . . 1.
@pymp = X2 +Mx2 — Mx2 — LY MXel (22)

In accordance with (22), we can further conclude that @ lump 18 fixed-time convergence.
Defining @, = @ — @& and combining with (16), (18), and (19), we have

@, = M(x) ((Dlump —O(x,v) — )m/) — M(x) (c@lump — My — <I>(x,1/))

= M(x) (‘Dlump @Lump

= M(x) (@pmp — M2 — 57) )
= M(x) (wlump —Mxa — (—)\1)(2 + wlump))

= M(x)A1(x2 — X2)

= M(x)M1xe2

In accordance with (23), when t > T, we have @, = 0, and it is proved that @ can be
accurately estimated by @. [J

3.2. Controller Design

The trajectory tracking diagram of the manipulator is shown in Figure 1.
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Figure 1. A diagram of the manipulator tracking control.
Define the position-tracking error ¢, € R" of the manipulator as follows:
ep =X — X4 (24)
In accordance with (3) and (5), the time derivative of (24) is
ep =V — 1y (25)

Based on the event-triggered mechanism, the kinematic controller a, is designed
as follows:

wy = vg — sign(ep(t)) (k1|ep(tk)]2_m/n + kz‘ep(tk)|m/n + kalep (te)| + k4I”X1) (26)

where m, 1 are positive constants with m < n. ky = diaglky, ..., ki), ko = diaglka1, ..., ko),
k3 = di{lg[kg,,l, e ,k3,n], k4 = diﬂg[k;;rl, e /k4,n] with kl,g, kz/g, k315, k4,(5 > O, (5 = 1,2, e ,1’1).
¢ is the symbol of an element in the vector.

Now, to design this event-triggering mechanism, the measurement error z,, is defined
as follows:

zp(t) = sign(ep(t)) (—k1|ep(t)|27m/n - k2|ep(t)|m/n — ka|ep(t)]| — k4I”X1)

—m/n m/n (27)
—sign (ep (t)) (—Fulep () "™ — Kale ()" — Kalep (t)| — kal"*T)

Then, the event-triggered function for the manipulator is designed as follows:

Ypa(t) = [2pa(D)] = opa (s

eps(t) ’27"1/” + ko sleps(t) |m/n + k3 slep,s(t) |) —kas (28)

where p,, s € (0,1) is the triggering parameter that determines the frequency of the event-
triggered function.

For manipulator systems, the triggering time of the kinematic controller is determined
by Y',, 5(t) and defines the event-triggering mechanism as follows:

tpke1 = nf{t >t : IV 5(t) > 0;k € N}, tg =0 (29)
where t ... t, t;y1 is the event-trigger time series, when t; arrives, Yp,g(t) > 0,and (29) is

triggered to update the kinematic controller a,,.
To verify the convergence of ey, choose the Lyapunov function candidate as

n
1
= feFT,ep = Z 5812%5 (30)
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Then, the time derivative of V; is as follows:

= eg(v — V) (31)
Substituting (26) into (31), we have
Vi = ef (—sign(ep(te)) (kulep () """ + Kalep (80)[""" + klep () + ka1 ) )
= eb (=2p(t) = sign(ep(t)) (kalep (1) """ + Kalep ()] ™" + kalep ()] + ka1 )
n —
< g leps||2p,s(t)| — epsign(ep(t)) (kl‘ep’2 m/n —|—k2|ep|m/n +ksley | +k4[71><1)
n —
< 5);1 (Pp,ale,,,g (kl,alep,alz mn g kz,(;]ep,,;|m/ = kg,(;\e,,ﬁ]) +kaslep s (32)
3—m/n 14+m/n
7k1 52 m/n (% 55) B k2021+m/n (% §5> 2 . k3,5€§,5 . k4,5‘€p’5‘
1 T'l n 37m/n m/n 1+"’/"
< E (Pps = ks, 2 (%6;27,5) © ot (ope - 1)kys2" 3" : (% %5) i
Combining Lemma 3, the formula (32) can be further written as follows:
Vi< —aV, B - (33)

m—n

where a; = min((l — pprg)klrgz?mziﬁm)n w By = min(( — 0y, 5)ka, (52“27;/” )

In accordance with Lemma 2, the position tracking error e, can be reduced to zero
within a fixed time.

The output of the fixed-time position/attitude controller can be regarded as the desired
linear and angular velocities of the manipulator. To minimize the error between the actual
linear/angular velocities and the desired linear/angular velocities of the manipulator, we
will design a fixed-time linear/angular velocities controller for the manipulator.

Define the speed-tracking error of the manipulator as follows:

ey =V —ay (34)
In accordance with (3), the time derivative of e, can be obtained as:
ey = M7 (x)[t(t) — C(x,v)v — G(x) + @] — &y (35)
The manipulator system’s control strategy T(¢) can be formulated as follows:

7(t) = M(x) ( —kssign(eu(t))les () """ = kesign(ev (1)) ey ()| — krsign(ey (b)) ey (k)|

(36)
—kgsign(ey (t)) "1 + d,) + C(x,v)v + G(x) —

where ks = diaglksy,..., ksul, ke = diaglkes,... ken|, ky = diaglkyq,... k7,4,
kg = diag[kgll, .. rk8,n] with k5,5' k6,(5r k7,(5, k&(g >0, (5 =12,..., Tl).

Similar to the design of kinematic controllers a,, we define measurement errors as
follows:

2u(t) = sign(e (£)) (—ksles (D>~ = Kelew (£)|"/" — krlew ()] — ksI"*?)

: 2—m/n m/n nx1 (37)
—sign(es (t)) (—kslew (b~ = Kolew (B)|™" = k7lew (b)| — ks "1

Then, the event-triggered function can be designed as follows:

YTus(t) = 1208 (O] = P (ks slevs(t) 2" + Keslens (8" + Kz pleva(D)]) — ks (38)



Symmetry 2024, 16, 426

90f19

where p, 5 € (0,1) is the triggering parameter that determines the frequency of the event-
triggered function.
Define the event-triggered mechanism as follows:

bysr = inf{t > e : IV, 4(t) > 0;k € N}, 8 =0 (39)

when t; arrives, Y, 5(t) > 0, and (39) is triggered to update the status information of
the manipulator.
To verify the convergence of ¢,, the following Lyapunov function is constructed:

V, = ey = ) 5005 (40)
—1

>

Take the time derivative of V>,

Vz = eVTéV

(41)
=el (M~ 1(x)[t(t) — C(x,v)v — G(x) + @] — &)

Substituting expression (36) into (41), (41) can be further simplified into the follow-
ing form:

Va = el (=sign(eu(te)) (Ksles (te) P~ + Klew ()" + Krleu ()| + ks 1) + M7 () (@ = @) (42)

Vs

In accordance with Theorem 1, when t > T,, we have @, = @ — ® = 0, and (42) can
be further simplified as follows:

= el (—sign(es () (Kslew (b) P + Ksley ()™ + K7leu ()| + ks 1) )
= el (—zu(t) — sign(eu (£)) (ksles ()P~ + Kelew (£)"" + ke (1)] + ksI"*1) )

n
< X lewsllzua(t)] = elsign(en(t)) (Kslew """ + keleu] ™" + krlev] + keI )

n
< };1 (Pv,(5|ev,(5| (k5,5|€v,&\27m/” + ke glev,s|™" + k7,z>‘\€v,5|) + ks slev,s (43)

3—m/n 1+m/n
3—m/n 14+m/n
—ks 5272 (%65,5) —kes2 2 (%65,5) - k7,55 5 — ks slevs

n 3—m/n S—m/n 1+m/n Lim/n

< gl(Pv,(s —1)ks 272 (%6’5,5) T+ (v — Dkes2 2 (%63,5) ’

In accordance with Lemma 3, the above formula can be rewritten as follows:

3n—m n+m

Vo< —mV, 7 — BV, 2" (44)

where ay = min((l - pvr,g)k5,(52%>n%, B2 = min((l - pvr,g)k6,(521+2"ﬁ/n

In accordance with Lemma 2, the velocity tracking error e, can be reduced to zero
within a fixed time.

Theorem 2. Considering the manipulator model (1), the distributed event-triggering is introduced
into the manipulator control strategy. Combined with a fixed-time disturbance observer (17), the
designed control strategy (36) can enable the manipulator to track the desired trajectory within a
fixed time, and the convergence time is independent of the initial state of the system.

Proof. To verify the stability of the entire closed-loop system, the chosen Lyapunov
function is as follows:
V=V + VW, (45)
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Synthesize (31) and (41), the time derivative of (45):

V3 = epept+evey
n 3—m/n 3772"/7’ 1+m/n 1+;1/n
< Llopa—Dkis2 2 (3) T+ (ops — e 7 (365,) (46)
N n 3—m/n 12 W 1+m/n 12 W
+ 1 (pus = k52 F7 (3e0) T+ (ous — Dkes2 27 (36],)
In accordance with (33), (44), and Lemma 3, we further have
. 3n—m ntm 3n—m ntm
V3 S _alvl 2n .31V1 2n __ “2V2 2n IBZVZ 2n
m—n _3n—m ntm
< —min(ag,a)2 2 V3 ' —min(By, B2) V3> (47)
3n—m n+m

— _"‘3V3 2n - __ ﬁ3v32n

where a3 = min(oq,zxZ)Z%, B3 = min(B1, B2).

In accordance with Lemma 2, we can conclude that the event-triggered mechanism-
based fixed-time control system for the manipulator proposed in this article is a fixed-time
stable system, and the upper bound of convergence time Tj satisfies.

. — 1 !
fe = Tt = ) ¥ B %)

_ 2 1 1
=2 (% + §)

and total convergence time T,; < T, + T5. U

(48)

3.3. Zeno Behavior Exclusion

The key to successfully designing an event-triggered controller is to eliminate the Zeno
phenomenon; if there is Zeno behavior, it will cause the controller to be triggered infinitely
within a finite time. If the difference value between two triggers {t;,1 — tx,k € N} has
a positive lower bound, this indicates that there is no Zeno behavior during the event-
triggering process.

Theorem 3. Consider the manipulator model (1), for any initial state, with the controller (36) and
trigger conditions (29) and (39), and the difference value between two triggers {ty,1 — ty, k € N} has
a positive lower bound.

Proof. In accordance with (27), for any t € [t, ty11), we have

|2p5()| < ((2 - m/n)kl,é}ep,é(tﬂlim/n + (m/”)kz,(s|€p,5(t)|m/n71 + k3,5) |ey,s(t)]  (49)

Combined with (25) and (26), we further have

IN

(@ = m/mykrsleps (O] + (m/mkaleps (O] + ks ) [eps ()]

((2 —m/n)kys|eps(t) |17m/11 + (m/n)kysleps(t) |m/ni1 + k3,5) (50)

‘Zp,é(t)’

IN

X (kl,(s!ep,é(tk) lz_mm + koo |eps () |m/n + ks sleps(te)| + k4,5)

As Je,s(O] ", Jeps(O]™ "7 Jeps(t) P,

must be a positive constant y; that satisfies

m/n—1

ep,s(tk) |m/ " are all bounded, there

(2 —m/n)kys|eps(t) |17m/n + (m/n)kysleps(t) |m/n71 +k3s < (51)
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and there must be a positive constant ¢, that satisfies

27
ks |ep,s(te)| " 4k ep,s(tk) |m/n + k3o eps(te)| +kao < P2 (52)

Substituting (51) and (52) into (50), integrating yields

t
|zps(t)] < /t Y1p2dT (53)
k
and applying (27)—(29), we have
Zps(tr1) = Ppo <k1,5|€p,5(f) P ko slep s (8] kasleps(t) |) +kas
< ft;kﬂ wllpzdt (54)
= P19a(tesr — b)

In accordance with (54), we further have

, t Pp,s (kl,g‘eplg(t)F_m/n +k2,5’€p,5(t)‘m/n +k315’6p,5(t)’> +k4,5
k1~ > 10 55)
1o

and (55) ensures a positive lower bound for the event-triggered interval to ensure no
Zeno behavior. [J

4. Simulation Research

In this section, to validate the effectiveness of the proposed control method in this
article, simulation experiments will be conducted on a two-joint manipulator with external
disturbances and model uncertainties.

The planar model of the manipulator is shown in Figure 2.

Joint 1

Figure 2. Planar model of the two-link robot, where r; denotes the distance from the joint i — 1 to
the center of mass of the link 7; [; and m; respectively denote the length and mass of the link i, where
i=1,2.

Define

2]
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By using the Euler-Lagrange equation with the physical parameters of the robot, the
correlation matrix of the kinematic equation is described as follows [21]:

M(q) = mlr% + myp (l% + 73+ 217y cos(q2)) + L+ L my (r% + hirpcos(q2)) + I (57)
1 my (1’% + Iiry COS(Qz)) + I mzi’% + I

. —mylir2g, sin(ga)  —malir2(q, + g,) sin(ga

Cla,i) = 1720 51n(q 172(q; + 45) sin(q2) (58)
mylir2q, sin(gz) 0
Gla) = (myry + myly)g cos(q1) + marag cos(q1 + q2) (59)
miarag cos(q1 + q2)

1) = —(Iysin(q1) + I sin(g1 +q2)) —Il2sin(q1 + q92) (60)

l1cos(q1) +lacos(qr +q2)  lrcos(q1+q2)

The parameters of the robotic arm are shown in Table 1.

Table 1. The parameters of the manipulator.

Parameter Description Value
my Mass of link 1 2.00 kg
My Mass of link 2 0.85 kg
I Length of link 1 0.35m
I Length of link 2 0.31m
L Moment of inertia of link 1 0.06125 kgm?
I Moment of inertia of link 2 0.02042125 kgm2

To verify the proposed control method, the simulations are achieved with the above
manipulator model which compares with the control method proposed in [10]. The initial
conditions are set as follows:

{‘71(0) =q2(0) =01

1
1(0) = (0) = 0 v

The sampling periods for the two event-trigger conditions proposed in this arti-
cle are both set to 0.001 s, and the simulation time is set to 40 s. The selection of ob-
server parameters is as follows: Ay = 0.01, A, = 1.2, ¢; = 1.2, s’l =1, e'l' =1,e =1,
5’2 =1, 8’2' =1, v = 0.5. The controller parameter selection is as follows: k; = diag[1,1],
ky = diag[25,25], ks = diag[0.025,0.025], ks = diag[l x 1077,1 x 1077],
ks = diag][0.0025,0.0025], k¢ = diag[0.025,0.025], k; = diag[0.025,0.025],
ks = diag[l x 107°,1 x 107?], p, = diag[0.1,0.4], p, = diag[0.1,04], m = 9, n = 13.
The vector of the constrained force f(t) and model uncertainties AC(x,v) and AG(x) is de-
scribed as follows: f(t) = [sin(0.5¢t) cos(0.8t) cos(0.8t) cos(0.5¢)] T AC(x,v) = 02C(x,v),
AG(x) = 02G(x).

The simulation results are shown in Figures 3-12. The trajectory tracking and error
of two joints are presented in Figures 3 and 4, which indicates the desired trajectory can
be exactly tracked by both controllers within complex disturbance. Although the control
method proposed in [10] can converge faster, the controller consumes a significant amount
of control effort at the beginning of the response. In Figure 5, the control input is shown.
The purple and pink lines denote the proposed inputs, and the blue and red denote the
compared control inputs. It can be seen from the figure that the control inputs are within a
reasonable and achievable range, proving the feasibility of the controller. Compared with
the control methods, the proposed control inputs show more chattering. This phenomenon
will be discussed separately later.
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Figure 3. Trajectory tracking and error of joint 1 compared with [10].
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Figure 4. Trajectory tracking and error of joint 2 compared with [10].
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Figure 5. Control input compared with [10].

40



Symmetry 2024, 16, 426

14 of 19

actual value
- - = = observation

E
E
ASW
U

5 10 15 20 25 30 35
t[s]

Figure 6. Disturbance and its estimation—joint 1.

40

0.2

wy and

actual value
- — — - observation

40

A
o 0 [ | [\Ann—
8 Y
&, H |
|
4 s s s . s s s
0 5 10 15 20 25 30 35
t[s]
Figure 7. Disturbance and its estimation—joint 2.
02 . I 'I]'nggenng |nstant§ ‘
0.18 -
0.16
:
014

Figure 8. Triggering instants for control input transmission event-time of the manipulator.
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Figure 9. Triggering instants for control output calculation event-time of the manipulator.
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Figure 10. Comparison of the number of triggering times between event-trigger and time-trigger.

The observation effects of the proposed observer are shown in Figures 6 and 7. It
is evident from these figures that the observer can accurately reconstruct the lumped
disturbances in the system, leading to a precise estimation of these disturbances. Moreover,
the observer can stabilize the estimation error within a finite time regardless of the initial
state, and the estimation errors are quite small. Specifically, when the system is stable, the
estimation error is |@| < 2 x 108, which also proves that regardless of the initial estimation
error, the disturbance observer designed in this article can converge the estimation error to
the origin within a fixed time.

Figures 8 and 9 depict the triggering time interval diagrams for the control input
transmission and control output calculation of the manipulator, respectively. The horizontal
axis denotes the triggered time of the controller, and the vertical axis represents the triggered
interval of the controller, which verifies that the event-triggering mechanism proposed
in this article effectively reduces the control input transmission time and control output
calculation time of the manipulator. To further demonstrate the effectiveness of the designed
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event-triggering mechanism in saving resources, we conducted a statistical analysis of the
number of event-triggers, as shown in Figure 10. According to the results of Figure 10, the
introduction of the event-triggering mechanism can save 85% of control input transmission
time and 86% of control output calculation time.

0.2 T T T T T T T

desired trajectory
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- === g1=0.1

q1 and qd1
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Figure 11. The trajectory tracking of joint 1 and error with different initial states.
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Figure 12. The trajectory tracking of joint 2 and error with different initial states.

In addition, to verify the convergence time of the designed control strategy is indepen-
dent of the initial state of the system. Depending on the selection of control parameters
mentioned above, the upper bound on the convergence time of the manipulator can be
calculated as Tes < 674 s. The method proposed in this article will be verified with various

initial conditions. We let ¢ = [0.1 0.1] Tand g = [-0.1 —0.1] " Figures 11 and 12
validate the effectiveness of the proposed method in this article. With different initial states,
the controller can ensure system stability and achieve control objectives within a fixed time.

Based on the above simulation results, the effectiveness of the designed disturbance
observer and controller is verified.
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5. Discussion

In Figure 5, the proposed control inputs show more chattering than the compared
control input; to better analyze the phenomenon, the control input proposed in this article
will be compared with the proposed strategy with smaller event-triggering parameters, and
the proposed strategy without ETC is shown in Figures 13 and 14. The proposed control
strategy with smaller event-triggering parameters is selected as: p, = diag[0.01,0.01],
pv = diag[0.01,0.01]. As shown in Figures 13 and 14, the proposed strategy without ETC
shows fewer oscillations compared with the two other control strategies. At the same time,
the smaller the event-triggering parameter, the smaller the oscillation range of the control
input. Based on the above results, the following conclusions can be drawn:

(1) There is a positive connection between control input oscillation and event-triggering
parameters.

(2) The introduction of the ETC mechanism has caused more oscillations, and in practical
applications, it is necessary to consider the balance between control input oscillations
and reducing data transmission.

40 T

20t 7 T

Control inputs
&»
o

0 0.2 0.4 0.6 0.8 1

-80 1
-100
120 F proposed T, J

proposed 7, with smaller triggering parameters
-140 proposed 7 without ETC
-160 : : :
0 5 10 15 20 25 30 35 40

t[s]

Figure 13. The proposed control input compared with the proposed control strategy with smaller
event-triggering parameters and the proposed control strategy without ETC—joint 1.
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\

151 o 0.2 0.4 0.6 0.8 1
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-30 !
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Figure 14. The proposed control input compared with the proposed control strategy with smaller
event-triggering parameters and the proposed control strategy without ETC—joint 2.
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6. Conclusions

This article studies a fixed-time trajectory tracking control method for an n-joint
manipulator based on an event-triggering mechanism. A fixed-time disturbance observer
is used to handle system uncertainties, ensuring that the estimation error is stable within
a fixed time and independent of the initial estimation error. Based on the framework of
backstepping, a fixed-time controller based on an event-triggering mechanism is designed
for the manipulator to achieve the control objectives. The controller not only ensures
the manipulator tracks the desired trajectory within a fixed time, but also effectively
reduces the calculation time of the control output and the transmission time of the control
input, and the Zeno behavior is excluded theoretically, simultaneously ensuring the fixed-
time stability of the closed-loop system. Furthermore, it is worth noting that the event-
triggering mechanism proposed in this article is based on tracking errors rather than control
input errors. Compared to event-triggering mechanisms based on control input errors,
it has stronger sensitivity. Finally, the effectiveness of the proposed control method is
verified through simulation. Given that manipulators typically operate in complex working
environments. In future research, we will further study the trajectory-tracking control
problem of the manipulator considering actuator saturation.
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